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Constant Symbol SI value Gaussian value 
Gas constant R 8.3145 J mol” * K~! 8.3145 x 107 erg mol”! K~! 
8.3145 m? Pa mol”! K`! 83.145 cm? bar mol! K~! 


82.058 cm? atm mol~! K~! 
1.9872, cal mol”! K~! 


Avogadro constant Na 6.02214 x 1073 mol~! 6.02214 x 10° mol™! 
Faraday constant F 96485.3 C mol! 
Speed of light c 299792458 x 10° ms~' 2.99792458 x 10'° cm s~! 
in vacuum 
Planck constant h 6.62608 x 10734 J s 6.62608 x 107?” ergs 
Boltzmann constant k 1.38066 x 10773 J K~! 1.38066 x 107 "® erg K~! 
Proton charge e 1.602177 x 107 +° C 
E 4,803207 x 107 '° statC 
Electron rest mass m, 9.10939 x 1073) kg 9.10939 x 10°28 g 
Proton rest mass my 1.672623 x 10727 kg 1.672623 x 10724 g 
Permittivity to 8.8541878 x 107'? C? N“! m~? 
of vacuum 
Permeability Ho 4r x 1077 NC? s? 
of vacuum 
Gravitational G 6.673 x 1071! m? s7? kg! 6.673 x 107° cm? s~? g~! 
constant 


“ Adapted from E. R. Cohen and B. N. Taylor, CODATA Bulletin No. 63, Pergamon, 1986. 


DEFINED CONSTANTS 
? Standard gravitational acceleration g, = 9.80665 m/s? 

Zero of the Celsius scale = 273.15 K 

i f 

Y 
— 

GREEK ALPHABET “2 
Alpha A a Tota I Pa Rho P P 
Beta B B Kappa K K Sigma = o 
Gamma r 7 Lambda A A Tau T t 
pets A ô Mu M u Upsilon W: v 
Epsilon E e Nu N v Phi o $ 
Zeta Zz Ç Xi 2 A Chi x x 
Eta : H n Omicron o o Psi iy. y 
Theta ° 6 Pi n m Omega Q @ 


CONVERSION FACTORS” 


1 atm = 101325 Pa 1eV = 1.602177 x 107195 
1 torr = zły atm = 133.322 Pa 1Å=107°°m = 107cm 
1 bar = 10° Pa = 0.986923 atm 1 L = 1000 cm? = 1 dm? 
= 750.062 torr 1D = 107 *® statC cm 
1 dyn =107Ś N 1P=01Nsm? 
lerg=10°75 1G=10°*T 
1 cal, = 4.184 J 1 D = 3.335641 x 10°°°Cm 


° The symbol = means “corresponds to.” 


d da 
1073 onti c 10? hecto h 
107° mili m 10° kio k 
1076 micro p 10° mega M 
107° nano n 10° giga G 
10-'? pico p 10'? tera T 
107!5 femto f 10'5 peta P 
107'8 atto a 10'° exa E 
RELATIONS BETWEEN GAUSSIAN AND 
Si QUANTITIES” 
Electric charge Q = Q/(4reo)"? 
Electric field strength E' = (4n£o) E 
Electric potential ¢' = (4780)? 
Electric dipole moment p’ = p/(4neo)'/? 
Electric polarizability a’ =a/4ney 
Magnetic flux density B = (47/40)? B 
Magnetic field strength H = (4n uo)" H 
Magnetic dipole moment W = (20/47) Pp 
Magnetic vector potential A’ = (4n/ io)? A 
Magnetization M’ = (uo/4m)" PM 


a Primed symbols are gaussian quantities. 
Unprimed symbols are SI quantities. 
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F EACE 


This textbook is for the standard undergraduate course in physical chemistry. 

In writing this book, I have kept in mind the goals of clarity, accuracy, and 
depth. To help make the presentation easy to follow, the book gives careful definitions 
and explanations of concepts, full details of most derivations, and reviews of relevant 
topics in mathematics and physics. I have avoided a superficial treatment, which 
would leave the student with little real understanding of physical chemistry. Instead, 
I have aimed at a treatment that is as accurate, as fundamental, and as up-to-date 
as can readily be presented at the undergraduate level. 

The following improvements, directed mainly at making the book easier for stu- 
dents to follow, have been made in the third edition: 


* The number of worked-out examples in the text has been increased from 86 to 107. 

¢ Eighty-nine new figures have been added, and many old figures revised. 

¢ A checklist of important kinds of calculations has been added to most chapter 
summaries. 

¢ Overly long and complex derivations have been made shorter and simpler. Ex- 
amples are the derivations of freezing-point depression in Sec. 12.3 and electro- 
chemical potential in Sec. 14.3. 

+ A few nonessential derivations have been dropped from the text and made into 
problems with abundant hints. Examples are the derivations of Poiseuille’s law, 
the Einstein-Smoluchowski equation, and the number of available translational 
states. 

* Long sections have been divided into subsections. 

+ More-difficult material has been moved toward the ends of chapters. For example, 
the initial discussion of line integrals in Chapter 2 has been simplified, and the 
section on line integrals and state functions has been moved near the end of Chap- 
ter 2. Chapter 5 has been rewritten to emphasize enthalpies and Gibbs energies 
of formation and de-emphasize the less-used conventional enthalpies and Gibbs 
energies; calculation of the difference between real-gas and ideal-gas enthalpies 
has been moved later in Chapter 5. The Gibbs-Duhem equation was moved from 
Chapter 9 to Chapter 10. The material on fast reactions and relaxation kinetics 
has been moved from early in Chapter 17 to late in Chapter 17. 

* The need for readers to refer back to previous sections for cited equations has 


been greatly reduced by repeating the equations instead of referring to them by 
number. — E 


| xvi | * More drill problems have been added. 
e For problems where a computer solution is recommended, BASIC programs have 
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been given in the solutions manual. 

e Section 2.12 on problem solving has been expanded. 

* More material on experimental methods has been included. For example, the dis- 
cussion of calorimetry in Chapter 5 has been expanded, material on pressure mea- 
surement has been added to Sec. 1.5, and a discussion of the Ostwald viscometer 
has been added to Sec. 16.3. 

e Additional common student errors and misconceptions are pointed out. 

+ A list of references for further reading has been added to each chapter, and many 
chapters have a list of data sources. 

* The thermodynamic data in the Appendix table have been converted to joules, and 
the 1 bar standard state has been adopted. 

* To avoid a major increase in length, excessively wordy material has been rewritten 
and irrelevant material dropped. A few specialized topics (photoacoustic spectros- 
copy, ultrasonic relaxation, pulse radiolysis, biological membranes) have been 
dropped, and the section on nuclear chemistry has been shortened. 

* Throughout, the text has been revised to clarify, simplify, and update material, 


The following new material has been included in the third edition: 


* A subsection on lasers has been added to Sec. 21.2. Í 

* The material on surface science has been expanded and modernized. Section 13.5 
on adsorption of gases on solids was expanded. Section 17.17 on heterogeneous 
catalysis was expanded and updated to include a subsection on the kinetics of 
adsorption, desorption, and surface migration of gases on solids. Section 21.9 was 
expanded to include discussion of electron-energy-loss spectroscopy and infrared 
absorption spectroscopy of chemisorbed species, Section 24.10 on the use of low- 
energy electron diffraction and the scanning tunneling microscope to determine 
structures of surfaces and chemisorbed species was added. 

* A subsection on the kinetics of free-radical addition polymerization was added to 
Sec. 17.12. 

e The discussion of the AM1, MNDO, and MINDO/3 methods and the molecular 
mechanics method in Sec. 20.9 has been expanded and updated. | 


Although the treatment is an in-depth one, the mathematics has been kept at | 
a reasonable level and advanced mathematics unfamiliar to the student has been | 
avoided. Since mathematics has proved to be a stumbling block for many students | 
trying to master physical chemistry, I have included reviews of aspects of calculus 
that are important to physical chemistry. . 

The book is organized so that students can see the broad structure and logic of 
physical chemistry rather than feel that they are being bombarded with a hodge- | 
podge of formulas and ideas presented in random order. In line with this, the 
thermodynamics chapters are grouped together, as are those on quantum chemistry. | 
Statistical mechanics is taken up after thermodynamics and quantum chemistry. | 

To avoid the impression that thermodynamics deals mainly with ideal gases, 
I have included substantial thermodynamic treatments of nonideal systems so that 
students can see that thermodynamics is useful in systems of real chemical interest. 

In many applications of physical chemistry, approximations are necessary. In 
developing theories and equations, I have clearly stated the assumptions and approxi- 


mations made, so that students will be aware of when the results apply and when 
they do not apply. Conditions of applicability of important thermodynamic equa- 
tions are explicitly stated alongside the equations. 

The equation numbers of important equations are starred to help the student 
realize which are the key equations. 

The presentation of quantum chemistry steers a middle course between an exces- 
sively mathematical treatment that would obscure the physical ideas for most under- 
graduates and a purely qualitative treatment that does little beyond repeating what 
the student has learned in previous courses. The book discusses modern ab initio and 
semiempirical calculations of molecular properties so that students can appreciate 
the practical value of such calculations to nontheoretical chemists. 

The content of physical chemistry courses has expanded greatly in recent years. 
In a one-year course, not enough time is available for a detailed presentation of all 
the required material. Because this book gives derivations in full detail, the instructor 
is freed from the necessity of presenting them in class; the class can be devoted to 
discussing concepts and answering questions, and more material can be covered. 

Each chapter has a wide variety of problems, and answers to many of the numer- 
ical problems are given. The class time available for going over problems is usually 
limited, so a manual of solutions to the problems has been prepared and can be pur- 
chased by students upon authorization of the instructor. 

A fair number of biological applications are included. Material on polymers is 
integrated into sections on osmotic pressure, transport properties, and solids. 

The book uses both SI and non-SI units so that students are made familiar with 
both the officially recommended SI units and widely used non-SI units. For the most 
part, the symbols recommended by the International Union of Pure and Applied 
Chemistry are used. 

_ Professors Gene B. Carpenter, Howard D. Mettee, Roland R. Roskos, Theodore 
Sakano, and Peter E. Yankwich reviewed various portions of the manuscript of the 
first edition; reviewers for the second edition were Professors Alexander R. Amell, Paul 
E. Cade, Jefferson C. Davis, Jr., George D. Halsey, Denis Kohl, John P. Lowe, Peter 
Politzer, John L. Ragle, Richard E. Wilde, John R. Wilson, and Peter E. Yankwich; 
reviewers for the third edition were Professors Alexander Amell, University of New 
Hampshire; C. Allen Bush, Illinois Institute of Technology; Luis Echegoyen, Uni- 
versity of Miami; George D. Halsey, University of Washington; David O. Harris, 
University of California, Santa Barbara; Leonard Kotin, University of Illinois, 
Chicago; Alfred Mills, University of Miami; Mary J. Ondrechen, Northeastern Uni- 
versity; Peter Politzer, University of New Orleans; Thomas H. Walnut, Syracuse 
University; Grace Wieder, Brooklyn College; and Richard E. Wilde, Texas Tech 
University. Professors Fritz Steinhardt and Vicki Steinhardt provided helpful math- 
ematical advice; Professors Thomas Allen, Fitzgerald Bramwell, Dewey Carpenter, 
Norman C. Craig, John N. Cooper, Thomas G. Dunne, Hugo Franzen, Darryl 
Howery, Madan S. Pathania, J. L. Schreiber, John C. Wheeler, and Grace Wieder 
and my students provided me with many valuable comments and suggestions. I thank 
all these people for their very considerable help. 

I welcome any suggestions for improvement that readers may have. 


Ira N. Levine 
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PHYSICAL CHEMISTRY 


Physical chemistry is the study of the underlying physical principles that govern the 
properties and behavior of chemical systems. 

A chemical system can be studied from either a microscopic or a macroscopic 
viewpoint, The microscopic viewpoint makes explicit use of the concept of molecules. 
The macroscopic viewpoint studies large-scale properties of matter without explicit 
use of the molecule concept. The first half of this book uses mainly a macroscopic 
viewpoint; the second half uses mainly a microscopic viewpoint. The term chemical 
physics denotes those aspects of physical chemistry that study phenomena at the 
molecular level. 

We can divide physical chemistry into four main areas: thermodynamics, quan- 
tum chemistry, statistical mechanics, and kinetics (Fig. 1.1). Thermodynamics is a 
macroscopic science that studies the interrelationships of the various equilibrium 
properties of a system and the changes in equilibrium properties in processes. Ther- 
modynamics is treated in Chaps. 1 to 14. 


The four branches of physical 
chemistry. Statistical mechanics 

is the bridge from the microscopic 
approach of quantum chemistry 
to the macroscopic approach of 
thermodynamics, Kinetics uses 
portions of the other three branches. 
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CHAPTER 1 


Molecules and the electrons and nuclei that compose them do not obey classi- 
cal mechanics; instead their motions are governed by the laws of quantum mechanics 
(Chap. 18). Application of quantum mechanics to atomic structure, molecular bonding, 
and spectroscopy gives us quantum chemistry (Chaps. 19 to 21). 

The macroscopic science of thermodynamics is a consequence of what is hap- 
pening at a molecular (microscopic) level. The molecular and macroscopic levels are 
related to each other by the branch of science called statistical mechanics. Statistical 
mechanics gives insight into why the laws of thermodynamics hold and allows cal- 
culation of macroscopic thermodynamic properties from molecular properties. We 
shall study statistical mechanics in Chaps. 15, 16, 22, 23, and 24. 

Kinetics is the study of rate processes such as chemical reactions, diffusion, and 
the flow of charge in an electrochemical cell. The theory of rate processes is not as 
well developed as the theories of thermodynamics, quantum mechanics, and statis- 
tical mechanics. Kinetics uses relevant portions of thermodynamics, quantum chem- 
istry, and statistical mechanics. Chapters 16, 17, and 23 deal with kinetics. 

The principles of physical chemistry provide a framework for all branches of 
chemistry. 

Organic chemists use kinetics studies to figure out the mechanisms of reactions, 
use quantum-chemistry calculations to study the structures and stabilities of reaction 
intermediates, use symmetry rules deduced from quantum chemistry to predict the 
course of many reactions, and use nuclear-magnetic-resonance (NMR) and infrared 
spectroscopy to help determine the structure of compounds. Inorganic chemists ust 
quantum chemistry and spectroscopy to study bonding. Analytical chemists ust 
spectroscopy to analyze samples. Biochemists use kinetics to study rates of enzyme 

catalyzed reactions, use thermodynamics to study biological energy transformations, 
osmosis, and membrane equilibrium, and to determine molecular weights of bio: 
logical molecules, use spectroscopy to study processes at the molecular level (for 
example, intramolecular motions in proteins are studied using NMR), and use x-ray 
diffraction to determine the structures of proteins and nucleic acids. 

Chemical engineers use thermodynamics to predict the equilibrium composition 
of reaction mixtures, use kinetics to calculate how fast products will be formed, and 
use principles of thermodynamic phase equilibria to design separation procedure 
such as fractional distillation. Geochemists use thermodynamic phase diagrams t0 
understand processes in the earth. Polymer chemists use thermodynamics, kinetics 
and statistical mechanics to investigate the kinetics of polymerization, the moleculat 
weights of polymers, the flow of polymer solutions, and the distribution of confor 
mations of a polymer molecule. 


Although the term “physical chemistry” was used occasionally in the 1700s, widespread 
Tecognition of physical chemistry as a discipline began in 1887 with the founding of the 
journal Zeitschrift fiir Physikalische Chemie by Wilhelm Ostwald with J. H. van't Hoff a 
coeditor. Ostwald investigated chemical equilibrium, chemical kinetics, and solutions and 
wrote the first textbook of physical chemistry. He was instrumental in drawing attention 
to Gibbs’ pioneering work in chemical thermodynamics and was the first to nominatt 
Einstein for a Nobel prize. Surprisingly, Ostwald argued against the atomic theory of 
matter and did not accept the reality of atoms and molecules until 1908. In his later years 
Ostwald advocated world peace and conservation of energy resources and created th 
artificial language Ido. Ostwald, van’t Hoff, and Arrhenius are generally regarded as the 
founders of physical chemistry. 


THERMODYNAMICS 


Thermodynamics. We begin our study of physical chemistry with thermodynam- 
ics. Thermodynamics (from the Greek words for “heat” and “power”) is the study 
of heat, work, energy, and the changes they produce in the states of systems. In a 
broader sense, thermodynamics studies the relationships between the macroscopic 
properties of a system. A key property in thermodynamics is temperature, and ther- 
modynamics is sometimes defined as the study of the relation of temperature to the 
macroscopic properties of matter. 

We shall be studying equilibrium thermodynamics, which deals with systems 
in equilibrium. (Irreversible thermodynamics deals with nonequilibrium systems and 
rate processes.) Equilibrium thermodynamics is a macroscopic science and is inde- 
pendent of any theories of molecular structure. Strictly speaking, the word “mole- 
cule” is not part of the vocabulary of thermodynamics. However, we won't adopt 
a purist attitude but will often use molecular concepts to help us understand ther- 
modynamics. Thermodynamics does not apply to systems of molecular size; a 
system must consist of a large number of molecules for it to be treated thermody- 
namically. The term “thermodynamics” in this book will always mean equilibrium 
thermodynamics. 


Thermodynamic Systems. The macroscopic part of the universe under study in 
thermodynamics is called the system. The parts of the universe that can interact with 
the system are called the surroundings. 

For example, to study the vapor pressure of water as a function of temperature, 
we might put a sealed container of water (with any air evacuated) in a constant- 
temperature bath and connect a manometer to the container to measure the pressure 
(Fig. 1.2). Here, the system consists of the liquid water and the water vapor in the 
container, and the surroundings are the constant-temperature bath and the mercury 
in the manometer. 

An open system is one where transfer of matter between system and surround- 
ings can occur. A closed system is one where no transfer of matter can occur be- 
tween system and surroundings. An isolated system is one that does not interact 
in any way with its surroundings. An isolated system is obviously a closed system, 
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but not every closed system is isolated. For example, in Fig. 1.2, the system of liqui 
water plus water vapor in the sealed container is closed (since no matter can ente 
or leave) but not isolated (since it can be warmed or cooled by the surroundin 
bath). For an isolated system, neither matter nor energy can be transferred betwee 
system and surroundings, For a closed system, energy but not matter can be trans 
ferred between system and surroundings. For an open system, both matter and en 
can be transferred between system and surroundings. t 

A thermodynamic system is either open or closed and is either isolated or non 
isolated. It is important to note the kind of system under study, since thermodynam 
statements valid for one kind of system may well be invalid for other kinds. Mo; 
commonly, we shall deal with closed systems. 


Walls. A system may be separated from its surroundings by various kinds of wall 
(In Fig. 1.2, the system is separated from the bath by the container walls.) A 
can be either rigid or nonrigid (movable). A wall may be permeable or impermeab 
where by “impermeable” we mean that it allows no matter to pass through it. Fi 
nally, a wall may be adiabatic or nonadiabatic. In plain language, an adiabatic wa 
is one that does not conduct heat at all, whereas a nonadiabatic wall does condug 
heat, However, we have not yet defined heat, and hence to have a logically correg 
development of thermodynamics, adiabatic and nonadiabatic walls must be defi 7 
without reference to heat. This is done as follows. 

Suppose we have two separate systems A and B, each of whose properties a 
observed to be constant with time. We then bring A and B into contact via a rigi 
impermeable wall (Fig. 1.3). If, no matter what the initial values of the properties of 
A and B are, we observe no change in the values of these properties (for example, 
pressures, volumes) with time, then the wall separating A and B is said to be adia 
batic. If we generally observe changes in the properties of A and B with time whet 
they are brought in contact via a rigid, impermeable wall, then this wall is calle 
nonadiabatic or thermally conducting. (As an aside, when two systems at different 
temperatures are brought in contact through a thermally conducting wall, heat flows 
from the hotter to the colder system, thereby changing the temperatures and othei 
Properties of the two systems; with an adiabatic wall, any temperature difference is 
maintained. Since heat and temperature are still undefined, these remarks are logica 
out of place, but they have been included to illuminate the definitions of adiabatie 
and thermally conducting walls.) An adiabatic wall is an idealization, but it can bé 
approximated, for example, by the double walls of a Dewar flask or thermos bot 
which are separated by a near vacuum. 

In Fig. 1.2, the container walls are impermeable (to keep the system closed) and: 
are thermally conducting (to allow the system’s temperature to be adjusted to that 
of the surrounding bath); the container walls are essentially rigid, but if the interface 
between the water vapor and the mercury in the manometer is considered to be a 
“wall,” then this wall is movable. Frequently, we shall deal with a system separat 
from its surroundings by a Piston, which acts as a movable wall. ` 


$ A system surrounded by a rigid, impermeable, adiabatic wall cannot interact 
with the surroundings and is isolated. 


Equilibrium. Equilibrium thermodynamics deals with systems in equilibrium. AW 
isolated system is in equilibrium when its macroscopic properties remain constant 
with time. A nonisolated system is in equilibrium when the following two conditions) 


hold: (a) The system’s macroscopic properties remain constant with time; (b) removal 
of the system from contact with its surroundings causes no change in the properties 
of the system. If condition (a) holds but (b) does not hold, the system is in a steady 
state, An example of a steady state is a metal rod in contact at one end with a large 
body at 50°C and in contact at the other end with a large body at 40°C. After 
sufficient time has elapsed, the metal rod satisfies condition (a); a uniform tempera- 
ture gradient is set up along the rod. However, if we remove the rod from contact 
with its surroundings, the temperatures of its parts change until the whole rod is at 
45°C. 

The equilibrium concept can be divided into the following three kinds of equilib- 
rium. For mechanical equilibrium, there are no unbalanced forces acting on or within 
the system; hence the system undergoes no acceleration, and there is no turbulence 
within the system. For material equilibrium, no net chemical reactions are occurring 
in the system, nor is there any net transfer of matter from one part of the system 
to another; the concentrations of the chemical species in the various parts of the 
system are constant in time. For thermal equilibrium between a system and its sur- 
roundings, there must be no change in the properties of the system or surroundings 
when they are separated by a thermally conducting wall; likewise, we can insert a 
thermally conducting wall between two parts of a system to test whether the parts 
are in thermal equilibrium with each other. For thermodynamic equilibrium, all three 
kinds of equilibrium must be present. 


Thermodynamic Properties. What properties does thermodynamics use to char- 
acterize a system in equilibrium? Clearly, the composition must be specified; this can 
be done by stating the mass of each chemical species that is present in each phase. 
The volume V is a characteristic property of the system. The pressure P is an- 
other thermodynamic variable; pressure is defined as the magnitude of the normal 
(perpendicular) force per unit area exerted by the system on its surroundings: 


P=F/A (1.1)* 


where F is the magnitude of the normal force exerted on a boundary wall of area A. 
The symbol = indicates a definition. An equation with a star after the number should 
be memorized. Pressure is a scalar, not a vector. For a system in mechanical equilib- 
rium, the pressure throughout the system is uniform and equal to the pressure of 
the surroundings. (We are ignoring the effect of the earth’s gravitational field, which 
causes a slight increase in pressure as one goes from the top to the bottom of the 
system.) If external electric or magnetic fields act on the system, the field strengths 
are thermodynamic variables; we won't consider systems with such fields. Later, fur- 
ther thermodynamic properties (for example, temperature, internal energy, entropy) 
will be defined. 

An extensive thermodynamic property is one whose value is equal to the sum 
of its values for the parts of the system. Thus, if we divide a system into parts, the 
mass of the system is the sum of the masses of the parts; mass is an extensive prop- 
erty. So is volume. Properties that do not depend on the amount of matter in the 
system are called intensive. Density and pressure are examples of intensive proper- 
ties. We can take a drop of water or a swimming pool full of water, and both sys- 
tems will have the same density. 

If each intensive macroscopic property is constant throughout a system, the 
system is homogeneous. If a system is not homogeneous, it may consist of a number 
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of homogeneous parts; each such homogeneous part is called a phase. For exampl 
if the system consists of a crystal of AgBr in equilibrium with an aqueous solutio 
of AgBr, the system has two phases: the solid AgBr and the solution. A phase ca 
consist of several disconnected pieces. For example, in a system composed of several 
AgBr crystals in equilibrium with an aqueous solution, all the crystals are part q 
the same phase. A system composed of two or more phases is heterogeneous. No 
that the definition of a phase makes no reference to solids, liquids, or gases. A sys 
tem can be entirely liquid and still have more than one phase; for example, a systen 
composed of the nearly immiscible liquids H,O and CCl, has two phases. 
The density p (rho) of a phase of mass m and volume V is 


p=m/V (1.2) 


Figure 1.4 plots some densities at room temperature and pressure. The symbols 4 
l, g stand for solid, liquid, gas. 
Suppose that the measured value of every thermodynamic property in a certai 
thermodynamic system A equals the value of the corresponding property in a secon 
system B. The systems are then said to be in the same thermodynamic state. The sta 
of a thermodynamic system is defined by specifying the values of its thermodynam 
properties. However, it is not necessary to specify all the properties to define th 
state; a minimum number of properties can be specified to determine the values 
the remaining properties. For example, suppose we take 6.66 g of pure H,O at 1 ati 
(atmosphere) pressure and 24°C. It is found that in the absence of external fields a 
the remaining properties (volume, heat capacity, index of refraction, etc.) are fixe 
(This statement ignores the possibility of surface effects, which are considered 
Chap. 13.) Two thermodynamic systems each consisting of 6.66 g of H,O at 24 
and 1 atm are in the same thermodynamic state. Experiments show that, for a singl 
phase system containing specified fixed amounts of nonreacting substances, specific 
tion of two additional thermodynamic properties is generally sufficient to detern in 
the thermodynamic state, provided external fields are absent and surface effects 
negligible. i 
A thermodynamic system in a given equilibrium state has a particular value fd 
each thermodynamic property. These properties are therefore also called state fu 
tions, since their values are functions of the system’s state. The terms “thermodynam 
variable,” “thermodynamic property,” and “state function” are synonymous. Nol 
especially that the value of a state function depends only on the present state oll 
system and not on its past history. It doesn’t matter whether we got the 6.66 gf 
water at 1 atm and 24°C by melting ice and warming the water or by condensi 
steam and cooling the water. 


TEMPERATURE 


3. 


| 
Suppose two systems separated by a movable wall are in mechanical equilibri | 
with each other. Because we have mechanical equilibrium, no unbalanced forces | 
and each system exerts an equal and opposite force on the separating wall. Therefdl l 
each system exerts an equal pressure on this wall. Systems in mechanical equilibriu ! 
with each other have the same pressure. What about systems that are in therm 
equilibrium (Sec. 1.2) with each other? 


| 


Just as systems in mechanical equilibrium have a common pressure, it seems 
reasonable to suppose that there is some thermodynamic property common to sys- 
tems in thermal equilibrium. This property is what we define as the temperature, 
symbolized by 0 (theta). By definition, two systems in thermal equilibrium with each 
other have the same temperature; two systems not in thermal equilibrium have different 
temperatures. 

Although we have asserted the existence of temperature as a thermodynamic 
state function that determines whether or not thermal equilibrium exists between 
systems, we need experimental evidence that there really is such a state function. 
Suppose that we find systems A and B to be in thermal equilibrium with each other 
when brought in contact via a thermally conducting wall; further suppose that we 
find systems B and C to be in thermal equilibrium. By our definition of temperature, 
we would assign the same temperature to A and B (0, = 0p) and the same tempera- 
ture to B and C (0 = Oc). Therefore, systems A and C would have the same tem- 
perature (8, = 0c), and we would expect to find A and C in thermal equilibrium 
when they are brought in contact via a thermally conducting wall. If A and C were 
not found to be in thermal equilibrium with each other, then our definition of tem- 
perature would be invalid. It is an experimental fact that: 


Two systems that are each found to be in thermal equilibrium with a third system will 
be found to be in thermal equilibrium with each other. 


This unexciting generalization from experience is the zeroth law of thermodynamics. 
It is so called because only after the first, second, and third laws of thermodynamics 
had been formulated was it realized that the zeroth law is needed for the develop- 
ment of thermodynamics; moreover, a statement of the zeroth law logically precedes 
the other three. The zeroth law allows us to assert the existence of temperature as a 
state function. 

Having defined temperature, how do we measure it? Of course, you are familiar 
with the process of putting a liquid-mercury thermometer in contact with a system, 
waiting until the volume change of the mercury has ceased (indicating that thermal 
equilibrium between the thermometer and the system has been reached), and reading 
the thermometer scale. Let us analyze what is being done here. 

To set up a temperature scale, we begin by picking a reference system r, which 
we call the thermometer. For simplicity, we choose r to be homogeneous with a fixed 
composition and a fixed pressure. Furthermore, we require that the substance of 
the thermometer must always expand when heated. This requirement ensures that 
at fixed pressure the volume of the thermometer r will define the state of system r 
uniquely—two states of r with different volumes at fixed pressure will not be in 
thermal equilibrium and must be assigned different temperatures. Liquid water is 
unsuitable for a thermometer, since it contracts when heated between 0 and 4°C at 
1 atm and then expands above 4°C; water at 1 atm and 3°C has the same volume 
as water at 1 atm and 5°C, so the volume of water cannot be used to measure tem- 
perature. Liquid mercury always expands when heated, so let us choose a fixed 
amount of liquid mercury at 1 atm pressure as our thermometer. 

We now assign a different numerical value of the temperature @ to each different 
volume V, of the thermometer r. The way we do this is arbitrary. The simplest ap- 
proach is to take @ as a linear function of V,. We therefore define the temperature to 
be 0 = aV, + b, where V, is the volume of a fixed amount of liquid mercury at 1 atm 
pressure and a and b are constants, with a being positive (so that states which are 
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experienced: physiologically as being hotter will have larger 0 values). Once a and b 
are specified, a measurement of the thermometer’s volume V, gives its temperature 6, 

The mercury for our thermometer is placed in a glass container that consists of 
a bulb connected to a narrow tube. Let the cross-sectional area of the tube be 4, 
and let the mercury rise to a length l in the tube. The mercury volume equals the 
sum of the mercury volumes in the bulb and the tube, so 


0 = aV, + b = a(Vpum + Al) + b = GAl + (aVpum + b)=cl+d (1,3 


where c and d are constants defined as c = aA and d = aVpum + b. 

To fix c and d, we define the temperature of equilibrium between pure ice and 
air-saturated liquid water at 1 atm pressure as 0°C (for centigrade), and we define 
the temperature of equilibrium between pure liquid water and water vapor at 1 atm 
pressure (the normal boiling point of water) as 100°C. These points are called the ice 
point and the steam point. Since our scale is linear with the length of the mercury 
column, we mark off 100 equal intervals between 0 and 100°C and extend the marks 
above and below these temperatures. 

Having armed ourselves with a thermometer, we can now determine the te 
perature of any system B. To do so, we put system B in contact with the thermometer 
through a thermally conducting wall, wait until thermal equilibrium is achieved, and 
then measure the thermometer volume V,. We then know the thermometer’s tem 
perature, and since B is in thermal equilibrium with the thermometer, B’s temperature 
equals that of the thermometer. 

Note the completely arbitrary way we defined our scale. This scale depends on 
the expansion properties of a particular substance, liquid mercury. If we had chosen 
ethanol instead of mercury as the thermometric fluid, temperatures on the ethanol 
scale would show small but significant differences from those on the mercury scale, 
Moreover, there is at this point no reason, apart from simplicity, for choosing a linea 
relation between temperature and mercury volume. We could just as well have chosen 
0 to vary as aV,? + b. Temperature is a fundamental concept of thermodynamics, 
and one naturally feels that it should be formulated less arbitrarily. Some of the ar- 
bitrariness will be removed in Sec. 1.5, where the ideal-gas temperature scale is de- 
fined. Finally, in Sec. 3.6 we shall define the most fundamental temperature scale, the) 
thermodynamic scale. The mercury centigrade scale defined in this section is not in 
current scientific use, but we shall use it until we define a better scale in Sec. 1.5. 

Let systems A and B have the same temperature (8, = 0p), and let systems 
and C have different temperatures (fp # Oc). Suppose we set up a second tempera- 
ture scale using a different fluid for our thermometer and assigning temperature values 
in a different manner. Although the numerical values of the temperatures of systems 
A, B, and C on the second scale will differ from those on the first temperature scal 
it follows from the zeroth law that on the second scale systems A and B will stil 
have the same temperature, and systems B and C will have different temperatures 
Thus, although numerical values on any temperature scale are arbitrary, the zeroth) 
law assures us that the temperature scale will fulfill its function of telling whether of 
not two systems are in thermal equilibrium. 

Since virtually all physical properties change with temperature, properties othet 
than volume can be used to measure temperature. With a resistance thermometeh, 


temperature dependence of the electric potential difference between two differen! 
metals in contact (Fig. 14.3). 


Thermodynamics is a macroscopic science and does not provide any explana- 
tion of the molecular meaning of temperature. We shall later use statistical mechanics 
to show that increasing temperature corresponds to increasing average molecular ki- 
netic energy, provided the temperature scale is chosen to give higher temperatures 
to hotter states. 


THE MOLE 


We now review the concept of the mole, which is used in chemical thermodynamics. 

The ratio of the mass of an atom of an element to the mass of some chosen 
standard is called the atomic weight A, of that element (the r stands for “relative”), 
The standard used since 1961 is 75 times the mass of the isotope '7C; the atomic 
weight of !?C is thus exactly 12, by definition. The ratio of the mass of a molecule 
of a substance to 4} times the mass of a !2C atom is called the molecular weight 
M, of that substance. The statement that the molecular weight of HO is 18.015 
means that a water molecule has on the average a mass that is 18.015/12 times the 
mass of a '7C atom. We say “on the average” to acknowledge the existence of 
naturally occurring isotopes of H and O, Since atomic and molecular weights are 
relative masses, these “weights” are dimensionless numbers. A better name than the 
traditional term “molecular weight” is relative molecular mass. For an ionic com- 
pound, the mass of one formula unit replaces the mass of one molecule in the def- 
inition of the molecular weight. For example, we say that the molecular weight of 
NaCl is 58.443, even though there are no individual NaCl molecules in an NaCl 
crystal. 

The number of '7C atoms in exactly 12 g of !2C is called Avogadro’s number. 
Experiment (Sec. 19.2) gives 6.02 x 1023 as the value of Avogadro’s number. Avoga- 
dro’s number of !7C atoms has a mass of 12 g, exactly. What is the mass of Avo- 
gadro’s number of hydrogen atoms? The atomic weight of hydrogen is 1.0079, so 
each H atom has a mass 1.0079/12 times the mass of a '*C atom. Since we have 
equal numbers of H and !7C atoms, the total mass of hydrogen is 1.0079/12 times 
the total mass of the '*C atoms, which is (1.0079/12)(12 g) = 1.0079 g; this mass in 
grams is numerically equal to the atomic weight of hydrogen. The same reasoning 
Shows that Avogadro’s number of atoms of any element has a mass of A, grams, 
where A, is the atomic weight of the element. Similarly, Avogadro’s number of mol- 
ecules of a substance whose molecular weight is M, will have a mass of M, grams. 

A mole of some substance is defined as an amount of that substance which 
contains Avogadro’s number of elementary entities. For example, a mole of hydrogen 
atoms contains 6.02 x 10? H atoms; a mole of water molecules contains 6.02 x 
10? H,O molecules. We showed in the preceding paragraph that, if M,,; is the 
molecular weight of species i, then the mass of 1 mole of species i equals M, ; grams. 
The mass per mole of a pure substance is called its molar mass M. For example, 
for H,O, M = 18.015 g/mole. The molar mass of substance i is given by 


M; = m;/n; (1.4)* 


where m; is the mass of substance i in a sample and n; is the number of moles of i in 
the sample. The molar mass M; and the molecular weight M, ; of i are related by 
M; = M, ; x 1 g/mole, where M, is a dimensionless number. 
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Because 1 m? is a large area, the pascal is an inconveniently small unit of pressi 
and its multiples the kilopascal (kPa) and megapascal (MPa) are often used: 1 kPa 
10° Pa and 1 MPa = 10° Pa. Chemists customarily use other units. One torr ( 
1 mmHg) is the pressure exerted at 0°C by a column of mercury one millimeter hi 
when the gravitational acceleration has the standard value g = 980.665 cm/s”. 
downward force exerted by the mercury equals its mass m times g. Thus a mere 
column of height h, mass m, cross-sectional area A, volume V, and density p exe 
a pressure P given by 

P = mg/A = pVg/A = pAhg/A = pgh (l 


The density of mercury at 0°C and 1 atm is 13.5951 g/cm?. Converting this den 
to kg/m? and using (1.9) with h = 1 mm, we have 


1 kg \/10? cm\3 i 
1 torr = ( 13.5951 De ( ) (0.80665 m/s?)(107° m) 
cm 10° g, lm 
1 torr = 133.322 kg m~! s~? = 133.322 N/m? = 133.322 Pa 
since 1 N = 1 kgm s7? [Eq. (2.7)]. One atmosphere (atm) is defined as exac 
760 torr: 


1 atm = 760 torr = 1.01325 x 10° Pa (1. 


Still another pressure unit is the bar: 
1 bar = 10° Pa = 0.986923 atm = 750.062 torr (1. 


The bar is slightly less than 1 atm. The approximation 
1 bar = 750 torr (Ld 


is in error by less than 1 part in 10* and will usually be accurate enough for 
purposes. See Fig. 1.6. 

Common units of volume are cubic centimeters (cm), cubic decimeters (d 
cubic meters (m°), and liters (L or 1). The liter was originally defined as the volui 
of 1000g of water at 3.98°C and 1 atm pressure. This made the liter equal 
1000.028 cm3. However, in 1964 the liter was redefined as exactly 1000 cm*. 
liter equals 103 cm? = 10°(107? m)? = 107? m? = (107 * m)? = 1 dm, where 
decimeter (dm) equals 0.1 m. 


1 liter = 1 dm? = 1000 cm? (LL 


Pressure measurement. Moderate pressures are measured with a manometer, a U-t 
filled with mercury. Various gauges are used to measure low pressures. A thermocoi 
gauge uses a thermocouple to measure the temperature of a heated wire filament plat 
in the gas whose pressure is to be determined. At low pressures, the rate at which 
gas conducts heat away from the filament is proportional to the gas pressure (see Sec. 1 
so the wire’s temperature depends on the gas pressure. A thermocouple gauge is calibri 
with a McLeod gauge. Here, a large volume of low-pressure gas is compressed to a mi 
smaller volume, where its pressure is measured; Boyle’s law is then used to find the ol 
inal pressure. High pressures can be measured with a Bourdon gauge, which contai 
C-shaped or spiral hollow metal tube closed at one end. Fluid pressure within the 
tends to straighten it and thereby moves an indicator on a dial. The Bourdon gal 
is calibrated using a fluid confined by a piston on which known weights are plat 
Bourdon gauges are used on the outlet regulator valves of laboratory cylinders of 
pressed gas. 
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Charles’ Law. Charles (1787) and Gay-Lussac (1802) investigated the thermal ex- 
pansion of gases and found a linear increase in volume with temperature (measured 
on the mercury centigrade scale) at constant pressure and fixed amount of gas: 


V =a, +a,0 const. P, m (1.14) 


where a, and a, are constants. For example, Fig. 1.7 shows the observed relation 
between V and @ for 28 g of N, at a few pressures. Note the near linearity of the 
curves, which are at low pressures. The content of Charles’ law is simply that the 
thermal expansions of gases and of liquid mercury are quite similar. The molecular 
explanation for Charles’ law lies in the fact that an increase in temperature means 
the molecules are moving faster and hitting the walls harder. Therefore, the volume 
must increase if the pressure is to remain constant. 


The Ideal-Gas Absolute Temperature Scale. Charles’ law (1.14) is obeyed most 
accurately in the limit of zero pressure; but even in this limit, gases still show small 
deviations from Eq. (1.14), These deviations are due to small differences between the 
thermal-expansion behavior of ideal gases and that of liquid mercury (which is the 
basis for the 0 temperature scale). However, in the zero-pressure limit, the deviations 
from Charles’ law are the same for different gases. In the limit of zero pressure, all 
gases show the same temperature-vs.-volume behavior at constant pressure. 

Extrapolation of the N, low-pressure V-vs.-0 curves in Fig. 1.7 to low tempera- 
tures shows that they all intersect the 0 axis at the same point, approximately — 273° 
on the mercury centigrade scale. Moreover, extrapolation of such curves for any gas, 
not just N3, shows they intersect the @ axis at —273°. At this temperature, any ideal 
gas is predicted to have zero volume. (Of course, the gas will liquefy before this tem- 
perature is reached, and Charles’ law will no longer be obeyed.) 

As noted above, all gases have the same temperature-vs.-volume behavior in the 
zero-pressure limit. Therefore, to get a temperature scale that is independent of the 
properties of any one substance, we shall define an ideal-gas temperature scale T by 
the requirement that the T-vs.-V behavior of a gas be exactly linear (i.e., obey Charles’ 
law exactly) in the limit of zero pressure. Moreover, because it seems likely that the 
temperature at which an ideal gas is predicted to have zero volume might well have 
fundamental significance, we shall take the zero of our ideal-gas temperature scale 
to coincide with the zero-yolume temperature. We therefore define the absolute ideal- 
gas temperature T by the requirement that the relation T = BV shall hold exactly 
in the zero-pressure limit, where B is a constant for a fixed amount of gas at constant 
P, and where V is the gas volume. Any gas can be used. 
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Constant-pressure gas 
thermometer plots to measure the 
hormal boiling point (nbp) of 
H,0, Extrapolation gives 
Vayp/ Ve = 1.36596, so 

Tanp = 1:36596(273.16 K) = 
373.125 K = 99,975°C, 
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To complete the definition, we must specify B. This is done by picking a fixed 
reference point and assigning its temperature T. In 1954 it was decided by interna- 
tional agreement to use the triple point (tr) of water as the reference point. The water 
triple point is the temperature at which pure liquid water, ice, and water vapor are 
in mutual equilibrium. It was further decided to define the absolute temperature at 
the triple point T, as 273.16 K exactly. The K stands for the unit of temperature, 
the kelvin, formerly called the degree Kelvin (°K). At the water triple point, we have 
273.16 K = Tą = BY,,, and B = (273.16 K)/V,,, where V, is the gas volume at Ty 
Therefore the equation T = BV defining the absolute ideal-gas temperature scale 
becomes 


4 
= (273.16 K) lim — const. P, m (1.15) 
p+0 Va 


How is the limit P > 0 taken in (1.15)? One takes a fixed quantity of gas at 
some pressure P, say 200 torr. This gas is put in thermal equilibrium with the body 
whose temperature T is to be measured, keeping P constant at 200 torr and measuring 
the volume of the gas V The gas thermometer is then put in thermal equilibrium, 
with a water triple-point cell at 273.16 K, maintaining P of the gas at 200 torr and 
measuring V,. The ratio V/V, is then calculated for P = 200 torr. Next, the gas pres- 
sure is reduced to, say, 150 torr, and the gas volume at this pressure is measured at 
temperature T and at 273.16 K; this gives the ratio V/V,, at P = 150 torr. The opera- 
tions are repeated at successively lower pressures to give further ratios V/V,,. These 
ratios are then plotted against P, and the curve is extrapolated to P = 0 to give the 
limit of V/V,,. See Fig. 1.8. Multiplication of this limit by 273.16 K then gives the 
ideal-gas absolute temperature T of the body. In actual practice, a constant-volume 
gas thermometer is easier to use than a constant-pressure one; here, V/V, at constant 
P in (1.15) is replaced by P/P,, at constant V. | 


Accurate measurement of a body’s temperature with an ideal-gas thermometer clearly 
requires much painstaking work, and this thermometer is not useful for day-to-day labo- 
ratory work. What is done is to use the ideal-gas thermometer to determine accurate 
values for several fixed points that cover a wide temperature range. The fixed points are 
the normal melting and boiling points of certain pure substances (for example, oxygen, 
water, gold). The specified values for these fixed points, together with specified interpola- 
tion formulas that use platinum resistance thermometers for temperatures between the 
fixed points, constitute the International Practical Temperature Scale of 1968 (IPTS-68), 
The IPTS-68 scale is designed to reproduce the ideal-gas absolute scale within experi 
mental error and is used to calibrate laboratory thermometers, Details of IPTS-68 are 
given in F. D. Rossini, J. Chem. Thermodyn., 2, 447 (1970); W. T. Gray and D. I. Finch, 
Phys. Today, Sept. 1971, p. 32. 


Since the ideal-gas temperature scale is independent of the properties of any one 
substance, it is superior to the mercury centigrade scale defined in a previous section. 
However, the ideal-gas scale still depends on the limiting properties of gases. The 
thermodynamic temperature scale, defined in Sec. 3.6, is independent of the properties 
of any particular kind of matter. For now we shall use the ideal-gas scale. 

The present definition of the Celsius (centigrade) scale t is in terms of the ideal 
gas absolute temperature scale T as follows: 


t= T —27315° (1.16)* 


The triple point of water is at 273.16 K — 273.15" = 0.01°C, exactly. On the present 
Celsius and Kelvin scales, the ice and steam points are not fixed but are determined 
by experiment, and there is no guarantee that these points will be at 0 and 100°C. 
However, the value 273.16 K for the water triple point and the number 273.15 in 
(1.16) were chosen to give good agreement with the old centigrade scale, so we ex- 
pect the ice and steam points to be little changed from their old values. Experiment 
gives 0.0000 + 0.0001 and 99.975°C for the ice and steam points, 

Since the absolute ideal-gas temperature scale is based on the properties of a 
general class of substances (gases in the zero-pressure limit, where intermolecular 
forces vanish), one might suspect that this scale has fundamental significance. This 
is true, and we shall later see that the average kinetic energy of motion of molecules 
through space in a gas is directly proportional to the absolute temperature T; see 
Eqs. (15.15) and (15.16). Moreover, the absolute temperature T appears in a simple 
way in the law that governs the distribution of molecules among energy levels; see 
Eq. (22.69), the Boltzmann distribution law. 

One final point. From Eq. (1.15), at constant P and m we have V/T = V,/T,,. 
This equation holds exactly only in the limit of zero pressure but is pretty accurate 
provided the pressure is not too high, Since V,,/T,, is a constant for a fixed amount 
of gas at fixed pressure, we have 


V/T = K const. P, m 


where K is a constant. This is Charles’ law. However, logically speaking, this equa- 
tion is not a law of nature but simply embodies the definition of the ideal-gas absolute 
temperature scale T, Later, after defining the thermodynamic temperature scale, we 
can once again view V/T = K as a law of nature. 


The General Ideal-Gas Equation. Boyle’s and Charles’ laws apply when T and m 
or P and m are held fixed. Now consider a more general change in state of an ideal 
gas, in which the pressure, volume, and temperature all change, going from P}, V}, 
T, to P2, Vz, Tz, with m unchanged, To apply Boyle's and Charles’ laws, we imagine 
this process to be carried out in two steps: 


Pi, Vi, 7; 9 PV, T, 2 Ps, V5, Ty 


Since T and m are constant in step (a), Boyle's law applies and P, V; = k = PV; 
hence V, = P,V,/P2. Application of Charles’ law to step (b) gives V,/T, = V2/T. 
Substitution of V, = P, V,/P, into this equation gives P,V,/P2T, = Vz/T2, which 
can be rearranged to read 


P\V,/T, = P2V3/Tz const. m, ideal gas (1.17) 


What happens if we vary the mass m of ideal gas while keeping P and T con- 
stant? Volume is an extensive quantity, so V is directly proportional to m for any 
one-phase, one-component system at constant T and P. Thus V/m is constant at con- 
stant T and P. Combining this fact with the constancy of PV/T at constant m, we 
readily find (Prob. 1.17) that PV/mT remains constant for any variation in P, V, T, 
and m of any pure ideal gas; PV/mT = ¢, where c is a constant. There is no reason 
for c to be the same for different ideal gases, and in fact it is not. To obtain a form 
of the ideal-gas law that has the same constant for every ideal gas, we need another 
experimental observation. 
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In 1808 Gay-Lussac noted that the ratios of volumes of gases that react witl 
one another involve small whole numbers when these volumes are measured at thi 
same temperature and pressure. For example, one finds that two volumes of hydrogel 
gas react with one volume of oxygen gas to form water. This reaction is 2H, + O, 4 
2H,0O, so twice as many hydrogen molecules react as oxygen molecules. The tw6 
ae of hydrogen must then contain twice the number of molecules as does th 
one volume of oxygen, and therefore one volume of hydrogen will have the sai 
number of molecules as one volume of oxygen at the same temperature and pressurg 
The same result is obtained for other gas-phase reactions. We conclude that equal 
volumes of different gases at the same temperature and pressure contain equal num: 
bers of molecules. This idea was first recognized by Avogadro in 1811. (Gay-Lussac! 
law of combining volumes and Avogadro’s hypothesis are strictly true for real gase 
only in the limit P > 0.) Since the number of molecules is proportional to the numbej 
of moles, Avogadro's hypothesis states that equal volumes of different gases at th 
same T and P have equal numbers of moles. 

Since the mass of a pure gas is proportional to the number of moles, the ideal-ga 
law PV/mT = c can be rewritten as PV/nT = R or n = PV/RT, where n is the numbel 
of moles of gas and R is some other constant. Avogadro's hypothesis says that, if P 
V, and T are the same for two different gases, then n must be the same. But this can 
hold true only if R has the same value for every gas. R is therefore a universal cot 
stant, called the gas constant. Our final version of the ideal-gas law is 


PV =nRT ideal gas (1.18) 


Equation (1.18) incorporates Boyle’s law, Charles’ law (more accurately, the defini: 
tion of T), and Avogadro’s hypothesis. 

An ideal gas is a gas that obeys PV = nRT. Real gases obey this law only in 
the limit of zero density, where intermolecular forces are negligible. | 

Using M = m/n [Eq. (1.4)] to introduce the molar mass M of the gas, we caf 
write the ideal-gas law as PV = mRT/M. This form allows us to find the molecula 
weight of a gas by measuring the volume occupied by a known mass at a known T 
and P. For accurate results, one does a series of measurements at different pressures 
and extrapolates the results to zero pressure (see Prob. 1.14). We can also write the 
ideal-gas law in terms of the density p = m/V as P = pRT/M. The only form wort 
remembering is PV = nRT, since all other forms are easily derived from this one 

The gas constant R can be evaluated by taking a known number of moles dl 
some gas held at a known temperature and carrying out a series of pressure—volumt 
measurements at successively lower pressures. Evaluation of the zero-pressure lim 
of PV/nT then gives R (Prob, 1.13). The experimental result is 


R = 82.06 (cm? atm)/(mol K) (L.19)* 


Since 1 atm = 101325 N/m? [Eq. (1.10)], we have 1cm? atm = (107? m)? x. 
101325 N/m? = 0.101325 m? N/m? = 0.101325 J. [One newton-meter = one joult 
(J); see Sec. 2.1.] Hence R = 82.06 x 0.101325 J/(mol K), or || 


R = 8.314 J/(mol K) = 8.314, (m? Pa)/(mol K) (1.20), 


Using Tam GN torr and 1 bar = 750 torr, we find from (1.19) that R 
83.14, (cm? bar)/(mol K). ij 1 calorie (cal) = 4.184 J [Eq. (2.44)], we find 


= 1.987 cal/(mol K) (1.21)" 


Find the density of F, gas at 20.0°C and 188 torr. 

The unknown is the density p, and it is often a good idea to start by writing 
the definition of what we want to find: p = m/V. Neither m nor V is given, so we 
seek to relate these quantities to the given information, The system is a gas at 
a relatively low pressure, and it is a good approximation to treat it as an ideal 
gas. For an ideal gas, we know an expression for V, namely, V = nRT/P. Substitu- 
tion of V =nRT/P into p = m/V gives p = mP/nRT. In this expression for p, we 
know P and T but not m or n. However, we recognize that the ratio m/n is the 
mass per mole, that is, the molar mass M, which is known for F,. Thus p = MP/RT. 
This expression contains only known quantities, so we are ready to substitute in 
numbers. The molecular weight of F, is 38.0, and its molar mass is M = 38.0 g/mol. 
The absolute temperature is T = 20.0° + 273.15° = 293.2 K. Since we know a value 
of R involving atmospheres, we convert P to atmospheres; P = (188 torr) x 
(1 atm/760 torr) = 0.247 atm. Then 


We ea (38.0 g mol” ')(0.247 atm) 
= RT (82.06 cm? atm mol! K~!)(293.2 K) 


p = 3.90 x 1074 g/cm? 


Note that the units of temperature, pressure, and amount of substance 
(moles) canceled. The fact that we ended up with units of grams per cubic 
centimeter, which is a correct unit for density, provides a check on our work. 
It is strongly recommended that the units of every physical quantity be written 
down when doing calculations. 


Ideal Gas Mixtures. So far, we have considered only a pure ideal gas. In 1810 
Dalton found that the pressure of a mixture of gases equals the sum of the pressures 
each gas would exert if placed alone in the container. (This law is exact only in the 
limit of zero pressure.) If n, moles of gas 1 is placed alone in the container, it would 
exert a pressure n; RT/V (where we assume the pressure low enough for the gas to 
behave essentially ideally). Dalton’s law asserts that the pressure in the gas mixture 
is P =n, RT/V +n ,RT/V + +++ = (ny + n3 +++ -)RT/V = naRT/V, so 


PV =n RT ideal gas mixture (1.22)* 


Dalton’s law makes sense from the molecular picture of gases. Ideal-gas molecules 
do not interact with one another, so the presence of gases 2, 3,... has no effect on 
gas 1, and its contribution to the pressure is the same as if it alone were present. 
Each gas acts independently, and the pressure is the sum of the individual contri- 
butions. For real gases, the intermolecular interactions in a mixture differ from those 
in a pure gas, and Dalton’s law does not hold accurately. 

The partial pressure P; of gas i in a gas mixture (ideal or nonideal) is defined as 


P; =x;P any gas mixture (1.23)* 


where x; = n;/myo, is the mole fraction of i in the mixture and P is the mixture’s pres- 
sure. For an ideal gas mixture, P; = x;P = (nj/no)(Myo.RT/V) and 


P; = n;RT/V ideal gas mixture (1.24)* 
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The quantity n,RT/V is the pressure that gas į of the mixture would exert if ity 
were present in the container. However, for a nonideal gas mixture, the partial 
sure P, as defined by (1,23) is not necessarily equal to the pressure that gas i 
exert if it alone were present. Some people define the partial pressure of gas i te 
the pressure gas i would exert if it alone were present in the container, This defi ni 
is not convenient for thermodynamics. Moreover, the International Union of 
and Applied Chemistry (IUPAC) has recommended the definition (1.23). 
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Physical chemistry uses calculus extensively. We therefore review some ideas of 
ferential calculus. 7 


Functions and Limits. To say that the variable y is a function of the variab 
means that for any given value of x there is specified a value of y; we write y = f 
For example, the area of a circle is a function of its radius r, since the area ca n 
calculated from r by the expression zr?, The variable x is called the independent w 
able, and y is the dependent variable. Of course, we can solve for x in terms of y 
get x = g(y), so that it is a matter of convenience which variable is considered to| 
the independent one. Instead of y = f(x), one often writes y = y(x). 
To say that the limit of the function f(x) as x approaches the value a is eq) 
to c [which is written as lim,.., f(x) = c] means that for all values of x sufficien 
close to a (but not necessarily equal to a) the difference between f(x) and c can 
made as small as we please. For example, suppose we want the limit of (sin x)/x 
x goes to zero. Note that (sin x)/x is undefined at x = 0, since 0/0 is undefined. Ho 
ever, this fact is irrelevant to determining the limit. To find the limit, we calc 
the following values of (sin x)/x, where x is in radians: 0.99833 for x = +0.1, 0.99 
for x = +0.05, 0.99998 for x = +0.01, etc, Therefore 
lim $X 


xo X 


Of course, this isn’t meant as a rigorous proof. Note the resemblance to taking 
limit as P goes to zero in Eq. (1.15); in this limit both V and Vr become infinite 
P goes to zero, but the limit has a well-defined value even though 0/00 is undefini 


Slope. The slope of a straight-line graph, where y is plotted on the vertical a 
and x on the horizontal axis, is defined as (y, — Yi Axq = x1) = Ay/Ax, where (x4, ¥ 
and (x2, y2) are the coordinates of any two points on the graph, and where A (capit 
delta) denotes the change in a variable. If we write the equation of the straight li 
in the form y = mx + b, it follows from this definition that the line's slope is eq 
to m. The intercept of the line on the y axis equals b, since y = b when x = 0. 
The slope of any curve at some point P is defined to be the slope of the straigl 
line tangent to the curve at P, For an example of finding a slope, see Fig. 9.3. Studen 
Sometimes err in finding a slope by trying to evaluate Ay/Ax by counting boxes ú 
the graph paper, forgetting that the scale of the y axis usually differs from that) 
the x axis in physical applications. 


Derivatives. : Let y = f(x). Let the independent variable change its value from x 
x + h; this will change y from f(x) to f(x + h). The average rate of change of y Wi 


x over this interval equals the change in y divided by the change in x and is given by 
Ay _ Six + h)~ fis) _ fix +h) = S09) 
ax wth- h 

The instantaneous rate of change of y with x is the limit of this average rate of change 


taken as the change in x goes to zero. The instantaneous rate of change is called the 
derivative of the function f and is symbolized by f": 


E+ WI). ty BY 
àx~=0 


fixa lim (1.25)* 
hm 
Figure 1.9 shows that the derivative of a function at a given point is equal to the 
slope of the curve of y vs. x at that Fag 
As a simple example, let y = x 


adar -x 


2 
SO = lim a ine ag ape t paag 
he h ho 
The derivative of x? is 2x. 

A function that has a sudden jump in value at a certain point is said to be 
discontinuous at that point. An example is shown in Fig. 1.10a. Consider the function 
y = |x|, whose graph is shown in Fig. 1.10b. This function has no jumps in value 
anywhere and so is everywhere continuous, However, the slope of the curve changes 
suddenly at x = 0. Therefore, the derivative y' is discontinuous at this point; for 
negative x the function y equals —x and y equals — 1, whereas for positive x the 
function y equals x and y’ equals +1. 

Since f'(x) is defined as the limit of Ay/Ax as Ax goes to zero, we know that, 
for small changes in x and y, the derivative f'(x) will be approximately equal to 
Ay/Ax, Thus Ay = f'(x) Ax for Ax small, This equation becomes more and more ac- 
curate as Ax gets smaller, We can conceive of an infinitesimally small change in x, 
which we symbolize by dx; denoting the corresponding infinitesimally small change 
in y by dy, we have dy = f(x)dx, or 


dy = y'(x)dx (1.26) 


The quantities dy and dx are called differentials, Equation (1.26) gives the alternative 
notation dy/dx for a derivative, Actually, the rigorous mathematical definition of dx 
and dy does not require these quantities to be infinitesimally small; instead they can 
be of any magnitude, (See any calculus text.) However, in our applications of calcu- 
lus to thermodynamics, we shall always conceive of dy and dx as infinitesimal changes. 

Let a and n be nonzero constants, and let u and v be functions of x; u = u(x) 
and v = ox), Using the definition (1,25), one finds the following derivatives: 


da dar’) gy ie") 
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aR a x = a sin ax oe 
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As point 2 approaches point |, 
the quantity Ay/Ax ~ tan 0 
approaches the slope of the 

tangent to the curve at point | 


(a) A discontinuous function. 
(b) The function y = |x| 
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Horizontal tangent at maximum 
and minimum points, 


The chain rule is used frequently to find derivatives. Let z be a function of, 
where x is a function of r; z = 2(x), where x = x(r). Then z can be expressed as 
function of r; z = 2(x) = z[x(r)] = g(r), where g is some function. The chain rule stai 
that dz/dr = (dz/dx\(dx/dr). For example, suppose we want (d/dr) sin 3r?, Let z 
sin x and x = 3r*, Then z = sin 3r°, and the chain rule gives dz/dr = (cos x)(6r) 
6r cos 3r?, 

Equations (1.26) and (1.27) give the following formulas for differentials: 


diax") = nax"~'dx, — d(e*) = ae dx 


d(au) = adu,  d(u + v) = du + dv, d(uv) = udv + vdu $ 


We frequently want to find a maximum or minimum of some function. For 
function with a continuous derivative, the slope of the curve is zero at a maxim 
or minimum point (Fig. 1.11). Hence to locate an extremum, we look for the poi 
where dy/dx = 0, Figure 1.11 shows that for a maximum point the tangent to tl 
curve has positive slope to the left of the maximum and negative slope to its rig! 
in other words, dy/dx is decreasing going through a maximum, 

The derivative dy/dx is the first derivative of y. The second derivative of 
dy/dx*, is defined as the derivative of the first derivative of y. Thus d*y/dx? 
d{dy/dx)/dx. 


Partial Derivatives. In thermodynamics we usually deal with functions of two 
more variables. Let z be a function of x and y; z = f(x, y). We define the parti 
derivative of z with respect to x as follows: 


(=) = lim EtA) S) 
’ 


Ôx), ax-0 Ax ag 
This definition is analogous to the definition (1.25) of the ordinary derivative, in th 
if y were a constant instead of a variable, the partial derivative (z/ðx), would 
come just the ordinary derivative dz/dx. The variable being held constant in a parti 
derivative is often omitted and (0z/Ax), written simply as 02/Ax. In thermodynami 
there are many possible variables, and to avoid confusion it is essential to indica 
which variables are being held constant in a partial derivative. The partial derivati 
of z with respect to y at constant x is defined similarly to (1.29): 


Or > p- j 
() = lim L022 +4”) Sey) 
Oy]/s ayo Ay 

There may be more than two independent variables. For example, let z 
aw, x, y). Then the partial derivative of z with respect to x at constant w and y 


defined as 
6 i , y) = g(w, x, 
(=) nye gw, x + Ax, y) al, x, y) 
wy 


ox Ax+0 Ax 


How are partial derivatives evaluated? To find (ðz/ðx), we take the ordina; 
derivative of z with respect to x while regarding y as a constant. For example, 
z=x?y? + &*, then (02/dx), = 2xy* + ye; also, (dz/dy), = 3x7y? + xe. 

Let z = f(x, y). Suppose x changes by an infinitesimal amount dx while y remai 
constant, What is the infinitesimal change dz in z brought about by the infinitesim 
change in x? If z were a function of x only, then [Eq. (1.26)] we would have dz 
(dz/dx) dx. Because z depends on y also, the infinitesimal change in z at constant 


is given by the analogous equation dz = (d2/0x), dx. Similarly, if y were to undergo 
an infinitesimal change dy while x were held constant, we would have dz = (02/0), dy. 
If now both x and y undergo infinitesimal changes, the infinitesimal change in z is 
the sum of the infinitesimal changes due to dx and dy; 


oz az a 
dz: = (5) a + (©) a (1.30) 


In this equation dz is called the total differential of z(x, y). Equation (1.30) is often used 
in thermodynamics. An analogous equation holds for the total differential of a func- 
tion of more than two variables, For example, if z = z(r, 5, t), then 


dz Oz de 
Pe a- (3) aa (2) a(S) dt 
Or] es Os), ôt Jya 
Three useful partial-derivative identities can be derived from (1.30). For an in- 
finitesimal process in which y does not change, the infinitesimal change dy is 0, and 


(1.30) becomes 
oz 
dz, = () (1.31) 


where the y subscripts on dz and dx indicate that these infinitesimal changes occur 
at constant y. Division by dz, gives 


i (*) dx, (=) (*) 
Ox}, dzy 0x},\dz, 
since from the definition of the partial derivative, the ratio of infinitesimals dx, /dz, 
equals (0x/0z),. Therefore 
Gji aay 
, 


ax), ~ O, 


Note that the same variable, y, is being held constant in both partial derivatives in 
(1.32), When y is held constant, there are only two variables, x and z, and you will 
probably recall that dz/dx = 1/(dx/dz). 

For an infinitesimal process in which z remains constant, Eq. (1.30) becomes 


oz Oz 
o- (a) G)” CA 


Dividing by dy, and recognizing that dx,/dy, equals (Ox/éy),, we get 


O= GG- Ge o 
Ox y oy : Ce ox y oy], Oy). (0y/02), 


where (1,32) with x and y interchanged was used, Multiplication by (0y/éz), gives 


(5) a2), (6), =~ vas 


Equation (1.34) looks intimidating but is actually casy to remember because of the 
simple pattern of variables; dx/dy, ðy/ðz, ðz/ðx; the variable held constant in each 
partial derivative is the one that doesn't appear in that derivative. 
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Sometimes students wonder why the @y’s, 02's, and Ax’s in (1.34) don’t cang 
to give +1 instead of —1. One can only cancel @y’s, etc., when the same variabli 
is held constant in each partial derivative. The infinitesimal change dy, in y with; 
held constant while x varies is not the same as the infinitesimal change dy, in y wit} 
x held constant while z varies. [Note that (1.32) can be written as (62/0x),(0x/6z), =| 
here, cancellation occurs. ] 

Finally, let dy in (1.30) be zero so that (1.31) holds. Let u be some other variab 


Division of (1.31) by du, gives 
dz, (5) dx, 
du, \@x/), duy 


ôz ôz ôx 
E as 


The ĝx’s in (1.35) can be canceled because the same variable (y) is held constant it 
each partial derivative. 

A function of two independent variables z(x, y) has the following four secon} 
partial derivatives: 


az\ [a (a az EJ 
(3), T l (=) (=), 7 i (5), F 
is [2 (% aan 2 (2) | 
Ox dy E (le ðyðx É ôx) y Jx 
Provided ĝ?z/(ôx ôy) and 0?2/(dy Ax) are continuous, as is generally true in physical 
applications, one can show that they are equal (see any calculus text): 
gtz O22 
dxdy dy dx 


The order of partial differentiation is immaterial. r 
Fractions are sometimes written with a slant line. The convention is that 


(1.36)! 


albc+ ds ind 
be 


EQUATIONS OF STATE 


Consider a homogeneous system with a fixed composition. Experiment general) 
shows the thermodynamic state of such a system to be specified once the two vari 
ables P and V are specified. If the thermodynamic state is specified, this means tht 
temperature T of the system is specified. Given values of P and V of this system, tht 
value of T of the system is determined, But this is exactly what is meant by the state 
ment that T is a function of P and V. Therefore, T = g(P, V), where g is a function 
that depends on the nature of the system. If the restriction of fixed composition ii 


dropped, the state of the system will depend on its composition as well as on P ani 
V. We then have 


T= f(P,V,ny,nz,..) (1.31 


where ny, n2,... are the numbers of moles of substances 1, 2,... in the homogeneous 
system and f is some function. This relation between P, V, ny, nz, -and T is called 
an equation of state. If the system is heterogeneous, each phase will have its own 
equation of state, 

For a one-phase system composed of n moles of a single pure substance, the 
equation of state (1.37) becomes T = f(P, V, n), where the function f depends on the 
nature of the system; f for liquid water differs from f for ice and from f for liquid 
benzene. Of course, we can solve the equation of state for P or for V to get the alter- 
native form P = g(V, T,n) or V = h(P, T, n), where g and h are certain functions. The 
laws of thermodynamics are general and cannot be used to deduce equations of 
state for particular systems. Equations of state must be determined experimentally. 
One can also use statistical mechanics to deduce an approximate equation of state 
starting from some assumed form for the intermolecular interactions in the system. 

An example of an equation of state is PV = nRT, the equation of state of an ideal 
gas. In reality, no gas obeys this equation of state. 

The volume of a one-phase, one-component system is clearly proportional to 
the number of moles n of substance present at any given T and P. Therefore the 
equation of state for any pure one-phase system can be written in the form 


V = nk(T, P) 


where the function k depends on what substance is being considered. Since the func- 
tional dependence of V on n is the same for any pure substance, and since we usually 
deal with closed systems (n fixed), it is convenient to eliminate n and write the equation 


of state using only intensive variables. To this end, we define the molar volume V 
of any pure, one-phase system as the volume per mole: 


V=Vin (1.38)* 


Note that V is a function of T and P; V = k(T, P). For an ideal gas, V = RT/P. (An 
alternative symbol for molar volume is i 

For any extensive property of a pure one-phase system, we can define a corre- 
sponding molar quantity. For example, the molar mass of a substance is m/n, as in 
Eq. (1.4). 

What about equations of state for real gases? We shall see in Chap. 15 that 
ignoring forces between the molecules leads to the ideal-gas equation of state PV = 
nRT. Actually, molecules initially attract each other as they approach and then repel 
each other when they collide. To allow for intermolecular forces, van der Waals in 
1873 modified the ideal-gas equation to give the van der Waals equation 


2 
(e + Ay — nb) = nRT (1.39) 


Each gas has its own a and b values. Determination of a and b from experimental 
data is discussed in Sec. 8.4, which lists some a and b values. Subtraction of nb from 
V corrects for intermolecular repulsion. Because of this repulsion, the volume available 
to the gas molecules is less than the volume V of the container. The constant b is 
approximately the volume of one mole of the gas molecules themselves. (In a liquid, 
the molecules are quite close together, so b is roughly the same as the molar volume 
of the liquid.) The term an?/V? allows for intermolecular attraction. These attractions 
tend to make the pressure exerted by the gas [given by the van der Waals equation 
as P = nRT/(V — nb) — an?/V?] less than that predicted by the ideal-gas equation. 
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The parameter a is a measure of the strength of the intermolecular attraction; b ig 
measure of molecular size. 

For most liquids and solids at ordinary temperatures and pressures, an appro 
imate equation of state is 


V = cy +c2T + caT? — c4P — csPT (LA 


where c}... , €s are positive constants that must be evaluated by fitting observ 
V vs. T and P data. The term c; is much larger than each of the other terms, so 
of the liquid or solid changes only slowly with T and P. In most work with solid 
or liquids, the pressure remains close to 1 atm: In this case, the terms involving 
can be neglected to give V=e,+ oT + c3T°. This equation is often written in 
form V = Vo(1 + at + bt”), where Vo is the molar volume at 0°C and t is the Cels 
tempat Values of the constants a and b are tabulated in handbooks. The tern 
caT + c3T° in (1.40) indicate that V usually increases as T increases. The term 
—c4P —csPT indicate that V decreases as P increases. 

For a single-phase, pure, closed system, the equation of state of the system cal 
be written in the form P = G(V, T). One can make a three-dimensional plot of 
equation of state by plotting V, T, and P on the x, y, and z axes. Each possible sta 
of the system gives a point in space, and the locus of all such points gives a surfa 
whose equation is the equation of state. 

If we hold one of the three variables constant, we can make a two-dimension 
plot. For example, holding T constant at the value T}, we have PV = RT, as th 
equation of state of an ideal gas. An equation of the form xy = constant gives 
hyperbola when plotted. Choosing other values of T, we get a series of hyperbola 
(Fig. 1.5a). The lines of constant temperature are called isotherms, and a consta 
temperature process is called an isothermal process. We can also hold either P or 
constant and plot isobars (P constant) or isochores (V constant). 

We shall later find that thermodynamics allows us to relate many thermodynam 
properties of substances to partial derivatives of P, V, and T with respect to of 
another. This is useful because these partial derivatives can be readily measure 
There are six such partial derivatives: 


(or), (ar) (o): (a) (an) Co), 


The relation (0z/0x), = 1/(0x/dz), [Eq. (1.32)] shows that three of these six are th 
reciprocals of the other three: 


(2) - iba y (3) - 1 e DPI K. 
ôP/y (P/ôT)p OV)p (@V/ðT)p 3), OTET G 


Furthermore, the relation (0x/0y).(0y/02)(02/0x)y = —1 [Eq. (1.34)] with x, J 
replaced by P, V, T, respectively, gives 


(a), Gr) (an), ~~! 


(2) i es Z) _ _@V/aT)p 
OT pig NON pNO E 


(0V/ôP)r 
1/(6x/6z), was used twice. 


where (dz/dx), = 


Hence there are only two independent partial derivatives: (0V/0T)p and (0V/0P),. 
The other four can be calculated from these two and need not be measured. We 
define the thermal expansivity (or cubic expansion coefficient) « (alpha) and the iso- 
thermal compressibility x (kappa) of a substance by 


1 (eV 1 (av 
=—|— FEL pad 1.43)* 
oT, P) = y EAR 7 (7) (1.43) 
_ 1 fav 1 (av n 
«rins (5), o), nE 


Usually, « is positive; however, liquid water decreases in volume with increasing tem- 
perature between 0 and 4°C at 1 atm. One can prove from the laws of thermo- 
dynamics that « must always be positive (see Zemansky and Dittman, sec, 14-9, for 
the proof, references with the author’s name italicized are listed in the Bibliography). 


Equation (1.42) can be written as 
oP a 
shall iit od 1.45 
(r); K ue) 


For an Ideal gas, find expressions for « and x and verify that Eq. (1.45) holds. 

To find « and x from the definitions (1.43) and (1.44), we need the partial 
derivatives of V, We therefore solve the ideal-gas equation of state PV = RT 
for V and then differentiate the result, We have V = RT/P. Differentiation with 
respect to T gives (AV/AT)» = R/P. Thus 


1/a7\ _1/R\_1 
©=5(5),-7 (5) T ail 
1 (av 1f (RT\] _1/RT) 1 
Kiiri r), lel l-r- 047) 
ap @(RT\] RP a 
(r) -lr om 


For solids, « is typically 1075 to 1074 K~!. For liquids, « is typically 107 3-5 
to 107? K~!, For gases, æ can be estimated from the ideal-gas a, which is 1/T; for 
typical temperatures of 100 to 1000 K, we thus have a in the range 107? to 107? K~! 
for gases. 

For solids, x is typically 1076 to 1075 atm™'. For liquids, x is typically 1074 
atm” ', Equation (1.47) for ideal gases gives x as 1 and 0.1 atm~! at P equal to 1 
and 10 atm, respectively. Compared with gases, solids and liquids are quite incom- 
pressible; this is ŝo because there isn’t much space between molecules in liquids and 
solids. 

The quantities æ and « can be used to find the volume change produced by a 
change in T or P. 
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Estimate the percentage increase in volume produced by a 10-°C temperature 
increase in a liquid with typical x value 0.001 K~!, approximately independent. 
of temperature. 

Equation (1.43) gives dVp = «V dT p. Since we require only an approximate 
answer and since the changes in T and V are small (a is small), we can 
approximate the ratio dVp/dTp by the ratio AVp/ATp of finite changes to get | 
AVp/V = « ATp = (0.001 K~')(10 K) = 0.01 = 1 percent. 


The single most comprehensive collection of physical and chemical data is Landolt- | 
Bérnstein: Zahlenwerte und Funktionen (Numerical Data and Functional Relationships), 
published by Springer-Verlag. The sixth edition of Landolt-Bérnstein consists of 28 books 
published from 1950 to 1980. A “New Series” of volumes was begun in 1961 and so far’ 
contains over 90 books, each with text in both English and German. A comprehensive 
list of sources of experimental data is given at the end of the Handbook of Chemistry and 
Physics (published annually by CRC Press). 


INTEGRAL CALCULUS 


Differential calculus was reviewed in Sec. 1.6. Before reviewing integral calculus, we 
recall some facts about sums. 


Sums. The definition of the summation notation is 


n 

È aq=a +a, +--+ +a (1.49)* 
For example, Y}_ , i? = 1? + 2? + 3? = 14. When the limits of a sum are clear, they 
are often omitted. Some useful identities that follow from the definition (1.49) are 
(Prob. 1.49) 


È ca, = 3 i, 5 (a; + b) = 5 a+ F bi (1.50)* 
i i= i=1 i=1 


m n fet 
>, abj= Y a; 
= i=1 


Ms 


b; (1.51) 
1 


zij j 
Integral Calculus. Frequently one wants to find a function y(x) whose derivative is 
known to be a certain function f(x); dy/dx = f(x). The most general function y that 


satisfies this equation is called the indefinite integral of f(x) and is denoted by JO) dx. 
Thus 


If dy/dx=f(x) then y= f f(x) dx (1.52)* 


Since the derivative of a constant is zero, the indefinite integral of any function 
contains an arbitrary additive constant. For example, if f(x) = x, its indefinite integral i 
Wx) is 3x? + C, where C is an arbitrary constant. This result is readily verified by 


showing that y satisfies (1.52), that is, by showing that (d/dx)(4x? + C) = x. To save 
space, tables of indefinite integrals usually omit the arbitrary constant C. 
From the derivatives given in Sec. 1.6, it follows that 


fuox =a [ras fu (x) + g(x)]dx = f fix)dx + favas (1.53)* 
1 


ax"* 
dx=x+C, ax" dx = a +C where n # —1 (1.54)* 
1 ef 
[ianinxee, [ease (1.55)* 
x a 


cos ax i 
[sn axdx = —- ss +C, feos axdx = nee +C (1.56)* 
a 


a 


where a and n are nonzero constants and C is an arbitrary constant. For more com- 
plicated integrals than the above, consult a table of integrals. 


Particularly recommended is M. Klerer and F. Grossman, A New Table of Indefinite 
Integrals, Dover, 1971 (paperback). Klerer and Grossman used a computer to check nu- 
merically each integral in their table; thus their table is probably the most accurate 
available. They did computer checks on eight well-known tables of indefinite integrals 
and found error rates ranging from 0.5 percent to an astonishing 27 percent. Computer 
programs that perform indefinite integration and algebraic manipulations are available; 
see R. Pavelle et al., Scientific American, Dec. 1981, p. 136. 


A second important concept in integral calculus is the definite integral. Let f(x) 
be a continuous function, and let a and b be any two values of x. The definite integral 
of f between the limits a and b is denoted by the symbol 


b 
f f(x)dx (1.57) 


The,teason for the resemblance to the notation for an indefinite integral will become 
cleat.shortly. The definite integral (1.57) is a number whose value is found from the 
following definition. We divide the interval from a to b into n subintervals, each of 
width Ax, where Ax = (b — a)/n (see Fig. 1.12). In each subinterval, we pick any point 
We please, denoting the chosen points by x1, X2,...,X,- We evaluate f(x) at each of 
the n chosen points and form the sum 


Sloe) Ax = fix) Ax + flora) Ax +--+ fly) Ax (1.58) 


Me 


i 


1 


We Now take the limit of the sum (1.58) as the number of subintervals n goes to in- 
finity, and hence as the width Ax of each subinterval goes to zero. This limit is, by 
definition, the definite integral (1.57): 


b n 
ji fla)dx = tim flax (1.59) 


Ax~0 i=1 
The motivation for this definition is that the quantity on the right side of (1.59) occurs 
very frequently in physical problems. 
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F(x) 


FIGURE 1.12 


Definition of the definite integral. 


Each term in the sum (1.58) is the area of a rectangle of width Ax and height 
J (xj). A typical rectangle is indicated by the shading in Fig. 1.12. As the limit Ax > 0 
is taken, the total area of these n rectangles becomes equal to the area under the curve 
J (x) between a and b. Thus we can interpret the definite integral as an area. Areas 
lying below the x axis, where f(x) is negative, make negative contributions to the 
definite integral. 

Use of the definition (1.59) to evaluate an indefinite integral would be tedious, 
The fundamental theorem of integral calculus (proved in any calculus text) states 
that, if y(x) is an indefinite integral of f(x) [that is, if y satisfies (1.52)], then 


b 
Í f(x) dx = y(b) — y(a) (1.60)* 


For example, if f(x) = x, a = 2, b = 6, we can take y = 4x? (or 4x? plus some com- 
stant) and (1.60) gives [$ xdx = 4(6?) — 3(2?) = 16. 

The integration variable x in the definite integral on the left side of (1.60) does 
not appear in the final result (the right side of this equation). It thus does not matter 
what symbol we use for this variable. If we evaluate IE zdz, we still get 16. In general, 
lH f(x)dx = te J(z)dz. For this reason the integration variable in a definite integral is 
called a dummy variable. (The integration variable in an indefinite integral is not 4 
dummy variable.) Similarly it doesn’t matter what symbol we use for the summation 
index in (1.49), Replacement of i by j gives exactly the same sum on the right side, and 
i in (1.49) is a dummy index. 

Two identities that readily follow from (1.60) are fo fl)dx = — fà f(x)dx and 
Sa fldx + fi feo)dx = ff f(x)dx. 

An important method for evaluating integrals is a change in variables. For ex- 
ample, suppose we want [3 x exp (x?)dx. Let z = x?; then dz = 2x dx, and 


sor ie P 
f xe* a=; ëdz=- ë 
2 2J4 2 


Note that the limits were changed in accord with the substitution z = x2. 

From (1.52), it follows that the derivative of an indefinite integral equals the 
integrand: (d/dx) { f(x)dx = f(x). Note, however, that a definite integral is simply 4 
number and not a function; therefore (d/dx) R f(x)dx = 0. 


4 
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Integration with respect to x for a function of two variables is defined similarly 
to (1:52) and (1.59). If y(x, z) is the most general function that satisfies 


Oy(x, 2) 
[ ax | -a (1.61) 
then the indefinite integral of f(x, z) with respect to x is 
[i z)dx = y(x, 2) (1.62) 


For example, if f(x, 2) = xz", then y(x, z) = $x?z? + g(z), where g is an arbitrary 
function of z. If y satisfies (1.61), one can show [in analogy with (1.60)] that a definite 
integral of f(x, z) is given by 


b 
T f f(x, z)dx = y(b, z) — y(a, 2) (1.63) 


For example, f$ xz* dx = 4(6°)z° + g(z) — 4(2°)z? — gle) = 16z°. Note from (1.63) 
that the definite integral with respect to x of f(x, z) is a function of z but not of x. 

_ The integrals (1.62) and (1.63) are similar to ordinary integrals of a function 
f(x) of a single variable in that we regard the second independent variable z in these 
integrals as constant during the integration process; z acts as a parameter rather 
than as a variable. However, in thermodynamics, we shall often integrate a function 
of two or more variables in which all the variables are changing during the integration. 
Such integrals are called line integrals and will be discussed in Chap. 2. 


logarithms. Integration of 1/x gives the natural logarithm In x, Because logarithms 
are used so frequently in physical chemistry derivations and calculations, we now 
review their properties. If x = a‘, then s is said to be the /ogarithm (log) of x to the 
base a: if a’ = x, then log, x = s. The most important base is the irrational number 
e= 2.71828 ..., defined as the limit of (1 + b)!” as b + 0. Logs to the base e are 
called natural logarithms and are written as In x. For practical calculations, one often 
Uses logs to the base 10, called common logarithms and written as log x or Ig x. 
We have 


In x = log, x, log x = logy x (1.64)* 
If 10'= x, then log x =. Ife =x, thenInx=s. (1.65) 

From (1.65), we have 
e™* =x and’ 10°*= x (1.66) 


From (1.65), it follows that In e" = s. Since e"* =x = Ine, the exponential and 
natural logarithmic functions are inverses of each other. The function e* is often writ- 
ten as exp x. Since e! = e, e? = 1, and e`” =0, we have Ine = 1, In 1 = 0, and 
a = a %. One can take the logarithm or the exponential of a dimensionless quan- 
y only, 
Some identities that follow from the definition (1.65) are 


Inxy=Inx+Iny, — In(x/y)=Inx=Iny (1.67)* 
In x* = kinx (1.68)* 
In x = (log x)/(log e) = 2.3026 log x (1.69) 


To find the log of a number greater than 10! or less than 107 !°°, which cannot 
entered on most calculators, we use log (ab) = log a + log b and log 10° = b, For 
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log (2.75 x 107 15°) = log 2.75 + log 107 15° = 0.439 — 150 = — 149.561 


To find the antilog of a number greater than 100 or less than — 100, we proceed aj 
follows. If we know that log x = — 184.585, then 


x= 107 184-585 = 1070-58510-7184 = 10° 2947109-485' 
= 107 184/3.85 = 2.60 x 107 185 


These procedures can also be used to find logs and antilogs using tables. 


STUDY SUGGESTIONS 


A common reaction to a physical chemistry course is for a student to say to himself 
or herself, “This looks like a tough course, so I’d better memorize all the equations, 
or I won't do well.” Such a reaction is understandable, especially since many of us 
have had teachers who emphasized rote memory, rather than understanding, as the 
method of instruction. 

Actually, comparatively few equations need to be remembered (they have been 
marked with an asterisk), and most of these are simple enough to require little effort 
at conscious memorization. Being able to reproduce an equation is no guarantee of 
being able to apply that equation to solving problems. To use an equation properly, 
one must understand it. Understanding involves not only knowing what the sym- 
bols stand for but also knowing when the equation applies and when it does not 
apply. Everyone knows the ideal-gas equation PV = nRT, but it’s amazing how often 
students will use this equation in problems involving liquids or solids. Another part 
of understanding an equation is knowing where the equation comes from. Is it simply. 
a definition? Or is it a law that represents a generalization of experimental observa- 
tions? Or is it a rough empirical rule with only approximate validity? Or is it a de: 
duction from the basic laws of thermodynamics made without approximations? Oris 
it a deduction from the laws of thermodynamics made using approximations and 
therefore of limited validity? 

As well as understanding the important equations, you should also know the 
meanings of the various defined terms (closed system, ideal gas, etc.). Boldface italic 
type (for example, isotherm) is used to mark very important terms when they are 
first defined. Terms of lesser importance are printed in lightface italic type (for ex- 
ample, isobar). If you come across a term whose meaning you have forgotten, consult 
the index; the page number where a term is defined is printed in boldface type. 

Working problems is an essential aid to learning physical chemistry. Suggestions 
for solving problems are given in Sec. 2.12. It’s a good idea to test your understand- 
ing of a section by working on some relevant problems as soon as you finish studying 
each section. The problems in this book are classified by section. l 

| 


Keep up to date in assignments. Cramming does not work in physical chemistry 
because of the many concepts to learn and the large amount of practice in working - 
problems that is needed to master these concepts. ; 

Make studying an active process. Read with a pencil at hand and use it to verify 
equations, to underline key ideas, to make notes in the margin, and to write down 


questions you want to ask your instructor. Sort out the basic principles from what 
is simply illustrative detail and digression. In this book, small print is used for his- 
torical material, for more advanced material, and for minor points. 

After reading a section, make a written summary of the important points. This is a 
far more effective way of learning than to keep rereading the material. You might 
think it a waste of time to make summaries, since chapter summaries are provided. 
However, preparing your own summary will make the material much more meaning- 
ful to you than if you simply read the one at the end of the chapter. 

A psychologist carried out a project on improving student study habits that raised 
student grades dramatically. A key technique used was to have students close the text- 
book at the end of each section and spend a few minutes outlining the material; the 
outline was then checked against the section in the book. [L. Fox in R. Ulrich et al. 
(eds.), Control of Human Behavior, Scott, Foresman, 1966, pp. 85-90.] 

Before reading a chapter in detail, browse through it first, reading only the sec- 
tion headings, the first paragraph of each section, the summary, and some of the 
problems at the end of the chapter. This gives an idea of the structure of the chapter 
and makes the reading of each section more meaningful. Reading the problems first 
lets you know what you are expected to learn from the chapter. 

Some suggestions to help you prepare for exams are: 


. Learn the meanings of all terms in boldface italic type. 

. Memorize all starred equations. 

. Make sure you understand all starred equations. 

. Review your class notes. 

. Rework homework problems you had difficulty with. 

. Work some unassigned problems for additional practice. 

. Make summaries if you have not already done so. 

. Check that you understand all the concepts mentioned in the end-of-chapter 
summaries and can do each type of calculation listed in these summaries. 


SPADAWFEWNHE 


Y. Since, as with all of us, your capabilities for learning and understanding are finite, 
it is best to accept the fact that there will probably be some material you may never 
fully understand. No one understands everything fully. 


SUMMARY 


The four branches of physical chemistry are thermodynamics, quantum chemistry, 
statistical mechanics, and kinetics. 

i Thermodynamics deals with the relationships between the macroscopic equilib- 
num properties of a system. Some important concepts in thermodynamics are system 
(open vs, closed; isolated vs. nonisolated; homogeneous vs. heterogeneous); surroundings; 
walls (rigid vs, nonrigid; permeable vs. impermeable; adiabatic vs. thermally conducting); 
equilibrium (mechanical, material, thermal); state functions (extensive vs. intensive); 
phase; and equation of state. 

Temperature was defined as an intensive state function that has the same value 
for two systems in thermal equilibrium and a different value for two systems not in 
thermal equilibrium. The setting up of a temperature scale is arbitrary, but we chose 
to use the ideal-gas absolute scale defined by Eq. (1.15). 
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An ideal gas is one that obeys the equation of state PV = nRT. Real gases obey 
this equation only in the limit of zero density. At ordinary temperatures and Pressures 
the ideal-gas approximation will usually be adequate for our purposes. For an ideal 
gas mixture, PV = n,,,RT. The partial pressure of gas i in any mixture is P;=x;,P, 
where the mole fraction of i is x; = nj/Mo.- 

Differential and integral calculus were reviewed, and some useful partial 
derivative relations were given [Egs. (1.30), (1.32), (1.34), and (1.36)]. 

The thermodynamic properties « (thermal expansivity) and x (isothermal com. 
pressibility) are defined by « = (1/V)(OV/OT)p and x = —(1/V)(AV/OP), for a system 
of fixed composition. 

Understanding, rather than mindless memorization, is the key to learning phys. 


ical chemistry. 
Important kinds of calculations dealt with in this chapter include 


e Calculation of P (or V or T) of an ideal gas or ideal gas mixture using PV = nRT 
e Calculation of the molar mass of an ideal gas using PV = nRT and n = m/M 

e Calculation of the density of an ideal gas 

e Calculations involving partial pressures 

¢ Use of « or « to find volume changes produced by changes in T or P 

e Differentiation and partial differentiation of functions 

+ Indefinite and definite integration of functions 


FURTHER READING AND DATA SOURCES 


Temperature: Quinn; Shoemaker, Garland, Steinfeld, and Nibler, pp. 570-595" 
McGlashan, chap. 3; Zemansky and Dittman, chap. 1; Weissherger and Rossiter, patt 
V, pp. 1-22. Pressure measurement: Weissberger and Rossiter, part V, pp. 23-104, 
Calculus; C. E. Swartz, Used Math for the First Two Years of College Science, 


Prentice-Hall, 1973. 


a and « values: Landolt-Bérnstein, 6th ed., vol. Il, part 1, pp. 378-731. 


PROBLEMS 


Sec. 1.2 14 1.5 1.6 


Probs. 1.1-1.4 | 15-16 | 1.7-1.28 1.29-1.36 


1.1 State whether each of the following systems is closed or 
open and whether it is isolated or nonisolated: (a) a system 
enclosed in rigid, impermeable, thermally conducting walls; 
(b) a human being; (c) the planet Earth. 


1.2 How many phases are there in a system that consists of 
three pieces of solid AgBr, one piece of solid AgCI, and a 
saturated solution of these salts? 


1.3 The density of Au is 19.3 g/cm? at room temperature and 
l atm. (a) Express this density in kg/m, (b) If gold is selling 
for $500 per troy ounce, what would a cubic meter of it sell 


1.7 1.8 general 


1.37-1.47 1.48-1.54 1.55-1.57 


for? One troy ounce = 480 grains, 1 grain = dyo pound, 


1 pound = 453.59 g. 


1.4 Explain why the definition of an adiabatic wall in Sec. 12 
specifies that the wall be rigid and impermeable. 


1.5 A solution of HCI in water is 12.0% HCI by mass. Find 
the mole fractions of HCI and H20 in this solution. 


1.6 Calculate the mass in grams of (a) one atom of carbon, 
(b) one molecule of water. 


17 (a) A seventeenth-century physicist built a water barom- 
eter that projected through a hole in the roof of his house 
so that his neighbors could predict the weather by the height 
of the water. Suppose that at 25°C a mercury barometer reads 
30.0 in. What would be the corresponding height of the column 
in a water barometer? The densities of mercury and water at 
25°C are 13.53 and 0.997 g/cm?, respectively. (b) What pressure 
in atmospheres corresponds to a 30.0-in. mercury-barometer 
reading at 25°C at a location where g = 978 cm/s”? 


18 Derive Eq. (1.17) from Eq. (1.18). 


19 (a) What is the pressure exerted by 24.0 g of carbon di- 
oxide in a 5.00-L vessel at 0°C? (b) A rough rule of thumb is 
that 1 mole of gas occupies 1 ft? at room temperature and 
pressure (25°C and 1 atm). Calculate the percent error in this 
rule, One inch = 2.54 cm. 


110 For a certain hydrocarbon gas, 20.0 mg exerts a pressure 
of 24,7 torr in a 500-cm* vessel at 25°C. Find the molecular 
weight and identify the gas. 


1.11 Find the density of N, at 20°C and 0.967 bar. 


1.12 A sample of 87 mg of an ideal gas at 0.600 bar pressure 
has its volume doubled and its absolute temperature tripled. 
Find the final pressure. 


113 For 1.0000 mole of N, gas at 0.00°C, the following vol- 
umes are observed as a function of pressure: 
3.0000 


Pjatm | 10000 | 5.0000 


— l 


Calculate and plot PV/nT vs. P for these three points and 
extrapolate to P = 0 to evaluate R. 

1.14 The measured density of a certain gaseous amine at 0°C 
as a function of pressure is: 


Vem? 7461.4 4473.1 


Pfatm | 0.2000 0.5000 0.8000 


pi(g/L) |] 0.2796 | 0.7080 1.1476 
Plot P/p vs. P and extrapolate to P = 0 to find an accurate 
molecular weight. Identify the gas. 


1.15 After 1.60 mol of ammonia gas is placed in a 1600-cm> 
box at 25°C, the box is heated to 500 K. At this temperature, 
the ammonia is partially decomposed to N, and H3, and a 
Pressure measurement gives 4.85 MPa. Find the number of 
moles of each component present at 500 K. 


as A student attempts to combine Boyle’s law and Charles’ 
aw as follows, “We have PV =K, and V/T = K2. Equals 
multiplied by equals are equal; multiplication of one equation 


by the other gives PV?/T = K,K>. The product KK, of two 
constants is a constant, so PV/T is a constant for a fixed 
amount of ideal gas.” What is the fallacy in this reasoning? 


1.17 Prove that the equations PV/T = C, for m constant and 
V/m = C, for T and P constant lead to PV/mT = a constant. 


1.18 A certain gas mixture is at 3450 kPa pressure and is com- 
posed of 20.0 g of O, and 30.0 g of CO. Find the CO, partial 
pressure. 


1.19 A 1.00-L bulb of methane at a pressure of 10.0 kPa is 
connected to a 3.00-L bulb of hydrogen at 20.0 kPa; both bulbs 
are at the same temperature. (a) After the gases mix, what is 
the total pressure? (b) What is the mole fraction of each com- 
ponent in the mixture? 


1.20 A student decomposes KCIO; and collects 36.5 cm* of 
O; over water at 23°C. The laboratory barometer reads 751 
torr. The vapor pressure of water at 23°C is 21.1 torr. Find the 
volume the dry oxygen would occupy at 0°C and 1,000 atm. 


1.21 Two evacuated bulbs of equal volume are connected by 
a tube of negligible volume. One bulb is placed in a 200-K 
constant-temperature bath and the other in a 300-K bath, and 
then 1.00 mole of an ideal gas is injected into the system. Find 
the final number of moles of gas in each bulb. 


1.22 An oil-diffusion pump aided by a mechanical forepump 
can readily produce a “vacuum” with pressure 107 6 torr. Var- 
ious special vacuum pumps can reduce P to 107" torr. For 
25°C, calculate the number of molecules per cm? in a gas at 
(a) 1 atm; (b) 1076 torr; (c) 107 ** torr. 


1.23 A certain mixture of He and Ne in a 356-cm* bulb 
weighs 0.1480 g and is at 20.0°C and 748 torr. Find the mass 
and mole fraction of He present. 


1.24 In Fig. 1.2, if the mercury levels in the left and right arms 
of the manometer are 30.43cm and 20.21 cm, respectively, 
above the bottom of the manometer, and if the barometric pres- 
sure is 754.6 torr, find the pressure in the system. Neglect tem- 
perature corrections to the manometer and barometer readings. 


1.25 The earth’s radius is 6.37 x 10° m. Find the mass of the 
earth's atmosphere. (Neglect the dependence of g on altitude.) 


1.26 (a) If 105P/bar = 6.4, what is P? (b) If 10~?7/K = 4.60, 
what is T? 

1.27 A mixture of N, and O, has a density of 1.185 g/L at 
25°C and 101.3 kPa. Find the mole fraction of O, in the 
mixture. 

1.28 The mole fractions of the main components of dry air at 
sea level are xx, = 0.78, Xo, = 0.21, Xar = 0.0093, xco, = 0.0003, 
(a) Find the partial pressure of each of these gases in dry air 
at 1.00atm and 20°C. (b) Find the mass of each of these 


gases in a 15 ft x 20 ft x 10 ft room at 20°C if the barometer 
reads 740 torr and the relative humidity is zero. Also, find the 
density of the air in the room. Which has a greater mass, you 
or the air in the room of this problem? 


1.29 Let y = x? + x — 1. Find the slope of the y-vs.-x curve 
at x = 1 by drawing the tangent line to the graph at x = 1 and 
finding its slope. Compare your result with the exact slope 
found by calculus. 


1.30 Find d/dx of (a) 2x3e~3*; (b) Se~3*"; (c) In 2x; (d) 
x/(x + 1); (e) In (1 — e~*). (f) Find dy/dx if xy = y — 2. (g) Find 
d?(xe*)/dx?, (h) Find dy if y = ax? + bx + c, where a, b, and 
¢ are constants. 


1.31 Use a calculator to find: (a) lim,.9 x* for x > 0; (b) 
lim, (1 +x)”. 


1.32 (a) Evaluate the first derivative of the function y =e“ 
at x = 2 by using a calculator to evaluate Ay/Ax for Ax = 0.1, 
0,01, 0,001, etc. Note the loss of significant figures in Ay as Ax 
decreases. If you have a programmable calculator, you might 
try programming this problem. (b) Compare your result in (a) 
with the exact answer. 


1.33 Find 0/dy of: (a) sin (axy); (b) cos (by?z); (c) xe*!; (d) 
tan (3x + 1); (e) I/(e~ 4” + 1). 
1.34 Let z = ax*y’. Find dz. 


1.35 Let z = x*/y>. Evaluate the four second partial deriva- 
tives of z; check that ô?z/(ôx ôy) = ô?z/(ðy Ox). 


1.36 (a) For an ideal gas, use an equation like (1.30) to 
show that dP = P(n~'dn + T~'dT —V~'dV) (which can 
be written as din P =dlnn + din T — din V). (b) Suppose 
1.0000 mole of ideal gas at 300.00 K in a 30.000-L vessel has 
its temperature increased by 1.00 K and its volume increased 
by 0.050 L. Use the result of (a) to estimate the change in 
pressure, AP. (c) Calculate AP exactly for the change in (b) and 
compare with the estimate given by dP. 


1.37 Find the molar volume of an ideal gas at 20,0°C and 
1.000 bar. 


1.38 (a) Write the van der Waals equation (1.39) using the 
molar volume instead of V and n. (b) If one uses bars, cubic 
centimeters, moles, and kelvins as the units of P, V, n, and T, 
give the units of a and of b in the van der Waals equation. 


1.39 For a liquid obeying the equation of state (1.40), find 
expressions for æ and x. 


1.40 For H,O at 50°C and 1 atm, p = 0.98804 g/cm? and 
x =44 x 10719 Pa”! (a) Find the molar volume of water at 
50°C and 1 atm. (b) Find the molar volume of water at 50°C 
and 100 atm. Neglect the pressure dependence of x. 


1.41 Verify that « = —(@ In p/@T)p. 


1.42 For an ideal gas: (a) sketch some isobars on a Vp 
diagram; (b) sketch some isochores on a P-T diagram. 


1.43 A hypothetical gas obeys the equation of state py = 
nRT(1 + aP), where a is a constant. For this gas: (a) show 
that « = 1/T and x = 1/P(1 + aP); (b) verify that (P/T); = 
ajk. 

1.44 Use the following densities of water as a function of T 
and P to estimate x, x, and (6P/6T)p for water at 25°C and 
1 atm: 0.997044 g/cm? at 25°C and 1 atm; 0.996783 g/cm? at 
26°C and 1 atm; 0.997092 g/cm? at 25°C and 2 atm. 


1.45 For H,O at 17°C and 1 atm, « = 1.7 x 1074 K7! and 
K = 4.7 x 1075 atm™!. A closed, rigid container is completely 
filled with liquid water at 14°C and 1 atm. If the temperature 
is raised to 20°C, estimate the pressure in the container. (Ne- 
glect the pressure and temperature dependences of x and k) 


1.46 Give a molecular explanation for each of the following 
facts. (a) For solids and liquids, x usually decreases with in- 
creasing pressure. (b) For solids and liquids, (ôx/ôT)p is usu- 
ally positive. 


1.47 Estimate the pressure increase needed to decrease iso: 


thermally by 1% the 1-atm volume of (a) a typical solid with 


k=5 x 1076 atm™!; (b) a typical liquid with x = 1 x 1074 
atm™ t, 


1.48 (a) Evaluate Wao (2J + 1). (b) Write the expression 
X1 V, + X3Vz +*+ + XV, using summation notation. (c) Write 
out the individual terms of the double sum X- ; Xf- 4 bij 


1.49 Prove the sum identities in (1.50) and (1.51). Hint: Write 
out the individual terms of the sums. 


1.50 Evaluate: (a) f3? (2V + 5V°)dV; (b) [$ v~t av; 
(0) fP V3 dV; (d) f3? x? cos x? dx. 


1.51 Evaluate (a) f sin ax dx; (b) fő sin ax dx; 
(c) (d/da) fọ sin ax dx. 


1.52 In which of the following is t a dummy variable? (a) 
fe” dt; (b) R e° de; (c) F322 65. 


1.53 (a) Use a programmable calculator or a computer to ob- 
tain approximations to the integral f} x? dx by evaluating the 
sum (1.58) for Ax = 0.1, 0.01, and 0.001; take the x; values at 
the left end of each subinterval. Compare your results with the 
exact value. (b) Use (1.58) with Ax = 0.01 to obtain an approx- 
imate value of fġ e~* dx. 


1.54 (a) Find log (4.2 x 10'75), (b) Find In (6.0 x 107?) 
(c) If log y = — 138.265, find y. (d) If In z = 260.433, find z. 


1.55 Classify each property as intensive or extensive; (a) tem- 
perature; (b) mass; (c) density; (d) electric field strength; (e) % 
(f) mole fraction of a component. 


1.56 For O, gas in thermal equilibrium with boiling sulfur, 
the following values of PV vs. P are found: 


1000 500 250 


P/torr 


P/L atm mol”) | s903 58.97 | 58.93 


(Since P has units of pressure, P/torr is dimensionless.) From 
a plot of these data, find the boiling point of sulfur. 


1.57 True or false? (a) Every isolated system is closed, (b) Every 
closed system is isolated. (c) For a fixed amount of an ideal gas, 


the product PV remains constant during any process. (d) The 
pressure of a nonideal gas mixture is equal to the sum of the 
partial pressures defined by P; = x;P. (e) dy/dx is equal to 
Ay/Ax for all functions y. (f) dy/dx is equal to Ay/Ax only for 
functions that vary linearly with x according to y = mx + b. 
(g) In (b/a) = —In (a/b). (h) If In x is negative, then x lies be- 
tween 0 and 1. (i) If neither matter nor heat can enter or leave 
a system, that system must be isolated. (j) Ideal-gas isotherms 
further away from the axes of a P-vs.-V plot correspond to 
higher temperatures. 


CHAPTER 


THE FIRST LAW 
OF THERMODYNAMICS 


ES = 


Chapter 1 introduced some of the vocabulary of thermodynamics and defined the 
important state function temperature. Another key state function in thermodynamics 
is the internal energy U, whose existence is postulated by the first law of thermo- 
dynamics; this is the main topic of Chap. 2. Closely related to the internal energy is 
the state function enthalpy H, defined in Sec. 2.5. Other important state functions 
introduced in this chapter are the heat capacities at constant volume and at constant 
pressure, Cy and Cp (Sec. 2.6), which give the rates of change of the internal energy 
and enthalpy with temperature [Eq. (2.53)]. As a preliminary to the main work of 
this chapter, Sec. 2.1 reviews classical mechanics, 


CLASSICAL MECHANICS | 


Two important concepts in thermodynamics are work and energy. Since these con- 
cepts originated in classical mechanics, it is useful to review this subject before ei 


| 


continue with thermodynamics. Some knowledge of classical mechanics is also needed 
for the study of quantum mechanics. 

Classical mechanics (first formulated by the alchemist, theologian, physicist, 
and mathematician Isaac Newton) deals with the laws of motion of macroscopi¢ 
bodies whose speeds are small compared with the speed of light c. For objects with 
speeds not small compared with c, one must use Einstein’s relativistic mechanics. 
Since the thermodynamic systems we consider will not be moving at high speeds, we | 
need not worry about relativistic effects. For nonmacroscopic objects (for example, | 
electrons), one must use quantum mechanics. Thermodynamic systems are of macro 
scopic size, so we shall not need quantum mechanics at this point. | 


i 


Newton’s Second Law. The fundamental equation of classical mechanics is New- 
ton’s second law of motion: 

F=ma (2.1)* 
where m is the mass of a body, F is the vector sum of all forces acting on it at some 
instant of time, and a is the acceleration the body undergoes at that instant of;time. 
Both F and a are vectors, as indicated by the boldface type. Vectors have both 
magnitude and direction. Scalars (for example, m) have only a magnitude. To define 
acceleration, we set up a coordinate system with three mutually perpendicular axes 
x, y, and z. Let r be the vector from the coordinate origin to the particle (Fig. 2.1). 
The particle’s velocity v is the instantaneous rate of change of its position vector r 
with respect to time: 

= dr/dt (2.2)* 
The magnitude (length) of the vector y is the particle’s speed v. The particle’s accel- 
eration a is the instantaneous rate of change of its velocity: 


a = dv/dt = dr/dt? (2.3)* 


A vector in three-dimensional space has three components, one along each of 
the coordinate axes. Equality of vectors means equality of their corresponding com- 
ponents, so a vector equation is equivalent to three scalar equations. Thus Newton’s 
second law F = ma is equivalent to the three equations 

Fy = may, F, = ma, F, = ma, (2.4) 
where F, and a, are the x components of the force and the acceleration. The x com- 
ponent of the position vector r is simply x, the value of the particle’s x coordinate. 
Therefore (2.3) gives a, = d?x/dt?, and (2.4) becomes 

dx d?y dz 
F,=m—, =m, =m- (2.5) 
= dt? , dt? = die 

The weight W of a body is the gravitational force exerted on it by the earth. If 
g is the acceleration due to gravity, Newton's second law gives 


W =mg (2.6) 


If you were transported to the top of Mount Everest, your mass would be unchanged 
but your weight would be decreased because of the smaller value of g at the increased 
altitude. 


Units. There are two systems of units in common use in mechanics. In the mks 
system, the units of distance, time, and mass are meters (m), seconds (s), and kilograms 
(kg), respectively. A force that produces an acceleration of one meter per second? 
when applied to a one-kilogram mass is defined as one newton (N): 


1 N= 1 kg m/s? (2.7) 


The cgs units of length, time, and mass are centimeters (cm), seconds, and grams (g); 
the cgs unit of force is the dyne (dyn): 
1 dyn = 1 g cm/s? FA 
The reader can verify that 
1N = 105 dyn sa 
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The displacement vector r from 
the origin to a particle. 
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CHAPTER 2 


In 1960, the General Conference on Weights and Measures recommended 4 
single system of units for worldwide scientific use. This system is called the Interna. 
tional System of Units (Systeme International d’Unités), abbreviated SI. In mechanics, 
the SI uses mks units. If one were to adhere to SI units, pressures would always be 
given in newtons/meter” (pascals). However, it seems clear that many scientists wil] 
continue to use such units as atmospheres and torrs for many years to come. The 
current scientific literature shows a trend toward increased use of SI units, but since 
much of the literature continues to be in non-SI units, it is necessary to be familiar 
with both SI units and commonly used non-SI units. 


Work. Suppose a force F acts on a body while the body undergoes an infinitesimal 
displacement in the x direction. The infinitesimal amount of work dw done on the 
body by the force F is defined as 


dw = F,.dx (2.10)* 


where F, is the component of the force in the direction of the displacement. If the 
infinitesimal displacement has components in all three directions, then 


dw = F,dx + Fydy + F,dz (2.11) 


Consider now a finite displacement. For simplicity, let the particle be moving in 
one dimension. The particle is acted on by a force F(x) whose magnitude depends 
on the particle’s position. Since we are using one dimension, F has only one compo- 
nent and need not be considered a vector. The work w done by F during displacement 
of the particle from x, to x, is the sum of the infinitesimal amounts of work (2.10) 
done during the displacement: w = Y F(x)dx. But this sum of infinitesimal quantities 
is the definition of the definite integral [Eq. (1.59)], so 


w= Í F(x)dx (2.12) 


xı 
In the special case that F is constant during the displacement, (2.12) becomes 
w = F(x; — xı) (2.13) 


From (2.10), the units of work are those of force times length. The mks and cgs 
units of work are the joule (J) and the erg, respectively: 


1J=1Nm=1 kg m?/s? (2.14) 
1 erg = 1 dyn cm (2.15) 

The use of (2.9) gives 
1J = 10” ergs (2.16) 


F Power P is defined as the rate at which work is done. If an agent does work dw 
in time dt, then P = dw/dt. The mks unit of power is the watt (W): 1 W = 1 J/s. 


Mechanical Energy. We now prove an important theorem in classical mechanics, 
the work-energy theorem. Let F be the total force acting on a particle, and let the 
Particle move from point 1 with coordinates (x1, Y1» Z1) to point 2 with coordinates 
(X2, Y2; Z2). Integration of (2.11) gives as the total work done on the particle: 


2 2 2 
"=f Fax+ Í Fay Í F,dz (2:17) 
1 


1 1 


Newton's second law gives Fx = max = m(dvx/dt). Also, (dvs/dt) = (dvx/dx)(dx/dt) = 
(dv/dx)dx. Therefore Fx = mvx(dv,/dx), with similar equations for F, and F,. We 
have Fx dx = mvx dbx, and (2.17) becomes 


2 2 2 
w= f mv, dvy + | mvydvy + | mv, dv, 


1 1 1 


w = din(vgy + v52 + 022) — dm(v2, + vê, + 034) (2.18) 
We now define the kinetic energy K of the particle as 
K = 4mv? = 4m(v,? + vy? + v3?) (2.19)* 


The right side of (2.18) is then the final kinetic energy Kz minus the initial kinetic 


energy Ky: 
w= K2- Kı =AK one-particle syst. (2.20) 


where AK is the change in kinetic energy. In words, the work done on the particle 
by the force acting on it equals the change in kinetic energy of the particle. This is 
the work-energy theorem. It is valid because we defined kinetic energy in such a 
manner as to make it valid. 

Besides kinetic energy, there is another kind of energy in classical mechanics. 
Suppose we throw a body up into the air. As it rises, its kinetic energy decreases, 
reaching zero at the high point. What happens to the kinetic energy the body loses 
as it rises? It proves convenient to introduce the notion of a field (in this case, a 
gravitational field) and to say that the decrease in kinetic energy of the body is accom- 
panied by a corresponding increase in the potential energy of the field. Likewise, as 
the body falls back to earth, it gains kinetic energy and the gravitational field loses 
a corresponding amount of potential energy. Usually, we don’t refer explicitly to the 
field but simply ascribe a certain amount of potential energy to the body itself, the 
amount depending on the location of the body in the field. 

To put the concept of potential energy on a quantitative basis, we proceed as 
follows. Let the forces acting on the particle depend only on the particle’s position 
and not its velocity, or the time, or any other variable. Such a force F with Fx = 
FAX, y, 2), Fy = Fy(x, y, 2), Fz = F(x, y, z) is called a conservative force, for a reason 
to be seen shortly. Examples of conservative forces are gravitational forces, electrical 
forces, and the Hooke’s law force of a spring. Some nonconservative forces are air 
resistance, friction, and the force you exert when you kick a football. For a conserva- 
tive force, we define the potential energy V(x, y, 2) as a function of x, y, and z whose 
Partial derivatives satisfy 


OV a Linge eae ie ee (221) 
Ox oy oz 


Since only the partial derivatives of V are defined, V itself has an arbitrary additive 
constant; we can set the zero level of potential energy anywhere we please. 
From (2.17) and (2.21), it follows that 


20v 23y fZ 
= d dz (2.22) 
já Í Ox a I oy 5 1 z 
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Since dV = (6V/éx) dx + (6V/éy) dy + (@V/éz) dz [Eq. (1.30)], we have 


2 
w=-[ dV = - (V2 — V) = V ~ Vp (2.23 
1 


But Eq. (2.20) gives w = K3 — K;; hence K3 — K; = V; — V2, or 
Ki +h =K: +V (2.24) 


When only conservative forces act, the sum of the particle’s kinetic energy and poten. 
tial energy remains constant during the motion. This is the law of conservation of 
mechanical energy. Using E for the total mechanical energy, we have for a mechanical 
system that 

E=K+V (2.25) 


If only conservative forces act, E remains constant. 

We have considered a one-particle system. Similar results hold for a many- 
particle system. (See H. Goldstein, Classical Mechanics, 2d ed., Addison-Wesley, 1980, 
sec, 1-2, for derivations.) The kinetic energy of an n-particle system is the sum o 
the kinetic energies of the individual particles: 


n 
K=K; +K +' +K, = Y my? (2.26) 
Let the particles exert conservative forces on one another. The potential energy 
V of the system is not the sum of the potential energies of the individual particles, | 
Instead, V is a property of the system as a whole. V turns out to be the sum of contri- | 
butions due to pairwise interactions between particles. Let V;; be the contribution to | 
V due to the forces acting between particles i and j. One finds 
V= X X. Vj (2.27) 
i ji 
The double sum indicates that we sum over all pairs of i and j values except those 
with i equal to or greater than j. Terms with i = jare omitted because a particle does | 
not exert a force on itself; also, only one of the terms Vi. and Vz, is included, to 
avoid counting the interaction between particles 1 and 2 twice. For example, in a 
system of three particles, V = V,5 + V,3 + V3. If external forces act on the particles 
of the system, their contributions to V must also be included. 


V; is a function of the coordinates Xis Yis Z; and xj, yj, zj of particles i and j and [similar 
to Eq, (2.21)] is defined to satisfy 


OVi/Ox= Fij VOY == Fiy OVjy/021 = — Fizz | 
where Fijxr Fij,y, Fij2 are the components of the force exerted on particle i by particle 
j. Similarly, 0V,;/0x; = —Fy,., etc., where F x is the x component of the force exerted 
on particle j by particle i. Newton’s third law gives Fjix = —Fij,x 


One finds that K + V = E is constant for a many-particle system with only con- 
servative forces acting. 

The mechanical energy K + V is a measure of the work the system can do. When 
a particle’s kinetic energy decreases, the work-energy theorem w = AK [Eq. (2.20) 
says that w, the work done on it, is negative; that is, the particle does work on the 
surroundings equal to its loss of kinetic energy. Since potential energy is convertible 


to kinetic energy. potential energy can also be converted ultimately to work done on 
the surroundings. The kinetic energy is energy the system possesses by virtue of its 
motion. The potential energy is energy the system possesses by virtue of its configura- 
tion (the positions of its particles). 


A woman slowly lifts a 30.0-kg object to a height of 2.00 m above its initial posi- 
tion. Find the work done on the object by the woman, and the work done by 
the earth. 

The force exerted by the woman equals the weight of the object, which 
from Eq. (2.6) is mg = (30.0 kg)(9.81 m/s) = 294 N. From (2.13), the work she does 
on the object is (294 N)(2.00 m) = 588 J. The earth exerts an equal and opposite 
force on the object compared with the lifter, so the earth does — 588 J of work 
on the object. This work is negative because the force and the displacement 
are in opposite directions. The total work done on the object by all forces is zero. 
The work—energy theorem (2.20) gives w = AK = 0, in agreement with the fact 
that the object started at rest and ended at rest. (We derived the work—energy 
theorem for a single particle, but it also applies to a perfectly rigid body.) 


What is the potential energy of an object in the earth’s gravitational field? Let 
the x axis point outward from the earth with the origin at the earth’s surface. We 
have F, = —mg, F, = F, = 0. Equation (2.21) gives 6V/éx = mg, OV/dy = 0 = 0V/éz. 
Integration gives V = mgx + C, where C is a constant. (In doing the integration, we 
assumed the object’s distance above the earth’s surface was sufficiently small for g 
to be considered constant.) Choosing the arbitrary constant as zero, we get 


V =mgh (2.28) 


where h is the object’s altitude above the earth’s surface. 


P-V WORK 


Work in thermodynamics is defined as in classical mechanics. When part of the 
Surroundings exerts a macroscopically measurable force F on matter in the system 
while this matter moves a distance dx at the point of application of F, then the 
surroundings has done work dw = Fx dx [Eq. (2.10)] on the system, where Fy is the 
Component of F in the direction of the displacement. F may be a mechanical, elec- 
trical, or magnetic force and may act on and displace the entire system or only a part 
of the system. When F, and the displacement dx are in the same direction, positive 
work is done on the system: dw > 0. When Fx and dx are in opposite directions, 
dw is negative. 


Reversible P-V Work. The most common way work is done on a thermodynamic 
System is by a change in the system’s volume. Consider the system of Fig. 2.2. The 
System consists of the matter contained within the piston and cylinder walls and has 
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A system confined by a piston. 
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pressure P. Let the external pressure on the frictionless piston also be P. Equal op. 
posing forces act on the piston, and it is in mechanical equilibrium. Let x denote 
the piston’s location. If the external pressure on the piston is now increased by an 
infinitesimal amount, this increase will produce an infinitesimal imbalance in forces 
on the piston; the piston will move inward by an infinitesimal distance dx, thereby 
decreasing the system’s volume and increasing its pressure until the system pressure 
again balances the external pressure. During this infinitesimal process, which occurs 
at an infinitesimal rate, the system will be infinitesimally close to equilibrium, 

The piston, which is part of the surroundings, exerted a force, which we denote 
by Fx, on matter in the system at the system—piston boundary while this matter 
moved a distance dx. The surroundings therefore did work dw = F, dx on the system, 
Let F be the magnitude of the force exerted by the system on the piston. Newton's 
third law (action = reaction) gives F = F,. The definition P = F/A of the system's 
pressure P gives F, = F = PA, where A is the cross-sectional area of the piston, 
Therefore the work dw = F,.dx done on the system in Fig. 2.2 is 


dw = PAdx (2.29) 


The system has cross-sectional area A and length | = b — x (Fig. 2.2), where x is the 
piston’s position and b is the position of the fixed end of the system. The volume 
of this cylindrical system is V = Al = Ab — Ax. The change in system volume when 
the piston moves by dx is dV = d(Ab — Ax) = — A dx. Equation (2.29) becomes 


dWrey = —PdV closed system, reversible process (2.30)* 


The subscript rev stands for reversible. The meaning of “reversible” will be discussed 
shortly. We implicitly assumed a closed system in deriving (2.30). When matter is 
transported between system and surroundings, the meaning of work becomes ambig- 
uous; we shall not consider this case. We derived (2.30) for a particular shape of 
system, but it can be shown to be valid for every system shape (see Kirkwood and 
Oppenheim, sec. 3-1). 

We derived (2.30) by considering a contraction of the system’s volume (dV < 0). 
For an expansion (dV > 0), the piston moves outward (in the negative x direction), 
and the displacement dx of the matter at the system—piston boundary is negative 
(dx < 0). Since Fx is positive (the force exerted by the piston on the system is in the 
positive x direction), the work dw = F, dx done on the system by the surroundings 
is negative when the system expands. For an expansion, the system’s volume change 
is still given by dV = — A dx (where dx < 0 and dV > 0), and Eq. (2.30) still holds. 

In a contraction, the work done on the system is positive (dw > 0). In an ex- 
pansion, the work done on the system is negative (dw < 0). (In an expansion, the 
work done on the surroundings is positive.) 

So far we have considered only an infinitesimal volume change. Suppose we 
carry out an infinite number of successive infinitesimal changes in the external pres- 
Sure. At each such change, the system’s volume changes by dV and work — PdV 
is done on the system, where P is the current value of the system’s pressure. The 
total work w done on the system is the sum of the infinitesimal amounts of work, 
and this sum of infinitesimal quantities is the following definite integral: 


2 
Wrey = -| PdV closed syst., rev. proc. (2.31) 


1 
where | and 2 are the initial and final states of the system, respectively. 


The finite volume change to which (2.31) applies consists of an infinite number 
of infinitesimal steps and takes an infinite amount of time to carry out. In this proc- 
ess, the difference between the pressures on the two sides of the piston is always 
infinitesimally small, so finite unbalanced forces never act and the system remains 
infinitesimally close to equilibrium throughout the process. Moreover, the process 
can be reversed at any stage by an infinitesimal change in conditions, namely, by 
infinitesimally changing the external pressure. Reversal of the process will restore 
both system and surroundings to their initial conditions. 

A reversible process is one where the system is always infinitesimally close to 
equilibrium, and an infinitesimal change in conditions can reverse the process to 
restore both system and surroundings to their initial states. A reversible process is 
obviously an idealization. 

Equations (2.30) and (2.31) apply only to reversible expansions and contractions. 
More precisely, they apply to mechanically reversible volume changes; there could 
be a chemically irreversible process, such as a chemical reaction, occurring in the 
system during the expansion, but so long as the mechanical forces are only infini- 
tesimally unbalanced, (2.30) and (2.31) apply. 

The work (2.31) done in a volume change is called P-V work. Later on, we shall 
deal with electrical work and work of changing the system’s surface area, but for 
now, only systems with P-V work will be considered. 

We have defined the symbol w to stand for work done on the system by the 
surroundings. Some texts use w to mean work done by the system on its surroundings. 
Their w is the negative of ours. 


Line Integrals. The integral f P dV in (2.31) is not an ordinary integral. For a closed 
system of fixed composition, the system’s pressure P is a function of its temperature 
and volume: P = P(T, V). To calculate w,ey, we must evaluate the negative of the 
integral 


2 
ji P(T, V)dV (2.32) 


1 


The integrand P(T, V) is a function of two independent variables T and V. In an ordi- 
nary definite integral, the integrand is a function of one variable, and the value of the 
ordinary definite integral f$ f(x)dx is determined once the function f and the limits 
a and b are specified. For example, R x? dx = 33/3 — 13/3 = 26/3. In contrast, in 
fi P(T, V)dV, both of the independent variables T and V may change during the 
volume-change process, and the value of the integral depends on how T and V vary. 
For example, if the system is an ideal gas, then P = nRT/V and f P(T, V)dV = 
nR fî (T/V) dV. Before we can evaluate f? (T/V) dV, we must know how both T and 
V change during the process. 

The integral (2.32) is called a line integral. Sometimes the letter L is put under 
the integral sign of a line integral. The value of the line integral (2.32) is defined as 
the sum of the infinitesimal quantities P(T, V)dV for the particular process used to 
go from state 1 to state 2. This sum equals the area under the curve that plots P vs. 
V. Figure 2.3 shows three of the many possible ways in which we might carry out a 
reversible volume change starting at the same initial state (state 1 with pressure P} 
and volume V,) and ending at the same final state (state 2). 

In process (a), we first hold the volume constant at V, and reduce the pressure 
from P 1 to P, by cooling the gas. We then hold the pressure constant at P3 and heat 
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The work w done on the system 
in a reversible process (the heavy 
lines) equals minus the shaded 
area under the P-vs.-V curve. The 
work depends on the process used 
to go from state 1 to 2. 


P 


the gas to expand it from V; to V3. In process (b), we first hold P constant at Pi 
and heat the gas until its volume reaches V>. Then we hold V constant at V, and cool 
the gas until its pressure drops to P,. In process (c), the independent variables V and 
T vary in an irregular way, as does the dependent variable P. 

For each process, the integral fi PdV equals the shaded area under the P-ys,.) 
curve. These areas clearly differ, and the integral f ? PdV has different values for proc 
esses (a), (b), and (c). The reversible work w,., = — ff P dV thus has different values 
for each of the processes (a), (b), and (c). We say that w,., (which equals minus the 
shaded area under the P-vs.-V curve) depends on the path used to go from state 1 
to 2, meaning that it depends on the specific process used. There are an infinite num: 
ber of ways of going from state 1 to state 2, and w,e, can have any positive or negative 
value for a given change of state. 

The plots of Fig. 2.3 imply pressure equilibrium within the system during the | 
process. In an irreversible expansion (see the next subsection), the system may have 
no single well-defined pressure, and we cannot plot such a process on a P-V diagram, | 


EC 


Find the work w,ey for processes (a) and (b) of Fig. 2.3 if P, = 3.00 atm, V = 
500 cm?, P, = 1.00 atm, V, = 2000 cm}, Also, find w,,, for the reverse of process (a. 
We have Wev = -fi PdV. The line integral fî PdV equals the area under | 
the P-vs.-V curve. In Fig. 2.3a, this area is rectangular and equals (V, — V,)P, = 
(2000 cm? — 500 cm°)(1.00 atm) = 1500 cm? atm. Hence w,., = — 1500 cm? atm 
The units cm? atm are not customarily used for work, so we shall convert to joules 
by multiplying and dividing by the values of the gas constant R = 8.314 J/(mol K) 
and R = 82.06 cm? atm/(mol K) [Eqs. (1.19) and (1.20)): 


8.314J mol K} 
82.06 cm* atm mol ~! K~! 


An alternative procedure is to note that no work is done during the constant 
volume part of process (a); all the work is done during the second step of the 
process, in which P is held constant at P. Therefore 


2 V2 V2 
Wev = -| PdV = -f P, dV = -P, f dV = —P,V 


1 Lat Vi 
= —P2(V2 — V,) = —(1.00 atm)(1500 cm?) = —152J 


5 Similarly, we find for process (b) that w = —4500 cm? atm = —456 J (Prob. 
5). 

Processes (a) and (b) are expansions. Hence the system does positive work 
on its surroundings, and the work w done on the system is negative in these 
processes, 

For the reverse of process (a), all the work is done during the first step, during 
which P is constant at 1.00 atm and V starts at 2000 cm? and ends at 500 cm’, 
Hence w = — f3006 em (1.00 atm) dV = —(1.00 atm)(500 cm? — 2000 cm°) = 152J. 


Wrey = — 1500 cm? atm —152J 


V2 


Vi 


Irreversible P-V Work. The work w in a mechanically irreversible volume chang 
sometimes cannot be calculated with thermodynamics. 


For example, suppose the external pressure on the piston in Fig. 2.2 is suddenly reduced 
by a finite amount and is held fixed thereafter. The inner pressure on the piston is then 
greater than the outer pressure by a finite amount, and the piston is accelerated outward. 
This initial acceleration of the piston away from the system will destroy the uniform 
pressure in the enclosed gas; the system’s pressure will be lower near the piston than farther 
away from it. Moreover, the piston’s acceleration produces turbulence in the gas. Thus we 
cannot give a thermodynamic description of the state of the system. 

We have dw = F,dx. For P-V work, Fx is the force at the system—surroundings 
boundary, which is where the displacement dx is occurring. This boundary is the inner 
face of the piston, SO dWirrey = — Pure dV, where Pzur¢ is the pressure the system exerts 
on the inner face of the piston, (By Newton’s third law, P,y.¢ is also the pressure the 
piston’s inner face exerts on the system.) Because we cannot use thermodynamics to cal- 
culate Poup during the turbulent, irreversible expansion, we cannot find dWirrey from 
thermodynamics. 

The law of conservation of energy can be used to show that, for a frictionless piston 
(Prob. 2.18), 

dw, 


irrev = —Peg dV — dK (2.33) 


pist 
where Px is the external pressure on the outer face of the piston and dKpis is the 
infinitesimal change in piston kinetic energy. The integrated form of (2.33) is Wirrey = 
-f Pex dV — AK pise If we wait long enough, the piston’s kinetic energy will be dissi- 
pated by the internal friction (viscosity—see Sec. 16.3) in the gas. The gas will be heated, 
and the piston will eventually come to rest (perhaps after undergoing oscillations). Once 
the piston has come to rest, we have AKyis, = 0 — 0 = 0, since the piston started and 
ended at rest. We then have Wirrey = -fî P.x, dV. Hence we can find Wirrey after the piston 
has come to rest. If, however, part of the piston’s kinetic energy is transferred to some 
other body in the surroundings before the piston comes to rest, then thermodynamics 
cannot calculate the work exchanged between system and surroundings. For further dis- 
cussion, see D. Kivelson and I. Oppenheim, J. Chem. Educ., 43, 233 (1966) and de Heer, 
sec. 4.4, 


HEAT 


When two bodies at unequal temperatures are placed in contact by means of a 
thermally conducting wall, they eventually reach thermal equilibrium at a common 
intermediate temperature. We say that heat has flowed from the hotter body to the 
colder one. Let the bodies have masses m, and mz and initial temperatures T, 
and T3, with T3 > Ty; lèt Ty be the final equilibrium temperature. Provided the 
two bodies are isolated from the rest of the universe and no phase change or chemical 
reaction occurs, one experimentally observes the following equation to be satisfied 
for all values of Tı and T3: 


mz¢2(T2 — Tr) = mc,(Tf— Tı)= q (2.34) 


Where c; and c2 are constants (evaluated experimentally) that depend on the com- 
Position of bodies 1 and 2. We call cı the specific heat capacity (or specific heat) 
of body 1. We define q, the amount of heat that flowed from body 2 to body. 1, as 
equal to mzc2(T3 — Ty). 

The unit of heat commonly used in the nineteenth and early twentieth centuries 
Was the calorie, defined as the quantity of heat needed to raise one gram of water 
from 14.5 to 15.5°C at one atmosphere pressure. (This definition is no longer used, 
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as we shall see in Sec. 2.4.) By definition, c4,o = 1.00 cal/(g °C) at 15°C and 1 atm, 
Once the specific heat capacity of water has been defined, the specific heat capacity 
c2 of any other substance can be found from (2.34) by using water as substance 
When specific heats are known, the heat q transferred in a process can then be 
calculated from (2.34). 

Actually, (2.34) does not hold exactly, because the specific heat Capacities o 
substances are functions of temperature and pressure. When an infinitesimal amoun 
of heat dqp flows at constant pressure P into a body of mass m and specific heat 
capacity at constant pressure cp, the body’s temperature is raised by dT and 


dqp = mcpdT (235 
where cp is a function of T and P. Summing up the infinitesimal flows of heat, we 
get the total heat that flowed as a definite integral: 


T2 | 
qp=m [ cp(T)dT closed syst., P const. (2.36), 
Tı 


We omitted the pressure dependence of cp because P is held fixed for the process, 
The quantity mcp is the heat capacity at constant pressure Cp of the body: Cp= 
mcp. From (2.35) we have | 


Cp = dqp/dT (2.37), 
Equation (2.34) is more accurately written as | 
T2 Ty 
m Í p(T) dT = my Í cpı(T)dT = qp (2.38 
Ty Ti | 


If the dependence of cp, and cp, on T is negligible, (2.38) reduces to (2.34). | 

We gave examples in Sec. 2.2 of reversible and irreversible ways of doing work 
on a system. Likewise, heat can be transferred reversibly or irreversibly. A reversibl 
transfer of heat requires that the temperature difference between the two bodies b 
infinitesimal. When there is a finite temperature difference between the bodies, tht 
heat flow is irreversible. 

Two bodies need not be in direct physical contact for heat to flow from one (0 
the other. The process of radiation transfers heat between two bodies at differen! 
temperatures (for example, the sun and the earth). The transfer occurs by emission 
of electromagnetic waves by one body and absorption of these waves by the second 
body. An adiabatic wall must be able to block radiation. 

Equation (2.36) was written with the implicit assumption that the system is closed 
(m fixed). As is true for work, the meaning of heat is ambiguous for open systems 
(See R. Haase, Thermodynamics of Irreversible Processes, Addison-Wesley, 1969, pp. 
17-21, for a discussion of open systems.) 


THE FIRST LAW OF THERMODYNAMICS 


As a rock falls toward the earth, its potential energy is transformed into kinetic er 
ergy. When it hits the earth and comes to rest, what has happened to its energy d 
motion? Or consider a billiard ball rolling on a billiard table. Eventually it comes t° 
rest. Again, what happened to its energy of motion? Or imagine that we stir som? 
water in a beaker. Eventually the water comes to rest, and we again ask: What hap 
pened to its energy of motion? Careful measurement will show very slight increas 


in the temperatures of the rock, the billiard ball, and the water (and in their imme- 
diate surroundings). Knowing that matter is composed of molecules, we find it easy 
to believe that the macroscopic kinetic energies of motion of the rock, the ball, and 
the water were converted into energy at the molecular level; the average molecular 
translational, rotational, and vibrational energies in the bodies were increased slightly, 
and these increases were reflected in the temperature rises. 

We therefore ascribe an internal energy to a body, in addition to its macro- 
scdpic kinetic energy K and potential energy V, discussed in Sec. 2.1. This internal 
energy consists of: molecular translational, rotational, vibrational, and electronic 
energies; the relativistic rest-mass energy mM,es€? of the electrons and the nuclei; and 
potential energy of interaction between the molecules. These energies are discussed 
in Sec. 2.11. 

The total energy of a body is therefore E,,, = K + V + Einu where K and V are 
the macroscopic kinetic and potential energies and E;n is the internal energy. We 
indicated the nature of E;,, in the preceding paragraph. However, since thermody- 
namics is a macroscopic science, the development of thermodynamics requires no 
knowledge of the nature of E;n; all that is needed is some means of measuring the 
change in E;n for a process. This will be provided by the first law of thermodynamics. 
We shall use the symbol U to denote E;,, and the symbol E to denote the total en- 
ergy: U = Ei, E = Ey. Thus 

E=K+V+U (2.39) 


In most applications of thermodynamics that we shall consider, the system will be 
at rest and external fields will not be present; K and V will be zero, and the total 
and internal energies will be equal. 

With our present knowledge of the molecular structure of matter, we take it for 
granted that a flow of heat between two bodies involves a transfer of internal energy 
between them. However, in the eighteenth and nineteenth centuries the molecular 
theory of matter was a subject of great controversy. The nature of heat was not well 
understood until about 1850. In the late eighteenth century, most scientists accepted 
the caloric theory of heat. (Some students still do, unhappily.) Caloric was a hypo- 
thetical fluid substance present in matter and supposed to flow from a hot body to 
a cold one. The amount of caloric lost by the hot body equaled the amount gained 
by the cold body. The total amount of caloric was believed to be conserved in all 
Processes, 

Strong evidence against the caloric theory was provided by Count Rumford in 
1798, In charge of the army of Bavaria, he observed that, in boring a cannon, a vir- 
tually unlimited amount of heating was produced by friction, in contradiction to the 
caloric-theory notion of conservation of heat. Rumford did quantitative experiments, 
1n one of which he found that a cannon borer driven by one horse for 2.5 hr heated 
27 Ib of ice-cold water to its boiling point. In a paper read before the Royal Society 
of London in 1798, Rumford argued that his experiments had proved the incorrectness 
of the caloric theory. 


Rumford began life as Benjamin Thompson of Woburn, Massachusetts. At nineteen he 
Married a wealthy widow of thirty. He served the British during the American Revolution 
and settled in Europe after the war. He became Minister of War for Bavaria, where he 
earned extra money by spying for the British. In 1798 he traveled to London, where he 
founded the Royal Institution, which became one of Britain’s leading scientific labora- 
tories. In 1805 he married Lavoisier’s widow, adding further to his wealth. His will left 
Money to Harvard to establish the Rumford chair of physics, which still exists. 
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Despite Rumford’s work, the caloric theory held sway until the 1840s. In 1849 
Julius Mayer, a German physician, noted that the food that organisms consume gog 
partly to produce heat to maintain body temperature and partly to produce mechani- 
cal work performed by the organism. He then speculated that work and heat were 
both forms of energy and that the total amount of energy was conserved. Mayer's 
arguments were not found convincing, and it remained for James Joule to deal th 
death blow to the caloric theory. 

Joule was the son of a wealthy English brewer. Working in a laboratory adjacent 
to the brewery, Joule did experiments in the 1840s showing that the same changeg 
produced by heating a substance could also be produced by doing mechanical work 
on the substance, without transfer of heat. His most famous experiment used de- 
scending weights to turn paddle wheels in liquids. The potential energy of the weights 
was converted to kinetic energy of the liquid; the viscosity (internal friction) of the 
liquid then converted the liquid’s kinetic energy to internal energy, increasing the 
temperature. Besides stirring, Joule used several other ways to produce temperature 
increases in liquids by mechanical work; for example, he compressed a gas in a cyl- | 
inder immersed in the liquid. Joule found that to increase the temperature of one 
pound of water by one degree Fahrenheit requires the expenditure of 772 foot-pounds 
of mechanical energy. Based on Joule’s work, the first clear convincing statement of 
the principle of conservation of energy was published by the German surgeon, physi- 
ologist, and physicist Helmholtz in 1847. 

The internal energy of a system can be changed in several ways. Internal energy 
is an extensive property and thus depends on the amount of matter in the system, $ 
The internal energy of 20 g of H,O at a given T and P is twice the internal energy 
of 10 g of H2O at that T and P. We usually deal with closed systems; here the amount 
of matter is held fixed. Besides changing the amount of matter, we can transfer en- 
ergy to a system by doing work on it or by heating it. The first law of thermodynamics 
asserts that there exists an extensive state function E (called the total energy of the 
system) such that for any process in a closed system 


AE=q+w closed syst. (2.40) 


where AE is the energy change undergone by the system in the process, q is the heat 
added to the system during the process, and w is the work done on the system during 
the process. The change in energy AE of the system is accompanied by a change in 
energy of the surroundings equal to —AE, so the total energy of system plus sur- 
roundings remains constant (is conserved). For any process, AE syst + AE grr = 0. 

We shall restrict ourselves to systems at rest in the absence of external fields; 


here K = 0 = V, and from (2.39) we have E = U. Equation (2.40) becomes 
AU=q+w closed syst. at rest, no fields (2.41)* 


where AU is the change in internal energy of the system. U is an extensive state 
function. 

Note that, when we write AU, we mean AUsys: We always focus attention on 
the system, and all thermodynamic state functions refer to the system unless otherwise 
specified. The conventions for the signs of q and w are set from the system’s viewpoint: 
when heat flows into the system from the surroundings during a process, q is positive 
(q > 0); an outflow of heat from the system to the surroundings means q is negative. 
When work is done on the system by the surroundings (for example, in a compression 


of the system), w is positive; when the system does work on its surroundings, w is 
negative. A positive q and a positive w each increase the internal energy of the system. 
For an infinitesimal process, Eq. (2.41) becomes 


dU = dq + dw closed syst. (2.42) 


where the other two conditions of (2.41) are implicitly understood. dU is the infini- 
tesimal change in system energy in a process with infinitesimal heat dq flowing into 
the system and infinitesimal work dw done on the system. 

The internal energy U is (just like P or V or T) a function of the state of the 
system. For any process, AU thus depends only on the final and initial states of the 
system and is independent of the path used to bring the system from the initial state 
to the final state. If the system goes from state 1 to state 2 by any process, then 


AU = U3 — Uy = Using — Ujnitiat (2.43)* 


The symbol A always means the final value minus the initial value. 
A process in which the final state of the system is the same as the initial state is 
called a cyclic process; here U, = U,, and 


AU=0 cyclic proc. 


which must obviously be true for the change in any state function in a cyclic process. 

In contrast to U, the quantities q and w are not state functions. Given only the 
initial and final states of the system, we cannot find q or w. The heat q and the work 
w depend on the path used to go from state 1 to state 2. 

Suppose, for example, that we take 1.00 mole of H,O at 25.0°C and 1.00 atm 
and raise its temperature to 30.0°C, the final pressure being 1.00 atm. What is q? 
The answer is that we cannot calculate q because the process is not specified. We 
could, if we like, increase the temperature by heating at 1 atm. In this case, q = 
mcp AT = 18.0 g x 1.00 cal/(g °C) x 5.0°C = 90 cal. However, we could instead emu- 
late James Joule and increase the temperature solely by doing work on the water, 
stirring it with a paddle (made of an adiabatic substance) until the water reached 
30,0°C. In this case, q = 0. Or we could heat the water to some temperature between 
25 and 30°C and then do enough stirring to bring it up to 30°C. In this case, q is 
between 0 and 90 cal. Each of these processes also has a different value of w. However, 
no matter how we bring the water from 25°C and 1.00 atm to 30.0°C and 1.00 atm, 
AU is always the same, since the final and initial states are the same in each process. 


Calculate AU for the change of state when 1.00 mol of H,O goes from 25.0°C and 
1.00 atm to 30.0°C and 1.00 atm. 

Since U is a state function, we can use any process we like to calculate AU. A 
convenient choice is a reversible heating from 25 to 30°C at a fixed pressure of 
1 atm. For this process, q = 90 cal, as calculated above. During the heating, the 
water expands slightly, doing work on the surrounding atmosphere. At constant P, 
we have w = Wrey = — |? PdV = —P fi dV = —P(V, — V,), where (2.31) was used. 
The volume change is AV = V, — V; = m/p2 — m/p,, where p, and p, are the final 
and initial densities of the water and m= 18.0 g. A handbook gives p, = 
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0.9956 g/cm? and p, = 0.9970 g/cm?. We find AV = 0.025 cm? and 


1.987 cal mol` t K~! 


=! Fan oe 3 
w = —0.025 cm* atm 0.025 cm* atm 82.06 em? atm mol TK 


= —0.0006 cal 


where two yalues of R were used to convert w to calories. Thus, w is complete ly 
negligible compared with q, and AU = q + w = 90 cal. Because volume changes 
of liquids and solids are small, it is usually true that P-V work is significant only for 
gases, 


Although the values of q and w for a change from state 1 to state 2 depend on 
the process used, the value of q + w, which equals AU, is the same for every process 
that goes from state 1 to state 2. This is the experimental content of the first law, 

Since q and w are not state functions, it is meaningless to ask how much heat 
a system contains (or how much work it contains). Although one often says that 
“heat and work are forms of energy,” this language, unless properly understood, can 
mislead one into the error of regarding heat and work as state functions, Heat and 
work are defined only in terms of processes; before and after the process of energy 
transfer between system and surroundings, heat and work do not exist. Heat is an 
energy transfer between system and surroundings due to a temperature difference. Worl 
is an energy transfer between system and surroundings due to a macroscopic force acting 
through a distance. Heat and work are forms of energy transfer rather than forms of 
energy. Work is energy transfer due to the action of macroscopically observable 
forces. Heat is energy transfer due to the action of forces at a molecular level. When: 
bodies at different temperatures are placed in contact, collisions between molecules 
of the two bodies lead to energy transfer from the hotter body to the colder; heat is 
work done at the molecular level. 

Heat and work are measures of energy transfer, and both have the same units 
as energy. The unit of heat can therefore be defined in terms of the joule. Thus the 
definition of the calorie given in Sec. 2.3 is no longer used. The present definition is 


1 cal = 4.184 J exactly (2.44)* 


where the value 4.184 was chosen to give good agreement with the old definition of i 
the calorie. The calorie defined by (2.44) is called the thermochemical calorie, often — 
designated cal,,. (Over the years, several slightly different calories have been used.) 

It is not necessary to measure heat in calories. The joule can be used as the 
unit of heat. This is what is done in the officially recommended SI units (Sec. 2.1), 
but since some of the available thermochemical tabulations use calories, we shall use 
both joules and calories as the units of heat, work, and internal energy. 


For a pure substance, the molar internal energy U is defined as 
Us U/n 
where n is the number of moles of pure substance. 
Although we won't be considering systems with mechanical energy, it is worthwhile to 


consider a possible source of confusion that can arise when dealing with such systems. 
Consider a rock falling in vacuum toward the earth’s surface. Its total energy is E = K + 


V + U. Since the gravitational potential energy V is included as part of the system’s 
energy, the gravitational field (in which the potential energy resides) must be considered 
part of the system. In the first-law equation AE = q + w, we do not include work that 
one part of the system does on another part of the system. Hence w in the first law does 
not include the work done by the gravitational field on the falling body. Thus for the 
falling rock, w is zero; also, q is zero. Therefore AE = q + w is zero, and E remains constant 
as the body falls (although both K and V vary). In general, w in AE = q + w does not 
include the work done by conservative forces (forces related to the potential energy V in 
E=K+V+U). 

Sometimes people get the idea that Einstein’s special relativity equation E = mc? 
invalidates the conservation of energy, the first law of thermodynamics. This is not so. 
All E = mc? says is that a mass m always has an energy mc? associated with it and an 
energy E always has a mass m = E/c? associated with it. The total energy of system plus 
surroundings is still conserved in special relativity; likewise, the total relativistic mass of 
system plus surroundings is conserved in special relativity. Energy cannot disappear; mass 
cannot disappear. The equation AE = q + w is still valid in special relativity. Consider, 
for example, nuclear fission. Although it is true that the sum of the rest masses of the 
nuclear fragments is less than the rest mass of the original nucleus, the fragments are moving 
at high speed. The relativistic mass of a body increases with increasing speed, and the total 
relativistic mass of the fragments exactly equals the relativistic mass of the original nucleus. 


ENTHALPY 
The enthalpy H of a system is defined as 

H=U+PV (2.45)* 
Since U, P, and V are state functions, H is a state function, Note from dw,,, = — P dV 


that the product of P and V has the dimensions of work and hence of energy; therefore 
it is legitimate to add U and PV. Naturally, H has units of energy. 

Of course, we could take any dimensionally correct combination of state func- 
tions to define a new state function. Thus, we might define (3U — SPV)/T® as the 
state function “enwhoopee.” The motivation for giving a special name to the state 
function U + PV is that this combination of U, P, and V occurs frequently in ther- 
modynamics. For example, let qp be the heat absorbed in a constant-pressure process 
in a closed system. The first law AU = q + w [Eq. (2.41)] gives 


V2 V2 
u-u, =4+w=4- | Pav =an—P È dV = qp — P(V, — V,) 
vı vi 
qp = U, + PV, — U, — PV, = (Uz + P2V2) — (U, + P, V1) = H2 - H, 
AH = qp const. P, closed syst., P-V work only (2.46)* 


since P, = P, = P. In the derivation of (2.46), we used (2.31) (Wey = -ĵi PdV) for 
the work w. Equation (2.31) gives the work associated with a volume change of the 
system. Besides a volume change, there are other ways that system and surroundings 
can exchange work, but we won't consider these possibilities until Chaps. 13 and 14. 
Thus (2.46) is valid only when no kind of work other than volume-change work is 
done. Note also that (2.31) is for a mechanically reversible process. A constant-pres- 
sure process is mechanically reversible since, if there were unbalanced mechanical 
forces acting, the system’s pressure P would not remain constant. Equation (2.46) 
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says that for a closed system that can do only P-V work, the heat ap absorbed jj 
constant-pressure process equals the system’s enthalpy change. 
For any change of state, the enthalpy change is 


AH = Hy — H; = U3 + P V3 — (U, + P V1) = AU + A(PV) 


where A(PV) = (PV), —(PV), = PV, — P, V.. For' a constant-pressure proce 
P, = P, = P and A(PV) = PV, — PV, = PAV. Therefore 


AH = AU + PAV const. P 


An error students sometimes make is to equate A(PV) with PAV + V AP, V 
have 


A(PV) = P2V2 — P, V, = (P, + AP)(V, + AV) — P, V, = P, AV + V, AP + APA 


Because of the AP AV term, A(PV) # PAV + VAP. For infinitesimal changes, W 
have d(PV) = PdV + VadP, since d(uv) = udv + vdu [Eq. (1.28)], but the correspond 
ing equation is not true for finite changes. [For an infinitesimal change, the equatio 
after (2.48) becomes d(PV) = PdV + VdP + dPdV = PdV + V dP, since the prod 
of two infinitesimals can be neglected.] 

Since U and V are extensive, H is extensive. The molar enthalpy of a pure sut 
stance is H = H/n = (U + PV)/n= Ū + PY. 1 

Consider now a constant-volume process. If the closed system can do only P. 
work, then dw = — PdV = 0, since dV = 0. The sum of the dw’s is zero, so w = 
The first law AU = q + w then becomes for a constant-volume process 


AU =qy closed syst., P-V work only, V const. 


where qy is the heat absorbed at constant volume. Comparison of (2.49) and (2.4 
shows that in a constant-pressure process H plays a role analogous to that play 
by U in a constant-volume process. 

From Eq. (2.47), we have AH = AU + A(PV). Because solids and liquids ha 
comparatively small volumes and undergo only small changes in volume, in neam 
all processes that involve only solids or liquids (condensed phases) at low or moderal 
pressures, the A(PV) term is negligible compared with the AU term. (For exampl 
recall the example in Sec. 2.4 of heating liquid water, where we found AU = qp.) Fo 
condensed phases not at high pressures, the enthalpy change in a process is essentiall 
the same as the internal-energy change: AH ~ AU. 


HEAT CAPACITIES 


The heat capacity C,, of a closed system for an infinitesimal process pr is defined a 
Cpr = q5,/dT (2. 


where dq,, and dT are the heat added to the system and the temperature change ol 
the system in the process. The subscript on C indicates that the heat capacity depends 
on the nature of the process. For example, for a constant-pressure’ process we gel 
the heat capacity at constant pressure C p [Eq. (2.37)]: 


Cp = dqp/dT (2.51) 


Similarly, the heat capacity at constant volume Cy of a closed system is 
Cy = dqy/dT (2.52)* 


where dqy and dT are the heat added to the system and the system's temperature 
change in an infinitesimal constant-volume process. Strictly speaking, Eqs. (2.50) to 
(2.52) apply only to reversible processes. In an irreversible heating, the system may 
develop temperature gradients, and there will then be no single temperature assign- 
able to the system. If T is undefined, the infinitesimal change in temperature dT is 
undefined. 

Equations (2.46) and (2.49) written for an infinitesimal process give dqp = dH at 
constant pressure and dqy = dU at constant volume. Therefore (2.51) and (2.52) can 
be written as 


OH ðU 
Cp = a i Cy= = closed syst. in equilib., P-V work only (2.53)* 
p oT Jy 


Cp and Cy give the rates of change of H and U with temperature. 

To measure Cp of a solid or liquid, one holds it at constant pressure in an 
adiabatically enclosed container and heats it with an electrical heating coil. For a 
current J flowing for a time t through a wire with a voltage drop V across the wire, 
the heat generated by the coil is VIt. If the measured temperature increase AT in the 
substance is small, Eq. (2.51) gives Cp = VIt/AT, where Cp is the value at the average 
temperature of the experiment and at the pressure of the experiment. Cp of a gas is 
found from the temperature increase produced by electrically heating the gas flowing 
at a known rate. 

The thermodynamic state of an equilibrium system at rest in the absence of 
applied fields is specified by its composition (the number of moles of each component 
present in each phase) and by any two of the three variables P, V, and T; commonly, 
P and T are used. For a closed system of fixed composition, the state is specified by 
P and T. Any state function has a definite value once the system’s state is specified. 
Therefore any state function of a closed equilibrium system of fixed composition is 
a function of T and P. For example, for such a system, H = H(T, P). The partial 
derivative [@H(T, P)/OT ]p is also a function of T and P. Hence Cp is a function of 
T and P and is therefore a state function. Similarly, U can be taken as a function of 
T and V, and Cy is a state function. 

For a pure substance, the molar heat capacities at constant P and at constant 

V are Cp = Cp/n and Cy = Cy/n. Some Cp values at 25°C and | atm are plotted in 
Fig 2.4, Clearly Cp increases with increasing size of the molecules. See Sec. 2.11 for 
discussion of Cp values. 

One can prove from the laws of thermodynamics that Cp and Cy must both be 
positive. (See Miinster, sec. 40.) 


Cp>0,  Cy>0 (2.54) 
What is the relation between Cp and Cy? We have 


3 aH) (ev TAU + Pv) 2 (a) 
pe ov= (3) -l aT eT /y 


ðU OV *) 
= ={— =] -|= 2.55 
Cp Cy Eeg, G y (255) 
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Molar heat capacities Cp at 25°C 
and 1 bar, The scale is logarithmic. 
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We expect (0U/0T)p and (@U/éT)y in (2.55) to be related to each other. 
(0U/6T)y, the internal energy is taken as a function of T and V; U = U(T, V). TI 
total differential of U(T, V) is [Eq. (1.30)] 


ðU 6U 
=|—)] dT —)] dv 
4h bey plays 


Equation (2.56) is valid for any infinitesimal process, but since we want to rel 
(0U/ôT)y to (3U/ðT)p, we impose the restriction of constant P on (2.56) to give 


ðU ðU 
pay (pees —] dV, 
ea (),ate+ (FP), P 


where the P subscripts indicate that the infinitesimal changes dU, dT, and dV ou 
at constant P. Division by dTp gives 


dUp _ (=) à (2) dVp 
aTp,\@T]y | \QV)_ Tp 


The ratio of infinitesimals dU p/dTp is the partial derivative (0U/éT)p, so 


(ar), = (én), (er), G7, 


Substitution of (2.57) into (2.55) gives the desired relation: 


Cp— Cy = ie 4 e] (rr), 


What is the physical reason for the fact that Cp # Cy? The definitions C; 
dqp/dT and Cy = dqy /dT show that the origin of the difference lies in the differen 
between dqp and dgy, the heats added at constant pressure and at constant volum 
The first law dU = dq + dw gives dq = dU — dw = dU + PdV for a closed syste 
with only P-V work. It follows that dqp = dUp + P dVp and dqy = dUy,, where 
subscripts indicate constant P or V. Therefore, 


dp — dgy = dU p — dUy + PdV (25 


There are thus two reasons for the difference between dqp and dqy. In a constan 
pressure process, part of the added heat goes into the work of expansion (the Pd 
term), whereas in a constant-volume process the system does no work on the sul 
roundings. Also, the change in internal energy that occurs at constant pressure differ 
from the change that occurs at constant volume: dUp # dUy. 
The state function (U /ðV )z in (2.58) has dimensions of pressure and is someti 
called the internal pressure. Clearly, (0@U/0V), is related to that part of the intern 
energy U which is due to intermolecular potential energy; a change in V will chang 
the average intermolecular distance and hence the average intermolecular potentia 
energy. For gases not at high pressure, the smallness of intermolecular forces make 
(@U/éV)z in (2.58) and the related quantity dU p — dUy in (2.59) small; here, the mai 
contribution to Cp — Cy comes from the P dV> term in (2.59). For liquids and solid 
the large intermolecular forces make (@U/ðV)r and dUp — dUy, large: here, the mail 
contribution to Cp — Cy comes from the difference dU p — dUy,. Measurement 0 
(ĉU/ðV)r in gases is discussed in the next section. 


THE JOULE AND JOULE-THOMSON EXPERIMENTS 


In 1843 Joule did an experiment to find (0U/0V), for a gas. Joule measured the 
temperature change after free expansion of a gas into a vacuum. This experiment has 
been repeated several times since with improved setups. A sketch of the setup used 
by Keyes and Sears in 1924 is shown in Fig. 2.5. Initially, chamber A is filled with 
a gas, and chamber B is evacuated. The valve between the chambers is then opened. 
After equilibrium is reached, the temperature change in the system is measured by 
the thermometer. Because the system is surrounded by adiabatic walls, q is 0; no heat 
flows into or out of the system. The expansion into a vacuum is highly irreversible; 
finite unbalanced forces act within the system, and as the gas rushes into B, there is 
turbulence and lack of pressure equilibrium. Therefore dw = — P dV does not apply. 
However, we can readily calculate the work —w done by the system. The only mo- 
tion that occurs is within the system itself; therefore the gas does no work on its 
surroundings, and vice versa. Hence w = 0 for expansion into a vacuum. Since AU = 
q + w for a closed system, we have AU = 0 + 0 = 0; this is a constant-energy process. 
The experiment measures the temperature change with change in volume at constant 
internal energy, (@7/@V)y. More precisely, the experiment measures AT/AV at con- 
stant U; the method used to get (@7/0V)y from AT/AV measurements is similar to 
that described later in this section for (0T/0P),. 
We define the Joule coefficient uy (mu jay) as 


Hy = (0T/OV)y (2.60) 


How is the measured quantity (@T/@V)y = py related to (0U/ôV)r? The variables 
in these two partial derivatives are the same (namely, T, U, and V). Hence we can 
use (@x/4y),(@y/Az),(02/dx), = — 1 [Eq. (1.34)] to relate these partial derivatives. Re- 
placing x, y, z with T, U, V gives 


(a all FA (261) 
(r), o)l ee] r, Go), 


0 
E) D tcy (2.62) 
T 


av 


where (@z/Ax), = 1/(0x/dz),, (@U/OT)y = Cy, and yy = (OT/OV)y [Eqs. (1.32), (2.53), 
and (2.60)] were used. 

Joule’s 1843 experiment gave zero for uy and hence zero for (@U/dV);. How- 
ever, his setup was so poor that his result was meaningless. The 1924 Keyes—Sears 
experiment showed that (@U/éV), is small but definitely nonzero for gases. Because 
of experimental difficulties, only a few rough measurements were made. 

In 1853 Joule and William Thomson (in later life Lord Kelvin) did an experiment 
similar to the Joule experiment but allowing far more accurate results to be obtained. 
The Joule~Thomson experiment involves the slow throttling of a gas through a rigid, 
porous plug. An idealized sketch of the experiment is shown in Fig. 2.6. The system 
is enclosed in adiabatic walls. The left piston is held at a fixed pressure P4; the right 
piston is held at a fixed pressure P, < P4. The partition B is porous but not greatly 
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The Joule-Thomson experiment. 


so; this allows the gas to be slowly forced from one chamber to the other. Beca 
the throttling process is slow, pressure equilibrium is maintained in each chambe 
Essentially all the pressure drop from P, to P, occurs in the porous plug. 

We want to calculate w, the work done on the gas in throttling it through the 
plug. The overall process is irreversible since P, exceeds P, by a finite amount, and 
an infinitesimal change in pressures cannot reverse the process. However, the pre: 
sure drop occurs almost completely in the plug; the plug is rigid, and the gas does 
no work on the plug, or vice versa. The exchange of work between system and 
surroundings occurs solely at the two pistons. Since pressure equilibrium is maine 
tained at each piston, we can use dw,ey = — P dV to calculate the work at each piston, 
The left piston does work w; on the gas; we have dw, = —P, dV = —P, dV, where 
we use subscripts L and R for left and right. Let all the gas be throttled through; the 
initial and final volumes of the left chamber are V, and 0, so w, = — fẹ, Py dV = 
=P, fe, dV = —P,(0—V,) = P,V,. The right piston does work dwp on the gas, 
(wp is negative, since the gas in the right chamber does positive work on the piston) 
We have wg = -§o? P,dV = —P V3. The work done on the gas is w = Wy + WR 
or w= P, V; — P, V2. 

The first law for this adiabatic process (q = 0) gives U,-—U,=q+w=w, 80 
U, — U, = PV, — P2V, or Uz + P3V3 = U, + P, Vj. Since H = U + PV, we have 


H,=H, or AH=0 (2.63) 


The initial and final enthalpies are equal in a Joule-Thomson expansion. 
Measurement of the temperature change AT = T2 — T, in the Joule-Thomson 
experiment gives AT/AP at constant H. This may be compared with the Joule ex- 
periment, which measures AT/AV at constant U. 
We define the Joule-Thomson coefficient Myr by 


(27) i 
urt) (2.64) 


Hyr is the ratio of infinitesimal changes in two intensive properties and therefore is 
an intensive property. Like any intensive property, it is a function of T and P (and 
the nature of the gas). 

A single Joule-Thomson experiment yields only (AT/AP),. To find (@T/éP)y 
values, we proceed as follows, Starting with some initial P, and T,, we pick a value 
of P, less than P, and do the throttling experiment, measuring T,. We then plot the 
two points (T;, P;) and (T3, P3) on a T-P diagram; these are points 1 and 2 in 
Fig. 2.7. From (2.63), states 1 and 2 have equal enthalpies. A repetition of the experi- 
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ment with the same initial P} and T, but with the pressure on the right piston 
set at a new value P, gives point 3 on the diagram. Several repetitions, each with 
a different final pressure, yield several points that correspond to states of equal en- 
thalpy. We join these points with a smooth curve (called an isenthalpic curve). The 
slope of this curve at any point gives (0T/@P),, for the temperature and pressure at 
that point. Values of T and P for which jy, is negative (points to the right of point 
4) correspond to warming on Joule-Thomson expansion. At point 4, 4yr is zero. To 
the left of point 4, 4yr is positive, and the gas is cooled by throttling. To generate 
further isenthalpic curves and get more values of 1;7(T, P), we use different initial 
temperatures T4. 

Values of 4yr for gases range from +3 to —0.1°C/atm, depending on the gas 
and on its temperature and pressure. 

Joule-Thomson throttling is used to liquefy gases. For a gas to be cooled by a 
Joule-Thomson expansion (AP < 0), its 4, must be positive over the range of T and 
P involved. In Joule-Thomson liquefaction of gases, the porous plug is replaced by 
a narrow opening (a needle valve). Another method of gas liquefaction is an approxi- 
mately reversible adiabatic expansion against a piston. 

A procedure similar to that used to derive (2.62) yields (Prob. 2.26a) 


ôH 
( ) = —Cphyr (2.65) 
T 


ôP 
We can use thermodynamic identities to relate the Joule and Joule-Thomson coef- 
ficients; see Prob. 2.26b. 


PERFECT GASES AND THE FIRST LAW 


Perfect Gases. An ideal gas was defined in Chap. 1 as a gas that obeys the 
equation of state PV = nRT. The molecular picture of an ideal gas is one with no 
intermolecular forces. If we change the volume of an ideal gas while holding T con- 
stant, we change the average distance between the molecules, but since intermolecular 
forces are zero, this distance change will not affect the internal energy U; also, the 
average translational kinetic energy of the gas molecules is a function of T only (as is 
also true of the molecular rotational and vibrational energies—see Sec. 2.11) and will 
not change with volume. We therefore expect that, for an ideal gas, U will not change 
with V at constant T and (3U/ðV)r will be zero. However, we are not yet in a 
position to prove this thermodynamically. To maintain the logical development of 
thermodynamics, we therefore now define a perfect gas as one that obeys both the 
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following equations: 
PV=nRT and (0U/éV);=0 perfect gas (2. 


An ideal gas is required to obey only PV = nRT. Once we have postulated the seco 
law of thermodynamics, we shall prove that (3U /ôV )r = 0 follows from PV = nRT, 
there is in fact no distinction between an ideal gas and a perfect gas. Until then, we 
shall maintain the distinction between the two. 

For a closed system in equilibrium, the internal energy (and any other state fu 
tion) can be expressed as a function of temperature and volume: U = U(T, V). How. 
ever, (2.66) states that for a perfect gas U is independent of volume. Therefore U ofi 
perfect gas depends only on temperature: 


U = U(T) perf. gas (2.6 

Since U is independent of V for a perfect gas, the partial derivative (3U /ðT)y in 
(2.53) for Cy becomes an ordinary derivative: Cy = dU/dT and 1 
dU = CydT perf. gas (2.68)* 

It follows from (2.67) and Cy = dU/dT that Cy of a perfect gas depends only on T: 
Cy = CHT) perf. gas (2.69)¢ 


For a perfect gas, H = U + PV = U + nRT. Hence (2.67) shows that H depends 
only on T for a perfect gas. Using Cp = (6H/0T)p [Eq. (2.53)], we then have 


H = H(T), Cp = dH/dT, Cp= Cp(T) perf. gas (2.70) 

Use of (3U/ðV )r = 0 [Eq. (2.66)] in (2.58) for Cp — Cy gives l 

Cp — Cy = P(ôV/ôT)p perf. gas (2.71) 

From PV = nRT, we get (@V/2T)p = nR/P; hence for a perfect gas Cp — Cy = nR or 
Cp—Cy=R_ perf. gas (2.728 


We have uyCy = —(0U/AV), [Eq. (2.62)]; since (0U/0V), = 0 for a perfect gas, 
it follows that u; = 0 for a perfect gas. Also, HyrCp = —(0H/?P)r [Eq. (2.65)]. Since 
H depends only on T for a perfect gas, we have (CH/6P)y = 0 for such a gas, and 
Hyr = 0 for a perfect gas. (See also Prob. 8.28 for a surprising fact about 4yr.) 

We now apply the first law to a perfect gas. For a reversible volume change, we 
have dw = — P dV [Eq. (2.30)]. Also, (2.68) gives dU = Cy dT for a perfect gas. For 
a fixed amount of a perfect gas, the first law dU = dq + dw (closed system) becomes 


dU =CydT =dq—PdV perf. gas, rev. proc, P-V work only (273) | 


Suppose 0.100 mole of a perfect gas having Cy = 1.50R independent of tem- 
perature undergoes the reversible cyclic process | > 2 > 3 + 4-1 shown in 
Fig. 2.8, where either P or V is held constant in each step. Calculate q, w, and 
AU for each step and for the complete cycle, 

Since we know how P varies in each step and since the steps are reversible _ 
we can readily find w for each step by integrating dw,., = —P dV. Since either | 


— 


P or V is constant in each step, we can integrate dqy = Cy dT and dqp = CpdT 
[Eqs. (2.51) and (2.52)] to find the heat in each step. The first law AU =q +w 
then allows calculation of AU. 

To evaluate integrals like if Cy aT, we will need to know the temperatures 
of states 1, 2, 3, and 4. We therefore begin by using PV = nRT to find these 
temperatures. For example, T; = P,V,/nR = 122 K, Similarly, T} = 366 K, T; = 
732 K, T, = 244 K. 

Step 1 > 2is at constant volume, no work is done, and w; „> = 0. Step 2 > 3is 
at constant pressure and 


W243 = — f} PdV = —P(V3 — V2) = —(3.00 atm)(2000 cm? — 1000 cm?) 
= —3000 cm? atm (8.314 J)/(82.06 cm? atm) = —304 J 


where two values of R were used to convert to joules, Similarly, w3.4 = 0 and 
W4+1 = 101 J. The work w for the complete cycle is the sum of the works for the 
four steps, so w = —304J + 0 + 101 J + 0 = —203 J. 

Step 1 > 2 is at constant volume, and 


412 = fî Cy aT = nCy f} dT = n(1.50R)(T, — T;) 
= (0.100 mol)1.50[8.314 J/(mol K)](366 K — 122 K) = 304 J 


Step 2> 3 is at constant pressure, and qz..3 = B CpdT. Equation (2.72) gives 
Cp = Cy + R = 2.50R, and we find q3. = 761 J. Similarly, q3..4 = — 608} J and 
44+, = —2534 J. The total heat for the cycle is q = 304J + 761 J — 6084 J — 
2534 J = 203 J. 

We have AU, ... = q1=2 + Wy+2 = 304 J + 0 = 304 J. Similarly, AU,_., = 
457J, AU3.4 = —6084J, AU4., = —152} J. For the complete cycle, AU = 
304 J + 457 J — 608} J — 152.) =0, which can also be found from q +w as 
203 J — 203 J = 0, An alternative procedure is to use the perfect-gas equation 
dU = C,dT to find AU for each step. 

For this cyclic process, we found AU = 0, q # 0, and w # 0. These results are 
consistent with the fact that U is a state function but q and w are not. 


Reversible Isothermal Process in a Perfect Gas. Consider the special case of 
a reversible isothermal (constant-T) process in a perfect gas. (Throughout this sec- 
tion, the system is assumed closed.) For a fixed amount of a perfect gas, U depends 
only on T [Eq. (2.67)]. Therefore AU = 0 for an isothermal change of state in a per- 
fect gas. This also follows from dU = Cy dT for a perfect gas. The first law AU = 


q + w becomes 0 =q + w and q = —w. Integration of dw,ey = —PdV and use of 
PV =nRT give 
2 2 2 
R dV 
w= -| Pdv = -| IRT aie nt È Č = —nRT(In V, — In V;) 
1 gor: av 
Vi P, y 
w= —q=nRTIn we nRT In ra rey. isothermal proc., perf. gas (2.74) 
2 1 


where Boyle’s law was used. If the process is an expansion (V, > vi} then w (the 
work done on the gas) is negative and q (the heat added to the gas) is positive; all 
the added heat appears as work done by the gas, maintaining U as constant for the 
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perfect gas. It is best not to memorize an equation like (2.74), since it can be quic 
derived from dw = —P dV. 


EXAMPLE 


A cylinder fitted with a frictionless piston contains 3.00 moles of He gas at P= 
1.00 atm and is in a large constant-temperature bath at 400 K. The pressure 
reversibly increased to 5.00 atm. Find w, q, and AU for this process. 

It is an excellent approximation to consider the helium as a perfect gas 
since T is constant, AU is zero. Equation (2.74) gives 


w = (3.00 mol)(8.314 J mol” * K~')(400 K) In (5.00/1.00) 
= (9980 J) In 5.00 


If your calculator has an In button, this can be used to find In 5.00. If not, one c 
use In x = 2.3026 log x [Eq. (1.69)] and a table of common logs. We have 


w = (9980 J)(1.609) = 1.61 x 104 J 


Also, q = —w = —1.61 x 10* J, (If desired, q and w can be calculated in calories 
by using R = 1.987 cal mol”* K~; the result is w = 3.84 x 10° cal.) Of course, w 
(the work done on the gas) is positive for the compression. The heat q Is negative 
because heat must flow from the gas to the surrounding constant-temperature. 
bath to maintain the gas at 400 K as it is compressed, 


Reversible Constant-P (or Constant-V’) Process inaPerfectGas, The calculations 
of q, w, and AU for these processes were shown in the example after Eq. (2.73). 


Reversible Adiabatic Process in a Perfect Gas. For an adiabatic process, dq =Ù. 
For a reversible process in a system with only P-V work, dw = — P dV. For a perfect 
gas, dU = Cy dT [Eq. (2.68)]. Therefore, for a reversible adiabatic process in a perfect 
gas, the first law dU = dq + dw becomes CydT = —PdV. We use PV = nRT to 
eliminate P in Cy dT = —PdV and get CydT = —(nRT/V)dV or 


Cy dT = —(RT/V) av 


since Cy = Cy/n. To integrate this equation, we separate the variables, putting all 
functions of T on one side and all functions of V on the other side. We get 
(Cy/T)dT = —(R/V) dV. Integration gives 


2F 2 

Cy 15 y, 

= 4T =- | —dV = —R(n V, — In V,) = ia 2.75) 
[4 Vv (In V, — In V;) Riig ( j 


For a perfect gas, Cy is a function of T [Eq. (2.69)]. If the temperature change in 
the process is not large, Cy, will not change greatly and can be taken as approximately 

constant. Another case where Cy, is nearly constant is for monatomic gases, where j 
Cy is essentially independent of T over a very wide temperature range (see Sec. 2.11 
and Fig. 2.12). With the approximation of constant Cy, we have |? (C,/T)dT = 
Cy fî TdT =C, in(T3/T,), and Eq. (2.75) becomes Cy In (T/T) =R In(V;/Va) 
or f 

In (T3/T,) = In ViVa 


where k In x = In x* [Eq. (1.68)] was used. If In a = In b, then a = b. Therefore 


Ta A RiCy 
—= %) perf. gas, rev. adiabatic proc., Cy const. (2.76) 
Tı A 

Since Cy is always positive [Eq. (2.54)], Eq. (2.76) says that, when V, > V;, we 
will have T, < T,. A perfect gas is cooled by a reversible adiabatic expansion. In 
expanding adiabatically, the gas does work on its surroundings, and since q is zero, 
U must decrease; therefore T decreases. A near-reversible, near-adiabatic expansion 
is one method used in refrigeration. 

An alternative equation is obtained by using P,V,/T, = PV,/T2. Equation 
(2.76) becomes 


PV9/P,V; = V/V aud Piv! +8 = P2Vqit RICv 
The exponent is 1 + R/Cy = (Cy + R)/Cy = Cp/Cy, since Cp — Cy = R [Eq. (2.72)]. 
Defining the heat-capacity ratio y (gamma) as 


7 = Cp/Cy 
we have 


PV,” = P2V," perf. gas, rev. ad. proc., Cy const. (2.77) 


For an adiabatic process, AU = q + w = w. Fora perfect gas, dU = Cy dT. With 
the approximation of constant Cy, we have 


AU =C,(T, — T,)=w perf. gas, ad. proc., Cy const. (2.78) 


We might compare a reversible isothermal expansion of a perfect gas with a 
reversible adiabatic expansion of the gas. Let the gas start from the same initial P, 
and V, and go to the same V}. For the isothermal process, T} = T,. For the adiabatic 
expansion, we showed that T, < T,. Hence the final pressure P, for the adiabatic 
expansion must be less than P, for the isothermal expansion (Fig. 2.9). 


Summary. A perfect gas obeys PV = nRT, has (0U/V)7 = 0 = (3H/ôP)r, has U, 
H, Cy, and Cp depending on T only, has Cp — Cy = nR, and has dU = C,dT and 
dH = CpdT. These equations are valid only for a perfect gas. One of the most com- 
mon errors students make in thermodynamics is to use one of these equations where 
it is not applicable. 


CALCULATION OF FIRST-LAW QUANTITIES 


This section reviews various kinds of thermodynamic processes and then summa- 
rizes the available methods for the calculation of q, w, AU, and AH in a process. 


Thermodynamic Processes. When a thermodynamic system undergoes a change of 
state, We say it has undergone a process. The path of a process consists of the series of 
thermodynamic states through which the system passes on its way from the initial state 
to the final state. Two processes that start at the same initial state and end at the same 
final state but go through different paths (for example, a and b in Fig. 2.3) are different 
processes. 
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In a cyclic process, the final state is the same as the initial state. In a cydli 
process, the change in all state functions is zero: 0 = AT = AP = AV = AU =A} 
etc. However, q and w need not be zero for a cyclic process (recall the example j 
the last section). 

In a reversible process, the system is always infinitesimally close to equilibrium 
and an infinitesimal change in conditions can restore both system and surrounding 
to their initial states. To perform a process reversibly, one must have only infinitesimg 
differences in pressures and temperatures, so that work and heat will flow slowly 
any changes in chemical composition must occur slowly and reversibly; moreoye 
there must be no friction. We found that the work in a mechanically reversible proc 
ess is given by dW,ey = — P dV. In Chap. 3, we shall relate the heat dq,,, in a rey nN 
ible process to state functions [see Eq. (3.22)]. 

In an isothermal process, T is constant throughout the process. To achieve thi 
experimentally, one encloses the system in thermally conducting walls and places il 
in a large constant-temperature bath. For a perfect gas, U is a function of T only, s 
U is constant in an isothermal process; this is not necessarily true for systems otha 
than perfect gases. 

In an adiabatic process, dq = 0 and q = 0. This can be achieved by surroundiny 
the system with adiabatic walls, 

In a constant-volume (isochoric) process, V is held constant throughout the 
process. Here, the system is enclosed in rigid walls. Provided the system is capable 
of only P-V work, the work w is zero in an isochoric process. 

In a constant-pressure (isobaric) process, P is held constant throughout the 
process. Experiments with solids and liquids are often performed with the system open 
to the atmosphere; here P is constant at the atmospheric pressure, To performa 
constant-P process in a gas, one encloses the gas in a cylinder with a movable 
piston, holds the external pressure on the piston fixed at the initial pressure of the 
gas, and slowly warms or cools the gas, thereby changing its volume and temperatur ` 
at constant P. For a constant-pressure process, we found that AH = qp. 

Students are often confused in thermodynamics because they do not understand 
whether a quantity refers to a property of a system in some particular thermodynamit 
state or whether it refers to a process (change of state) a system undergoes. For ex | 
ample, the quantity H is a property of a system and has a definite value once tht 
system’s state is defined; the quantity AH = H, — H; is the change in enthalpy for 
a process in which the system goes from state 1 to state 2. Each state of a thermo 
dynamic system has a definite value of H. Each change of state has a definite value of 
AH. 

We now review calculation of q, w, AU, and AH for various processes, Through | 
out the following, we assume that the system is closed and that only P-V work is done. 


1. Reversible phase change at constant T and P. The heat q is found from the 
measured latent heat (Sec. 7.2) of the phase change. The work w is found from 
w= — ff PdV = —PAY, where AV is calculated from the densities of the twò 
phases. If one phase is a gas, we can use PV = nRT to find its volume (unless the 
gas is at high density). AH for this constant-pressure process is found from AH = 
4p = q. Finally, AU is found from AU = q +w. As an example, the measured 


changes or with heat capacities. These quantities must be measured. (One can use 
statistical mechanics to calculate theoretically the heat capacities of certain systems, 
as we shall later see.) 

. Constant-pressure heating with no phase change. A constant-pressure process is 
mechanically reversible, so w = Wey = -f PdV = —P AV, where AV is found 
from the densities at the initial and final temperatures or from PV = nRT if the 
substance is a perfect gas. If the heating (or cooling) is reversible, then T of the 
system is well defined and Cp = dqp/dT applies. Integration of this equation and 
use of AH = qp give 


T2 
AH = qp = f Cp(T)dT const. P (2.79) 
Ti 
Since P is constant, we didn’t bother to indicate that Cp depends on P as well as 
on T. The dependence of Cp and Cy on pressure is rather weak; unless one deals 
with high pressures, a value of Cp measured at 1 atm can be used at other pres- 
sures. AU is found from AU =q + w = qp + w. 

If the constant-pressure heating is irreversible (for example, if during the 
heating there is a finite temperature difference between system and surroundings 
or if temperature gradients exist in the system), the relation AH = f CpdT still 
applies, so long as the initial and final states are equilibrium states. This is so 
because H is a state function and the value of AH is independent of the path 
(process) used to connect states 1 and 2. If AH equals fi CpdT for a reversible 
path between states 1 and 2, then AH must equal fi CpdT for any irreversible 
path between states 1 and 2. Also, in deriving AH = qp [Eq. (2.46)], we did not 
assume the heating was reversible, only that P was constant. Thus, Eq. (2.79) holds 
for any constant-pressure temperature change in a closed system with P-V work 
only. 

Since H is a state function, we can use the integral in (2.79) to find AH for 
any process whose initial and final states have the same pressure, whether or not 
the entire process occurs at constant pressure. 

. Constant-volume heating with no phase change. Since V is constant, w = 0. Inte- 
gration of Cy = dqy/dT and use of AU = q + w = qy give 


2 
AU = f CydT = qy V const. (2.80) 
1 
As for (2.79), Eq. (2.80) holds whether or not the heating is reversible. AH is found 
from AH = AU + A(PV) = AU + V AP. 
. Perfect-gas change of state. Since U and H of a perfect gas depend on T only, 
we integrate dU = Cy dT and dH = CpdT [Eas. (2.68) and (2.70)] to give 
Ta T2 
AU = f C,(T)dT, AH = f CAT)dT perf. gas (2.81) 
Ti Ti 
If Cy(T) or Cp(T) is known, we can use Cp — Cy =nR and integrate to find 
AU and AH. The equations of (2.81) apply to any perfect-gas change of state 
including irreversible changes and changes in which P and V change. The values 
of q and w depend on the path. If the process is reversible, then w = —f? Pav = 
—nR fj (T/V)dV, and we can find w if we know how T varies as a function of V. 
Having found w, we use AU = q + w to find q. 
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5. Reversible isothermal process in a perfect gas. Since U and H of the perfect 
are functions of T only, we have AU = 0 and AH = 0. Also, w = =j} Pd 
—nRT ln (V,/V;) and q = —w, since q + w = AU = 0. 

6. Reversible adiabatic process in a perfect gas. The process is adiabatic, so q 
We find AU and AH from Eq. (2.81). The first law gives w = AU. If Cy ise 
tially constant, the final state of the gas can be found from P; V,” = P, V2", wi 
y=Cp/Cy. 

7. Adiabatic expansion of a perfect gas into vacuum. Here (Sec. 2.7) q = 0, w- 
AU =q+w=0, and AH = AU + A(PV) = AU + nRAT =0. 


Equations (2.79) and (2.80) tell us how a temperature change at constant P 
at constant V affects H and U. At this point, we are not yet able to find the eff 
of a change in pressure or volume on H and U. This will be dealt with in Chap 

A word about units. The majority of heat-capacity and latent-heat data 
tabulated in calories, so q is often calculated in calories. Pressures are often gi 
atmospheres, so P-V work is often calculated in cm? atm. The SI recommended u 
for q, w, AU, and AH is the joule. Hence we frequently want to convert betwe 
joules, calories, and cm? atm. We do this by using the values of R in (1.19) to (L 


STATE FUNCTIONS AND LINE INTEGRALS 


We now discuss ways to test whether some quantity is a state function, Let the sys 
go from state | to state 2 by some process. We subdivide the process into infinites 
steps. Let db be some infinitesimal quantity associated with each infinitesimal $ 
For example, db might be the infinitesimal amount of heat that flows into the sys' 
in an infinitesimal step (db = dq), or it might be the infinitesimal change in sys 
pressure (db = dP), or it might be the infinitesimal heat flow divided by the syste 
temperature (db = dq/T), etc. To determine whether db is the differential of a 
function, we consider the line integral LÎî db, where the L indicates that the integr 
value depends in general on the process (path) used to go from state 1 to stat 

The line integral iS? db equals the sum of the infinitesimal quantities db for 
infinitesimal steps into which we have divided the process. If b is a state functio 
then the sum of the infinitesimal changes in b is equal to the overall change Ab 
b, — b, in b from the initial state to the final state, For example, if b is the te 
perature, then ¿ff dT = AT = T, — T; similarly, 1Ji dU = U3 — U |. We have 


2 

Í db = b, — b; if b is a state function 
1 

L 


Since b3 — b, is independent of the path used to go from state 1 to state 24 
depends only on the initial and final states 1 and 2, the value of the line integri 
LI? db is independent of the path when b is a state function. 

Suppose b is not a state function. For example, let db = dq, the infinitesimal hei 
flowing into a system. The sum of the infinitesimal amounts of heat is equal to 
total heat q flowing into the system in the process of going from state 1 to state 
we have ¿f? dq = q; similarly, Li dw =, where w is the work in the process. W 
have seen that q and w are not state functions but depend on the path used to go fro 
State 1 to state 2. The values of the integrals Lli dq and Li dw depend on th 


path from 1 to 2, In general, if b is not a state function, then ; f} db depends on the 
path, Differentials of a state function, for example, dU, are called exact differentials 
in mathematics; the differentials dq and dw are inexact. Some texts use a special 
symbol to denote inexact differentials and write dq and dw (or Dq and Dw) instead 
of dq and dw. 

From (2.82), it follows that, if the value of the line integral ,{7 db depends on 
the path used to go from state | to state 2, then b cannot be a state function, 

Conversely, if ili db has the same value for every possible path from state 1 
to state 2, b is a state function whose value for any state of the system can be defined 
as follows. We pick a reference state r and assign it some value of b, which we denote 
by b,. The b value of an arbitrary state 2 is then defined by 


2 
by —b = f db (2.83) 


Since, by hypothesis, the integral in (2.83) is independent of the path, the value of 
b, depends only on state 2; b} = b2(T2, P2), and b is therefore a state function. 

If A is any state function, AA must be zero for any cyclic process. To indicate 
a cyclic process, one adds a circle to the line-integral symbol. If b is a state function, 
then (2.82) gives $ db = 0 for any cyclic process. For example, $ dU = 0. But note 
that $ dq = q and $ dw = w, where the heat q and work w are not necessarily zero 
for a cyclic process. 

We now show that, if 


fæ=0 


for every cyclic process, then the value of ,{} db is independent of the path and 
hence b is a state function. Figure 2.10 shows three processes, I, II, and II, connecting 
states | and 2, Processes I and II constitute a cycle; hence the equation $ db = 0 gives 


1 2 
f af db=0 (2.84) 
2 1 
1 " 


Likewise, processes I and III constitute a cycle, and 


1 2 
} db + f db =0 (2.85) 
2 1 


i m 
Subtraction of (2.85) from (2.84) gives 


2 2 
f db -f db (2.86) 
1 1 
n 


m 
Since processes II and III are arbitrary processes connecting states 1 and 2, Eq. (2.86) 
shows that the line integral , {7 db has the same value for any process between states 
1 and 2. Therefore b must be a state function. 


Summary. If b is a state function, then ,{7 db is equal to b, — b, and is indepen- 
dent of the path from state 1 to state 2. Ifb is a state function, then $ db = 0. 

If the value of zf} db is independent of the path from 1 to 2, then b is a state 
function. If $ db = 0 for every cyclic process, then b is a state function. 
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Kinds of motions in the CO, 
molecule. 3 


a translation 


a rotation 


a vibration 


THE MOLECULAR NATURE OF INTERNAL ENERGY 


The molecular description of internal energy is outside the scope of thermodynai 
but a qualitative understanding of molecular energies is helpful. 
Consider first a gas. The molecules are moving through space. A molecule ha 
a translational kinetic energy 4mv?, where m and v are the mass and speed of th 
molecule. A translation is a motion in which every point of the body moves the sam 
distance in the same direction. We shall later use statistical mechanics to show tha 
the total molecular translational kinetic energy U,, of one mole of a gas is directly 
proportional to the absolute temperature and is equal to 3RT [Eq. (15.15)]: Üy 
3RT, where R is the gas constant. 
If each gas molecule has more than one atom, then the molecules undergo fo 
tational and vibrational motions in addition to translation. A rotation is a motion 
in which the spatial orientation of the body changes, but the distances between al 
points in the body remain fixed and the center of mass of the body does not mow 
(so that there is no translational motion). In Chap. 22, we shall use statistical me 
chanics to show that except at very low temperatures the energy of molecular rotation 
Ü oi in one mole of gas is RT for linear molecules and 3RT for nonlinear molecule 
[Eq. (22.112)]: Uotin = RT; Ū,ot,nontin = 3RT- 
Besides translational and rotational energies, the atoms in a molecule posse 
vibrational energy. In a molecular vibration, the atoms oscillate about their equilib: 
rium positions in the molecule. A molecule possesses various characteristic ways of 
vibrating, each way being called a vibrational normal mode (see, for example, Figs: 
21.24 and 21.23). Quantum mechanics shows that (in contrast to molecular rotatio 
energy) the lowest possible vibrational energy is not zero but is equal to a certain 
quantity called the molecular zero-point vibrational energy (so-called because it if 
present even at absolute zero temperature). The vibrational energy contribution Uy, 
to the internal energy of a gas is a complicated function of temperature [ Eq. (22.113) 
For most light diatomic (two-atom) molecules (for example, H3, N3, HF, CO) at low 
and moderate temperatures (up to several hundred kelvins), the average molecula 
vibrational energy remains nearly fixed at the zero-point energy as the temperatutt 
increases. For polyatomic molecules (especially those with five or more atoms) and 
for heavy diatomic molecules (for example, I,) at room temperature, the molecules 
usually possess significant amounts of vibrational energy above the zero-point energy. 
Figure 2.11 shows translational, rotational, and vibrational motions in CO. 
In classical mechanics, enérgy has a continuous range of possible values. Quan- 
tum mechanics (Chap. 18) shows that the possible energies of a molecule are restricted ” 
to certain values called the energy levels. For example, the possible rotational-energy 
values of a diatomic molecule turn out to be J(J + 1b [Eq. (18.71)], where b isa 
constant for a given molecule and J can have the values 0, 1, 2, etc. One finds (Sec 
22.5) that there is a distribution of molecules over the possible energy levels. Fot 
example (Prob. 22.46), for CO gas at 298 K, 0.93 percent of the molecules are in the 
J = 0 level, 2.7 percent are in the J = | level, 4.4 percent are in the J = 2 level, „n. 
3.1 percent are in the J = 15 level,... . As the temperature increases, more and more | 
molecules are found in higher energy levels, the average molecular energy increases, | 
and the thermodynamic internal energy and enthalpy increase (Fig. 5.8). i 
Besides translational, rotational, and vibrational energies, a molecule possesses 
electronic energy £ (epsilon el). We define this Energy as £e = Eeq — E, Where beg 


is the energy of the molecule with the nuclei at rest (no translation, rotation, or 
vibration) at positions corresponding to the equilibrium molecular bond lengths and 
angles, and £ is the energy when all the nuclei and electrons are at rest at positions 
infinitely far apart from one another, so as to make the electrical interactions between 
all the charged particles vanish. (The quantity ¢,, is given by the special theory of 
relativity as the sum of the rest-mass energies m,.,¢? for the electrons and nuclei.) 
For a stable molecule, £q is less than £. 

The electronic energy £. can be changed by exciting a molecule to a higher 
electronic energy level. For nearly all common molecules, there is a very large gap 
between the lowest electronic energy level and higher electronic levels, so at tempera- 
tures below, say, 5000 K, virtually all the molecules are in the lowest electronic level 
and the contribution of electronic energy to the internal energy remains constant as 
the temperature increases (provided no chemical reactions occur). 

In a chemical reaction, the electronic energies of the product molecules differ 
from those of the reactant molecules, and a chemical reaction changes the thermo- 
dynamic internal energy U primarily by changing the electronic energy. Although 
the other kinds of molecular energy generally also change in a reaction, the electronic 
energy undergoes the greatest change. 

Besides translational, rotational, vibrational, and electronic energies, the gas 
molecules possess energy due to attractions and repulsions between them (intermo- 
lecular forces); intermolecular attractions cause gases to liquefy. The nature of inter- 
molecular forces will be discussed in detail in Sec. 22.10. Here, we shall just quote 
some key results. The discussion is confined to forces between neutral molecules. 

The force between two molecules depends on the orientation of one molecule 
relative to the other. For simplicity, one often ignores this orientation effect and uses 
a force suitably averaged over different orientations so that it is a function solely of 
the distance r between the centers of the two interacting molecules. Figure 22.17a 
shows the typical behavior of the potential energy v of interaction between two mole- 
cules as a function of r; the quantity o (sigma) is the average diameter of the two 
molecules. Note that, when the intermolecular distance r is greater than 23 or 3 times 
the molecular diameter g, the intermolecular potential energy v is negligible. Inter- 
molecular forces are generally short-range. When r decreases below 3a, the potential 
energy decreases at first, indicating an attraction between the molecules, and then 
rapidly increases when r becomes close to ø, indicating a strong repulsion. Molecules 
initially attract each other as they approach and then repel each other when they 
collide. The magnitude of intermolecular attractions increases as the number of elec- 
trons in the molecules increases, and it increases as the molecular dipole moments 
increase. r 

The average distance between centers of molecules in a gas at 1 atm and 25°C 
is about 35 A (Prob. 2.41), where the angstrom (A) is 


1 Å = 1078 cm =107'° m (2.87)* 


Typical diameters of reasonably small molecules are 3 to 6 A [see (16.26)]. The aver- 
age distance between gas molecules at 1 atm and 25°C is 6 to 12 times the molecular 
diameter. Since intermolecular forces are negligible for separations beyond 3 times 
the molecular diameter, the intermolecular forces in a gas at 1 atm and 25°C are 
quite small and make very little contribution to the internal energy U. Of course, 
the spatial distribution of gas molecules is not actually uniform, and even at | atm 
there are significant numbers of molecules quite close together, so there is some 
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contribution of intermolecular forces to U. At 40 atm and 25°C, the average distg 
between gas molecules is only 10 A, and we can expect substantial contributions 
intermolecular forces to U. 
Let Uintermo: be the contribution of intermolecular interactions to U. Um 
differs for different gases, depending on the strength of the intermolecular forces, 
Prob. 4.19, we shall find that, for a gas, Uimtermot iS typically — 1 to — 10 cal/moli 
1 atm and 25°C, and —40 to —400 cal/mol at 40 atm and 25°C. (U intermon 8 negati 
because intermolecular attractions lower the internal energy.) These numbers mayb 
compared with the 25°C values U,, = 3RT = 900 cal/mol and U,,, = $RT (or RT). 
900 cal/mol (or 600 cal/mol). 
The fact that it is very hard to compress liquids and solids tells us that in con 
densed phases the molecules are quite close to one another, with the average distan 
between molecular centers being only slightly greater than the molecular diamete 
Here, intermolecular forces contribute very substantially to U. In a liquid, the mole 
ular translational, rotational, and vibrational energies are, to a good approximatig 
(Sec. 22.11), the same as in a gas at the same temperature. We can therefore find 
U;ntermo1 in a liquid by measuring AU when the liquid vaporizes to a low-pressut 
gas. AU for vaporization of a liquid (calculated from experimental heats of vaporizi 
tion) typically lies in the range 3 to 15 kcal/mol, indicating Ujniermo) Values of — 300 
to — 15000 cal/mol, far greater in magnitude than Ujnrermo in gases and U,, and Ü, 
in room-temperature liquids and gases. d 
Discussion of U in solids is complicated by the fact that there are several kind 
of solids (see Sec. 24.3). Here, we consider only molecular solids, those in which th 
structural units are individual molecules, these molecules being held together by inte 
molecular forces. In solids, the molecules generally don’t undergo translation or roti 
tion, and the translational and rotational energies found in gases and liquids af 
absent. Vibrations within the individual molecules contribute to the internal energ 
In addition, there is the contribution Uintermor Of intermolecular interactions to th 
internal energy. Intermolecular interactions produce a potential-energy well (simila 
to that in Fig. 22.174) within which each entire molecule as a unit undergoes a vi 
brationlike motion that involves both kinetic and potential energies. Estimates 0 
Wee from heats of sublimation of solids to vapors indicate that for molecular 
crystals Uintermot iS in the same range as for liquids. 
For a gas or liquid, we have 
U= Uy + Uru + yin + Ua + Uinter + U, 


rest 


where Ū,es is the molar rest-mass energies of the electrons and nuclei and is @ 


constant. Provided no chemical reactions occur and the temperature is not extremely 


high, U,, is a constant. Uintermot is a function of T and P. Tier Troy, and Ū,p a 
functions of T. 


_ Fora perfect gas, Ūintermoi = 0. The use of Oy, = IRT, Oot nonin = ¢RT, AA 
rot.tin = RT gives 


U =3RT +3RT (or RT) + Oyn(T) + const. perf. gas (2.88) 
For a monatomic gas (for example, He, Ne, Ar), Üa =0= Tiv» 80 
U=3RT + const. perf. monatomic gas (2.89) 
The use of Cy = (@U/@T)y and Cp — Cy = R gives 
Cy=3R,  Cp=4R perf. monatomic gas (2.90) 


provided T is not extremely high. 


T, [cal mol! K-1) 
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For polyatomic gases, the translational contribution to Cy is Cy4, = 3R; the 
rotational contribution is Cy rot1in = R, Cy rot,noniin = 2R (provided T is not ex- 
tremely low); Cy vi is a complicated function of T—for light diatomic molecules, 
Cy vip is negligible at room temperature. 

Figure 2.12 plots Cp at latm vs. T for several substances. Note that 
Cp =4R = 5 cal/(mol K) for He gas at all temperatures between 50 and 1000 K. For 
H,O gas, Cp starts at 4R = 8 cal/(mol K) at 373 K and increases as T increases. 
Cp =4R means Cy = 3R; the value 3R for this nonlinear molecule comes from 
Cyr + Cyro = 3R +3R. The increase above 3R as T increases is due to the con- 
tribution from Ĉy ip as excited vibrational levels become populated. The curve for 
CH, gas is explained similarly. 

The high value of Cp for liquid water as compared with that for water vapor 
results from the contribution of intermolecular interactions to U. Usually Cp for a 
liquid is substantially greater than for the corresponding vapor. 

The theory of heat capacities of solids will be discussed in Sec. 24.12. Here, we 
note that Cp goes to zero as T goes to zero for all solids. 

The heat capacities Cp = (@H/2T)p and Cy =(0U/0T)y are measures of how 
much energy must be added to a substance to produce a given amount of temperature 
increase. The more ways (translation, rotation, vibration, intermolecular interactions) 
a substance has of absorbing added energy, the greater will be its Cp and Cy values. 


PROBLEM SOLVING 


Trying to learn physical chemistry solely by reading a textbook without working 
problems is about as effective as trying to improve your physique by reading a book 
on body conditioning without doing the recommended physical exercises. 


— E 


SECTION 2.12 


Cp at 1 atm vs. T for several 
substances; s, l, g stand for solid, 
liquid, gas. 


EE =| 


CHAPTER 2 


If you don’t see how to work a problem, it often helps to carry out the followin 
steps: 


1. List all the relevant information that is given. 

2. List the quantities to be calculated. 

3. Ask yourself what equations, laws, or theorems connect what is known to what i 
unknown. 

4. Apply the relevant equations to calculate what is unknown from what is giv 


Although these steps are just common sense, they can be quite useful. The point 
is that problem solving is an active process. Listing the given information and th 
unknown quantities and actively searching for relationships that connect them ge 
your mind working on the problem, whereas simply reading the problem over and 
over may not get you anywhere. In listing the given information, it is helpful to trans- 
late the verbal statements in the problem into equations. For example, the phrase 
“adiabatic process” is translated into dq = 0 and q = 0; “isothermal process” is trans- 
lated into dT = 0 and T = constant. 

In steps 1 and 2, sketches of the system and the processes involved may be help- 
ful. In working a problem in thermodynamics, one must have clearly in mind which 
portion of the universe is the system and which is the surroundings. The nature of 
the system should be noted—whether it is a perfect gas (for which many special rela: 
tions hold), a nonideal gas, a liquid, a solid, a heterogeneous system, etc. Likewise, 
be aware of the kind of process involved—whether it is adiabatic, isothermal (T con 
stant), isobaric (P constant), isochoric (V constant), reversible, or whatever, 1 

Of course, the main hurdle is step 3. Because of the many equations in physical 
chemistry, it might seem a complex task to find the right equation to use in a problem, | 
However, there are relatively few equations that are best committed to memory; these 
are usually the most fundamental equations, and usually they have fairly simple forms. 
For example, we have several equations for mechanically reversible P-V work ina 
closed system: dw,ey = —P dV gives the work in an infinitesimal process; w,e= 
-f PdV gives the work in a finite process; the work in a constant-pressure proces 
is — P AV; the work in an isothermal process in a perfect gas is w = nRT In (V,/Vyh 
The only one of these equations worth memorizing is dw,., = — P dV, since the others 
can be quickly derived from it. Moreover, rederiving an equation from a fundamental 
equation reminds you of the conditions under which the equation is valid. Readers 
who have invested their time mainly in achieving an understanding of the ideas and 
equations of physical chemistry will do better than those who have spent their time 
memorizing formulas. 

Many of the errors students make in thermodynamics arise from using an equa- 
tion where it does not apply. To help prevent this, many of the equations have the 
conditions of validity stated next to them. Be sure the equations you are using are 
applicable to the system and process involved. For example, students asked to calculate 
q in a reversible isothermal expansion of a perfect gas sometimes write “dq = CpdT 
and since dT = 0, we have dq = 0 and q = 0.” This conclusion is erroneous. Why! 
(See Prob. 2.51.) 

If you are baffled by a problem, the following suggestions may help you. (a) Ask 
yourself what given information you have not yet used, and see how this information 
might help solve the problem. (b) Instead of working forward from the known quanti- 
ties to the unknown, try working backward from the unknown to the known, To do 
this, ask yourself what quantities you must know to find the unknown; then ask your- 


self what you must know to find these quantities; etc. (c) Write down the definition 
of the desired quantity. For example, if a density is wanted, write p = m/V and ask 
yourself how to find m and V. If an enthalpy change is wanted, write H = U + PV 
and AH = AU + A(PV) and see if you can find AU and A(PV). (d) In analyzing a 
thermodynamic process, ask yourself which state functions stay constant and which 
change. Then ask what conclusions can be drawn from the fact that certain state 
functions stay constant. For example, if V is constant in a process, then the P-V work 
must be zero. 

As to step 4, performing the calculations, errors can be minimized by carrying 
units of all quantities as part of the calculation. Avoid substitution of numerical values 
until the final formula has been obtained; frequently, intermediate quantities will 
cancel. Express the answer to the proper number of significant figures. Use an elec- 
tronic calculator for numerical calculations. Exponentials and logs are used so fre- 
quently in physical chemistry that it is eminently worthwhile to buy a calculator that 
has keys for these functions. Additional useful, but not essential, features for a cal- 
culator are programmability and a built-in least-squares capability. After the calcula- 
tion is completed, it is a good idea to check the entire solution. If you are like most 
of us, you are probably too lazy to do a complete check, but it takes only a few 
seconds to check that the sign and the magnitude of the answer are physically rea- 
sonable. Sign errors are especially common in thermodynamics, since most quanti- 
ties can be either positive or negative. 

A solutions manual for problems in this textbook is available from the publisher 
on authorization of your instructor. 


SUMMARY 
The work done on a closed system when it undergoes a mechanically reversible in- 
finitesimal volume change is dw,.y = —PdV. 


The line integral ff P(T, V)dV (which equals — w,ey) is defined to be the sum 
of the infinitesimal quantities P(T, V)dV for the process from state 1 to state 2. In 
general, the value of a line integral depends on the path from state 1 to state 2. 

The heat transferred to a body of constant composition when it undergoes a 
temperature change dT at constant pressure is dgp = CpdT, where Cp is the body's 
heat capacity at constant pressure. 

The first law of thermodynamics expresses the conservation of the total energy 
of system plus surroundings. For a closed system at rest in the absence of fields, the 
total energy equals the internal energy U, and the change in U in a process is AU = 
q +w, where q and w are the heat flowing into and the work done on the system 
in the process. U is a state function, but q and w are not state functions. 

The state function enthalpy H is defined by H = U + PV. For a constant- 
pressure process, AH = qp in a closed system with P-V work only. 

The heat capacities at constant pressure and constant volume are Cp = 
dqp/dT = (0H/8T)p and Cy = dqy/dT = (3U /ôT)y- 

The Joule and Joule-Thomson experiments measure (0T/@V)y and (@T/@P)y; 
these derivatives are closely related to (@U/@V), and (6H/0P)r- 

A perfect gas obeys PV = nRT and (ôU/ôV)r = 0. The changes in thermody- 
namic properties for a perfect gas are readily calculated for reversible isothermal and 
reversible adiabatic processes. 


SECTION 2,13 


The methods used to calculate q, w, AU, and AH for various kinds of the 
dynamic processes were summarized in Sec. 2.9. 

The line integral if? db is independent of the path from state 1 to state 2 if 
only if b is a state function. The line integral $ db is zero for every cyclic process 
and only if b is a state function. 

The molecular interpretation of internal energy in terms of intramolecular 
intermolecular energies was discussed in Sec. 2.11. 

Important kinds of calculations dealt with in this chapter include calculations 
q, w, AU, and AH for 


CHAPTER 2 


* phase changes (for example, melting) 

* heating a substance at constant pressure 

e heating at constant volume 

* isothermal reversible process in a perfect gas 

* adiabatic reversible process in a perfect gas with Cy constant 
* adiabatic expansion of a perfect gas into vacuum 

e constant-pressure reversible process in a perfect gas 

* constant-volume reversible process in a perfect gas 


FURTHER READING 


Zemansky and Dittman, chaps. 3, 4, 5; Andrews (1971), chaps. 5, 6, 7; de Heer, cha ‘ 
3, 9; Kestin, chap. 5; Reynolds and Perkins, chaps. 1, 2; Van Wylen and Sonnt 
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2.1 Express each of these units as a combination of meters, 
kilograms, and seconds: (a) joule; (b) pascal; (c) liter; (d) newton; 
(e) watt. 


2.2 Verify Eqs. (2.9) and (2.16). 


2.3 An apple of mass 155 g falls from a tree and is caught by 
a small boy. If the apple fell a distance of 10.0 m, find (a) the 
work done on the apple by the earth’s gravitational field; (b) 
the kinetic energy of the apple just before it was caught; (c) the 
apple’s speed just before it was caught. 


2.4 An apple of mass 102 g is ground up into applesauce and 
spread evenly over an area of 1.00 m? on the earth’s surface, 
What is the pressure exerted by the applesauce? 


2.5 Using the P,, V,, P3, V, values of the Sec. 2.2 example, 


find w,., for process (b) of Fig. 2.3 by (a) finding the area under 
the curve; (b) using wey = — f? PdV. 


2.6 A nonideal gas is heated slowly and expands reversibly at 
a constant pressure of 275 torr from a volume of 385 cm? to 
875 cm°. Find w in joules. 


2.7 Using the P}, V,, P3, V> values of the Sec. 2.2 example, 
find w for a reversible process that goes from state | to state 
2 in Fig. 2.3 viaa straight line (a) by calculating the area under 
the curve; (b) by using w,ey = — fi PdV. Hint: The equation of 
the straight line that goes through points x,, y, and xz, y2 i5 
W= YX = x1) = (y2 — yy)/(x — xy). 


28 it was stated in Sec. 2.2 that for a given change of state, 
Wrey Can have any positive or negative value. Consider a change 
of state for which P, = P, and V, > V;. For this change of 


state, use a P-V diagram to (a) sketch a process with w,., < 0; 
(b) sketch a process with wey > 0. Remember that neither P nor 
V can be negative. 


2.9 Specific heats can be measured in a drop calorimeter; here, 
a heated sample is dropped into the calorimeter and the final 
temperature is measured. When 45.0 g of a certain metal at 
70.0°C is added to 24.0 g of water at 10.0°C in an insulated 
container, the final temperature is 20.0°C. (a) Find the specific 
heat capacity of the metal. (b) How much heat flowed from the 
metal to the water? Note: In (a), we are finding the average cp 
over the temperature range of the experiment. To determine cp 
as a function of T, one repeats the experiment many times, 
using different initial temperatures for the metal. 


2.10 Reynolds tells the following apocryphal story (W. C. 
Reynolds, Thermodynamics, 2d ed., McGraw-Hill, 1968, p. 43). 
One Friday afternoon in December 1843, Prof. J. Yule left his 
laboratory in charge of his assistant, Dr. B. T. Ewe. On re- 
turning the following Monday, Yule found that a beaker of 
water that on Friday had been at 25°C was now at 40°C. Yule’s 
student Cal Orick said that Ewe must have heated the water. 
Ewe denied this, stating that in fact the only heat transfer in- 
volved was a cooling of the beaker by placing it on a block of 
ice for a while. Shortly thereafter, Cal Orick went mad, and 
J. Yule became a member of the Royal Society. Explain how 
B. T. Ewe increased the water’s temperature by a process with 
q4<0. 


2.11 For which of these systems is the system’s energy con- 
served in every process: (a) a closed system; (b) an open system; 
(c) an isolated system; (d) a system enclosed in adiabatic walls? 


2.12 One food calorie = 10° cal = 1 kcal. A typical adult in- 
gests 2200 kcal/day. Show that an adult uses energy at about 
the same rate as a 100-W lightbulb. 


2.13 A mole of water vapor initially at 200°C and 1 bar 
undergoes a cyclic process for which w = 145 J. Find q for this 
process. 


2.14 William Thomson tells of running into Joule in 1847 at 
Mont Blanc; Joule had with him his bride and a long thermom- 
eter with which he was going to “try for elevation of tempera- 
ture in waterfalls.” Niagara Falls is 190 ft high. Calculate the 
temperature diference between the water at the top and at the 
bottom of the falls. 


2.15 Imagine an isolated system divided into two parts, 1 and 
2, by a rigid, impermeable, thermally conducting wall. Let heat 
4, flow into part 1. Use the first law to show that the heat flow 
for part 2 must be q, = =q. 


2.16 Sometimes one sees the notation Aq and Aw for the heat 
flow into a system and the work done during a process. Explain 
why this notation is misleading. 


2.17 The potential energy stored in a spring is 4kx?, where k 
is the force constant of the spring and x is the distance the 
spring is stretched from equilibrium. Suppose a spring with 
force constant 125 N/m is stretched by 10.0 cm, placed in 112 g 
of water in an adiabatic container, and released. The mass of the 
spring is 20 g, and its specific heat capacity is 0.30 cal/(g °C). 
The initial temperature of the water is 18.000°C, and its spe- 
cific heat capacity is 1.00 cal/(g °C). Find the final temperature 
of the water. 


2.18 Consider a system enclosed in a vertical cylinder fitted 
with a frictionless piston. The piston is a plate of negligible 
mass, on which is glued a mass m whose cross-sectional area is 
the same as that of the plate. Above the piston is a vacuum. 
(a) Use conservation of energy in the form dEsysı + dEşurr = 0 to 
show that for an adiabatic volume change dEsysı = —mg dh — 
dK pis where dh is the infinitesimal change in piston height, g 
is the gravitational acceleration, and dK pis is the infinitesimal 
change in kinetic energy of the mass m. (b) Show that the equa- 
tion in part (a) gives dWigey = — Pex dV — dK pisi for the irre- 
versible work done on the system, where P,,; is the pressure 
exerted by the mass m on the piston plate. (c) The system of 
(a) is initially in equilibrium and has P = 1.000 bar and V = 
2.00 dm*. The external mass m is instantaneously reduced by 
50 percent and held fixed thereafter, so that Pex remains at 
0.500 bar during the expansion. After undergoing oscillations, 
the piston eventually comes to rest. The final system volume is 
6.00 dm*. Calculate Wirrey- 


2.19 Which of the following have the dimensions of energy: 
force, work, mass, heat, pressure, pressure times volume, en- 
thalpy, change in enthalpy, internal energy, force times length? 


2.20 The state function H used to be called “the heat content.” 
(a) Explain the origin of this name. (b) Why is this name mis- 
leading? 


2.21 We showed AH =q for a constant-pressure process. 
Consider a process in which P is not constant throughout the 
entire process, but for which the final and initial pressures are 
equal. Need AH be equal to q here? (Hint: One way to answer 
this is to consider a cyclic process.) 


2.22 A certain system is surrounded by adiabatic walls. The 
system consists of two parts, | and 2. Each part is closed, is 
held at constant P, and is capable of P-V work only. Apply 
AH = qp to the entire system and to each part to show that 
qı + 42 = 0 for heat flow between the parts. 


2.23 For CH4(g) at 2000 K and 1 bar, Cp = 94.4 J/(mol K). 
Find Cp of 586 g of CH4(g) at 2000 K and 1 bar. 


2.24 For air at temperatures near 25°C and pressures in the 
range 0 to 50 bar, the 4yr values are all reasonably close to 
0.2°C/bar. Estimate the final temperature of the gas if 58 g of air 


at 25°C and 50 bar undergoes a Joule-Thomson throttlingtoa a vacuum (Joule experiment). (f) Joule-Thomson adiaby 
final pressure of | bar. throttling of a perfect gas. (g) Reversible heating of a pe 
gas at constant P. (h) Reversible cooling of a perfect ga 


2.25 Rossini and Frandsen found that, for air at 28°C anA 


and pressures in the range | to 40atm, (@U/0P);= 
—6.08 J mol”! atm~'. Calculate (00/aV/), for air at (a) 28°C 2.34 For each process state whether each of q, w, AU is 
and 1.00 atm; (b) 28°C and 2.00 atm. Hint: Use (1.35). tive, zero, or negative. (a) Combustion of benzene ina sea 

; container with rigid, adiabatic walls. (b) Combustion of bei 7 
2.26 (a) Derive Eq. (2.65). (b) Show that in a sealed container that is immersed in a water bath at 23$ 
Hsr = —(V/Cp\(xCypy — KP + 1) and has rigid, thermally conducting walls. 


where x is defined by (1.44). Hint: Start by taking (0/0P), of 2.35 One mole of liquid water at 30°C is adiabatically co 
H=U+ PV. pressed, P increasing from 1,00 to 10.00 atm. Since liquids 
solids are rather incompressible, it is a fairly good appro 
mation to take V as unchanged for this process. With this 
proximation, calculate 4, AU, and AH for this process. 


2.27 (a) Calculate q, w, AU, and AH for the reversible isother- 
mal expansion at 300 K of 5.00 mol of a perfect gas from 500 to 
1500 cm?. (b) What would AU and w be if the expansion con- 
nects the same initial and final states as in (a) but is done by 2.36 The molar heat capacity of oxygen at constant pressi 
having the perfect gas expand into vacuum? for temperatures in the range 300 to 400 K and for low or md 
erate pressures can be approximated as Cp = a + bT, wh 
a=6.15calmol™'K~! and —b = 0.00310 cal mol`! K 
(a) Calculate g, w, AU, and AH when 2.00 moles of O, ist 
versibly heated from 27 to 127°C with P held fixed at 1.00 al 
Assume perfect-gas behavior. (b) Calculate q, w, AU, and Å 
when 2.00 moles of O, initially at 1.00 atm is reversibly heal 
2.29 For N2(g), Cpis nearly constant at 3.5R = 29.1 J/(mol K) from 27 to 127°C with V held fixed. 
for temperatures in the range 100 to 400 K and low or moderate 
pressures. (a) Calculate q, w, AU, and AH for the reversible 
adiabatic compression of 1.12 g of N(g) from 400 torr and 
1000 cm? to a final volume of 250 cm°, Assume perfect-gas 
behavior. (b) Suppose we want to cool a sample of N,(g) at 
room T and P (25°C and 101 kPa) to 100 K using a reversible 
adiabatic expansion. What should the final pressure be? 


2.28 One mole of He gas with Cy = 3R/2 essentially inde- 
pendent of temperature expands reversibly from 24.6 L and 
300 K to 49,2 L, Calculate the final pressure and temperature 
if the expansion is (a) isothermal: (b) adiabatic. (c) Sketch these 
two processes on a P-V diagram. 


2.37 For this problem use 79.7 and 539.4 cal/g as the lat 
heats of fusion and vaporization of water at the normal 
ing and boiling points, €p = 1.00 cal/(g K) for liquid wal 
p= 0.917 g/cm? for ice at 0°C, p = 1.000 g/cm? and 0.958 gi 
for water at 1 atm and 0 and 100°C, respectively. Calcul 
q, w, AU, and AH for (a) the melting of 1 mole of ice at 0°C n 
1 atm; (b) the reversible constant-pressure heating of | mole 
2.30 Find q, w, AU, and AH if 2.00 g of He(g) with C, = 3R liquid water from 0 to 100°C at 1 atm; (c) the vaporization 
essentially independent of temperature undergoes (a) a revers 1 mole of water at 100°C and 1 atm. 
ible constant-pressure expansion from 20.0 dm? to 40.0 dm ; 3 
at 0.800 bar; (b) a reversible heating with P going from 0.600 bar * aR Calculate AU and AH foreach nithe following cha 
to 0.900 bar while V remains fixed at 15.0 dm? in state of 2.50 moles of a perfect monatomic gas with Cy? 

1.5R for all temperatures: (a) (1.50 atm, 400 K) — (3.00 atm 
2.31 State whether each of the following is a property of a 600 K); (b) (2.50 atm, 20.0 L) — (2.00 atm, 30.0 L); (c) (2850 
thermodynamic system or refers to a noninfinitesimal process: 400 K) + (42.0 L, 400 K). 


(2) 4; (b) U; (6) AH; (d) w; (©) Cys (f) Hyri (9) H. 2.39 Can q and w be calculated for the processes of Prob 
2.32 Give the value of Cpr [Eq. (2.50)] for (a) the melting ofice 2.38? If the answer is yes, calculate them for each process. _ 
at 0°C and 1 atm; (b) the freezing of water at 0°C and 1 atm; " = 
(c) the reversible isothermal expansion of a perfect gas; (d) the 240 For a certain perfect gas, Cy = 2.5R at all temperatu 
reversible adiabatic expansion of a perfect gas. Calculate q, w, AU, and AH when 1.00 mole of this gas unt 


2.33 (This problem is especially instructive.) For each of the expansion from (1.00 atm, 20.0 dm?) to (1.00 atm, 40.0 dmh 
following processes deduce whether each of the quantities q, w, (b) a reversible isochoric change of state from (1.00 atm 
AU, AH is positive, zero, or negative. (a) Reversible melting of 40.0 dm3) to (0.500 atm, 40.0 dm>); (c) a reversible isothermal 
solid benzene at 1 atm and the normal melting point. (b) Revers- compression from (0.500 atm, 40.0 dm?) to (1.00 atm, 20.0 dm’) 
ible melting of ice at 1 atm and 0°C. (c) Reversible adiabatic Sketch each Process on the same P-V diagram and calculalé 
expansion of a perfect gas. (d) Reversible isothermal expansion q, w, AU, and AH fora cycle that consists of steps (a), (b), and. 
of a perfect gas. (e) Adiabatic expansion of a perfect gas into (c). 


2.41 (a) Calculate the volume of 1 mole of ideal gas at 25°C 
and 1 atm. Let the gas be in a cubic container. If the gas mole- 
cules are distributed uniformly in space with equal spacing 
between adjacent molecules (of course, this really isn’t so), the 
gas volume can be divided into Avogadro’s number of imag- 
inary equal-sized cubes, each cube containing a molecule at its 
center. Calculate the edge length of each such cube. (b) What 
is the distance between the centers of the uniformly distributed 
gas molecules at 25°C and 1 atm? (c) Answer (b) for a gas at 
25°C and 40 atm. 


2.42 Estimate Cp and Cy at 300 K and 1 atm for the follow- 
ing gases: (a) Ne; (b) CO. 


2.43 Use Fig. 2.12 to decide whether Ujqrermo1 Of liquid water 
increases or decreases as T increases. 


2.44 Classify each of the following as kinetic energy, potential 
energy, or both: (a) translational energy; (b) rotational energy; 
(c) vibrational energy; (d) electronic energy. 


2.45 Explain why Cp of He gas at 10 K and 1 atm is larger 
than $R. 


2.46 (a) Use Rumford’s data given in Sec. 2.4 to estimate the 
relation between the “old” calorie (as defined in Sec. 2.3) and 
the joule. Use 1 horsepower = 746 W. (b) The same as (a) using 
Joule’s data given in Sec. 2.4. 


2.47 Students often make significant-figure errors in calcula- 
tions involving reciprocals and in taking logs and antilogs. 
(a) For a temperature of 1.8°C, calculate T~' (where T is the 
absolute temperature) to the proper number of significant fig- 
ures, (b) Find the common logs of the following numbers: 4.83 
and 4.84; 4.83 x 107° and 4.84 x 107°, From the results, for- 
mulate a rule as to the proper number of significant figures in 
the log of a number known to n significant figures. 


2.48 (a) A gas obeying the van der Waals equation of state 
(1.39) undergoes a reversible isothermal volume change from V, 
to Vz. Obtain the expression for the work w. Check that your 
result reduces to (2.74) for a = 0 = b. (b) Use the result of (a) to 
find w for 0.500 mol of N, expanding reversibly from 0.400 L 
to 0.800 L at 300 K. See Sec. 8.4 for the a and b values of N3. 
Compare the result with that found if N, is assumed to be a 
perfect gas. 


2.49 (a) If the temperature of a system decreases by 8.0°C, 
what is AT in kelvins? (b) A certain system has Cp = 5.00 J/°C. 
What is its Cp in joules per kelvin? 


2.50 Explain why Boyle’s law PV = constant for an ideal gas 


does not contradict the equation PV” = constant for a revers- 
ible adiabatic process in a perfect gas with Cy constant. 


2.51 Point out the error in the Sec. 2.12 reasoning that gave 
q =0 for a reversible isothermal process in a perfect gas. 


2.52 A perfect gas with Cy = 3R independent of T expands 
adiabatically into a vacuum, thereby doubling its volume. Two 
students present the following conflicting analyses. Genevieve 
uses Eq. (2.76) to write T/T, = (V,/2V,)®38 and T; = T,/2'/3. 
Wendy writes AU = q + w = 0 + 0 = 0 and AU = Cy AT, so 
AT = Qand T, = T,. Which student is correct? What error did 
the other student make? 


2.53 A perfect gas undergoes an expansion process at constant 
pressure. Does its internal energy increase or decrease? Justify 
your answer. 


2.54 Classify each of the following quantities as extensive or 
intensive and give the SI units of each: (a) density; (b) U; (c) F; 
(d) Cp; (e) specific heat; (f) Cy. 


2.55 A student attempting to remember a certain formula 
comes up with Cp — Cy = TVa""/x", where m and n are certain 
integers whose values the student has forgotten and where the 
remaining symbols have their usual meanings. Use dimensional 
considerations to find m and n. 


2.56 Because the heat capacities per unit volume of gases are 
small, accurate measurement of Cp or Cy for gases is not easy. 
Accurate measurement of the heat-capacity ratio y of a gas 
(for example, by measurement of the speed of sound in the gas) 
is easy. For gaseous CCl, at 0.1 bar and 20°C, experiment gives 
y = 1.13. Find Cp and Cy for CCly at 20°C and 0.1 bar. 


2.57 True or false? (a) AH is a state function. (b) Cy is inde- 
pendent of T for a perfect gas. (c) AU = q + w for every ther- 
modynamic system at rest in the absence of external fields. (d) 
A process in which the final temperature equals the initial tem- 
perature must be an isothermal process. (e) For a closed system 
at rest in the absence of external fields, U = q + w. (f) U re- 
mains constant in every isothermal process in a closed system. 
(g) q =0 for every cyclic process. (h) AU = 0 for every cyclic 
process. (i) AT = 0 for every adiabatic process in a closed sys- 
tem. (j) A thermodynamic process is specified by specifying 
the initial state and the final state of the system. (k) If a closed 
system at rest in the absence of external fields undergoes an 
adiabatic process that has w = 0, then the system’s temperature 
must remain constant. (!) P-V work is usually negligible for 
solids and liquids. 
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A major application of thermodynamics to chemistry is to provide information about 
equilibrium in chemical systems. If we mix nitrogen and hydrogen gases together 
with a catalyst, portions of each gas react to form ammonia. The first law assures 
us that the total energy of system plus surroundings remains constant during the 
reaction, but the first law cannot say what the final equilibrium concentrations will 
be. We shall see that the second law provides such information. The second law leads 
to the existence of the state function entropy S, which possesses the property that for 
an isolated system the equilibrium position corresponds to maximum entropy. The 
second law of thermodynamics is stated in Sec. 3.1. To deduce the existence of the 
state function S from the second law requires a rather lengthy chain of reasoning, 
which is carried out in Secs. 3.2 and 3.3. The remainder of this chapter shows how to 
calculate entropy changes in processes (Sec. 3.4), shows the relation between entropy 
and equilibrium (Sec. 3.5), defines the thermodynamic temperature scale (Sec. 3.6), 
and discusses the molecular interpretation of entropy (Sec. 3.7). 


THE SECOND LAW OF THERMODYNAMICS 


In 1824 a French engineer named Sadi Carnot published a study on the theoretical 
efficiency of steam engines. This book (Reflections on the Motive Power of Fire) | 
pointed out that, for a heat engine to produce continuous mechanical work, it must 
exchange heat with two bodies at different temperatures, absorbing heat from the 
hot body and discarding heat to the cold body; without a cold body for the discard 
of heat, the engine cannot function continuously. This is the essential idea of one 


form of the second law of thermodynamics. Carnot’s work had little influence at the 
time of its publication. Carnot worked when the caloric theory of heat held sway, 
and his book used this theory, incorrectly setting the heat discarded to the cold body 
equal to the heat absorbed from the hot body. When Carnot’s book was rediscovered 
in the 1840s by William Thomson (Lord Kelvin) and others, it caused confusion for 
a while, since Joule’s work had overthrown the caloric theory. Finally, about 1850, 
Thomson and Rudolph Clausius corrected Carnot’s work to conform with the first 
law of thermodynamics. 


Carnot died of cholera in 1832 at age 36. Notes of his that were not published until 
1878 showed that he believed the caloric theory to be false and planned experiments to 
demonstrate this, These planned experiments included the vigorous agitation of water, 
mercury, and alcohol and measurement of “the motive power consumed and the heat 
produced.” Carnot’s notes stated: “Heat is simply motive power, or rather motion, which 
has changed its form.,.. [Motive] power is, in quantity, invariable in nature; E asi 
never either produced or destroyed ....” In a sense, we could consider Carnot the dis- 
coverer of both the first and second laws, although his conclusions about heat and work 
remained unpublished until others had discovered the first law. 


There are several equivalent ways of stating the second law. We shall use the 
following statement, the Kelvin—Planck statement of the second law of thermody- 
namics, due originally to William Thomson and later rephrased by Planck: 


It is impossible for a system to undergo a cyclic process whose sole effects are the flow 
of heat into the system from a heat reservoir and the performance of an equivalent 
amount of work by the system on the surroundings. 


By a heat reservoir or heat bath we mean a body that is in internal equilibrium 
at a constant temperature and that is sufficiently large for flow of heat between it 
and the system to cause no significant change in the temperature of the reservoir. 

The second law says that it is impossible to build a cyclic machine that converts 
heat into work with 100 percent efficiency (Fig. 3.1). Such a machine is called a per- 
petual motion machine of the second kind. Note that its existence would not violate 
the first law, since energy is conserved in the operation of the machine. (A perpetual 
motion machine of the first kind is defined as one that violates the first law, providing 
a net output of work on each cycle with no input of energy.) 

Like the first law, the second law is a generalization from experience. There are 
three kinds of evidence for the second law. First is the failure of anyone to construct 
a machine like that shown in Fig. 3.1. If such a machine were available, it could use 
the atmosphere as a heat reservoir, continuously withdrawing energy from the atmo- 
sphere and converting it completely to useful work, It would be nice to have such a 
machine, but no one has been able to build one. Second, and more convincing, is 
the fact that the second law leads to many conclusions about equilibrium in chemical 
systems and these conclusions have been verified. For example, we shall see that the 
second law shows that the vapor pressure of a pure substance varies with temperature 
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according to dP/dT = AH/(T AV), where AH and AV are the heat of vaporizati 
and the volume change in vaporization, and this equation has been experimental 
verified. Third, statistical mechanics shows that the second law follows as a co 
quence of certain assumptions about the molecular level. 

The first law tells us that work output cannot be produced without an equivalen 
amount of energy input. The second law tells us that it is impossible to have a cyc 
machine that completely converts the random molecular energy of heat flow into thy 
ordered motion of mechanical work. As some wit has put it: The first law says yoy 
can’t win; the second law says you can’t break even. 

Note that the second law does not forbid the complete conversion of heat to 
work in a noncyclic process. Thus, if we reversibly and isothermally heat a perfec 
gas, the gas expands and, since AU = 0, the work done by the gas equals the heat | 
input [Eq. (2.74)]. Such an expansion, however, cannot be made the basis of a con. | 
tinuously operating machine; eventually, the piston will fall out of the cylinder. A 
continuously operating machine must be based on a cyclic process. 

An alternative statement of the second law is the Clausius statement: 


It is impossible for a system to undergo a cyclic process whose sole effects are the flow 
of heat into the system from a cold reservoir and the flow of an equal amount of heat 
out of the system into a hot reservoir. 


Proof of the equivalence of the Clausius and Kelvin—Planck statements is outlined 
in Prob. 3.6. 


HEAT ENGINES 


We shall use the second law to deduce theorems about the efficiency of heat engines, 
Chemists have little interest in heat engines, but our study of them is part of a chain 
of reasoning that will lead to the criterion for determining the position of chemical 
equilibrium in a system. Moreover, study of the efficiency of heat engines is related 
to the basic question of what limitations exist on the conversion of heat to work. 


Heat Engines. A heat engine converts some of the random molecular energy of 
heat flow into macroscopic mechanical energy (work). The working substance (fot 
example, steam in a steam engine) is heated in a cylinder, and its expansion moves 
a piston, thereby doing mechanical work. If the engine is to operate’ continuously, 
the working substance has to be cooled back to its original state and the piston has 
to return to its original location before we can heat the working substance again and 
get another work-producing expansion. Hence the working substance goes through | 
a cyclic process. The essentials of the cycle are the absorption of heat qy by thè 
working substance from a hot body (for example, the boiler), the performance of 
work —w by the working substance on the surroundings, and the emission of heal 
—qc by the working substance to a cold body (for example, the condenser), with the 
working substance returning to its original state at the end of the cycle. The system l 
is the working substance. | 
Our convention is that w is work done on the system; work done by the system 
is —w. Likewise, q means heat added to the system, and — qc is the heat that flows 
from the system to the cold body. For a heat engine, qy > 0, —w > 0, and —4c > 0 


so w < 0 and qc < 0. The quantity w is negative for a heat engine because the engine 
does positive work on its surroundings; qc is negative for a heat engine because 
positive heat flows out of the system to the cold body. 

Although this discussion is an idealization of how real heat engines work, it 
contains the essential features of a real heat engine. 

The efficiency e of a heat engine is the fraction of energy input that appears as 
useful energy output, that is, that appears as work. The energy input per cycle is the 
heat input qy to the engine. (The source of this energy might be the burning of oil or 
coal to heat the boiler.) We have 


work output —w |w] 
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For a cycle of operation, AU is zero by the first law. Hence 0 = q + w = qy + qc + w, 
and 


(3.1) 


—W= qy + 4c (3.2) 


where the quantities in (3.2) are for one cycle. Equation (3.2) can be written as qy = 
—w + (—qc); the energy input per cycle, qy, is divided between the work output 
—w and the heat — qc discarded to the cold body. Use of (3.2) in (3.1) gives 
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Since qc is negative and qy is positive, the efficiency is less than 1. 

To further simplify the analysis, we assume that the heat qy is absorbed from 
a hot reservoir and that — qc is emitted to a cold reservoir, each reservoir being large 
enough to ensure that its temperature is unchanged by interaction with the engine. 
Figure 3.2 is a schematic diagram of the heat engine. 

Since our analysis at this point will not require specification of the temperature 
scale, instead of denoting temperatures with the symbol T (which indicates use of the 
ideal-gas scale; Sec. 1.5), we shall use the symbol t (tau). We call the temperatures 
of the hot and cold reservoirs ty and te. The t scale might be the ideal-gas scale, 
or it might be based on the expansion of liquid mercury, or it might be some other 
scale, The only restriction we set is that the t scale always give readings such that 
the temperature of the hot reservoir is greater than that of the cold reservoir: ty > tc. 
The motivation for leaving the temperature scale unspecified will become clear in 
Sec. 3.6. 


(3.3) 


Carnot’s Principle. We now use the second law to prove Carnot’s principle: No 
heat engine can be more efficient than a reversible heat engine when both engines work 
between the same pair of temperatures ty and tc. Equivalently, the maximum amount 
of work from a given supply of heat is obtained with a reversible engine. 

To prove Carnot'’s principle, we assume it to be false and show that this assump- 
tion leads to a violation of the second law. Thus, let there exist a superengine whose 
efficiency esuper exceeds the efficiency epey of some reversible engine working be- 
tween the same two temperatures as the superengine: 


super > rey (3.4) 


where, from (3.1), 


super = eto Crev — (3.5) 
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Reversible heat pump coupled 
with a superengine. 


Let us run the reversible engine in reverse, doing positive work w,ey on it, thereby 
causing it to absorb heat qc,,.y from the cold reservoir and emit heat — qy rey to th 
hot reservoir, where these quantities are for one cycle. It thereby functions as a hi t 
pump, or refrigerator. Because this engine is reversible, the magnitudes of the two 
heats and the work are the same for a cycle of operation as a heat pump as fora 
cycle of operation as a heat engine, except that all signs are changed, We couple the 
reversible heat pump with the superengine, so that the two systems use the sam 
pair of reservoirs (Fig. 3.3). 

We shall run the superengine at such a rate that it withdraws heat from the | 
hot reservoir at the same rate that the reversible heat pump deposits heat into th $ 
reservoir. Thus, suppose 1 cycle of the superengine absorbs 1.3 times as much heat 
from the hot reservoir as 1 cycle of the reversible heat pump deposits into the hot | 
reservoir. The superengine would then complete 10 cycles in the time that the heat 
pump completes 13 cycles. After each 10 cycles of the superengine, both devices are | 
back in their original states, so the combined device is cyclic. 

Since the magnitude of the heat exchange with the hot reservoir is the same | 
for the two engines, and since the superengine is by assumption more efficient tha ne 
the reversible engine, the superengine will deliver more work output than the work 
put into the reversible heat pump. We can therefore use part of the mechanical work | 
output of the superengine to supply all the work needed to run the reversible h 
pump and still have some net work output from the superengine left over. This work 
output must by the first law have come from some input of energy to the system of | 
reversible heat pump plus superengine. Since there is no net absorption or emission 
of heat to the hot reservoir, this energy input must have come from a net absorption 
of heat from the cold reservoir. The net result is an absorption of heat from the 
cold reservoir and its complete conversion to work by a cyclic process. 

However, this cyclic process violates the second law of thermodynamics and is 
therefore impossible. We were led to this impossible conclusion by our initial assump- 
tion of the existence of a superengine with super > erev: We therefore conclude that , 
this assumption is false. We have proved that 


e(any engine) < e(a reversible engine) (3.6) 
for heat engines that operate between the same two temperatures. (To increase the 


efficiency of a real engine, one can reduce the amount of irreversibility by, for ©% | 
ample, using lubrication to reduce friction.) 


Now consider two reversible engines, A and B, that work between the same 
two temperatures with efficiencies e,,, 4 and erey,p- If we replace the superengine in 
the above reasoning with engine A running forward and use engine B running back- 
ward as the heat pump, the same reasoning that led to (3.6) gives ¢,.)., < erev- Uf 
we now interchange A and B, running B forward and A backward, the same rea- 
soning gives rey, S rey,a- These two relations can hold only if Crev,A = rev, 

We have shown that (1) all reversible heat engines operating between the same 
two temperatures must have the same efficiency e,,,, and (2) this reversible efficiency 
is the maximum possible for any heat engine that operates between these two tem- 
peratures, $O 
(3.7) 


Cirrev S rey 


These conclusions are independent of the nature of the working substance used in 
the engines and of the kind of work, holding also for non-P-V work. The only as- 
sumption made was the validity of the second law of thermodynamics. 


Calculation of e,.,. Since the efficiency of any reversible engine working be- 
tween the temperatures Ty and te is the same, this efficiency e,,, can depend only on 
Tq and te: 


rev = S (TH, Te) (3.8) 

The function f naturally depends on the temperature scale used. We now find 
J for the ideal-gas scale, taking t = T. Since eey is independent of the nature of the 
working substance, we can use any working substance we please to find f. We know 
the most about a perfect gas, so we choose this as the working substance. 

Consider first the nature of the cycle we used to derive (3.8). The first step in- 
volves absorption of heat qy from a reservoir whose temperature remains at Ty. 
Since we are considering a reversible engine, the gas also must remain at tempera- 
ture Ty throughout the heat absorption from the reservoir. (Heat flow between two 
bodies with a finite difference in temperature is an irreversible process.) Thus the 
first step of the cycle is an isothermal process. Moreover, since AU = 0 for an iso- 
thermal process in a perfect gas [Eq. (2.67)], it follows that, to maintain U as con- 
stant, the gas must expand and do work on the surroundings equal to the heat 
absorbed in the first step. The first step of the cycle is thus a reversible isothermal 
expansion, as shown by the line from state 1 to state 2 in Fig. 3.4a. Similarly, when 
the gas gives up heat at Tc, we have a reversible isothermal compression at tem- 
perature Te. The Te isotherm lies below the Ty isotherm and is the line from state 
3 to state 4 in Fig. 3.4a. To have a complete cycle, we must have steps that connect 
States 2 and 3 and states 4 and 1. We assume that heat is transferred only at Ty’ 
and Tc. Therefore the two isotherms in Fig. 3.4a must be connected by two steps 
with no heat transfer, that is, by two reversible adiabats. 

This reversible cycle is called a Carnot cycle (Fig. 3.4b). The working substance 
need not be a perfect gas. A Carnot cycle is defined as a reversible cycle that consists 
of two isothermal steps at different temperatures and two adiabatic steps. 

We now calculate the Carnot-cycle efficiency e,., on the ideal-gas temperature 
scale T. We use a perfect gas as the working substance and restrict ourselves to 
P-V work. The first law gives dU = dq + dw = dq — P dV for a reversible volume 
change. For a perfect gas, P = nRT/V and dU = Cy(T)dT. The first law becomes 
Cy dT = dq —nRTdV/V for a perfect gas. Dividing by T and integrating over the 
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(a) Isothermal steps of the 
reversible heat-engine cycle. 
(b) The complete Carnot cycle. 
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Each integral in (3.9) is the sum of four line integrals, one for each step of 
Carnot cycle in Fig. 3.4b. We have 
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But T, = T, (= Ty), so the first integral on the right of (3.10) equals zero. Likewi 
T3 = T4, and the third integral on the right is zero. Furthermore 
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so the sum of the second and fourth integrals on the right of (3.10) is zero. Hence 
dT r 

C — = 3.13 

$ V(T) T 0 (3.13) 


The alert reader may realize that the cyclic integral in (3.13) must vanish because 
[Cy(T)/T J aT is the differential of a state function, namely, a certain function of T 
whose derivative is Cy(T)/T. (Recall Sec. 2.10.) Note, however, that the integral of 
P dV does not vanish for a cycle, since P dV is not the differential of a state function, 
The second integral on the right side of (3.9) must also vanish; this is because 
dV/V is the differential of a state function (namely, In V), and its line integral is 
therefore zero for a cyclic process. j| 
Hence (3.9) becomes 
dq { 
= =0 Carnot cycle, perf. gas (3.14) 
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Since processes 2 > 3 and 4 > 1 are adiabatic with dq = 0, the second and fourth 
integrals on the right side of (3.15) are zero. For the isothermal process 1 — 2, we 
have T = Ty. Since T is constant, it can be taken outside the integral: f? T~' dq= 
Ti’ fi dq = qu/Ty. Similarly, f$ T~* dq = qc/Te. Equation (3.15) becomes 


We have 


d4 du qe í 
PEON 3.16) 
f nT a Te 0 Carnot cycle, perf. gas (3.16) 


We now find eey, the maximum possible efficiency for the conversion of heat 
to work. Equations (3.3) and (3.16) give e = 1 + q¢/qy and 9c/4u = —Tc/Ty. Hence 
ATom Tptate 
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We derived (3.17) using a perfect gas as the working substance, but since we earlier 
proved that erev is independent of the working substance, Eq. (3.17) must hold for any 
working substance undergoing a Carnot cycle. Moreover, since the equations epey = 
1 + qc/4u and erev = 1—T¢/Ty hold for any working substance, we must have 
gcl4u = —Tc/Tn Ot GclTc + Gn/Ty = 9 for any working substance; therefore 
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= =0 
T Te Ta Carnot cycle (3.18) 


Equation (3.18) holds for any closed system undergoing a Carnot cycle. We shall use 
(3.18) to derive the state function entropy in Sec. 3.3. 

Note from (3.17) that the smaller T¢ is and the larger Ty is, the closer the 
reversible efficiency approaches 1, which represents complete conversion of the heat 
input into work output. Of course, a reversible heat engine is an idealization of real 
heat engines, which involve some irreversibility in their operation. The efficiency 
(3.17) is an upper limit to the efficiency of real heat engines [Eq. (3.7)]. 

A modern steam power plant might have the boiler at 600°C (with the pressure 
correspondingly high) and the condenser at 40°C, If it operates on a Carnot cycle, 
then epey = 1 — (313 K)/(873 K) = 64 percent. The actual cycle of a steam engine is 
not a Carnot cycle because of irreversibility and because heat is transferred at tem- 
peratures between Ty and Tc, as well as at Ty and Tc, These factors make the 
actual efficiency less than 64 percent. Typical efficiencies of currently available heat 
engines are 10 to 40 percent. 


The second-law requirement that some heat be discarded to a cold reservoir in the opera- 
tion of a heat engine leads to environmental problems. Most of our electric power is 
produced by steam engines that drive conducting wires through magnetic fields, thereby 
generating electric currents. Typically, the condenser of the steam plant is cooled by river 
water. The second law requires that the fraction of input energy qq to be discarded as 
qc be at least |qc/qy| = Tc/Ty, which is substantial for typical values of Tc and Ty. 
This discarded heat raises the river temperature, and the thermal pollution disrupts the 
ecological balance of the river. 


The analysis of this section applies only to heat engines, which are engines that 
convert heat to work. Not all engines are heat engines. For example, in an engine 
that uses a battery to drive a motor, the energy of a chemical reaction is converted 
in the battery to electrical energy, which in turn is converted to mechanical energy. 
Thus, chemical energy is converted to work, and this is not a heat engine. The 
human body converts chemical energy to work and is not a heat engine. 


ENTROPY 


For any closed system that undergoes a Carnot cycle, Eq. (3.18) shows that the inte- 
gral of dq,.,/T around the cycle is zero. The subscript rev reminds us of the revers- 
ible nature of a Carnot cycle. 

We now extend this result to an arbitrary reversible cycle, removing the con- 
straint that heat be exchanged with the surroundings only at Ty and Tc. This will 
then allow us to conclude that dq,.,/T is the differential of a state function (Sec. 2.10). 

The curve in Fig. 3.5a depicts an arbitrary reversible cyclic process. We draw 
reversible adiabats (shown as dashed lines) that divide the cycle into adjacent strips 
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(Fig. 3.56). Consider one such strip, bounded by curves ab and cd at the top ar 
bottom. We draw the reversible isotherm mn such that the area under the zi 
curve amnb equals the area under the smooth curve ab. Since these areas give 
negative of the reversible work w done on the system in each process, we hay 
Wamnb = Wap» Where ab is the process along the smooth curve and amnb is the Zigza 
process along the two adiabats and the isotherm. AU is independent of the pal 
from a to b, so AU gmny = AUgy. From AU = q + w, it follows that Gamnb = Gap. Sing 
am and nb are adiabats, we have gamn = mn. Hence amn = Yav- Similarly, we dray 
the reversible isotherm rs such that q, = 4,4. Since mn and rs are reversible isothern 
and ns and rm are reversible adiabats, we could use these four curves to carry ou 
a Carnot cycle; Eq. (3.18) then gives gmn/Tmn + Qsr/ Top = 0, and 
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We can do exactly the same with every other strip in Fig. 3.5b to get an equation | 
similar to (3.19) for each strip. 

Now consider the limit as we draw the adiabats closer and closer together in 
Fig. 3.5b, ultimately dividing the cycle into an infinite number of infinitesimally nar 
row strips, in each of which we draw the zigzags at the top and bottom. As the | 
adiabat bd comes closer to the adiabat ac, point b on the smooth curve comes closet | 
to point a and, in the limit, the temperature T, at b differs only infinitesimally from 
that at a. Let Ta, denote this essentially constant temperature. Moreover, Tmn in | 
(3.19) (which lies between T, and T,) becomes essentially the same as T,,. The same | 
thing happens at the bottom of the strip. Also, the heats transferred become infini- 
tesimal quantities in the limit. Thus (3.19) becomes in this limit 
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0 (3.20) | 
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The same thing happens in every other strip when we take the limit, and an equation 
similar to (3.20) holds for each infinitesimal strip. We now add all the equations like 
(3.20) for each strip. Each term in the sum will be infinitesimal and of the form dq/T, 
where dq is the heat transfer along an infinitesimal portion of the arbitrary reversible 
cycle and T is the temperature at which this heat transfer occurs. The sum of the l 
infinitesimals is a line integral around the cycle, and we get | 


dq, 
pia 21 
$ T 0 (3.21) 


The subscript rev reminds us that the cycle under consideration is reversible. If it | 
is irreversible, we can’t relate it to Carnot cycles and (3.21) need not hold. Apart 
from the reversibility requirement, the cycle in (3.21) is arbitrary, and (3.21) is the | 
desired generalization of (3.18). 

Since the integral of dq,,,/T around any reversible cycle is zero, it follows (Sec. 
2.10) that the value of the line integral Íi dq, <,/T is independent of the path between 
states 1 and 2 and depends only on the initial and final states, Hence qye,/T is the 
differential of a state function. We shall call this state function the entropy S: 


dq, 
dS = = 
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closed syst., rev. proc. (3.22)* 


The entropy change on going from state 1 to state 2 equals the integral of (3.22): 
? ddrev 
AS = S, —S, = | TT closed syst., rev. proc. (3.23) 
1 
Throughout this chapter we have been considering only closed systems; q is undefined 
for an open system. 

If a system goes from state 1 to state 2 by an irreversible process, the intermediate 
states it passes through may well not be states of thermodynamic equilibrium and 
the entropies, temperatures, etc., of intermediate states may be undefined. However, 
since S is a state function, it doesn’t matter how the system went from state 1 to 
state 2; AS is the same for any process (reversible or irreversible) that connects states 
1 and 2. But it is only for a reversible process that the integral of dq/T gives the 
entropy change. Calculation of AS in irreversible processes is considered in the next 
section. 

Clausius discovered the state function S in 1854 and called it the transformation 
content (Verwandlungsinhalt), Later, he renamed it entropy, from the Greek word 
trope, meaning “transformation,” since the entropy is related to the transformation 
of heat to work. 

Entropy is an extensive state function. To see this, imagine a system in equilib- 
rium to be divided into two parts; each part, of course, is at the same temperature 
T. Let parts 1 and 2 receive heats dq, and dq», respectively, in a reversible process. 
From (3.22), the entropy changes for the parts are dS, = dq,/T and dS, = dq,/T. 
But the entropy change dS for the whole system is 


dS = dq/T = (dq, + dq2)/T = dqy/T + dq2/T = dS, + dS, (3.24) 


Integration gives AS = AS, + AS); therefore S = S, + S2, and S is extensive. 

For a pure substance, the molar entropy is § = S/n. 

The units of S in (3.22) are J/K or cal/K. The units of S are J/(mol K) or 
cal/(mol K). 

The path from the postulation of the second law to the existence of S has been 
a long one, so let us review the chain of reasoning that led to entropy. 


1. Experience shows that complete conversion of heat to work in a cyclic process is 
impossible. This assertion is the Kelvin—Planck statement of the second law. 

2. From statement 1, we proved that the efficiency of any heat engine that operates 
on a (reversible) Carnot cycle is independent of the nature of the working sub- 
stance but depends only on the temperatures of the reservoirs: epey = —W/du = 
| + dc/4n = S(t, Tu). 

3. We used a perfect gas as the working substance in a Carnot cycle and used the 
ideal-gas temperature scale to find that epey = 1 — Tc/Ty; from statement 2, this 
equation holds for any system as the working substance. Equating this expression 
for epey to that in statement 2, we get qc/Tc + 4u/Tu = 0 for any system that 
undergoes a Carnot cycle. 

4. We showed that an arbitrary reversible cycle can be divided into an infinite num- 
ber of infinitesimal strips, each strip being a Carnot cycle. Hence for each strip, 
dqc/T¢ + dqy/Ty =0. Summing the dq/T’s from each strip, we proved that 
$ dq,¢y/T = 0 for any reversible cycle that any system undergoes. It follows that 
the integral of dq,,,/T is independent of the path. Therefore dq,,//T is the differ- 
ential of a state function, which we call the entropy $; dS = dq,.y/T. 
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Reversible and irreversible paths 
from state 1 to 2, 


Don’t be discouraged by the long derivation of dS = d4,ey/T from the Kelyj 
Planck statement of the second law. You are not expected to memorize this deriva 
tion. What you are expected to do is be able to apply the relation dS = dq,«,/T1 
calculate AS for various processes. How this is done is the subject of the next sectig 


CALCULATION OF ENTROPY CHANGES 


The entropy change on going from state 1 to state 2 is given by Eq. (3.23) ag 
AS = S3 — S, = J} dqje,/T. For a reversible process, we can apply (3.23) directly to 
calculate AS. For an irreversible process pr, we cannot integrate dq,,/T to obtain AȘ 
because dS equals dq/T only for reversible processes. For an irreversible process, dj 
is not necessarily equal to dq;,,.,/T. However, S is a state function, and therefore S 
depends only on the initial and final states. We can therefore find AS for an irrev : 
ible process that goes from state 1 to state 2 if we can conceive of a reversible process 
that goes from 1 to 2. We then calculate AS for this reversible change from 1 to% 
and this is the same as AS for the irreversible change from 1 to 2 (Fig. 3.6). 

In summary, to calculate AS for any process: (a) Identify the initial and final 
states 1 and 2. (b) Devise a convenient reversible path from 1 to 2. (e) Calculated 
from AS = ff dq,e,/T- | 

Let us calculate AS for some common processes. Note that, as before, all state 
functions refer to the system, and AS means AS.ys- Equation (3.23) gives AS. aii 
does not include any entropy changes that may occur in the surroundings. 


1. Cyclic process. Since S is a state function, AS = 0 for every cyclic process. 
2. Reversible adiabatic process. Here dq,., = 0; therefore l 


AS=0 rev. ad. proc. 8.25) 


Two of the four steps of a Carnot cycle are reversible adiabatic processes, 
3. Reversible phase change at constant T and P. At constant T, (3.23) gives 


2 2 Í 
dq, 1 q, 
AS = aein ee di q ENY 2 
I T al ics’ cig 


drev is the latent heat of the transition. Since P is constant, grey = qp = AH [Eq 
(2.46)]. Therefore 


AS =AH/T_ rev. phase change 821) 


Since AH = qp is positive for reversible melting of solids and vaporization of 
liquids, AS is positive for these processes. 


Find AS for the melting of 5.0 g of ice (heat of fusion = 79.7 cal/g) at 0°C and 
1 atm. Find AS for the reverse process, 


The melting is reversible and Eq. (3.27) gives 


AS = (79.7 cal/g)(5.0 g)/(273 K) = 1.46 cal/K = 6.1 J/K | 


For the freezing of 5.0 g of liquid water at 0°C and 1 atm, drev 18 negative, and | 
AS = —6.1 J/K. 


4. Reversible isothermal process. Here T is constant, and AS = f? dq,ey/T = drey/T- 


Thus 
AS = qrey/T rev. isotherm. proc. (3.28) SECTION 3.4 
Examples include a reversible phase change (case 3 above) and two of the four 
steps of a Carnot cycle. 
5. Reversible change of state of a perfect gas. From the first law and Sec. 2.8, we 
have for a reversible process in a perfect gas 


dges = dU — dWyey = Cy dT + PdV = Cy dT + nRTAV/V 
dS = dq,.)/T = Cy T/T + nRdV/V 


s dT 2 dV 
as= | cur) + mk | ee 


1 bid 
ET y, 

AS = Í us ) aT + nR n2 perf. gas (3.29) 
T. 1 


If T, > T;, the first integral is positive, so increasing the temperature of a perfect 
gas increases its entropy. If V, > V;, the second term is positive, so increasing 
the volume of a perfect gas increases its entropy. If the temperature change is 
not large, it may be a good approximation to take Cy constant, in which case 
AS = Cy In(T/T,) + nR In (V2/V;). 

6. Irreversible change of state of a perfect gas. Let n moles of a perfect gas at P4, 
V,, T, irreversibly change its state to P3, V2, T2. We can readily conceive of a 
reversible process to carry out this same change in state. For example, we might 
(a) put the gas (enclosed in a cylinder fitted with a frictionless piston) in a large 
constant-temperature bath at temperature T, and infinitely slowly change the 
pressure on the piston until the gas reaches volume Vz; (b) then remove the gas 
from contact with the bath, hold the volume fixed at V}, and reversibly heat or 
cool the gas until its temperature reaches Tz. Since S is a state function, AS for 
this reversible change from state 1 to state 2 is the same as AS for the irreversible 
change from state 1 to state 2, even though q is not necessarily the same for the 
two processes. Therefore Eq. (3.29) gives AS for the irreversible change; note that 
the value of the right side of (3.29) depends only on T2, V2, and T;, Vy, the state 
functions of the final and initial states. 


Let n moles of a perfect gas undergo an adiabatic free expansion into a vacuum 
(the Joule experiment). (a) Express AS in terms of the initial and final tempera- 
tures and volumes. (b) Calculate AS if V, = 2V, 

_ (Q) The initial state is Ty, V, and the final state is Ty, V2, where Vz > Vi. T 
is constant because 4y = (6T/dV)y is zero for a perfect gas. Although the pro- 
cess is adiabatic (q = 0), AS is not zero because the process is irreversible. Equa- 
tion (3.29) gives AS = nR In (V;/V;), since the temperature integral in (3.29) is 
zero when T, = T,. (b) If the original container and the evacuated container 
are of equal volume, then V, = 2V; and AS = nR In 2; we have 


AS/n = AS = R In 2 = [8.314 J/(mol K)](0.693) = 5.76 J/(mol K) 


| as | 7. Constant-pressure heating. First, suppose the heating is done reversibly, 
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constant pressure (provided no phase change occurs), dq,., = dqp = CpdT 
(2.51)]. Hence (3.23) becomes 


T2 
AS = [ z dT const. P, no phase change (3.3 
Tı 


If Cp is essentially constant over the temperature range, then AS = Cp In (T/T, 


Find AS when 100 g of water is reversibly heated from 25 to 50°C at 1 atm, 
specific heat capacity Cp Of water is nearly constant at 1.00 cal/(g °C) in this 
perature range (Fig. 2.12). 

For the 100 g of water, the heat capacity is Cp = mcp = 100 g x 1,00 cal/(g °C) 
100 cal/K. (One Celsius degree equals one kelvin, by definition.) For the heoti 
process, (3.30) with Cp constant gives 


AS = (100 cal/K) In (323 K/298 K) = 8.06 cal/K = 33.7 J/K 1 


Now suppose we heat the water irreversibly from 25 to 50°C at 1 atm ol 
by using a bunsen-burner flame). The initial and final states are the same as for 
the reversible heating. Hence the integral on the right of (3.30) gives AS for the 
irreversible heating. Note that AS in (3.30) depends only on T,, T, and the value 
of P (since Cp will depend somewhat on P); that is, AS depends only on the initial | 
and final states. Thus AS for heating 100 g of water from 25 to 50°C at 1 atm is 
8.06 cal/K, whether the heating is done reversibly or irreversibly. Even though 
the heating may be done irreversibly, with temperature gradients existing during 
the process, we can imagine doing it reversibly and apply (3.30) to find AS, pro- 
vided the initial and final states are equilibrium states. Likewise, if we carry out 
the change of state by stirring at constant pressure as Joule did, rather than 
heating, we can still use (3.30). 

To heat a system reversibly, we start with the system at temperature 7, and | 
put it in contact with a heat reservoir at temperature T, + dT. Heat flows into 
the system until its temperature reaches T, + dT, and this flow is reversible since 
system and surroundings have temperatures that differ only infinitesimally. Next 
we put the system in contact with a reservoir at temperature Tı + 2dT, etc. We 
thus use an infinite number of reservoirs that span the temperature range from 
T, to T3 in infinitesimal intervals, 

8. General change of state from (Pi, T1) to (P3, T3). In paragraph 7 we considered 
the change in entropy with change in temperature at constant pressure. Here we 
also need to know how S varies with pressure. This will be discussed in Sec. 46. 

9. Irreversible phase change. Suppose we want AS for the transformation of 1 mole 
of supercooled liquid water at — 10°C and 1 atm to 1 mole of ice at — 10°C and 
1 atm. This transformation is irreversible. Intermediate States consist of mixtures 
of water and ice at — 10°C, and these are not equilibrium states; moreover, with- 
drawal of an infinitesimal amount of heat from the ice at — 10°C will not cause 
any of the ice to go back to supercooled water at —10°C. To find AS, we use 
the following reversible path for this transformation. We first reversibly warm 
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FIGURE 3.7 


the supercooled liquid to 0°C and 1 atm (paragraph 7). We then reversibly freeze 
it at 0°C and 1 atm (paragraph 3); finally, we reversibly cool the ice to — 10°C 
and 1 atm (paragraph 7). AS for the irreversible transformation at — 10°C equals 
the sum of the entropy changes for the three reversible steps, since the irreversible 
process and the reversible process each connect the same two states. Figure 3.7 
shows the two paths. Numerical calculations are left as a problem (Prob. 3.15). 


. Mixing of different inert perfect gases at constant P and T. Let n, and n, moles 


of the inert perfect gases a and b, each at the same initial P and T, mix (Fig. 3.8). 
By inert gases, we mean that no chemical reaction occurs on mixing. Since the 
gases are perfect, there are no intermolecular interactions either before or after 
the partition is removed. Hence the total internal energy is unchanged on mixing, 
and T is unchanged on mixing. 

The mixing is irreversible. To find AS, we must find a way to carry out this 
change of state reversibly. This can be done in two steps. In step 1, we put each 
gas in a constant-temperature bath and reversibly and isothermally expand each 
gas separately to a volume equal to the final volume V. Note that step 1 is not 
adiabatic. Instead, heat flows into each gas to balance the work done by each 
gas. Since S is extensive, AS for step 1 is the sum of AS fot each gas, and Eq. 
(3.29) gives 


AS, = AS, + AS, = n,R In (V/V,) + nR In (V/V;) (3.31) 


Step 2 is a reversible isothermal mixing of the expanded gases. This can be 
done as follows. We suppose it possible to obtain two semipermeable membranes, 
one of which is permeable to gas a only and one of which is permeable to gas b 
only. For example, heated palladium is permeable to hydrogen but not to oxygen 
or nitrogen. We set up the unmixed state of the two gases as shown in Fig. 3.9a. 
We assume the absence of friction. We then move the two coupled membranes 
very slowly to the left. Figure 3.9b shows an intermediate state of the system. 

Since the membranes move slowly, membrane equilibrium exists, meaning 
that the partial pressures of gas a on each side of the membrane permeable to a 


Irreversible and reversible paths 
from liquid water to ice at — 10°C 
and 1 atm. 
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Reversible isothermal mixing of 
perfect gases. The system is in a 
aana EuR bath (aot are equal, and similarly for gas b. The gas pressure in region I of Fig. 3.9b is P, 


and in region III is P,. Because of membrane equilibrium for each of the sen 
permeable membranes, the partial pressure of gas a in region II is P,,, and that 
of gas b in region II is P,. The total pressure in region II is thus P, + P,. The 
total force to the right on the two movable coupled membranes is due to gas | 
pressure in regions I and III and equals (Pa + P,)A, where A is the area of each 
membrane. The total force to the left on these membranes is due to gas pressure 
in region II and equals (P, + P,)A. These two forces are equal. Hence any inte 
mediate state is an equilibrium state, and only an infinitesimal force is nee 
to move the membranes. Since we pass through equilibrium states and exert onl 
infinitesimal forces, step 2 is reversible. The final state (Fig. 3.9c) is the desired 
mixture. 

The internal energy of a perfect gas depends only on T. Since T is constant | 
for step 2, AU is zero for step 2. Since only an infinitesimal force was exerted on | 
the membranes, w = 0 for step 2. Therefore q = AU — w=0 for step 2. Step 2] 
is adiabatic as well as'reversible; hence Eq. (3.25) gives AS, = 0 for the reversible. 
mixing of two perfect gases. 

AS for the irreversible mixing of Fig. 3.8 equals AS, + AS), so 


AS = nR In (V/V,) + n,R In (V/V) (3.32) | 


i 
The ideal-gas law PV =nRT gives V = (na + n,)RT/P and V, = n,RT)/P, so 
V/Va = (na + n)/na = 1/xq. Similarly, V/V, = 1/xp. Substituting into (3.32) and 
using In (1/x,) = In 1 — In x, = —In Xa, We get 


ASmix = =MR In xq—n,Rinx, perf. gases, const. T,P (3.33) 


where mix stands for mixing and Xa and x, are the mole fractions of the gases {l 
in the mixture. Note that AS,,,, is Positive for perfect gases. 

The term entropy of mixing for ASmix in (3.33) is perhaps misleading, in that 
the entropy change comes entirely from the volume change of each gas (step |) 
and is zero for the reversible mixing (step 2), Because AS is zero for step 2, the 
entropy of the mixture in Fig. 3.9¢ equals the entropy of the system in Fig. 3.94. 
In other words, the entropy of a perfect gas mixture is equal to the sum of the 
entropies each pure gas would have if it alone occupied the volume of the mixture 
at the temperature of the mixture. 

Equation (3.33) applies only when a and b are different gases. If they are 


identical, then the “mixing” at constant T and P corresponds to no change in 
state and AS = 0. 


From the preceding examples, we see that the following processes increase the 
entropy of a substance: heating, melting a solid, vaporizing a liquid or solid, increasing 
the volume of a gas (including the case of mixing of gases). 


ENTROPY, REVERSIBILITY, AND IRREVERSIBILITY 


In the previous section, we calculated AS for the system in various processes. In this 
section we shall consider the total entropy change that occurs in a process; that is, 
we shall examine the sum of the entropy changes in the system and the surroundings: 
AS.yst + ASsurr- WE call this sum the entropy change of the universe: 


ASuniy = ASsyst + ASgure (3.34) 


univ 
where the subscript univ stands for universe. Here, “universe” refers to the system 
plus those parts of the world which can interact with the system. Whether the con- 
clusions of this section about AS,,,;, apply to the entire universe in a cosmic sense 
will be considered in Sec, 3.8. We shall give separate consideration to AS,,j, for 
reversible processes and irreversible processes. 


Reversible Processes. In a reversible process, any heat flow between system and 
surroundings must occur with no finite temperature difference; otherwise the heat 
flow would be irreversible. Let dq,,, be the heat flow into the system from the sur- 
roundings during an infinitesimal part of the reversible process; the corresponding 
heat flow into the surroundings is —dq,.,. We have 


AS univ = ASsyse + ASsurr = Wrev/Tsysr + (—A4rev/T sure) 
= darov) Tear = Arey T syst =0 


Integration gives 
AS, 


Although Ssys and S,,,, may both change in a reversible process, Ssys + Ssurr = Suniv 
is unchanged in a reversible process. 


univ = 0 rev. proc. (3.35) 


Irreversible Processes. We first consider the special case of an adiabatic irrevers- 
ible process in a closed system. This special case will lead to the desired general re- 
sult. Let the system go from state 1 to state 2 in an irreversible adiabatic process. 
The disconnected arrowheads from 1 to 2 in Fig. 3.10 indicate the irreversibility and 
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the fact that an irreversible process cannot in general be plotted on a P-V di agr 
since it usually involves nonequilibrium states. 

To evaluate S3 — S, = AS,,.,, we connect states | and 2 by the following rey 
ible path. From state 2, we do work adiabatically and reversibly on the system 
increase its temperature to Tp, the temperature of a certain heat reservoir; this bri 
the system to state 3. From Eq. (3.25), AS is zero for a reversible adiabatic proce 
Hence S3 = S3. (As always, state functions refer to the system unless otherwise sp 
ified; thus S} and S, are the system’s entropies in states 3 and 2.) We next either ad 
or withdraw sufficient heat q3-,4 isothermally and reversibly at temperature The! 
make the entropy of the system equal to S,. This brings the system to state 4 wi 
S4 = S1. (43.4 is positive if heat flows into the system from the reservoir during { 
process 3 — 4 and negative if heat flows out of the system into the reservoir durin 


3 + 4.) We have 
+ dq an G34 
Se 'S: =f ee dey =~ 
sin Send wcll Thr 


Since states 4 and 1 have the same entropy, they lie on a line of constant S,an 
isentrop. What is an isentrop? For an isentrop, dS = 0 = Agrey/T, so that darey 
an isentrop is a reversible adiabat. Hence to go from 4 to 1, we carry out a reversi 
adiabatic process (with the system doing work on the surroundings). Since $ isa 
state function, we have for the cycle 1 > 2 > 3 > 4 > 1 


0= f dSsya = (Sp — Sy) + (S3 — Sp) + (Sa — S3) + (S1 — Sq) 


È dso = (S, — S1) +0 + 43.4/T,, +0=0 


S2—Sy = —43+4/Tiy 
The sign of S} — S, is thus determined by the sign of —q3~4. We have for the cycle 


fav = 0= $ (y+ dv) =ar + 


f 
The work done on the system in the cycle is thus w = —43-44; the work done by 
the system on the surroundings is —w = 93-4. Suppose q3_.4 were positive. Then’ 
the work —w done on the surroundings would be positive, and we would havea 
cycle (1 + 2 => 3 > 4 + 1) whose sole effect is extraction of heat q3, from a reset 
voir and its complete conversion to work —w = 43.4 > 0. Such a cycle is impossible, 
since it violates the second law. Hence 43-4 Cannot be positive: q3_., < 0. Therefore | 


S2 — S1 = —4q3.4/Ty, > 0 (3.36) 


We now strengthen this result by showing that S2 — S; = 0 can be ruled out. 
To do this, consider the nature of reversible and irreversible processes. In a reversible 
process, we can make things go the other way by an infinitesimal change in circum 
stances. When the process is reversed, both system and surroundings are restored 
to their original states; that is, the universe is restored to its original state. In an 
irreversible process, the universe cannot be restored to its original state. Now suppose — 
S2 — S, = 0. Then q3_,4, which equals —T;,,(Sy — S4), would be zero. Also, w, which 
equals —q3_.4, would be zero. (Points 3 and 4 would coincide.) After the irreversible 


process 1 — 2, the path 2 > 3 = 4 > 1 restores the system to state 1. Moreover, 
since q = 0 = w for the cycle 1 > 2 => 3 > 4 > 1, this cycle would have no net effect 
on the surroundings, and at the end of the cycle, the surroundings would be restored 
to their original state. Thus we would be able to restore the universe (system + 
surroundings) to its original state. But by hypothesis, the process 1 > 2 is irreversible, 
and so the universe cannot be restored to its original state after this process has 
occurred. Therefore S, — S, cannot be zero. Equation (3.36) now tells us that Sy — S, 
must be positive. 

We have proved that the entropy of a closed system must increase in an irreversible 
adiabatic process: 


AS. > irrev. ad. proc., closed syst. (3.37) 


A special case of this result is important. An isolated system is necessarily closed, 
and any process in an isolated system must be adiabatic (since no heat can flow 
between the isolated system and its surroundings). Therefore (3.37) applies, and the 
entropy of an isolated system must increase in any irreversible process: 


AS.ys > 0 irrev. proc., isolated syst. (3.38) 


Now consider ASyniy = ASsyst + AScurr for an irreversible process. Since we want 
to examine the effect on S,,;, of only the interaction between the system and its 
surroundings, we must consider that during the irreversible process the surroundings 
interact only with the system and not with any other part of the world. Hence, for 
the duration of the irreversible process, we can regard the system plus its surroundings 
(syst + surr) as forming an isolated system. Equation (3.38) then gives AS... 4 surr = 
AS niy > O for an irreversible process. We have shown that Suniy increases in an 
irreversible process: 

AS\niy > 9  irrev. proc. (3.39) 


where AS,qiy is the sum of the entropy changes for the system and surroundings. 
We previously showed ASuniy = 0 for a reversible process. Therefore 


AS univ 29 (3.40)* 


univ = 
depending on whether the process is reversible or irreversible. Energy cannot be 
created or destroyed. Entropy can be created but not destroyed. 

The statement that 


dqye,/T is the differential of a state function S that has the property ASyniv 2 0 for 
any process 


can be taken as a third formulation of the second law of thermodynamics, equivalent 
to the Kelvin—Planck and the Clausius statements. (See Prob. 3.23.) 

We have shown (as a deduction from the Kelvin—Planck statement of the second 
law) that Suniy increases for an irreversible process and remains the same for a reversible 
process. A reversible process is an idealization that generally cannot be precisely 
attained in real processes. Virtually all real processes are irreversible because of phe- 
nomena such as friction, lack of precise thermal equilibrium, small amounts of 
turbulence, and irreversible mixing; see Zemansky and Dittman, chap. 7, for a full 
discussion. Since virtually all real processes are irreversible, we can say as a deduction 
from the second law that Suniy is continually increasing with time. See Sec. 3.8 for 
comment on this statement. 
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Entropy and Equilibrium. Equation (3.38) shows that, for any irreversible prog 
that occurs in an isolated system, AS is positive. Since all real processes are ig 
versible, when processes are occurring in an isolated system, its entropy is in reg 
ing. Irreversible processes (mixing, chemical reactions, flow of heat from hot 
cold bodies, etc.) accompanied by an increase in S will continue to occur int 
isolated system until S has reached its maximum possible value subject to the co 
straints imposed on the system. For example, Prob. 3.20 shows that heat flow f 
a hot body to a cold body is accompanied by an increase in entropy. Hence, if t 
parts of an isolated system are at different temperatures, heat will flow from the hy 
part to the cold part until the temperatures of the parts are equalized, and th 
equalization of temperatures maximizes the system’s entropy. When the entropy, 
the isolated system is maximized, things cease happening on a macroscopic seal 
because any further processes can only decrease S, which would violate the secon 
law. By definition, the isolated system has reached equilibrium when processes ce 
occurring. Therefore (Fig. 3.11): 


Thermodynamic equilibrium in an isolated system is reached when the system’s en Op) 
is maximized. 


Thermodynamic equilibrium in nonisolated systems will be discussed in Chap, 4, 

Thermodynamics says nothing about the rate at which equilibrium is attained, | 
An isolated mixture of H, and O, at room temperature will remain unchanged in 
the absence of a catalyst. However, the system is not in a state of true thermod -| 
namic equilibrium. When a catalyst is introduced, the gases react to produce H40, 
with an increase in entropy. Likewise, diamond is thermodynamically unstable with 
respect to conversion to graphite at room temperature, but the rate of conversionis 
zero, so no one need worry about loss of her engagement ring. (“Diamonds at 
forever.”) It can even be said that pure hydrogen is in a sense thermodynamical) 
unstable at room temperature, since fusion of the hydrogen nuclei to helium nuclei 
is accompanied by an increase in Suniy- Of course, the rate of nuclear fusion is zef0 
at room temperature, and we can completely ignore the possibility of this process 


THE THERMODYNAMIC TEMPERATURE SCALE 


In developing thermodynamics, we have so far used the ideal-gas temperature scal, 
which is based on the properties of a particular kind of substance, an ideal gas. The 
state functions P, V, U, and H are not defined in terms of any particular kind of 
substance, and it would seem desirable that a fundamental property like temperatur 
be defined in a more general way than in terms of ideal gases. Lord Kelvin pointed 
out that the second law of thermodynamics provides the basis for defining a thermody- 
namic temperature scale that is independent of the properties of any kind of substance 

We showed in Sec. 3.2 that, for a Carnot cycle between temperatures te and 
Tq, the efficiency e,ey is independent of the nature of the system (the working sub- 
stance) and depends only on the temperatures: rey = 1 + qc/4y = Í (Tc, Ty), where t 
symbolizes any temperature scale whatever. It follows that the heat ratio —qc/4a 
(which equals 1 — e,,,) is independent of the nature of the system that undergoes the | 
Carnot cycle. We have 


—4c/4n = 1 — f(tc, ty) = g(tc, TH) BA) | 


where the function g (defined as 1 — f) depends on the choice of temperature scale 
but is independent of the nature of the system. We shall use the equation —q¢/qy = 
g(tc, Ty) to define the thermodynamic temperature scale. 

Before doing so, we examine the requirements the function g must satisfy. By 
considering two Carnot engines working with one reservoir in common, one can 
show that Carnot’s principle (3.6) (which is a consequence of the second law) requires 
that the function g have the form 


A(t, TH) = P(t )/O(TH) (3.42) 


where ¢ (phi) is some function. The proof of (3.42) is outlined in Prob. 3.25. Equation 
(3.41) becomes 
—4c/4n = $ltc)/$ltu) (3.43) 


For convenience we shall also require that the temperature scale be such that the tem- 
perature of the hotter reservoir will always be numerically greater than the tempera- 
ture of the colder reservoir. 

Within the framework of these two requirements, we are free to choose a scale 
defined in terms of the ratio —q¢/qy. The simplest choice for the function @ is “take 
the first power.” This choice gives the thermodynamic temperature scale © (capital 
theta). Temperature ratios on the thermodynamic scale are thus defined by 

Oe mies (3.44) 
On du 
Equation (3.44) fixes only the temperature ratio @¢/O,. We complete the definition 
of the © scale by choosing the temperature of the triple point of water as ©,, = 273.16°. 

To measure the thermodynamic temperature © of an arbitrary body, we use it 
as one of the heat reservoirs in a Carnot cycle and use a body composed of water 
at its triple point as the second reservoir. We then put any system through a Carnot 
cycle between these two reservoirs and measure the heat q exchanged with the reser- 
voir at © and the heat q, exchanged with the reservoir at 273.16°. The thermody- 
namic temperature © is then calculated from (3.44) as 


o =2mi6 M- (3.45) 
{duel 


Since the heat ratio in (3.45) is independent of the nature of the system put through 
the Carnot cycle, the © scale does not depend on the properties of any kind of 
substance, 

How is the thermodynamic scale © related to the ideal-gas scale T? We proved 
in Sec, 3.2 that, on the ideal-gas temperature scale, Tc/T = —4c/4n for any system 
that undergoes a Carnot cycle; see Eq. (3.18). Moreover, we chose the ideal-gas tem- 
perature at the water triple point as 273.16 K. Hence for a Carnot cycle between an 
arbitrary temperature T and the triple-point temperature, we have 


T = 273.16 K lal (3.46) 


laul 
where q is the heat exchanged with the reservoir at T. Comparison of (3.45) and (3.46) 
shows that the ideal-gas temperature scale and the thermodynamic temperature scale 
are numerically identical. We need not distinguish between them and will henceforth 
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scale of science, but as a matter of practical convenience, extrapolated measuremey 
on gases, rather than Carnot-cycle measurements, are used to measure temperatur 
accurately. 


WHAT IS ENTROPY? 


Each of the first three laws of thermodynamics leads to the existence of a state 
function. The zeroth law leads to temperature; the first law leads to internal en 
the second law leads to entropy. It is not the business of thermodynamics, whichi 
a macroscopic science, to explain the microscopic nature of these state function, 
Thermodynamics need only tell us how to measure T, AU, and AS. Nevertheless 
nice to have a molecular picture of the macroscopic thermodynamic state functions, 

Temperature is readily interpreted as some sort of measure of the average moles 
ular energy. Internal energy is interpreted as the total molecular energy. Althoug i 
we have shown how AS can be calculated for various processes, the reader may feel 
frustrated at not having any clear picture of the physical nature of entropy. Althoug 
entropy is not as easy a concept to grasp as temperature or internal energy, we cat 
get some understanding of its physical nature. The following discussion is based on 
the molecular picture of matter; hence the ideas and results of this section are nol 
part of thermodynamics but of statistical mechanics. i 


i 
Molecular Interpretation of Entropy. We saw in Sec. 3.5 that the entropy S ofan 
isolated system is maximized at equilibrium. We therefore now ask: What else is 
maximized at equilibrium? In other words, what really determines the equilibrium 
position of an isolated thermodynamic system? To answer this, consider a simple 
example, the mixing at constant temperature and pressure of equal volumes of two 
different inert perfect gases in an isolated system (Fig. 3.12). The motion of the gas 
molecules is completely random, and the molecules do not interact with one another. 
What then makes 2 in Fig. 3.12 the equilibrium state and 1 a nonequilibrium state! 
Why is the passage from the unmixed state 1 to the mixed state 2 irreversible? (From 
2, an isolated system will never go back to 1.) 

Clearly the answer is probability. If the molecules move at random, any d mole 
cule has a 50 percent chance of being in the left half of the container. The proba 
bility that all the d molecules will be in the left half and all the e molecules in the 
right half (state 1) is extremely small. The most probable distribution has d and e mol- 
ecules each equally distributed between the two halves of the container (state 2), An 
analogy to the spatial distribution of 1 mole of d molecules would be tossing a coin 
6 x 10? times. The chance of getting 6 x 1023 heads is extremely minute; the most 


Irreversible mixing of gases. 
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probable outcome is 3 x 10° heads and 3 x 10°? tails, and only outcomes with a 
very nearly equal ratio of heads to tails have significant probabilities. The probability 
maximum is very sharply peaked at 50 percent heads. Likewise, any spatial distribu- 
tion of the d molecules that differs significantly from 50 percent d in each container has 
an extremely small probability because of the large number of d molecules; similarly 
for the e molecules. 

It seems clear that the equilibrium thermodynamic state of an isolated system 
is the most probable state. The increase in S as an isolated system proceeds toward 
equilibrium is directly related to the system’s going from a state of low probability 
to one of high probability. We therefore postulate that the entropy S of a system is 
a function of the probability p of the system’s thermodynamic state: 


S= fip) (3.47) 


It may seem amazing, but use of the single fact that entropy is an extensive state 
function allows us to determine the function f in our postulate (3.47). To do this, we 
consider a system composed of two independent, noninteracting parts, 1 and 2, sepa- 
rated by a rigid, impermeable, adiabatic wall that prevents flow of heat, work, and 
matter between them, Entropy is an extensive property, so the entropy of the com- 
posite system 1 + 2 is S} +2 =S, + S2, where S; and S, are the entropies of parts 1 
and 2. Substituting (3.47) into this equation gives 


h(pı +2) = f(P,) + g(a) (3.48) 


where f, g, and h are three functions. Since systems 1, 2, and 1 + 2 are not identical, 
the functions f, g, and h are not necessarily identical. What is the relation between 
the probability pı +2 of the composite system’s thermodynamic state and the prob- 
abilities p, and p, of the states of parts 1 and 2? The probability that two independent 
events will both happen is shown in probability theory to be the product of the prob- 
abilities for each event. For example, the probability of getting two heads when two 
separate coins are tossed is } x 4 =}. Since parts 1 and 2 behave independently of 
each other, we have p; +3 = pyP2- Equation (3.48) becomes 


h(pıp2) = f(P,) + gP2) (3.49) 
Our task is to find the functions that satisfy 
h(xy) = f(x) + gly) (3.50) 


Before reading ahead, you might try to guess a solution for h. 
It isn’t hard to prove that the only way to satisfy (3.50) is with logarithmic func- 
tions. Problem 15.43 shows that the functions in (3.50) must be 


f(x)=kInx+a, gly)=kiny+b,  h(xy)=kln(xy)+e (3.51) 


where k is a constant and a, b, and c are constants such that c = a + b. The constant 
k must be the same for all systems [otherwise, (3.50) would not be satisfied], but the 
additive constant (a, b, or c) differs for different systems. 

Since we postulated S$ = /(p) in Eq. (3.47), we have from (3.51) that 


S=kInp+a (3.52) 


Where k and a are constants and p is the probability of the system’s thermodynamic 
State. Since the second law allows us to calculate only changes in entropy, we cannot 
use thermodynamics to find a. We can, however, evaluate k, as follows. 
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Consider again the spontaneous mixing of equal volumes of two different per 
gases (Fig. 3.12). State 1 is the unmixed state of the middle drawing of Fig. 3.12) 
state 2 is the mixed state. Equation (3.52) gives for the process 1 — 2: 


AS = 8, — Sı =kln p, +a —klnp;—a 
S2 — S; = k In (p2/p1) 


(Don’t confuse the probabilities p, and p, with pressures.) We want P2/P,. The pro 
ability that any particular d molecule is in the left half of the container is 4. Sing th 
perfect-gas molecules move independently of one another, the probability that ey 
d molecule is in the left half of the container is the product of the independent prol 
abilities for each d molecule, namely, ($)™4, where N; is the number of d mole le 
Likewise, the probability that all the e molecules are in the right half of the contain 
is (3)"*. Since d and e molecules move independently, the simultaneous probal 
that all d molecules are in the left half of the box and all e molecules are in the 
half is the product of the two separate probabilities, namely, 


Py SO = Ghat Ne = (yee Bs 


since Ny = N,. (We took equal volumes of d and e at the same T and P.) 

State 2 is the thermodynamic state in which, to within the limits of macroscopit 
measurement, the gases d and e are uniformly distributed through the container, M 
noted a few paragraphs ago, the probability of any departure from a uniform distri 
bution that is sufficiently large to be directly detectable is vanishingly small becaus 
of the large number of molecules composing the system. Hence the probability ofthe 
final state 2 is only “infinitesimally” less than one and can be taken as one: m=l 
Therefore, for the mixing, (3.53) and (3.54) give ! 


S2 —S, =kin 27%4 = 2Njk In 2 68) 


However, in Sec. 3.4 we used thermodynamics to calculate AS for the isothermal 
isobaric, irreversible mixing of two perfect gases; Eq. (3.33) with mole fractions st 
equal to one-half gives 

S2 —S, =2n,R In 2 (3:56) 


Equating the thermodynamic AS of (3.56) to the statistical-mechanical AS of (355. 

we get nR = Nak and k = Rny/Ny= R/N,, where Ny = N,/ny [Eq. (1.6)] is tt 

Avogadro constant. Thus | 

R _ 8314} mol~! K~! oi | 

koa ena 0n 107?3 J/K | 

We have evaluated k in the statistical-mechanical formula S = k In p +a. Th 
fundamental physical constant k, called Boltzmann’s constant, plays a key role it 
Statistical mechanics. The connection between entropy and probability was fits 
recognized in the late nineteenth century by the physicist Ludwig Boltzmann. Tht 
application of S =k In p +a to situations more complicated than the mixing d 
perfect gases requires knowledge of quantum and statistical mechanics; in Chap. 
we shall obtain an equation that expresses the entropy of a system in terms of i$ 
quantum-mechanical energy levels. Our main conclusion for now is that entropy ist 
measure of the probability of a state; apart from an additive constant, the entropy 

proportional to the log of the probability of the thermodynamic state. 


Equation (3.52) reads S = (R/Na) In p + a. This relation is valid for any system, 
not just an ideal gas. The occurrence of R in this general equation shows that the 
constant R is more universal and fundamental than one might suspect from its initial 
occurrence in the ideal-gas law. (The same is true of the ideal-gas absolute tempera- 
ture T.) We shall see in Chap. 22 that R/N 4, the gas constant per molecule (Boltzmann 
constant), occurs in the fundamental equations governing the distribution of mole- 
cules among energy levels and thermodynamic systems among quantum states. 

Disordered states generally have higher probabilities than ordered states. For 
example, in the mixing of two gases, the disordered, mixed state is far more probable 
than the ordered, unmixed state. Hence it is often said that entropy is a measure of 
the molecular disorder of a state; increasing entropy means increasing molecular dis- 
order. However, order and disorder are subjective concepts, whereas probability is 
a precise quantitative concept. It is therefore preferable to relate S to probability 
rather than to disorder. 

For mixing two different gases, the connection between probability and entropy 
is clear. Let us examine some other processes. If two parts of a system are at different 
temperatures, heat flows spontaneously and irreversibly between the parts, accom- 
panied by an increase in entropy. How is probability involved here? The heat flow 
occurs via collisions between molecules of the hot part with molecules of the cold 
part. In such collisions, it is more probable for the high-energy molecules of the hot 
part to lose some of their energy to the low-energy molecules of the cold part than for 
the reverse to happen. Thus, internal energy is transferred from the hot body to the 
cold until thermal equilibrium is attained, at which point it is equally probable for 
molecular collisions to transfer energy from one part to the second part as to do the 
opposite. It is therefore more probable for the internal molecular translational, vi- 
brational, and rotational energies to be spread out among the parts of the system 
than for there to be an excess of such energy in one part. 

Now consider an isolated mixture of H3, Br, and HBr gases at a temperature 
high enough for chemical reaction to occur at a nonzero rate. During molecular col- 
lisions, energy transfers can occur that break bonds and allow the formation of new 
chemical species. There will be a probability for each possible outcome of each pos- 
sible kind of collision, and these probabilities, together with the numbers of molecules 
of each species present, determine whether there is a net reaction to give more HBr 
or more H, and Br . When equilibrium is reached, the system has attained the most 
probable distribution of the species present over the available energy levels of H3, 
Br,, and HBr. 

These last two examples indicate that entropy is related to the distribution or 
spread of energy among the available molecular energy levels. The total energy of an 
isolated system is conserved, and it is the distribution of energy (which is related to the 
entropy) that determines the direction of spontaneity. The equilibrium position cor- 
responds to the most probable distribution of energy. 


Fluctuations. What light does this discussion throw on the second law of thermo- 
dynamics, which can be formulated as AS > 0 for an isolated system (where dS = 
dq,y/T)? The reason S increases is because an isolated system tends to go to a state 
of higher probability. However, it is not absolutely impossible for a macroscopic 
isolated system to go spontaneously to a state of lower probability, but such an occur- 
rence is highly unlikely. Hence the second law is only a law of probability; there is an 
extremely small, but nonzero, chance that it might be violated. For example, there is 
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* Calculation of AS for constant-pressure heating using dS = dg,¢)/T = (Cp/T)at 
e Calculation of AS for a change of state of a perfect gas using Eq. (3,29) 
e Calculation of AS for mixing perfect gases at constant T and P using Eq. (333) 


FURTHER READING 


Denbigh, pp. 21-42, 48-60; Kestin, chap. 9; Zemansky and Dittman, chaps. 6, 18. 


PROBLEMS 


Sec. | 3.2 34 | 3.5 | 3.6 


3.7 general 


Probs. | 3.1-3.6 3.7-3.20 | 3.21-3.23 3.24-3.25 
3.1 Consider a heat engine that uses reservoirs at 800 and 0°C. 
(a) Calculate the maximum possible efficiency. (b) If qy is 
1000 J, find the maximum value of — w and the minimum value 


of —qc- 


3.2 Suppose the coldest reservoir we have at hand is at 10°C. 
If we want a heat engine that is at least 90 percent efficient, 
what is the minimum temperature of the required hot reservoir? 


3.3 A Carnot-cycle heat engine does 2.50 kJ of work per cycle 
and has an efficiency of 45.0 percent. Find w, 4y, and ge for 
one cycle. 


3.4 Heat pumps and refrigerators are heat engines running in 
reverse; a work input w causes the system to absorb heat qe 
from a cold reservoir at Te and emit heat —y into a hot 
reservoir at Ty. The coefficient of performance K of a refriger- 
ator is qc/w, and the coefficient of performance £ of a heat 
pump is —qy/w. (a) For reversible Carnot-cycle refrigerators 
and heat pumps, express K and ¢ in terms of Tc and Ty. (b) 
Show that ¢,,y is always greater than 1. (c) Suppose a reversible 
heat pump transfers heat from the outdoors at 0°C to a room 
at 20°C, For each joule of work input to the heat pump, how 
much heat will be deposited in the room? (d) What happens to 
Kev as Te goes to 0 K? 


3.5 Use sketches of the work Wpy done by the system for each 
step of a Carnot cycle to show that Wpy for the cycle equals 
the area enclosed by the curve of the cycle on a P-V plot. 


3.6 Prove that the Clausius statement of the second law is 
equivalent to the Kelyin—Planck statement. To prove that state- 
ments A and B are logically equivalent, we must show that 
(a) if we assume A to be true, then B must be true; (b) if we 
assume B to be true, then A must be true. Thus we must be 
able to deduce the Clausius statement from the Kelvin—Planck 
statement, and vice versa. Here are some hints on how to pro- 
ceed. First, assume the Kelvin—Planck statement to be true. 
Temporarily, suppose the Clausius statement to be false. Let 


3.26-3.27 3.28-3.39 

an anti-Clausius device (a cyclic device that absorbs heat from 
a cold reservoir and delivers an equal amount of heat to a hot 
reservoir with no other effects) be coupled with a heat engine 
that uses the same pair of reservoirs. Show that, if the heat 
engine is run so that it discards heat to the cold reservoir at 
the same rate the anti-Clausius device removes heat from this 
reservoir, we have a device that violates the Kelvin—Planck 
Statement, Hence the existence of an anti-Clausius device is 
incompatible with the truth of the Kelvin- Planck statement, 
and the Clausius statement has been deduced from the Kelyin- 
Planck statement. To deduce the Kelvin- Planck statement from 
the Clausius statement, assume the Clausius statement to be 
true and couple an anti-Kelvin-Planck heat engine with a heat 
pump. 

3.7 For each of the processes of Probs. 2.33 and 2.34a, state 
whether AS is negative, zero, or positive. 


3.8 The molar heat of vaporization of Ar at its normal boiling 
point 87.3 K is 1.56 kcal/mol. (a) Calculate AS for the vapor- 
ization of 1.00 mol of Ar at 87.3 K and 1 atm, (b) Calculate AS 
when 5.00 g of Ar gas condenses to liquid at 87.3 K and 1 atm, 


3.9 Find AS when 2.00 moles of O, is heated from 27 to 
127°C with P held fixed at 1.00 atm. Use Cp from Prob. 2.36 


3.10 Find AS for the conversion of 1.00 mole of ice at 0°C and 
1.00 atm to 1.00 mole of water vapor at 100°C and 0.50 atm 
Use data from Prob. 2.37. 


3.11 Find AS for each ideal-gas process of Prob. 2.38. 
3.12 
3.13 


3.14 
cycle. 


3.15 Find AS for the conversion of 10.0 g of supercooled ae 
at —10°C and 1.00 atm to ice at — 10°C and 1.00 atm. Averag 


Find AS for the process of Prob. 2.13. 
Find AS for the process of Prob. 2.29a. 
Find AS for each process of Prob. 2.40 and for the enti 


cp values for ice and supercooled water in the range 0 to — 10°C 
are 0.50 and 1.01 cal/(g °C), respectively. See also Prob. 2.37. 


3.16 State whether each of q, w, AU, and AS is negative, zero, 
or positive for each step of a Carnot cycle of a perfect gas. 


3.17 After 200 g of gold [cp = 0.0313 cal/(g °C)] at 120.0°C 
is dropped into 25.0 g of water at 10.0°C, the system is allowed 
to reach equilibrium in an adiabatic container. Find (a) the 
final temperature; (b) AS4u; (€) ASy,05 (d) ASqy + ASy,0: 


318 Calculate AS for the mixing of 10.0 g of He at 120°C and 
1.50 bars with 10.0 g of O, at 120°C and 1.50 bars. 


3.19 A system consists of 1.00 mg of CIF gas. A mass spec- 
trometer separates the gas into the species 35CIF and >7CIF. 
Calculate AS. Isotopic abundances: 19°F = 100 percent; 35C] = 
75.5 percent; *7Cl = 24.5 percent, 


3.20 Let an isolated system be composed of one part at T, 
and asecond part at T3, with T} > T}; let the parts be separated 
by a wall that allows heat flow at only an infinitesimal rate. 
Show that, when heat dq flows irreversibly from T, to T}, we 
have dS = dq/T, — dq/T> (which is positive). Hint: Use two 
heat reservoirs to carry out the change of state reversibly. 


3.21 (a) What is AS for each step of a Carnot cycle? (b) What 
is AS,,,;, for each step of a Carnot cycle? 


3.22 For each of the processes of Probs. 2.33 and 2.34, state 
whether AS,,iy is negative, zero, or positive. 


3.23 Prove the equivalence of the Kelvin—Planck statement 
and the entropy statement [the set-off statement after Eq. (3.40)] 
of the second law. Hint: Since the entropy statement was derived 
from the Kelvin- Planck statement, all we need do to show the 
equivalence is to assume the truth of the entropy statement 
and derive the Kelvin—Planck statement (or the Clausius state- 
ment, which we proved equivalent to the Kelvin—Planck state- 
ment in Prob. 3,6) from the entropy statement. 


3.24 Willard Rumpson (in later life Baron Melvin, K.C.B.) 
defined a temperature scale with the function @ in (3.43) as 
“take the square root” and with the water triple-point tempera- 
ture defined as 200.00°M. (a) What is the temperature of the 
steam point on the Melvin scale? (b) What is the temperature 
of the ice point on the Melvin scale? 


3.25 Let the Carnot-cycle reversible heat engine A absorb heat 
43 per cycle from a reservoir at t and discard heat —q24 per 
cycle to a reservoir at T2. Let Carnot engine B absorb heat 428 
Per cycle from the reservoir at t, and discard heat —q; per 
cycle to a reservoir at t,. Further, let —q24 = 42g, So that 
engine B absorbs an amount of heat from the t, reservoir equal 
to the heat deposited in this reservoir by engine A. Show that 


(Tz, T3)9(T1, T2) = — 41/93 


where the function g is defined as 1 — eey. The heat reservoir 
at tz can be omitted, and the combination of engines A and B 
can be viewed as a single Carnot engine operating between 13 


and t,; hence g(t,, t3) = —4,/q3- Therefore 
(ti T3) 
G(T}, T2) = Ey Fa (3.59) 
9(t2, 73) 


Since t3 does not appear on the left side of (3.59), it must 
cancel out of the numerator and denominator on the right side; 
after t3 is canceled, the numerator takes the form #(t,) and 
the denominator takes the form ¢(r2), where ġ is some function; 
we then have 
olt) 
alto t) =—— 
olta) 
which is the desired result, Eq. (3.42). [A more rigorous deri- 
vation of (3.60) from (3.59) is given in Denbigh, p. 30.] 


(3-60) 


3.26 For the gaussian probability distribution, the probability 
of observing a value that deviates from the mean value by at 
least x standard deviations is given by the following infinite 
series (M. L. Abramowitz and I. A. Stegun, Handbook of Mathe- 
matical Functions, Natl. Bur. Stand. Appl. Math. Ser. 55, 1964, 


pp. 931-932): 
Zerel IEN ) 
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where the series is useful for reasonably large values of x. (a) 
Show that 99.7 percent of observations lie within +3 standard 
deviations from the mean. (b) Calculate the probability of a 
deviation >10° standard deviations. 


3.27 If the probability of observing a certain event in a single 
trial is p, then clearly the probability of not observing it in one 
trial is 1 — p. The probability of not observing it in n indepen- 
dent trials is then (1 — p)”; the probability of observing it at 
least once in n independent trials is 1 — (1 — p)”. (a) Use these 
ideas to verify the calculation of Eq. (3.58). (b) How many times 
must a coin be tossed to reach a 99 percent probability of 
observing at least one head? 


3.28 A certain perfect gas has Cy = a + bT, where a = 25.0 
J/mol-K and b = 0.0300 J/mol-K?. Let 4.00 mol of this gas go 
from 300 K and 2.00 atm to 500 K and 3.00 atm. Calculate each 
of the following quantities for this change of state. If it is im- 
possible to calculate a quantity from the given information, 
state this. (a) q; (b) w; (c) AU; (d) AH; (e) AS. 


3.29 Classify each of these processes as reversible or irrevers- 
ible: (a) freezing of water at 0°C and 1 atm; (b) freezing of super- 
cooled water at — 10°C and 1 atm; (c) burning of carbon in O, 
to give CO, at 800 K and 1 atm; (d) rolling a ball on a floor 
with friction; (e) the Joule-Thomson experiment; (f) adiabatic 


expansion of a gas into vacuum (the Joule experiment); (g) use 
of a frictionless piston to infinitely slowly increase the pressure 
on an equilibrium mixture of Nj, H}, and NH3, thereby 
shifting the equilibrium. 


3.30 For each of the following pairs of systems, state which 
system (if either) has the greater U and which has the greater 
S. (a) 5 g of Fe at 20°C and 1 atm vs. 10 g of Fe at 20°C and 
1 atm; (b) 2 g of liquid water at 25°C and 1 atm ys. 2 g of water 
vapor at 25°C and 20 torr; (c) 2g of benzene at 25°C and 
l bar vs. 2g of benzene at 40°C and 1 bar; (d) a system 
consisting of 2 g of metal M at 300 K and 1 bar and 2 g of M 
at 310K and 1 bar vs. a system consisting of 4g of M at 
305 K and 1 bar. Assume the specific heat of M is constant 
over the 300 to 310 K range and the volume change of M is 
negligible over this range. 


3.31 Which of these cyclic integrals must vanish for a closed 
system with P-V work only? (a) $ PdV; (b) $ (PdV + VadP); 
(c) $ VaV; (d) $ darey/T; (e) $ HAT; (f) § dU; (9) $ darevi (h) 
$ dap; (i) § dwrevi (J) $ dwrex/P. 


3.32 Consider the following quantities: Cp, Cp, R (the gas 
constant), k (Boltzmann’s constant), q, U/T. (a) Which have the 
same dimensions as S? (b) Which have the same dimensions as 
KY 


3.33 What is the relevance to thermodynamics of the following 
refrain from the Gilbert and Sullivan operetta H.M.S. Pinafore? 
“What, never? No, never! What, never? Well, hardly ever!” 


3.34 Prove that two reversible adiabats cannot intersect on a 
P-V diagram. Hint: Assume they do intersect and show that 
this leads to a violation of the second law. 


3.35 In the tropics, water at the surface of the ocean is 
than water well below the surface. Someone Proposes 
heat from the warm surface water, convert part of it t 
and discard the remainder to cooler water below the 
Does this proposal violate the second law? 


Warmer y 
to draw 
o work, 
surface, 


3.36 Use (3.17) to show that it is impossible to attain the 
absolute zero of temperature. 


3.37 Suppose that an infinitesimal crystal of ice is added to 
10.0 g of supercooled liquid water at —10,0°C in an adiabatic 
container and the system reaches equilibrium at a fixed pres- 
sure of 1 atm. (a) What is AH for the process? (b) The equilib- 
rium state will contain some ice and will therefore consist either 
of ice plus liquid at 0°C or of ice at or below 0°C, Use the 
answer to (a) to deduce exactly what is present at equilibrium, 
(c) Calculate AS for the process, (See Prob. 2.37 for data.) 


3.38 Which of the following statements can be proved from 
the second law of thermodynamics? (a) For any closed system, 
equilibrium corresponds to the position of maximum entropy 
of the system. (b) The entropy of an isolated system must re- 
main constant. (c) For a system enclosed in impermeable adia- 
batic walls, the system's entropy is maximized at equilibrium, 
(d) The entropy of a closed system can never decrease. (e) The 
entropy of an isolated system can never decrease. 


3.39 True or false? (a) For every process in an isolated system, 
AT = 0. (b) For every process in an isolated system, AU =0, 
(c) For every process in an isolated system, AS = 0, (d) Ifa 
closed system undergoes a reversible process for which AV =0, 
then the P-V work done on the system in this process must be 
zero. 
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MATERIAL EQUILIBRIUM 


MATERIAL EQUILIBRIUM 


The second law of thermodynamics allows us to determine whether a given process 
is possible. A process that decreases Suniy is impossible; one that increases Suniy. 18 
possible and irreversible. Reversible processes have ASuniy = 0; such processes are 
possible in principle but difficult to achieve in practice. Our aim is to use this entropy 
criterion to derive specific criteria for material equilibrium. 

We subdivide material equilibrium (Sec. 1.2) into (a) reaction equilibrium, which 
is equilibrium with respect to conversion of one set of chemical species to another set, 
and (b) phase equilibrium, which is equilibrium with respect to transport of matter 
between phases of the system without conversion of one species to another, The 
general condition for material equilibrium will be derived in Sec. 4.7. This condition 
will be applied to phase equilibrium in Sec. 4.8 and to reaction equilibrium in Sec. 
49, 

To aid in discussing material equilibrium, we shall introduce two new state 
functions in Sec. 4.4, the Helmholtz function A = U — TS and the Gibbs function 
G= H — TS. It turns out that the conditions for reaction equilibrium and phase 
equilibrium are most conveniently formulated in terms of state functions called the 
chemical potentials (Sec. 4.7), which are closely related to G. 

A second theme of this chapter is the use of the combined first and second 
laws to derive expressions for thermodynamic quantities in terms of readily measured 
properties (Secs. 4.5 and 4.6). 


The initial application of the laws of thermodynamics to material equilibrium is largely the 
work of Josiah Willard Gibbs (1839-1903). Gibbs received his doctorate in engineering 
from Yale in 1863 with a thesis on gear design. From 1866 to 1869 Gibbs studied mathe- 
matics and physics in Europe. In 1871 he was appointed Professor of Mathematical 
Physics, without salary, at Yale; at that time his only published work was a railway brake 
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patent. In 1876-1878 he published in the Transactions of the Connecticut Academy of 
Arts and Sciences a 300-page monograph titled “On the Equilibrium of Heterogeneoyy 
Substances.” This work used the first and second laws of thermodynamics to deduce 
the conditions of material equilibrium. Gibbs’ second major contribution was his book 
Elementary Principles in Statistical Mechanics (1902), which laid much of the foundation 
of-statistical mechanics. Gibbs also developed vector analysis. Gibbs’ life was rather 
uneventful; he never married and lived in his family’s house until his death. Ostwald wrote 
of Gibbs: “To physical chemistry he gave form and content for a hundred years.” Planck 
wrote that Gibbs “will ever be reckoned among the most renowned theoretical physicists 
of all times...” 


THERMODYNAMIC PROPERTIES OF NONEQUILIBRIUM SYSTEMS 


This chapter deals with systems in which chemical reactions or transport of matter 
from one phase to another are occurring. Since such systems are not in thermody- 
namic equilibrium, we first examine to what extent we can ascribe definite values of 
thermodynamic properties to nonequilibrium systems. 

Consider a system that is not in material equilibrium but is in mechanical and 
thermal equilibrium, with P and T uniform throughout the system. We shall assume 
that within each phase of the system the composition is uniform. We thus assume that 
the rate of diffusion within a phase is rapid compared with the rate of transport of 
components from one phase to another, We also assume that any chemical reactions 
do not occur at an explosive rate, which would destroy thermal and mechanical 
equilibrium. Our ultimate interest is the position of equilibrium in the system; ther- 
modynamics can give no information on the rate of a process, Since the final equi- 
librium position is independent of the rates of the various processes (provided these 
Tates are nonzero), we are free to make convenient assumptions about the relative 
rates of processes. 

We first consider systems where there is a lack of phase equilibrium. For example, 
the system of Fig. 4.1 initially consists of a very large crystal of NaCl separated by 
a partition from an unsaturated solution of NaCl in water, with P and T held fixed. 
Since U and S are extensive, we have 


U = Uson + Umer S= Ssoin + Snaci (oy) 


Now the frictionless partition is removed. It Tequires only an infinitesimal force to 
do this, and the removal is done reversibly and adiabatically. g and w for the removal 
of the partition are zero. Therefore AU and AS are zero for its removal. Thus, im- 
mediately after the removal of the Partition, Eq. (4.1) still holds. The instant after 


When the partition is removed, 
the system is not in phase 
equilibrium. 


TA Partition 


Unsaturated 
aqueous 
solution 

of NaCl 


the partition is removed, we no longer have phase equilibrium, since the solid NaCl 
starts to dissolve in the unsaturated solution. Despite this lack of phase equilibrium, 
we have shown that it is still meaningful to ascribe a value to U and a value to S 
for the system, namely, the values (4.1). Of course, as NaCl dissolves in the solution, 
the values of U and S change, but at any concentration of dissolved NaCl, we can 
imagine replacing the partition without changing U and S, and then we can apply 
(4.1) at this concentration. Therefore (4.1) is valid at any stage of the solution process. 
Even though the system is not in phase equilibrium when the partition is absent, we 
can still ascribe values of U and S to it, namely, the values we would assign if the 
partition were present. 

Now consider systems not in reaction equilibrium. Let us imagine mixing arbi- 
trary amounts of Hz, O2, and H 20 gases at some temperature and pressure. Pro- 
vided there is no catalyst present and the temperature is moderate, the gases will not 
undergo any chemical reaction when mixed. We can use the first law to measure the 
AU of the mixing; also, with the aid of semipermeable membranes (Sec. 3.4), it is 
possible to do the mixing reversibly and hence measure AS for the mixing process. It 
therefore makes sense to ascribe definite values of U and S to the mixture for any 
composition whatever. However, the mixture is not necessarily at reaction equilib- 
rium. If we add the appropriate catalyst, we shall find that reaction ensues, changing 
the mixture’s composition. At any point during the reaction, we can withdraw the 
catalyst, stopping the reaction. At this new composition, we can ascribe new values 
to U and S of the mixture. These values can be determined by measurements done 
in a reversible separation process. 

We conclude that values of U and S can be assigned to a system that is in 
mechanical and thermal equilibrium and has a uniform composition in each phase, even 
though the system is not in material equilibrium. Of course, such systems also have 
well-defined values of P, V, and T. 

We can go even further. Thus suppose a system lacks thermal equilibrium and 
has a temperature gradient from one end to the other. We can imagine the system 
cut into “infinitesimal” slices such that the temperature within each slice is essentially 
constant. We can then assign values of thermodynamic variables (T, P, V, U, S, 
composition) to each slice. The total S and U of the system is the sum of the values 
for the slices. Since thermodynamics is a macroscopic science, each thin slice must 
contain enough molecules to make it meaningful to assign it a macroscopic property 
like temperature. The number of molecules in each slice should be much, much greater 
than 1 but much, much less than 107°. For a system with a concentration gradient, 
a similar imaginary division into tiny parts can be done. 


ra 


ENTROPY AND EQUILIBRIUM 


Consider an isolated system that is not at material equilibrium. The spontaneous 
chemical reactions or transport of matter between phases that are occurring in this 
nonequilibrium system are irreversible processes that increase the entropy. These pro- 
cesses continue until the system’s entropy is maximized. Once S is maximized, any 
further processes can only decrease S, which would violate the second law. The 


hha for equilibrium in an isolated system is maximization of the system’s en- 
Opy S. 
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When we deal with material equilibrium in a closed system, the system is ordi- 
narily not isolated; instead it can exchange heat and work with its surroundings, 
Under these conditions, we can take the system itself plus the surroundings with 
which it interacts to constitute an isolated system, and the condition for material | 
equilibrium in the system is then maximization of the total entropy of the system plus 
its surroundings: 


Ssyst + Ssurr 4 Maximum at equilib. (4.2)* 


Chemical reactions and transport of matter between phases continue in a system 
until S.ys¢ + Ssurr has been maximized. 

It is usually most convenient to deal with properties of the system and not haye 
to worry about changes in the thermodynamic properties of the surroundings as well, 
Thus, although the criterion (4.2) for material equilibrium is perfectly valid and gen- 
eral, it will be more useful to have a criterion for material equilibrium that refers 
only to thermodynamic properties of the system itself. Since Sgyst 1S a Maximum at 
equilibrium only for an isolated system, consideration of the entropy of the system 
does not furnish us with an equilibrium criterion. We must look for another system 
state function to find the equilibrium criterion. 

Reaction equilibrium is ordinarily studied under one of two conditions. For 
reactions that involve gases, the chemicals are put in a container of fixed volume, 
and the system is allowed to reach equilibrium at constant T and V in a constant- 
temperature bath. For reactions in liquid solutions, the system is held at atmospheric 
pressure and allowed to reach equilibrium at constant T and P. 

To find equilibrium criteria for these conditions, we consider the situation of 
Fig. 4.2. The system at temperature T is placed in a bath also at T. The system and 
surroundings are isolated from the rest of the world. The system is not in material 
equilibrium but is in mechanical and thermal equilibrium. The surroundings are in 
material, mechanical, and thermal equilibrium. System and surroundings can ex- 
change energy (as heat and work) but not matter. Let chemical reaction or transport 
of matter between phases or both be occurring in the system at rates small enough 
to maintain thermal and mechanical equilibrium. Let heat dqsysı flow into the sys- 
tem as a result of the changes that occur in the system during an infinitesimal time 
period. For example, if an endothermic chemical reaction is occurring, dgsys iS posi- 
tive. Since system and surroundings are isolated from the rest of the world, we have 
dasurr = —dasys, OF 


Wsys + dasur = 0 (4.3) 


A system that is in mechanical 
and thermal equilibrium but not 
in material equilibrium. 


Surroundings at T 


Impermeable wall za 


Rigid, adiabatic, impermeable wall Ie 


Since the chemical reaction or matter transport within the nonequilibrium system is 
irreversible, dSuniy Must be positive (Eq. (3.39)]: 


Suniy = WSgyst + dSsurr > 0 (4.4) 


for the process. (Recall from Sec. 4.2 that one can meaningfully assign an entropy to 
a system that is not in material equilibrium.) The surroundings are in thermody- 
namic equilibrium throughout the process. Therefore, as far as the surroundings are 
concerned, the heat transfer is reversible, and [Eq. (3.22)] 


WS sure = ddsurr/T (4.5) 


However, the system is not in thermodynamic equilibrium, and the process involves 
an irreversible change in the system; therefore Syst + dđåsys/T. Equations (4.3) to 
(4.5) give dSsys > —aSsurr = —ddsurr/T = dasysı/T. Therefore 


AS yy > Asyst/T 
dS > ddirrey/T closed syst. in therm. and mech. equilib. (4.6) 


where we dropped the subscript syst from S and q since, by convention, unsubscripted 
symbols refer to the system. 

When the system has reached material equilibrium, any infinitesimal process 
represents a change from a system at equilibrium to one infinitesimally close to 
equilibrium and hence is a reversible process. Thus, at material equilibrium we have 


dS = ddyey/T (4.7) 
Combining (4.7) and (4.6), we have 


“4 material change, closed syst. in (48) 
OF mech, and therm. equilib. j 


where the equality sign holds only when the system is in material equilibrium. For 
a reversible process, dS equals dq/T. For an irreversible chemical reaction or phase 
change, dS is greater than dq/T because of the extra disorder created in the system 
by the irreversible material change. 

The first law for a closed system is dq = dU — dw. But (4.8) gives dq < TdS. 
Hence for a closed system in mechanical and thermal equilibrium, we have 
dU — dw < TdS, or 


material change, closed syst. in (49) 


dU S TAS tid mech. and therm. equilib. 


where the equality sign applies only at material equilibrium. 


THE GIBBS AND HELMHOLTZ FUNCTIONS 


We Now use (4.9) to deduce criteria for material equilibrium in terms of state func- 
tions of the system. We first examine material equilibrium in a system at constant T 
fe V. Here av = 0 and dT = 0 throughout the irreversible approach toward equi- 
e oo The inequality (4.9) involves dS and dV, since dw = —PdV for P-V work 

niy. To introduce dT into (4.9), we add and subtract SdT on the right. Note that 


— Ka 
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SdT has the dimensions of entropy times temperature, the same dimensions as the 
term TdS that appears in (4.9). We have 


dU < TdS + SdT —SdT+dw (4.10) 


The differential relation d(uv) = udv + vdu [Eq. (1.28)] gives d(TS) = TdS + Sdf, 


and Eq, (4.10) becomes 
dU s d(TS) — SdT + dw (4.11) 


The differential relation d(u + v) = du + dv (Eq. (1.28)] gives dU — d(TS) = d(U — TS), 
and (4.11) becomes 
dU — TS) < —SdT + dw (4.12) 


If the system can do only P-V work, then dw = —PdV (we use dw,,, since we are 
assuming mechanical equilibrium). We have 


d(U — TS) $ —SdT — PdV (4.13) 
At constant T and V, we have dT = 0 = dV and (4.13) becomes 
aU —TS) <0 const. T and V, closed syst. in (44) 


therm, and mech. equilib., P-V work only 


where the equality sign holds at material equilibrium. 

Therefore, for a closed system held at constant T and V, the state function 
U — TS continually decreases during the spontaneous, irreversible processes of 
chemical reaction and matter transport between phases until material equilibrium is 
reached. At material equilibrium, d(U — TS) equals 0, and U — TS has reached a 
minimum. Any spontaneous change at constant T and V away from equilibrium (in 
cither direction) would mean an increase in U — TS, which, working back through 
the preceding equations, would mean a decrease in Suniy = Ssys + Ssurri this decrease 
would violate the second law. The approach to and achievement of material equilib- 
rium is a consequence of the second law. 

The criterion for material equilibrium in a closed system capable of doing only 
P-V work and held at constant T and V is minimization of the system's state funt- 
tion U — TS. This state function is called the Helmholtz free energy, the Helmholtz 
energy, the Helmholtz function, or the work function and is symbolized by A: 


AzsU-TS (4.15)* 
Now consider material equilibrium for constant T and P conditions, dP = 0, 
dT = 0. To introduce dP and dT into (4.9) with dw = — P dV, we add and subtract 
SdT and V dP: 
dU <= TdS + SdT — SdT — PdV + VdP — VdP 
dU S ATS) — SdT —d(PV) + VdP 
dU + PV ~ TS) s —SdT + VdP 
dH — TS) < —SdT + VdP 


Therefore, for a material change at constant T and P in a closed system in mechanical 
and thermal equilibrium and capable of doing only P-V work, we have 


d(H —TS)<0 const. T, P (4.16) 
where the equality sign holds at material equilibrium. 


= 


‘Thus, the state function H — TS continually decreases during material changes 


ar constant T and P until equilibrium is reached, The criterion for material equi- 
fibrium at constant T and P in a closed system doing P-V work only is minimization 
of the system’s state function H — TS. This state function is called the Gibbs function, 


the Gibbs energy, or the Gibbs free energy and is symbolized by G: 


G=H—-TS=U+PV—TS 


~ x 


(4.17)* 


G decreases during the approach to equilibrium at constant T and P, reaching a 
minimum at equilibrium (Fig. 4.3). Since U, V, and S are extensive, G is extensive. 

Both A and G have units of energy (J or cal). However, they are not energies in 
the sense of being conserved. Gsysı + Gurr Need not be constant in a process, nor 
need + Aurr remain constant. Note that A and G are defined for any system 


to whi 


held at constant T and V or constant T and P. 


Summarizing, we have shown that: 


meaningful values of U, T, S, P, V can be assigned, not just for systems 


Ina closed system capable of doing only P-V work, the constant-T-and-V equilibrium 
condition is the minimization of the Helmholtz function A, and the constant-7-and-P 


equilibrium condition is the minimization of the Gibbs function G: 


= 


Calculate AG and AA for the vaporization of 1.00 mol of HzO at 1,00 atm and 


dA=0 
dG =0 


at equilib., const. T, V 
at equilib., const. T, P 


Use data from Prob. 2.37. 


= AH — TAS: 
AG = AH — TAS 


const. T 


(4.18)* 
(4.19)* 


We have G = H — TS. For this process, T is constant and AG = G, — G, = 
| H,- TS, —(H, — TS,) 


(4.20) 


The process Is reversible and isothermal, so dS = dq/T and AS = q/T. Since P is 


AG 


O l 


onstant and only P-V work is done, we have AH = qp = q. Therefore (4.20) gives 
=q — T(q/T) = 0. The result AG = 0 makes sense because a reversible (equi- 
librium) process in a system at constant T and P has dG = 0 [Eq. (4.19)]. 


From 4 = U — TS, we get AA = AU - TAS at constant T. Use of AU = q + w 
and AS = q/T gives AA = q + w — q = w. The work is reversible P-V work at con- 
stant pressure, so w = —|} PdV = —P AV. From the 100°C density in Prob, 2.37, 
the molar volume of H,O(!) at 100°C is 18.8 cm?/mol. We can accurately 
estimate 7 of the gas from the ideal-gas law V = RT/P, which gives V = 
406 x 10° cm?/mol. Hence AV = 30.6 x 10° cm? and 


w = (—30.6 x 10° cm? atm)(8.314 J)/(82.06 cm? atm) = —3.10 kJ = AA 


constant T and P and the maximization-of-S,piy equilibrium condition? Consider a 
System in mechanical and thermal equilibrium undergoing an irreversible chemical 


ion or phase change at constant T and P. Since the surroundings undergo a 


x 


What is the relation between the minimization-of-G equilibrium condition at 
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For a closed system with P-V 
work only, the Gibbs energy is 
minimized if equilibrium is 
reached under conditions of 
constant T and P, 
G 
(ROA? 


ED bo eit 
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reversible isothermal process, AS.urr=surr/T = —4syst/T- Since P is constant, 


Isy = AH yap ANd AS yee = —AH yqy/T. We have ASuniv = ASsurr + ASsys and 


ASuniy = —AH yse/T + ASyys¢ = —(AH ys — T ASgyst)/T = — AGsysi/T 
AS univ = —AGys¢/T closed syst., const. T, P, P-V work only 


where (4.20) was used. The decrease in Gsys as the system proceeds to equilibrium a 
constant T and P corresponds to a proportional increase in S\,,;y. The occurrence of 
a reaction is favored by having AS,,,, positive and by having AS,,,,, positive. Having 
AH,,,, negative (an exothermic reaction) favors the reaction’s occurrence because 
the heat transferred to the surroundings increases the entropy of the surroundings 
(ASwurr = —AHgys/T). 

The names “work function” and “Gibbs free energy” arise as follows. Let us drop 
the restriction that only P-V work be performed. From (4.12) we have for a closed 
system in thermal and mechanical equilibrium that 


dA < —SdT + dw (4.21) 


For a constant-temperature process in such a system, dA < dw. For a finite isothermal 
process, AA < w. Our convention is that w is the work done on the system. The 
work wy done by the system on its surroundings is Why = —w, and AA < — wy for 
an isothermal process. Multiplication of an inequality by — 1 reverses the direction 
of the inequality; therefore 


univ 


Wpy < —AA const. T, closed syst. (4.22) 


The term “work function” (Arbeitsfunktion) for A arises from (4.22). The work done 
by the system in an isothermal process is less than or equal to the negative of the 
change in the state function A. The equality sign in (4.22) holds for a reversible pro- 
cess. Moreover, —AA is a fixed quantity for a given change of state. Hence the 
maximum work output by a closed system for an isothermal process between two 
given states is obtained when the process is carried out reversibly. 

Note that the work w,, done by a system can be greater than or less than 
—AU, the internal energy decrease of the system. For a reversible isothermal process, 
Woy,rey = —AA = —AU + TAS = —AU + q,.,. More generally, for any process in 
a closed system, wp, = —AU + q. The heat q that flows into the system is the source 
of energy that allows Wpy to differ from —AU. Recall, for example, the Carnot cycle, 
where AU = 0 and w,, > 0. 

Now consider the Gibbs free energy. From G = A + PV, we have dG = dA + 
PdV + V4dP, and use of (4.21) gives dG < —SdT + dw + PdV + VaP for a closed 
system in thermal and mechanical equilibrium. For a process at constant T and P 
in such a system 


dG <dw+PdV const. T, P, closed syst. (4.23) 


Let us divide the work into P-V work and non-P-V work, designating the latter by 
Wnon-p-y: (The most common kind of Wnon-p-v is electrical work.) If the P-V work is 
done in a mechanically reversible manner, then dw = —PdV + dw, ; Eq. (4.23) 


non-P-V> 
becomes dG < dwnon-p-y or AG < Wnon-P-V = —Wby.non-p-y- Therefore 


AG < Waon-P-y and Woynon-p-y<—AG const. T, P, closed syst. (4.24) 


For a reversible change, the equality sign holds and Wpy,non-p-y = —AG. In many 
cases (for example, a battery, a living organism), the P-V expansion work is not useful 
work, but Why non-p-y is the useful work output. The quantity — AG equals the maxi- 


mum possible nonexpansion work output Wyy non-p-y done by a system in a constant-T- 
and-P process. Hence the term “free energy.” (Of course, for a system with P-V 
work only, dWyy.non-p-v = 9 and dG = 0 for a reversible, isothermal, isobaric pro- 
cess.) Examples of nonexpansion work in biological systems are the work of contract- 
ing muscles and of transmitting nerve impulses (Sec. 14.16). 


THERMODYNAMIC RELATIONS FOR A SYSTEM IN EQUILIBRIUM 


In the last section we introduced two new thermodynamic state functions, A and G. 
We shall apply the conditions (4.18) and (4.19) for material equilibrium in Sec. 4.7. 
Before doing so, we investigate the properties of A and G. In fact, in this section 
we shall consider the broader question of the thermodynamic relations between all 
state functions in systems in equilibrium. This will allow us to consolidate and sum- 
marize our thermodynamic development. Although the many equations may look 
complicated, once the underlying pattern is grasped things will appear relatively 
straightforward. Since a system undergoing a reversible process is passing through 
only equilibrium states, we shall be considering reversible processes in this section. 


Basic Equations. All thermodynamic state-function relations can be derived from 
six basic equations. The first law for a closed system is dU = dq + dw. If only P-V 
work is possible, and if the work is done reversibly, then dw = dW,ey = — P dV. For 
a reversible process, the relation dS = dq,.,/T [Eq. (3.22)] gives dq = dq,., = TdS. 
Hence, under these conditions, dU = TdS — P dV. This is the first basic equation; it 
combines the first and second laws. The next three basic equations are the definitions 
of H, A, and G [Eqs. (2.45), (4.15), and (4.17)]. Finally, we have the Cp and Cy equa- 
tions Cy = dqy/dT = (@U/0T)y and Cp = dqp/dT = (GH/6T)p [Eqs. (2.51) to (2.53)]. 
The six basic equations are 


dU = TdS — PdV closed syst., rev. proc., P-V work only (4.25)* 


H=U+PV (4.26)* 

A=U-TS (4.27)* 

G=H-TS (4.28)* 

Cy = (=) closed syst. in equilib., P-V work only (4.29)* 
ad 

ôH 4 RE * 

Cp = ar closed syst. in equilib., P-V work only (4.30) 
P 


The heat capacities Cy and Cp have alternative expressions that are also basic equa- 
tions. Consider a reversible flow of heat accompanied by a temperature change dT. 
By definition, C x = dqx/dT, where X is the variable (P or V) held constant. But 
44, = T dS, and we have Cx = TdS/dT, where dS/dT is for constant X. Putting X 
equal to V and P, we have 


és ôs i = 
Cy = T| — =T|— Josed syst. in equilib.  (4.31)* 
eae Ce (), E wile 


The heat capacities Cp and Cy are key properties since they allow us to find the rates 
of change of U, H, and S with respect to temperature [Eqs. (4.29) to (4.31)]. 


— a 
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The relation dU = TdS — P dV in (4.25) applies to a reversible process in a closed 
system. Let us consider processes that change the system’s composition. There are 
two ways the composition can change. First, one can add or remove one or more 
substances. However, the requirement of a closed system (dU + dq + dw for an Open 
system) rules out addition or removal of matter. Second, the composition can change 
by chemical reactions or by transport of matter from one phase to another in the 
system. The usual way of carrying out a chemical reaction is to mix the chemicals 
and allow them to reach equilibrium. This spontaneous chemical reaction is irre. 
versible, since the system passes through nonequilibrium states. The requirement of 
reversibility (dq # TdS for an irreversible chemical change) rules out a chemical 
reaction as ordinarily conducted. Likewise, if we put several phases together and 
allow them to reach equilibrium, we have an irreversible composition change. For 
example, if we throw a handful of salt into water, the solution process goes through 
nonequilibrium states and is irreversible. The equation dU = TdS — P dV does not 
apply to such irreversible composition changes in a closed system. 

We can, if we like, carry out a composition change reversibly in a closed system. 
If we start with a system that is initially in material equilibrium and reversibly vary 
the temperature or pressure, we generally get a shift in the equilibrium position, and 
this shift is reversible. For example, if we have an equilibrium mixture of N3, Hy, 
and NH; (together with a catalyst) and we slowly and reversibly vary T or P, the 
position of chemical-reaction equilibrium shifts. This composition change is reversible, 
since the closed system passes through equilibrium states only. For such a reversible 
composition change, dU = TdS — P dV does apply. 

This section deals only with reversible processes in closed systems. Most com- 
monly, the system’s composition is fixed, but the equations of this section also apply 
to processes where the composition of the closed system changes reversibly, with the 
system passing through equilibrium states only. 


The Gibbs Equations. We now derive expressions for dH, dA, and dG that corre- 
spond to dU = TdS — PdV [Eq. (4.25)] for dU. From H =U + PV and dU = 
TdS — PdV, we have 


dH = d(U + PV) = dU + d(PV) = dU + PdV + VadP 
=(TdS — PdV) + PdV + VdP 


dH = TdS + V dP (4.32) 
Similarly, 
dA = d(U — TS) = dU ~ TdS — SdT = TdS — PdV — TdS — SdT 
= —SdT — PdV 
dG = d(H — TS) = dH — TdS — SaT = TdS + VdP — TdS — SdT 
= —SdT+VdP 


where (4.32) was used. 
Collecting the expressions for dU, dH, dA, and dG, we have 
dU = TdS — PdV (433)* 
dH = TdS + V dP closed syst., rev. proc., (4.34) 
dA = —SdT— PdV Í P-V work only (4.35) 
dG = ~SdT + VdP (4.36)* 


These are the Gibbs equations. The first can be written down from the first law 
dU = dq + dw and knowledge of the expressions for dw,ey and dq,.y. The other three 
can be quickly derived from the first by use of the definitions of H, A, and G. Thus 
they need not be memorized. The expression for dG is used so frequently, however, 
that it saves time to commit it to memory. 

The Gibbs equation dU = TdS — PdV implies that U is being considered a 
function of the variables S and V. From U = U(S, V), we have (Eq. (1.30)] 


ôU ðU 
dU = (3) dS + G dv 
ôS Jy ôV Js 
Since dS and dV are arbitrary and independent of each other, comparison of this 
equation with dU = TdS — P dV gives 


E) =T, ().- È 4.37 
ash Vee on 


A quick way to get these two equations is to first put dV = 0 in dU = TdS — PdV 
to give (0U /ôS)y = T and then put dS = 0 in dU = TdS — PdV to give (@U/éV)s = 
—P. The other three Gibbs equations (4.34) to (4.36) give in a similar manner 
(0H/@S)p = T, (0H/0P)s = V, (6A/0T)y = —S, (0A/0V)7 = —P, and 


(ôG/ôT)p = —S,  (0G/ðP)r = V (4.38) 


Our aim is to be able to express any thermodynamic property of an equilibrium 
system in terms of easily measured physical quantities. The power of thermodynamics 
is that it gives expressions in terms of easily measured properties for quantities that 
are difficult to measure. The three easily measured properties most commonly used 
for this purpose are [Eqs. (1.43) and (1.44)] 


1 (av 1 (=) 
Cp(T, P), T, P = =| 35 T, P) = ->(= 4.39)* 
p(T, P) AT, P) s), X(T, P) AGJA (4.39) 
Since these are state functions, they are functions of T, P, and composition. We are 
considering mainly constant-composition systems, so we omit the composition de- 
pendence, Note that « and x can be found from the equation of state V = V(T, P) 
if this is known. 


The Euler Reciprocity Relation. To relate a desired property to Cp, %, and K, we 
-use the basic equations (4.25) to (4.31) and mathematical partial-derivative identities. 
Before proceeding, there is another partial-derivative identity we shall need. If z is 
a function of x and y, then [Eq. (1.30)] 


:=(2) x+(2) dy = Mdx + Ndy (4.40) 
6x], oy) x 
Where we defined the functions M and N as 

M = (ôz/ðx), ` N = (62/0V)e (4.41) 


From Eq. (1.36), the order of partial differentiation is immaterial: 


1. (=) are (2) (4.42) 
dy \ôx ôx \dy, 
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Equation (4.43) is the Euler reciprocity relation. 


The Maxwell Relations. The Gibbs equation (4.33) for dU is 


(443) 


dU = TdS — PdV =Mdx+Ndy where M =T, N =-—P,x=S,y=V 


The Euler relation (@M/@y), = (@N/0x), gives 


(T/V )s = [3 — P)/3S]y = —(OP/0S)y 


Application of the Euler relation to the other three Gibbs equations gives three more 


thermodynamic relations. We find (Prob. 4.2) 


(a) i) C) 
(o) Gr) C) 


(4.44) 


(4.45) 


These are the Maxwell relations (after James Clerk Maxwell, one of the greatest of 
nineteenth-century physicists). The first two Maxwell relations are not often used. 
The last two are extremely valuable, since they relate the isothermal pressure and 


volume variations of entropy to measurable properties. 


Dependence of State Functions on T, P, and V. We now find the dependence 
of U, H, S, and G on the variables of the system. The most common independent 
variables are T and P. We shall relate the temperature and pressure variations of H, 
S, and G to the directly measurable properties Cp, a, and x. For U, the quantity 
(0U/0V)y occurs more frequently than (0U/AP),, so we shall find the temperature 


and volume variations of U. 


Volume Dependence of U. We want (ôU/ôV )r. The Gibbs equation (4.33) gives 
dU = TdS — PdV. The partial derivative (@U/AV), corresponds to an isothermal 


process. For an isothermal process, (4.33) reads 
dU, = TdS; — PdVy 


(4.46) 


where the T subscripts indicate that the infinitesimal changes dU, dS, and dV are 
for a constant-T process. Since (0U/OV), is wanted, we divide (4.46) by dVy, the 


infinitesimal volume change at constant T, to give 


dU; dS» 
ee face 
ae RA 


From the definition of a partial derivative, the quantity dU r/d Vy is the partial deriva- 


tive (ðU/ðV )r, and we have 


ðU os 
coe E (5), ings 


‘The first Maxwell relation in (4.45) gives (6S8/0V), = (@P/@T)y, so 


ðU oP aT 
—') cms Facer} oe Prater 
ak (5), i K ri EmN 


where (ôP/3T)y = ajr [Eq. (1.45)] was used. Equation (4.47) is the desired expression 
for (0U /3V )r in terms of easily measured properties. 


Temperature Dependence of U. The basic equation (4.29) is the desired relation: 
(@U/eT)y = Cv. 


Temperature Dependence of H. The basic equation (4.30) is the desired relation: 
(GH/0T)p = Cp- 


Pressure Dependence of H. We want (@H/0P),. Starting with the Gibbs equation 
dH = TdS + V dP [Eq. (4.34)], imposing the condition of constant T, and dividing 


by dP, we get 
(“) (5) 
ôP Jr ôP jr 


Use of the second Maxwell relation in (4.45) gives the desired result: 


(=) a rà% +V=-TVa+V (4.48) 
OP Js At NOTA ann 
Temperature Dependence of S. The basic equation (4.31) for Cp is the desired 
relation: 
(5) ute (4.49) 
aT py eT 


Pressure Dependence of S. The Euler reciprocity relation applied to dG = 


=SdT + VdP gives 
as av 
Bal esi ey 4.50 
H) (ak : Se 


as already noted in Eq. (4.45). 


Temperature and Pressure Dependences of G. In dG = —SdT + V dP, we set 
dP =0 to get (0G/0T)p = —S. In dG = —SdT + VP, we set dT =0 to get 
(0G/aP), = V. Thus [Eq. (4.38)] 


ôG 0G 
S eE ee) = 4.51 
(ar), 5 Ge), s 


Summary on Finding T, P, and V Dependences of State Functions. To find 

(0/6P),, (3/ðV)r, (3/AT)y, or (0/0T)p of U, H, A, or G, one starts with the Gibbs 

equation for dU, dH, dA, or dG [Eqs. (4.33) to (4.36)], imposes the condition of 

Constant T, V, or P, divides by dP, dVr, dTy, or dTp, and, if necessary, uses one 

of the Maxwell relations (4.45) or the heat-capacity relations (4.31) to eliminate 

(68/8), (05/AP),, (S/T )y, or (2S/AT)p. To find (3U/ðT)y and (0H/0T)p, it is 
ter to simply write down the Cy and Cp equations (4.29) and (4.30). 
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In deriving thermodynamic identities, it is helpful to remember that the tem. 
perature dependences of S [(ôS/ôT)p and (ôS/ôT)y] are related to Cp and C, [Eq, 
(4.31)] and the volume and pressure dependences of S [(05/0P)y and (0S/0V),] are 
given by the Maxwell relations (4.45). Equation (4.45) need not be memorized, singe 
it can quickly be found from the Gibbs equations for dA and dG by using the Euler 
reciprocity relation. 

As a reminder, we again note that the equations of this section apply to a closed 
system of fixed composition and also to closed systems where the composition changes 
reversibly. 


Magnitudes of 7, P, and V Dependences of U, H, S, and G. We have 
(6U/@T)y = Cy and (0H/dT)p = Cp. The heat capacities Cp and Cy, are always 
positive and usually are of substantial magnitude. Therefore the internal energy and 
the enthalpy increase rapidly with increasing temperature (see Fig. 5.8). The one 
exception is at low temperatures, since Cp and Cy go to zero as T goes to absolute 
zero (Secs. 2.11 and 5.6). 

Using (4.47) and experimental data, one finds (as discussed in detail later in this 
section) that (@U/dV), (which is a measure of the strength of intermolecular forces) 
is zero for ideal gases, is small for real gases at low and moderate pressures, is 
substantial for gases at high pressures, and is very large for liquids and solids. 

Using (4.48) and typical experimental data (Prob. 4.5), one finds that (3H /ðP)r 
is rather small for solids and liquids. This can be explained as follows. We have 
(3H/ðP)r = (3F/ðV )r(07/ôP)r. For solids and liquids, (@H/dV),, which is approxi- 
mately equal to (3U /ð})z, is large, but (@V/AP), is quite small since solids and liquids 
have very small compressibilities. It takes very high pressures to produce substantial 
changes in the internal energy and enthalpy of a solid or liquid. For ideal gases 
(0H/0P)y = 0 (Prob. 4.18), and for real gases (@H/@P), is generally small. 

From (0S/0T)p = Cp/T, it follows that the entropy S increases rapidly as T 
increases (see Fig. 5.8). 

i We have (ô5/3P)r = —aV. As noted in Sec. 1.7, æ is somewhat larger for gases 
than for condensed phases. Moreover, V at usual temperatures and pressures is about 
10° times as great for gases as for liquids and solids. Thus, the variation in entropy 
with pressure is small for liquids and solids but is substantial for gases. Since « is 
positive for gases, the entropy of a gas decreases rapidly as the pressure increases 
(and the volume decreases); recall Eq. (3.29) for ideal gases. 

For G, we have (0G/AP), = V. For solids and liquids, the molar volume is rela- 
tively small, so G for condensed phases is rather insensitive to moderate changes in 
pressure, a fact we shall use frequently. For gases, Ÿ is large and G increases rapidly 
as P increases; this increase is due mainly to the decrease in S as P increases, since 
(0H /ðP)r is small. 

We also have (ôG/ôT)p = —S. However, thermodynamics does not define ab- 
solute entropies, only entropy differences; the entropy S has an arbitrary additive 
constant. Thus the function (0G/0T)p has no physical meaning in thermodynamics, 
and it is impossible to measure (2G/ôT)p of a system. However, from (0G/OT)p = -$ 
we can derive (@AG/@T)p = — AS. This equation has physical meaning. 

In summary: For solids and liquids, temperature usually has significant effects 
on thermodynamic properties, but pressure effects are small unless very large pressure 
changes are involved. For gases not at high pressure, temperature usually has signifi- 
cant effects on thermodynamic properties and Pressure has significant effects on prop- 


erties that involve the entropy (for example, S, A, G) but has only slight effects on 
properties not involving S (for example, U, H, Cp). 


Joule-Thomson Coefficient. We now use the expressions for (@H/@P); and 
(0U/ðV)r to express some more thermodynamic properties in terms of easily mea- 
sured quantities. We begin with the Joule-Thomson coefficient uyy = (6T/@P)y. 
Equation (2.65) gives 4yr = —(0H/OP)7/Cp. Substitution of (4.48) for (6H/dP)r gives 


usr = (1/Cp)[T(@V/2T) p — V] = (V/C €T — 1) (4.52) 


which relates xyr to « and Cp. 


Heat-Capacity Difference. Equation (2.58) gives the heat-capacity difference as 
Cp — Cy = [(0U/ôV )r + P\(GV/OT)p. Substitution of (3U/ðV)r = «T/k — P [Eq. 
(4.47)] gives Cp — Cy = («T/k)(@V/OT)p. Use of « = V7 1(3V/ôT)p gives 


Cp — Cy = T Væ? fk (4.53) 


For a condensed phase (liquid or solid), Cp is readily measured, but Cy is hard to 
measure. Equation (4.53) gives a way to calculate Cy from the measured Cp. 

Note the following: (1) As T > 0, Cp > Cy. (2) The compressibility x can be 
proved to be always positive (Zemansky and Dittman, sec. 14-9), Hence Cp > Cy. (3) 
If~=0, then Cp = Cy. For liquid water at 1 atm, the molar volume reaches a mini- 
mum at 3.98°C. Hence (0V/0T)p = 0 and « = 0 for water at this temperature. Thus 
Cp = Cy for water at 1 atm and 3.98°C. 


For water at 30°C and 1 atm; a = 3.04 x 1074 K7}, « =4.52 x 1075 atm7! = 

4.46 x 107 !° m?/N, Cp = 17.99 cal/(mol K), V = 18.1 cm3/mol. Find Cy of water at 

30°C and 1 atm. 

P [iisen of (4.53) by the number of moles of water gives Cp — Cy = TVa"/x. 
le find 


TVa? _ (303 K)(18.1 x 107° m3 mol” 1)(3.04 x 1074 K7)? 


K 4.46 x 107 +° m?/N 
TŪa?/k = 1.14 J mol~! K~! = 0.27 cal mol”! K7! 
Cy = 17.72 cal/(mol K) (4.54) 


For liquid water at 1 atm and 30°C, there is little difference between Cp and Cy. 
This is due to the rather small æ value of 30°C water; a is zero at 4°C and is still 
small at 30°C, 


, The use of (4.53) and experimental Cp values to find Cy for solids and liquids 
8ives the following results at 25°C and 1 atm: 


Substance Cu(s) | NaCls) LO | C6ĦH6(!) Cs,(I) | CCIg() 
Cv/LY(mol Ky] 23.8 | 47.7 48 | 95 47 91 
Gul{3/m01 K)] 244 | 505 54 [yl 136 16 132 
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Ideal-Gas (0U/dV);. An ideal gas obeys the equation of State PV = nRT, whereas 
a perfect gas obeys both PV = nRT and (@U/éV), = 0. For an ideal gas, (6P/6T)y = 
nR/V, and Eq. (4.47) gives (3U/ôV)r = nRT/V — P= P — P = 0. 


(@U/6V);7 =0 ideal gas (4.55) 


We have proved that all ideal gases are perfect, so there is no distinction between an 
ideal gas and a perfect gas. From now on, we shall drop the term “perfect gas.” 


| EXAMPLE I 


Estimate (6U/6V), for 1.00 mol of N, gas at 25°C in a volume of 24 L using the 
van der Waals equation and the van der Waals constants of Sec. 8.4, 
The van der Waals equation (1.39) is 


(P + an?/V?)(V — nb) = nRT 


We have (@U/6V); = T(ôP/3T)y — P [Eq. (4.47)]. Solving the van der Waals equa- 
tion for P and taking (0/aT)y, we have 


nRT an? E nR 
v 


aa ee E 


F) -7(2) PeR nRT an?) an? 
Wr NATY a bN nba v?)~ v2 


From Sec. 8.4, a = 1.35 x 10° cm® atm mol~2 for N3. So 
(0U/ðV)r = (1.35 x 10° cm® atm/mol?)(1.00 mol)?/(24 x 103 cm3)? 
= (0.0023 atm)(8.314 J)/(82.06 cm? atm) = 0.00024 J/cm? = 0.24 J/L 


The volume 24 L is the typical volume of one mole of a gas at room T and P. 


The smallness of (@U/AV),- indicates the smallness of intermolecular forces in N2(9) 
under these conditions. 


(0U/ôV)r of Solids, Liquids, and Nonideal Gases. The internal pressure (U /ôV )r 
1s, as noted in Sec. 2.6, a measure of intermolecular interactions in a substance. The 


relation (3U/ðV)r = T/k — P [Eq. (4.47)] allows one to find (0U/AV),, from experi- 
mental data. For solids, the typical values « = 1074-5 K~! and x = 1075-5 atm”! 
(Sec. 1.7) give at 25°C and 1 atm 


(0U/0V)p = (10~* K~1)300 K)(105-5 atm) — 1 atm = 3000 atm ~ 300 J/cm? 
For liquids, the typical « and x values give at 25°C and 1 atm 
(GU/6V) 7 ~ (10-3 K= 1)(300 K)(104 atm) ~ 3000 atm ~ 300 J/cm? 


The large (0U/0V) values indicate strong intermolecular forces in solids and liquids. 
The remainder of this subsection deals with (@U/3V)r in liquids and gases. For 
many gases and liquids (especially those not having large dipole moments), æ and «K 


data indicate that (0U /ÔV )r depends mainly on the molar volume and can be roughly 
approximated as [A. F. M. Barton, J. Chem. Educ., 48, 156 (1971)] 


6U c d 
aw), sean ti (4.56) 


where c and d are positive constants (different for different substances) chosen to fit 
the data. The molar volume V is a function of T and P. The magnitude of V deter- 
mines the average distance between molecules and therefore determines the strength 
of the intermolecular interactions, provided these interactions don’t have a strong 
dependence on molecular orientation. For liquid water with its highly directional 
hydrogen bonds, Eq. (4.56) doesn’t work. t 1. 

Equation (4.56) gives dU, ~ (c/V? — d/V'°)dV,, where the subscripts indi- 
cate constant T. Integrating this equation at constant T from some arbitrary 
molar volume V’ of the liquid or gas to V= œ gives U(T, 0) — U(T, V’) = 
|? (e/V? — d/V'°)aV = c/V' — d/9V". Infinite volume corresponds to a gas at zero 
pressure where intermolecular forces are zero and the gas is ideal. The quantity 
U(T, V') — U(T, o) is Uintermor the contribution of intermolecular interactions to 
the molar internal energy U of the gas or liquid (Sec. 2.11). Dropping the prime from 
V', we then have 

E c d 

Vintermot © ap + ra (4.57) 
The term —c/V gives the effect of intermolecular attractions (Sec. 2.11), which lower 
the internal energy. As V decreases, intermolecular attractions increase and —c/V 
becomes more negative. The d/9V° intermolecular-repulsion term becomes significant 
only when V is small and the molecules are quite close together. 

For diethyl ether, (C,H 5)20, æ and x data lead to a (0U/ôV)r expression (4.56) 
with ¢ = 3.22 x 10° J cm? mol”? and d = 4.88 x 10?! J cm?7 mol '°. Figure 4.4 
Plots Uintermot Of (4-57) for (C2H5)20. As V decreases from infinity, Uintermor and the 
internal energy U decrease at first, because of intermolecular attractions, but ulti- 
mately increase when the molecules are squeezed close together and the strong inter- 
molecular repulsions predominate. 

The arrow at 104 cm?/mol corresponds to V of the liquid at 25°C and 1 atm. 
The observed molar volume 104 cm?/mol is substantially larger than the volume 
79 cm3/mol that corresponds to the minimum in Ujntermor» SO the liquid exists in a 
State where Ü ;ntermoi decreases with decreasing volume. At 104 cmĉ?/mol, the attractive 
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V/(cm3 /mol) 


Tatermor/(kI/mol) 
Co 


Ü imermoi Of (C2H5)20 vs. V. Note 
the break and change of scale on 
the horizontal axis. The arrow 
indicates V of the liquid at 25 C 
and | atm. 
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intermolecular forces are much larger than the repulsive intermolecular forces, and 
bringing the molecules closer together increases the net attraction and lowers the 
internal energy; this makes (@U/@V), positive. We noted earlier in this subsection 
that (0U/@V), is large and positive for typical liquids. y 

One’s first impulse might be to expect a liquid’s observed V to correspond to 
the minimum in Ü;intermor» but this is not so. The constant-T-and-P equilibrium 
condition is minimization of G, not minimization of U. We have G=Ū+4 
PV — T5. The larger V is, the greater will be the entropy S. Roughly speaking, the 
molecules are more disordered at higher V. More precisely, (4.45) and (1.45) give 
(0S/8V)7 = (ôP/ôT)y = a/r; with a few rare exceptions « and x are both positive, so 
S increases as V increases. The — TS term in G causes the minimum in G to occur 
for a V larger than that corresponding to the minimum in Ujntermoi. The observed 
V of the liquid is a compromise between minimizing the internal energy (which favors 
smaller V) and maximizing the entropy (which favors larger V). 

If the molecular translational, rotational, vibrational, electronic, and rest-mass 
energies (Sec. 2.11) are added to Uintermo We Obtain an equation for the internal 
energy. For example, for a liquid or gas of monatomic molecules 


U ~3RT —c/V + d/9V° + const. monatomic liq. or gas (4.58) 


where (2.89) was used. As we saw with (C,H;),0, at the observed 1-atm V of a liquid 
the attractive forces predominate, and it is a pretty good approximation to neglect 
the repulsive term d/97°. 


Vintermot Of a liquid can be estimated as — AU of vaporization. 


CALCULATION OF CHANGES IN STATE FUNCTIONS 


Section 2.9 discussed calculation of AU and AH ina process, and Sec. 3.4 discussed 
calculation of AS. The discussions in these sections were incomplete, since we did 
not have expressions for (@U/AV)>, for (0H/6P),, and for (@8/@P); in paragraph 8 of 
Sec. 3.4. We now have expressions for these quantities. Knowing how U, H, and $ 
vary with T, P, and V, we can find AU, AH, and AS for an arbitrary process in a 


Feige system of constant composition. We shall also consider calculation of AA and 
G. 
\ 


Calculation of AS. Suppose a closed system of constant composition goes from state 
(P1, T1) to state (P2, T3) by any path, including, possibly, an irreversible path. The 
system’s entropy is a function of T and P; S = S(T, P), and 


as as c 
dS = dT + po 59 
(5), (5) ar 7 aT —avaP (4.59) 


where (4.49) and (4.50) were used. Integration gives 


26 2 
AS =S,—S, =| Au -Í aV dP (4.60) 
1 


1 
Since Cp, a, and V depend on both T and P, these are line integrals. 


Since S is a state function, AS is independent of the path used to connect states |125 | 
{ and 2. A convenient path (Fig. 4.5) is first to hold P constant at P, and change T Soren 
46 


from T, to T3; then T is held constant at T,, and P is changed from P, to P3. For 
step (a), dP = 0, and (4.60) gives 


Toc 
P 
AS, -f —-aT const. P= P, (461) 

nr, T 
With P held constant, Cp in (4.61) depends only on T, and we have an ordinary 
integral, which is easily evaluated if we know how Cp varies with T. For step (b), 
dT = 0, and (4.60) gives 


P2 

AS, = -| aVdP const. T= T, (4.62) 
Py 

With T held constant, « and V in (4.62) are functions of P only, and the integral is 

an ordinary integral. AS for the process (P;, T;) > (P2, T3) is then the sum of AS, 

and AS}. 

If the system undergoes a phase transition in a process, we must make separate 
allowance for this change. For example, to calculate AS for heating ice at — 5°C and 
1 atm to liquid water at 5°C and 1 atm, we use (4.61) to calculate the entropy change 
for warming the ice to 0°C and for warming the water from 0 to 5°C, but we must 
also add in the entropy change [Eq. (3.27)] that accompanies the melting process; 
during melting, Cp = dqp/dT is infinite, and Eq. (4.61) is not applicable. 


Calculate AS when 2.00 mol of water goes from 27°C and 1 atm to 37°C and 
40 atm. Use data in the example after Eq. (4.53) and neglect the pressure and 
temperature variations of Cp, œ and V. 

Equation (4.61) gives AS, = f349K (nCp/T)dT, where the integration is at 
P=P,=1 atm. Neglecting the slight temperature dependence of Cp, we have 


AS, = (2.00 mol)[17.99 cal/(mol K)] In (310/300) = 1.18 cal/K = 4.94 J/K 
Equation (4.62) gives AS, = —#2s!™ an dP, where the integration is at T = 


lati = P n 
T, = 310K. Neglecting the pressure variation in x and V and assuming their 
30°C values are close to their 37°C values, we have 
AS, = — (0.000304 K ~ *)(2.00 mol)(18.1 cm3/mol)(39 atm) 
= —0.43 cm? atm/K = — (0.43 cm? atm/K)(8.314 J)/(82.06 cm? atm) 
—0.04 J/K 


AS = AS, + AS, = 4.94 J/K — 0.04 J/K = 4.90 J/K 


Note the smaliness of the pressure effect. 


I 


calculation of AH and AU. The use of Eqs. (4-30) and (448) in dH = 
C/T) dT + (ĉH/ðP)r dP followed by integration gives 


2 2 
AH = Í CpdT + f (V — TVa)dP (4.63) 
1 1 
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The line integrals in (4.63) are readily evaluated by using the path of Fig. 4.5, Ay 
usual, separate allowance must be made for phase changes; AH for a constant. 
pressure phase change equals the heat of the transition. 

AU can be easily found from AH using AU = AH — A(PV). Alternatively, we 
can write down an equation for AU similar to (4.63) using either T and V or T and 
P as variables. 


Calculation of AG and AA. From G =H — TS and the equation after (2.48), we 
have G,—G, = AG = AH — A(TS) = AH — T, AS — S, AT — ASAT. However, 
thermodynamics does not define entropies but only gives entropy changes. Thus $, 
is undefined in the expression for AG. Therefore AG is undefined unless AT = 0. 
For an isothermal process, G = H — TS gives [Eq. (4.20)] 


AG = AH — TAS const. T (4.64) 


Thus AG is defined for an isothermal process. To calculate AG for an isothermal 
process, we first calculate AH and AS (Secs. 2.9, 3.4, and 4.6) and then use (4.64), 
Alternatively, AG for an isothermal process that does not involve an irreversible com- 
position change can be found from (ôG/ôP)r = V [Eq, (4.51)] as 


P2 
AG = h VdP const. T (4.65) 
Pi 
A special case is AG for a reversible process at constant T and P in a system 
with P-V work only. Here, AH = q and AS = q/T. Equation (4.64) gives 


AG =0 rev. proc. at const. T, P; P-V work only (4.66) 


An important example is a reversible phase change. For example, AG = 0 for melting 
ice or freezing water at 0°C and 1 atm (but AG # 0 for the freezing of supercooled 
water at — 10°C and | atm). Equation (4.66) is no surprise, since the equilibrium 
condition for a closed system (P-V work only) held at constant T and P is the mini- 
mization of G (dG = 0). 

As with AG, we are interested in AA only for processes with AT = 0, since AA 
is undefined if T changes. We use AA = AU — TAS or AA = -f PdV to find AA 
for an isothermal process. 


CHEMICAL POTENTIALS 


The basic equation dU = TdS — PdV and the related equations (4.34) to (4.36) for 
dH, dA, and dG do not apply when the composition is changing due to interchange 
of matter with the surroundings or to irreversible chemical reaction or irreversible 
interphase transport of matter within the system. We now develop equations that 
hold during such processes. 


The Gibbs Equations for Nonequilibrium Systems. Consider a one-phase system 
that is in thermal and mechanical equilibrium but not necessarily in material equilib- 
rium. Since thermal and mechanical equilibrium exist, the temperature and pressure 
have well-defined values and the system’s thermodynamic state is defined by the 


values of T, P, my, "2,---+ Ng, Where the ns (i= 1, 2,..., k) are the mole numbers 
of the k components of the one-phase system. As discussed in Sec. 4.2, even though 
the system is not in material equilibrium, we can still assign meaningful values to U 
and S of the system (relative to the values of U and S in some chosen reference 
state). Since T, P, V, U, and S have values, the functions H, A, and G also have 
values. The state functions U, H, A, and G can each be expressed as functions of R 
P, and the nys. 

At any instant during a chemical process in the system, the Gibbs energy is 


G = G(T, P,n,,...,m) (4.67) 


Let T, P, and the n,’s change by the infinitesimal amounts dT, dP, dn,,..., dn, as 
the result of an irreversible chemical reaction or irreversible transport of matter into 
the system. We want dG for this infinitesimal process. Since G is a state function, we 
shall replace the actual irreversible change by a reversible change and calculate dG 
for the reversible change. We imagine using an anticatalyst to “freeze out” any chemi- 
cal reactions in the system. We then reversibly add dn, moles of component 1, dn, 
moles of 2, etc., and reversibly change T and P by dT and dP. 


To add component 1 to a system reversibly, we use a rigid, semipermeable membrane 
(Sec. 3.4) that is permeable to component 1 only. If pure component 1 is on one side of 
the membrane and the system is on the other side, we can adjust the pressure of pure 1 
so that there is no tendency for component 1 to flow between system and surroundings. 
An infinitesimal increase or decrease in the pressure of pure 1 then reversibly varies the 
value of ny in the system. 


The total differential of (4.67) is 


0G 0G ôG ôG 
a= (6) ar+({ ) ap + (£) dm + (38) dn, 
ôT. P,ni ôP Tani ON /T.Piny91 On, T,P,nj#k 


(4.68) 


where the following conventions are used: the subscript n; on a partial derivative 
means that all mole numbers are held constant; the subscript n;,; on a partial deriv- 
ative means that all mole numbers except n; are held fixed. For a reversible process 
where no change in composition occurs, Eq. (4.36) reads 


dG=-SdT+VdP rev. proc, n; fixed, P-V work only (4.69) 
It follows from (4.69) that 
($) Sia (E) =v (4.70) 
ôT, Ping ôP T,ni 


ae we added the subscripts n; to emphasize the constant composition. Substitution 
of(4.70) in (4.68) gives for dG in a reversible process in a system with only P-V work: 


k (0G 
dG = —SdT + VdP +; F. (=) dn; (4.71) 
i=1 \ Oni) T,Pinjei 


te Now consider a Process in which the state variables change because of an irre- 
tsible material change. Since G is a state function, dG is independent of the process 
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that connects states (T, P, n4, nz, . - -) and (T + dT, P + dP, ny + dn;, n3 + dny,..), 
Therefore dG for the irreversible change is the same as dG for a reversible change 
that connects these two states. Hence Eq. (4.71) gives dG for the irreversible material 
change. Note also that all the state functions in (4.71) are defined for the system 
during the irreversible composition change (Sec. 4.2). Thus (4.71) is the desired relation 
for dG. 

To save time in writing, we define the chemical potential 1; (mu eye) of com- 
ponent i in the one-phase system as 


ôG 


Lh = (=) one-phase syst. (4.72)* 
On, T,P,njżi 


Equation (4.71) then becomes 


one-phase syst. in therm. 


ATRAN AP È mdni and mech. equilib., P-V work only 


(4.73)* 

Equation (4.73) is the key equation of chemical thermodynamics. It applies to a 
process in which the single-phase system is in thermal and mechanical equilibrium 
but is not necessarily in material equilibrium. Thus (4.73) holds during an irreversible 
chemical reaction and during transport of matter into or out of the system. Our 
previous equations were for closed systems, but we now have an equation applicable 
to open systems. 

Let us obtain the equation for dU that corresponds to (4.73). From G = U + 
PV — TS, we have dU = dG — PdV — VdP + TdS + SdT. The use of (4.73) gives 


dU = TdS — PdV + Y p;dn, (4.74) 
i 


This equation may be compared with dU = TdS — PdV for a reversible process in 
a closed system. 

From H =U + PV and A = U —TS, together with (4.74), we can obtain ex- 
pressions for dH and dA for irreversible chemical changes. Collecting together the 
expressions for dU, dH, dA, and dG, we have 


dU = TdS — PdV + ¥ py dn; (4.75)* 
T 

dH = TdS + VdP + 2 pn; dn; one-phase syst. (4.76) 
T 3 

dA = —SaT— Pav 4 sre in mech. and therm, (4.7) 


equilib., P-V work only 
dG = —SdT + VdP +Y udn; (4.78)* 
i 


These equations are the extensions of the Gibbs equations (4.33) to (4.36) to pro- 
cesses involving exchange of matter with the surroundings or irreversible composition 
changes. The extra terms Yi udn; in (4.75) to (4.78) allow for the effect of the com- 
position changes on the state functions U, H, A, and G. Equations (4.75) to (4.78) 
are also called the Gibbs equations. 

Equations (4.75) to (4.78) are for a one-phase system. Suppose the system has 
several phases. Just as the letter i in (4.78) is a general index denoting any one of 
the chemical species present in the system, let « (alpha) be a general index denoting 
any one of the phases of the system. Let G? be the Gibbs energy of phase a, and 
let G be the Gibbs energy of the entire system. The state function G = U + PV — TS 


is extensive. Therefore we add the Gibbs energy of each phase to get G of the multi- 
phase system: G = )/, G”. If the system has three phases, then >. G” has three terms. 
The relation d(u + v) = du + dv shows that the differential of a sum is the sum of the 
differentials. Therefore, dG = d(}’, G") = X, dG*. The one-phase Gibbs equation 
(4.78) written for phase x reads 


dG" = —S*dT + V*dP +Y u dnë 
i 


Substitution of this equation into dG = }°, dG” gives 
aie AS E KaB È D udn? (4.79) 
4 a ai 


where S* and V“ are the entropy and volume of phase «, 4;7 is the chemical potential 
of component i in phase «, and n,* is the number of moles of i in phase «. Equation 
(4.72) written for phase reads 


n= (067/6n;")7,p.nz (4.80) 


(We have taken the temperature of each phase to be the same and the pressure of 
each phase to be the same; this will be true for a system in mechanical and thermal 
equilibrium provided no rigid or adiabatic walls separate the phases.) Since $ and V 
are extensive, the sums over the entropies and volumes of the phases equal the total 
entropy S of the system and the total volume V of the system, and (4.79) becomes 


syst. in mech. and therm. 


* 
equilib., P-V work only sl) 


dG = —SdT + VdP +F ¥ p dnf 


Equation (4.81) is the extension of (4.78) to a several-phase system. Don’t be intim- 
idated by the double sum in (4.81). It simply tells us to add up «dn for each species 
in each phase of the system. For example, for a system consisting of phases b and 
¢, each of which contains substances 1 and 2, we have Ya Vint dn? = p,” dn,’ + 
m” dn? + p° dni? + p° dn,°, where 1,” is the chemical potential of substance 1 in 
phase b, etc. 


Material Equilibrium. We now derive the condition for material equilibrium, in- 
cluding both phase equilibrium and reaction equilibrium. Consider a closed system 
in mechanical and thermal equilibrium and held at constant T and P. We showed 
in Sec. 4.4 that, during an irreversible chemical reaction or interphase transport of 
matter in a system at constant T and P, the Gibbs function G is decreasing (dG < 0); 
at equilibrium, G has reached a minimum, and dG = 0 for any infinitesimal change 
êt constant T and P [Eq. (4.19)]. At constant T and P, dT = 0 = dP, and from (4.81) 
the equilibrium condition dG = 0 becomes 


apa material equilib., closed syst., 432 
2 È} Hi dai 0 P-V work only, const. T, P (4.82) 
This is the desired relation. 
G Now consider material equilibrium in a closed system at constant T and V. 
Sneralizing (4.77) to a several-phase system, we have (using dV = J, dV*) 


= syst. in mech. and therm. 
dA = ~SaT— Pay + LL wane equilib, P-V work only “®3) 
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The Helmholtz energy A is a minimum for chemical equilibrium at constant T and 
V. Hence dA = 0 for constant-T-and-V equilibrium, and (4.83) gives 


P material equilib., closed syst., 
» z udn =0 P-V work only, const. T, V (4.84) 


ai 
which is the same as (4.82) for material equilibrium at constant T and P. 

The material-equilibrium condition (4.82) is valid not only for equilibrium 
reached under conditions of constant T and P or constant T and V, but it holds no 
matter how the closed system reaches equilibrium. To show this, consider an infini- 
tesimal reversible process in a closed system with P-V work only. Equation (4.81) 
applies; also, Eq. (4.36) applies. Subtraction of (4.36) from (4.81) gives 


YY uf dn? =0 rev. proc., closed syst.,.P-V work only (4.85) 
ad 


Equation (4.85) must hold for any reversible process in a closed system with P-V 
work only. An infinitesimal process in a system that is in equilibrium is a reversible 
process (since it connects an equilibrium state with one infinitesimally close to equi- 
librium); hence (4.85) must hold for any infinitesimal change in a system that has 
reached material equilibrium. Therefore (4.85) holds for any closed system in material 
equilibrium. If the system reaches material equilibrium under conditions of constant 
T and P, then G is minimized at equilibrium. If equilibrium is reached under conditions 
of constant T and V, then A is minimized at equilibrium. If equilibrium is reached 
under other conditions, then neither A nor G is necessarily minimized at equilibrium, 
but in all cases, Eq. (4.85) holds at equilibrium. Equation (4.85) is the desired general 
condition for material equilibrium. This equation will take on simpler forms when 
we apply it to phase and reaction equilibrium in the following sections. 


Chemical Potentials. The chemical potential , of substance iin a one-phase system 
is 1; = (0G/ðn;)r pn; [Eq. (4.72)]. The state function G is a function of T, P, 
Ny, M2,... . Therefore its partial derivative 0G/On; = u; is also a function of these 
variables: 

H; = HÁT, P,ny,nz,...) one-phase syst. 


The chemical potential of substance i in the phase is a state function that depends 
on the temperature, pressure, and composition of the phase. Since p is the ratio of 
infinitesimal changes in two extensive properties, it is an intensive property, From 
Hi = (0G/ôn;)r, p,n jz the chemical potential of substance i gives the rate of change of 
the Gibbs energy G of the phase with respect to the moles of i added at constant 
T, P, and other mole numbers. The state function i; was introduced into thermody- 
namics by Gibbs. 

i Because chemical potentials are intensive properties, we can use mole fractions 
instead of moles to express the composition dependence of u. For a several-phase 
system, the chemical potential of substance i in phase « is 


Be Ee Pot, sh.) 


Note that, even if component i is absent from phase æ (n;* = 0), its chemical 
potential 4;* in phase « is still defined. There is always the possibility of introducing 
component i into the phase. When dn moles of i is introduced at constant T, P, 
and nj+;, the Gibbs energy of the phase changes by dG® and už is given by dG*/dn7. 


The simplest possible system is a one-phase, one-component system—a single 
phase of pure substance i, for example, solid copper or liquid water. Let G{T, P) be 
the molar Gibbs energy of pure i at the temperature and pressure of the system. 
Since G is extensive, the Gibbs energy G of the system is G = n,G{T, P). (Doubling 
n at constant T and P will double G.) Partial differentiation of this equation gives 


L; = (0G/6nj)rp =G; one-phase, one-comp. syst. (4.86)* 


For a pure substance, p; is simply the molar Gibbs free energy. It might be thought 
that in a one-phase mixture, u; would also equal the molar Gibbs energy of pure 
component i, but this isn’t so, because of different intermolecular interactions in the 
mixture compared with the intermolecular interactions in pure substance i. 


An alternative expression for y; is obtained by setting dS = 0, dV = 0, and dnjz;=0in 
(4.75) to get 

Hi = (0U/On)s.v.n,.,  One-phase syst. (4.87) 
Note that the variables held constant in (4.87) and (4.72) differ. Therefore, p; # 
(0U /ôn)r, Pnz 
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PHASE EQUILIBRIUM 


As noted in Sec. 4.1, there are two kinds of material equilibrium: phase equilibrium 
and reaction equilibrium. A phase equilibrium involves the same chemical species 
Present in different phases [for example, CoH; 30,¢(s) = CH; 0¢(aq)]; a reaction 
equilibrium involves different chemical species which may or may not be present in 
the same phase [for example, CaCO 3(s) = CaO(s) + CO,(g) and N2(g) + 3H2(g) = 
2NH;(g)]. Phase equilibrium is considered in this section, reaction equilibrium in the 
next. 

The condition for material equilibrium in a closed system with P-V work only 
is given by Eq. (4.85) as Y, Ñ; u; dn? = 0, which holds for any possible infinitesimal 
change in the mole numbers n,*. Consider a several-phase system that is in equilib- 
tium, and suppose that dn i; moles of substance j were to flow from phase £ (beta) to 
Phase ô (delta). For this process, Eq. (4.85) becomes u} dnf + uj? dn? = 0. However, 
conservation of matter gives dnf = —dn;*. Therefore —pj'dnj? + u; dn = 0, and 


(u; — wf)dn? = 0 
Since dn? 40, we must have Be uf =0, or 
uf =u? phase equilib. in closed syst., P-V work only (4.88)* 


For a closed system with P-V work only in thermal and mechanical equilibrium, the 
Phase equilibrium condition is that the chemical potential of a given component is 
the same in every phase of the system. 

_ Now Suppose the closed system has not yet reached phase equilibrium. For defi- 
niteness, we assume that the system is held at constant T and P, but our conclusions 
ul also hold for other conditions. Let dn; moles of component j flow spontaneously 
tom phase B to phase ô. For this irreversible process, dG for the system must be 


negative (Fig. 4.3). At constant T and P, Eq. (4.81) gives dG = J; Ye bi’ dn and 
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where we used dn if =—dn We By assumption, the flow of j is from phase B to phase 
6; hence dn ji is positive; therefore (4.89) requires that up — p4 Ha be negative: u? < af 


We have shown that for a system in thermal and mechanical equilibrium: 


Substance j flows spontaneously from a phase with higher chemical potential p, to a 
phase with lower chemical potential j;. 


This flow will continue until the chemical potential of component j has been equal- 
ized in all the phases of the system. Similarly for the other components. (As a sub 
stance flows from one phase to another, the compositions of the phases are changed 
and hence the chemical potentials of the phases are changed.) Just as a difference in 
temperature is the driving force for the flow of heat from one phase to another, a 
difference in chemical potential 4; is the driving force for the flow of chemical species 
i from one phase to another. 

If T? > T°, heat flows spontaneously from phase £ to phase ô until T’ = T° If 
P’ > PŽ, work “flows” from phase £ to phase 6 until P? = P®. If uf > uP, substance 
j flows spontaneously from phase $ to phase 6 until uf = py. The state function T 
determines whether or not there is thermal equilibrium between phases. The state 
function P determines whether or not there is mechanical equilibrium between phases. 
The state functions y; determine whether or not there is material equilibrium between 
phases. 

One can prove from the laws of thermodynamics that the chemical potential u 
of substance j in phase 6 must increase when the mole fraction x? of j in phase ô is 
increased by the addition of j at constant T and P (see Kirkwood and Oppenheim, 
sec. 6-4): 

(01;°/0x;"\r.P.nt >0 (4.90) 


A crystal of ICN is placed in contact with pure liquid water and the system is 
held at 25°C and 1 atm. Eventually a saturated solution is formed, and some solid 
ICN remains undissolved. At the start of the process, is Hey greater in the solid 
phase or in the pure water? What happens to Hcn in each phase as the crystal 
dissolves? (See if you can answer these questions before reading further.) 

At the start of the process, some ICN “flows” from the pure solid phase into 
the water. Since substance j flows from a phase with higher uj to one with lower 
hy the chemical potential pey in the solid must be greater than Lacy in the pure 
water. (Recall from Sec, 4.7 that Hcy is defined for the pure-water phase even 
though there is no ICN in the water.) Since is an intensive quantity and the 
temperature, pressure, and mole fraction in the pure-solid phase do not change 
as the solid dissolves, Heng remains constant during the process. As the crystal 
dissolves, xıcy in the aqueous phase increases and (4.90) shows that tienaa) 1 
creases. This increase continues until Micn(ag) KeCOMeS equal to peys: The system 
is then in phase equilibrium, no more ICN dissolves, and the solution is saturated. 


Just as temperature is an intensive property that governs the flow of heat, chemi- 
cal potentials are intensive properties that govern the flow of matter from one phase 
to another. Temperature is less abstract than chemical potential because we have 
experience using a thermometer to measure temperature and can visualize tempera- 
ture as a measure of average molecular energy. One can get some feeling for chemical 
potential by viewing it as a measure of escaping tendency. The greater the value of 
m ô the greater the tendency of substance j to leave phase 6 and flow into an adjoining 
phase where its chemical potential is lower. 

There is one exception to the phase-equilibrium condition p i =u i, which we 
now examine. We found that a substance flows from a phase where its chemical po- 
tential is higher to a phase where its chemical potential is lower. Suppose that sub- 
stance j is initially absent from phase ô. Although there is no j in phase ô, the chemical 
potential 4 7 is a defined quantity, since we could, in principle, introduce dn ij moles 
ofj into ô and measure (2G°/6n;’)r,pn,., = Hj? (OF use statistical mechanics to cal- 
culate up) If initially uf > u’, then j flows from phase £ to phase 6 until phase equi- 
librium is reached. However, if initially 1,’ > p, then j cannot flow out of ô (since 
it is absent from 5). The system will therefore remain unchanged with time and hence 
isin equilibrium. Therefore when a component is absent from a phase, the equilibrium 
condition becomes 

Hj? > 4; phase equilib., j absent from ô (4.91) 
for all phases £ in equilibrium with ô. In the preceding example of ICN(s) in equilib- 
rium with a saturated aqueous solution of ICN, the species H,O is absent from the 
pure solid phase, so all we can say is that 44,9 in the solid phase is greater than or 
equal to 44,9 in the solution. 

The principal conclusion of this section is: 


Ina closed system in thermodynamic equilibrium, the chemical potential of any given 
component is the same in every phase in which that component is present. 


REACTION EQUILIBRIUM 


We now apply the material-equilibrium condition to reaction equilibrium. Let the 
reaction be 


aA, + bA, + > eAm + fAmei + °°" (4.92) 


Where A,,A>,... are the reactants, Am, Am+1s-+- are the products, and a, Be, 
J,... are the coefficients. For example, for the reaction 


2CgH, + 150, > 12CO, + 6,0 


A, = CeH,, A, = 03, A3 = CO3, Ay =H, 0 and a =2, b = 15, e = 12, f = 6. The 
substances in the reaction (4.92) need not all occur in the same phase, since the mate- 
nal-equilibrium condition applies to several-phase systems. 

We adopt the convention of transposing the reactants in (4.92) to the right side 
of the equation to get 


0+ —aA, —bA, —-+> + Am + fAm+1 +7 °° (4.93) 
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We now let 


and write (4.93) as 


0 MAr + VgA2 E + VA + Vint Ama + °° 
0 vA; (4.94) 


i 


where the stoichiometric coefficients v; (nu i) are negative for reactants and positive | 
for products. For example, the reaction 2C,;H, + 150, + 12CO, + 6H30 becomes 
0 + —2C6H6 — 150, + 12CO, + 6H,0, and the stoichiometric coefficients are 
Vogts = —2, Yo, = — 15, Veo, = 12, and vyo = 6. The stoichiometric coefficients are 
pure numbers with no units, 

During a chemical reaction, the change An in the number of moles of each 
substance is proportional to its stoichiometric coefficient v, where the proportionality 
constant is the same for all species. This proportionality constant is called the extent 
of reaction č (xi). For example, in the reaction N3 + 3H, > 2NH3, suppose that 
20 mol of N, reacts. Then 60 mol of H, will have reacted, and 40 mol of NH, will 
have been formed. We have Any, = —20 mol = — 1(20 mol), Any, = —60 mol = 
—3(20 mol), Anyy, = 40 mol = 2(20 mol), where the numbers — 1, —3, and 2 are the 
stoichiometric coefficients. The extent of reaction here is č = 20 mol. For the general 
chemical reaction 0 > J; v,A; [Eq. (4.94)] undergoing a definite amount of reaction, 
the change in moles of species i, An;, equals v; multiplied by the proportionality 
constant č: 


An; = n; — Nio = Vič (4.95) 


where nj. is the number of moles of substance i present at the start of the reaction. 
č measures how much reaction has occurred. Since v; is dimensionless and An; has 
units of moles, č has units of moles. č is positive if the reaction has proceeded left 
to right, and negative if it has proceeded right to left. 


Suppose 0.6 mol of O, reacts according to 30, > 203, Find č. 

The change in number of moles of species i during a reaction is proportional 
to its stoichiometric coeficient yı Where the proportionality constant is the ex: 
tent of reaction &: An; = v;č. Since Yo, = —3 and Ang, = —0.6 mol, we have 
—0.6 mol = —3¢ and č = 0.2 mol. 


The material equilibrium condition is Li Ds Mi” dn? = 0 [Eq. (4.85)]. Before 
applying this condition to the chemical reaction (4.94), we simplify it. Section 48 
showed that at equilibrium the chemical potential of species i is the same in every 


phase that contains i, so we can drop the phase superscript « from 4" and write the 
material equilibrium condition as 


x È udn? = D5 Hi (z ans) = X Mdn; = 0 (4.96) 


where dn; is the change in the total number of moles of i in the closed system and 
u; is the chemical potential of i in any phase that contains i. 

For a finite extent of reaction č, we have An; = v,é [Eq. (4.95)]. For an infini- 
tesimal extent of reaction dc, we have 


dn; = v; dč (4.97) 


Substitution of dn; = v;dé into the equilibrium condition yi Hu; dn; = 0 [Eq. (4.96)] 
gives (X; v) ae = 0. This equation must hold for arbitrary infinitesimal values of 
dé. Hence 


The condition for chemical-reaction equilibrium in a closed system is that yi Vin; = 0. 
When the reaction 0 > Dy, v,A; has reached equilibrium, then 


¥ vin; = 0 reaction equilib. in closed syst., P-V work only (4.98)* 
7 
where v; and 4; are the stoichiometric coefficient and chemical potential of species 
A;. The relation of (4.98) to the more familiar concept of the equilibrium constant 
will become clear in later chapters. Note that (4.98) is valid no matter how the closed 
system reaches equilibrium; for example, it holds for equilibrium reached at constant 
T and P, or at constant T and V, or in an isolated system, 
The equilibrium condition (4.98) is easily remembered by noting that it is ob- 
tained by simply replacing each substance in the reaction equation (4.92) by its 
chemical potential. 


Write out the equilibrium condition (4,98) for 2C6He + 150, > 12CO, + 6H,0 
and for the general reaction aA + bB + cC + dD. 

Since reactants have negative stoichiometric coeficients, the equilibrium 
condition for 2C,H, + 150, > 12CO, + 6H2O is Ñ; Viki = —2He 6H — !5Ho2 + 
124co, + 6ln,o = 9 OF 2ucene + 1SHo, = 12Hco3 + Shimo which has the same 
formas the chemical reaction. For aA + bB > cC + dD, the equilibrium condition 
IS apy + bup = cue + dup. 


The equilibrium condition ¥; vi; = 0 looks abstract, but it simply says that at 
reaction equilibrium, the chemical potentials of the products “balance” those of the 
reactants. 

_ If the reacting system is held at constant T and P, the Gibbs energy G is 
minimized at equilibrium. Note from (4.78) that the sum J; 4; dn; in (4.96) equals 
dG at constant T and P; dGr,p = Yi; pdn; Use of dn; = v,dé [Eq. (4.97)] gives 
16r» = J; v; dë: ` 


dG 
-= vi; const. T, P (4.99) 
dě i 
At equilibrium, dG/dé = 0, and G is minimized. The 4;'s in (4.99) are the chemical 
Potentials of the substances in the reaction mixture, and they depend on the compo- 
sition of the mixture (the n;’s). Hence the chemical potentials vary during the course 
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of the reaction. This variation continues until G (which depends on the Lrs and the 
nys at constant T and P) is minimized and (4.98) is satisfied. Figure 4.6 sketches ¢ 
vs. ¢ for a reaction run at constant T and P. For constant T and V, G is replaced 
by A in the preceding discussion. 

Note the resemblance of the reaction-equilibrium condition (4.98) to the 
phase-equilibrium condition (4.88). If we consider the movement of substance A, 
from phase £ to phase ô, Aj’ > A;?’, to be a kind of chemical reaction, then y = ~{ 
for Aj’ and v = 1 for A,*: Eq. (4.98) gives ~n,? + m? = 0, which is (4.88), 
ENTROPY AND LIFE 
The second law of thermodynamics is the law of increase in entropy. Increasing 
entropy means increasing disorder. Living organisms maintain a high degree of in- 
ternal order. Hence one might ask whether life processes violate the second law, 

We first ask whether we can meaningfully define the entropy of a living organism, 
Processes are continually occurring in a living organism, and the organism is not in 
an equilibrium state. However, the discussion of Sec. 4.2 shows that the entropy of 
nonequilibrium systems can be defined. We therefore can consider whether living 
systems obey the second law. 

The first thing to note is that the statement AS > 0 applies only to systems that 
are both closed and thermally isolated from their surroundings; see Eq. (3.37). Living 
organisms are open systems, since they take in and expel matter: fu rther, they exchange 
heat with their surroundings. According to the second law, we must have AS, + 
AS cure > 0 for an organism, but AS syst (AS of the organism) can be positive, negative, 


by an increase in Ssurr that is at least as great as the magnitude of the decrease in 
Ssys: For example, during the freezing of water to the more ordered state of ice, Seyst 
decreases, but the heat flow from system to surroundings increases S. 


its surroundings; hence Eqs. (3.37) and (3.35) give dS; > 0, where the inequality sign 
holds for irreversible internal Processes. However, dS, can be positive, negative, or 
zero, and dS,,., can be Positive, negative, or zero. 


The sign of q, and hence the sign of that part of AS, due to heat exchange, can be 
positive or negative, depending on whether the surroundings are hotter or colder 
than the organism. We shall concentrate on that part of AS, which is due to matter 
exchange. The organism takes in food that contains highly ordered, low-entropy poly- 
meric molecules such as proteins and starch and excretes waste products that contain 
smaller, less ordered molecules. Thus the entropy of the food intake is less than the 
entropy of the excretion products returned to the surroundings; this keeps AS, 
negative. The organism discards matter with a greater entropy content than the 
matter it takes in, thereby losing entropy to the environment to compensate for the 
entropy produced in internal irreversible processes. 

The preceding analysis shows there is no reason to believe that living organisms 
violate the second law. Of course, a quantitative demonstration of this by measure- 
ment of ASsys + ASsurr for an organism and its surroundings would be a difficult 
task. In the absence of such a quantitative demonstration, there have been occasional 
speculations that organisms violate the second law of thermodynamics. 


SUMMARY 


The Helmholtz energy A and the Gibbs energy G are state functions defined by 
A=U — TS and G = H — TS. The condition that the total entropy of system plus 
surroundings be maximized at equilibrium leads to the condition that A or G of a 
closed system with only P-V work be minimized if equilibrium is reached in a system 
held at fixed T and V or fixed T and P, respectively. 

The first law dU = dq + dw combined with the second-law expression dq,ey = 
TdS gives dU = T dS — P dV (the Gibbs equation for dU) for a reversible change in a 
closed system with P-V work only. This equation, the definitions H = U + PV, A= 
U- TS, G = H — TS, and the heat-capacity equations Cp = (@H/0T)p = T(0S/0T )p 
and Cy =(0U/@T)y = T(@S/@T)y are the basic equations for a closed system in 
equilibrium. 

From the Gibbs equations for dU, dH, and dG, expressions for the variations 
in U, H, and G with respect to T, P, and V were found in terms of the readily 
measured properties Cp, æ, and x; application of the Euler reciprocity relation to 
dG = ~SdT + VdP gives (ĉS/ôP)r = —(@V/@T)p; (0S/0V)z is found similarly from 
the Gibbs equation for dA. These relations allow calculation of AU, AH, and AS for 
arbitrary changes of state. 

For a system (open or closed) in mechanical and thermal equilibrium with P-V 
work only, one has dG = —SdT + VdP + ¥, Yj u dnj7, where the chemical poten- 
tial of substance i in phase æ is defined as y;7 = (2G*/6n;)r, png, This expression 
a dG applies during an irreversible chemical reaction or transport of matter between 

ases. 

The condition for equilibrium between phases is that, for each substance i, the 
chemical potential H; must be the same in every phase of the system in which i is 
Present, The condition for reaction equilibrium is that J; vj; = 0, where the y;’s are 
the teaction’s stoichiometric coefficients, negative for reactants and positive for 
Products. The chemical potentials are the key properties in chemical thermodynamics, 
Since they determine phase and reaction equilibrium. 
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Important kinds of calculations dealt with in this chapter include: 


* Calculation of AU, AH, and AS for changes in system tem 


perature and pressure 


and calculation of AG and AA for isothermal processes. 


* Calculation of Cp — Cy, (@U/@V)p, (CH/6P)p, (0S/0T)p, (S/OP)-r, 


etc., from readily 


measured properties (Cp, a, K). 


Although this has been a long, 


mathematical chapter, it has presented concepts 


and results that lie at the heart of chemical thermodynamics and that will serve 
as a foundation for the remaining thermodynamics chapters. 


FURTHER READING 


Zemansky and Dittman, chaps. 9, 14; Denbig 
20, 21; Van Wylen and Sonntag, 


h, chap. 2; Andrews (1971), chaps. 13, 15, 
chap. 10; Lewis and Randall, App. 6; McGlashan, chaps. 


6, 8. 
PROBLEMS 
Sec. 44 4.5 i 4.6 | 47 | 48 | 49 | general 
Probs. 41 4.2-4.22 4.23-4.32 | 433-434 | 435-437 | 4.38-4.40 | 4.41-4.49 
4.1 Calculate AG, AA, and ASuniy for each of the following 4.9 Verify that [XG/T)/ðT]p = —H/T?. This is the Gibbs- 


Processes and state any approximations made: (a) melting of 
36.0 g of ice at 0°C and 1 atm (use data from Prob. 2.37); (b) va- 
Porization of 39 g of CH at its normal boiling point of 80.1°C 
and 1 atm; (c) adiabatic expansion of 0.100 mol of a perfect 
gas into vacuum (Joule experiment) with initial temperature of 
300 K, initial volume of 2.00 L, and final volume of 6.00 L. 


4.2 Verify the Maxwell relations (4.44) and (4.45). 


4.3 For water at 30° 
to find (a) (0U/AV) ,; 


Cand 1 atm, use data preceding Eq. (4.54) 
(b) Myr. 
4.4 Given that, for CHCl, at 25°C and 


1.49 g/em3, Cp = 116 J/(mol K), a= 1.33 x 107 
k= 9.8 x 107° atm™!, find G, 


latm, p= 
3K"! and 
for CHCI, at 25°C and 1 atm. 


4.5 For a liquid with the typical values ~ = 1073 Kk = 
10-* atm~1, 7 = 50cm? mol~', Cp = 40 cal mol`! Kt 
calculate at 25°C and 1 atm (a) (0H/0T)p: (b) (ôĦ/ðP)r; 
(€) (3U/V)r; (d) (35AT )p; (e) (0S/0P)z; (f) Cy; (9) (0A/0V)p. 


4.6 Show that (0U/ðP)r = —TVa + PVK (a) by starting 
from the Gibbs equation for dU; (b) by starting from (4.47) for 
(0U/3V )r. 


4.7 Show that (ĉU/ôT)p = Cp 
dU = TdS — PdV; (b) by substit 


— PVa (a) by starting from 
uting (4.26) into (4.30). 


48 Starting from dH = TdS + VdP, show 
aTjk — 1/x. 


that (@H/eV), = 


Helmholtz equation. 


4.10 Show that x, = (P —«Tx~*)/C,, where Hy is the Joule 
coefficient. 


4.11 Derive Eq. (4.49) by using (1.35) with z, x, u, and y re- 
placed by S, H, T, and P, respectively. 


4.12 A certain gas obeys the equation of state PŪ= 
RT(1 + bP), where b is a constant. Prove that for this gas 
(a) (0U/3V)r = bP?; (b) Cp — Cy = R(1 + bP)?; (c) uyr = 0. 


4.13 Use Eqs. (4.30), (4.42), and (4.48) to show that 
(ðCp/ôP)r = =T(@?V/OT?)». The volumes of substances in- 
crease approximately linearly with T, so ô? V/OT? is usually 
quite small. Consequently, the pressure dependence of Cp can 
usually be neglected unless one is dealing with high pressures. 


4.14 The volume of Hg in the temperature range 0 to 100°C 
at 1 atm is given by V = Vo(1 + at + bt”), where a = 0.18182 x 
107° °C"! b =0.78 x 10-8 °C” 7, and where Vp is the vol- 
ume at 0°C and t is the Celsius temperature. The density of 
mercury at 1 atm and 0°C is 13.595 g/cm?, (a) Use the result 
of Prob. 4.13 to calculate (@Cp/AP),. for Hg at 25°C and 1 atm. 
(b) Given that Cp = 6.66 cal mol! K -1 for Hg at 1 atm and 
25°C, estimate Cp of Hg at 25°C and 10* atm. 


415 For a liquid obe 
CT + ¢3T? — c4P 
each of the followi 


ying the equation of state Vac, t+ 
~ ¢sPT [Eq. (1.40)], find expressions for 
ng properties in terms of the c’s, Cp, P, T, 


| 


and V: (a) Cp — Cy; (b) (0U/3V)r; (c) (S/ôP)r; (d) uyr; (e) 
(@S/ôT)p; (S) (3G/ôP)r- 

416 (a) A reversible adiabatic process is an isentropic (con- 
stant-entropy) process. (a) Let as = a 1(QV/8T)s. Use the first 
Maxwell equation in (4.44) and Eqs. (1.32), (1.35), and (4.31) to 
show that «s = —Cyx/T Va. (b) Evaluate as for a perfect gas. 
Integrate the result, assuming that Cy is constant, and verify 
that you obtain Eq. (2.76) for a reversible adiabatic process 
in a perfect gas. (c) The adiabatic compressibility is xs = 
-V~'(6V/dP)s. Starting from (6V/0P)s = (@V/6T)s(OT/AP)s, 
prove that Ks = Cyk/Cp. 

417 Consider solids, liquids, and gases not at high pressure. 
For which of these is Cp — Cy usually largest? Smallest? 


418 Since all ideal gases are perfect (Sec. 4.5) and since for 
a perfect gas (0H/0P);=0 [Eq. (2.70)], it follows that 
(H/6P)7 = 0 for an ideal gas. Verify this directly from (4.48). 


419 The example after Eq. (4.55) showed that (@U/aV); = 
a/V? for a gas obeying the van der Waals equation of state. 
(a) Show that Ujntermor = —4/V for a van der Waals gas. (b) For 
common small and medium-size molecules, a is typically 10° 
to 107 cm atm mol ~? (Sec. 8.4). Calculate the typical range of 
Tintermoi iN a gas at 25°C and 1 atm; repeat for 25°C and 40 atm. 


420 For (CH5)20, use (4.57) to calculate the contributions 
of intermolecular attractions and repulsions to Ujntermot and 
compare the two at each of these Ñ values: (a) 114 cm*/mol; 
(b) 104 cm3/mol (the observed value at 25°C and 1 atm); 
(c) 94 cm3/mol. 


421 (a) For (C,H5)2O use (4.57) to estimate AU for vapor- 
ization of the liquid to a gas at 1 atm and 35°C, given that 
V= 106.6 cm?/mol at 35°C and 1 atm. (b) The experimental 
AH of vaporization of (C2H5)20 is 6.4 kcal/mol at 35°C. Cal- 
culate the experimental AU of vaporization. 


422 (a) For liquids at 1 atm, the attractive intermolecular 
forces make the main contribution to Uintermoi: Use this fact, 
the result of Prob. 4.19a, and the van der Waals a value of 
134 x 10° cm® atm mol”? for Ar to show that, for liquid 
or gaseous Ar, U x —(1.36 x 10° J cm? mol 7)/V + [12.5 J/ 
(mol K)]T + const. (b) Calculate the translational and inter- 
molecular energies in liquid and in gaseous Ar at 1 atm and 
873K (the normal boiling point). The liquid’s density is 
1.38 g/cm? at 87 K. (c) Estimate AU for the vaporization of Ar 
at its normal boiling point and compare the result with the 
experimental value 5800 J/mol. 


F For the processes of Probs. 2.33a, b, d, e, and f, state 
Whether each of AA and AG is positive, zero, or negative. 


424 Calculate AA and AG for the perfect-gas change of state 


of Prob. 2.38¢. Save ti i 38 
HATE c. Save time by using the results of Probs. 2. 


4.25 Calculate AA and AG for the process of Prob. 2.13. 


4.26 (a) Find AG for the fusion of 50.0 g of ice at 0°C and 
1 atm. (b) Find AG for the supercooled-water freezing process 
of Prob. 3.15. 


4.27 Find AA and AG when 0.200 mol of He(g) is mixed at 
constant T and P with 0.300 mol of O,(g) at 27°C. Assume 
ideal gases. 


4.28 Suppose 1.00 mol of water initially at 27°C and 1 atm 
undergoes a process whose final state is 100°C and 50 atm. Use 
data given preceding Eq. (4.54) and the approximation that the 
temperature and pressure variations of x, x, and Cp can be 
neglected to calculate: (a) AH; (b) AU; (c) AS. 


4.29 Calculate AG for the isothermal compression of 30.0 g of 
water from 1.0 atm to 100.0 atm at 25°C; neglect the variation 
of V with P. 


4.30 A certain gas obeys the equation of state PV = 
RT(1 + bP + cP”), where b and c are constants, Find expres- 
sions for AH and AS for a change of state of this gas from 
(P,, T;) to (P2, T2); neglect the temperature and pressure de- 
pendence of Cp. 


4.31 If 1.00 mol of water at 30.00°C is reversibly and adia- 
batically compressed from 1.00 to 10.00 atm, calculate the final 
volume by using expressions from Prob. 4.16 and neglecting 
the temperature and pressure variation in Ks. Next calculate 
the final temperature. Then (assuming Cy to be constant) cal- 
culate AU and compare the result with the approximate answer 
of Prob. 2.35. What is w for this process? See Eq. (4.54) and 
data preceding it. 


4.32 Use a result of the example after Eq. (4.55) to derive an 
expression for AU for a gas obeying the van der Waals equation 
and undergoing a change of state. 


4.33 Show that 4; = (@H/6n))s pn, = (0A/N)T v ngi 


4.34 Use Eq. (4.75) to show that dq = TdS + Y; u; dn; for a 
one-phase closed system with P-V work only in mechanical and 
thermal equilibrium. This expression gives dq during a chemical 
reaction. Since the reaction is irreversible, dq # T dS. 


4.35 For each of the following closed systems, write the condi- 
tion(s) for material equilibrium between phases: (a) ice in equi- 
librium with liquid water; (b) solid sucrose in equilibrium with 
a saturated aqueous solution of sucrose; (c) a two-phase system 
consisting of a saturated solution of ether in water and a satu- 
rated solution of water in ether. 


4.36 For each of the following pairs of substances, state which 
substance, if either, has the higher chemical potential: (a) H,O(I) 
at 25°C and 1 atm vs. H,O(g) at 25°C and 1 atm; (b) H,O(s) 
at 0°C and 1 atm vs. H,O(/) at 0°C and 1 atm; (c) H,O(s) at 
—5°C and | atm vs. supercooled H,O(/) at — 5°C and 1 atm; 


(4) CoH, 20¢(s) at 25°C and 1 atm ys. C6H,20,(aq) in an un- 
saturated aqueous solution at 25°C and 1 atm; (e) C5H;0¢(s) 
at 25°C and 1 atm vs. CH, »O,(aq) in a saturated solution at 
25°C and 1 atm; (f) C5H,20,(s) at 25°C and 1 atm vs. 
CeH,20,(aq) in a supersaturated solution at 25°C and 1 atm. 
(g) Which substance in (a) has the higher G? 


4.37 Show that for ice in equilibrium with liquid water at 0°C 
and 1 atm the condition of equality of chemical potentials is 
equivalent to AG = 0 for H,O(s) —> H,0(1). 


4.38 Give the value of the stoichiometric coefficient v for 
each species in the reaction C3H (9) + 503(g) + 3CO3(g) + 
4H,0(I). 


439 Write the reaction equilibrium condition for N2+ 
3H, = 2NH;j in a closed system, 


440 Suppose that in the reaction 203 = 303, a closed 
system initially contains 5.80 mol O, and 6.20 mol O3. At some 
later time, 7.10 mol of O; is present. What is č at this time? 


4.41 Consider a two-phase system that consists of liquid water 
in equilibrium with water vapor; the system is kept in a 
constant-temperature bath. (a) Suppose we reversibly increase 
the system’s volume, holding T and P constant, causing some 
of the liquid to vaporize. State whether each of AH, AS, ASuniys 
and AG is positive, zero, or negative. (b) Suppose we suddenly 
remove some of the water vapor, holding Tand V constant. 
This reduces the pressure below the equilibrium vapor pressure 
of water, and liquid water will evaporate at constant T and V 
until the equilibrium vapor Pressure is restored. For this evapo- 
ration process state whether each of AU, AS, ASuniv and AA 
is positive, zero, or negative. 


4.42 For each of the following processes, state which of AU, 
AH, AS, AA, and AG must be zero. (a) A nonideal gas 
undergoes a Carnot cycle. (b) Hydrogen is burned in an 
adiabatic calorimeter of fixed volume. (c) A nonideal gas un- 


dergoes a Joule~Thomson expansion. (d) Ice is melted at 0°C 
and | atm. 


4.43 Give an example of a liquid with a negative (6U/6V),, 


4.44 Give the name of each of these Greek letters and state 
the thermodynamic quantity that each stands for: (a) v; (b) u 


(c) & (d) a; (e) x; (f) p- 


4.45 Give the conditions of applicability of each of these 
equations: (a) dU = dq + dw; (b) dU = TdS -— Pav; () 
dU = TdS — PdV + Y; Ya p” dn? 


4.46 Give the SI units of (a) AG; (b) AS; (c) Cp; (d) My. 


4.47 For a closed system with P-V work only, (a) state the 
condition of phase equilibrium; (b) state the condition of reac. 
tion equilibrium. (c) Explain why dG = 0 is not the answer to 
(a) and (b). 


4.48 For a closed system with P-V work only and held at 
constant T and P, show that dS = dg/T — dG/T for an irre- 
versible material change. Hint: Start with G = H — TS. 


449 True or false? (a) Cp — Cy = R for all gases. (b) Cp - 
Cy = T Va?/r for any substance. (c) AG is always zero for a 
reversible process in a closed system capable of P-V work only. 
(d) The Gibbs energy of a closed system with P-V work only 
is always minimized at equilibrium. (e) The work done bya 
closed system can exceed the decrease in the system’s internal 
energy. (f) For an irreversible, isothermal, isobaric process in 
a closed system with P-V work only, AG must be negative. (9) 
Gsyst + Gsurr is constant for any process, (h) AS is positive for 
every irreversible process. (i) AS.ys. + ASgure is positive for every 
irreversible process. (j) (TS) = SAT + TAS. (k) A(U — TS) = 
AU — A(TS). (I) (@V/ðT)p = AV/AT for a constant-pressure 
Process. (m) If a system remains in thermal and mechanical 
equilibrium during a Process, then its T and P are constant 
during the process. (n) The entropy S of a closed system with 
-V work only is always maximized at equilibrium. 


CHAPTER 


STANDARD. THERMODYNAMIC 
FUNCTIONS OF REACTION 


We know how to use thermodynamic data to find AH, AS, and AG when a system 
of constant composition undergoes changes in T and P (Secs. 2.9, 3.4, and 4.6). Our 
aim in this chapter is to learn how to find AH, AS, and AG when reactants are con- 
verted to products in a chemical reaction. More precisely, we shall be using thermo- 
dynamic data to calculate the changes in H, S, and G for a process that starts with 
Separated reactants, each in a certain specified state at temperature T called its 
Standard state, and ends with separated products, each in its standard state at the 
same T. Our first task is to define these standard states, 


STANDARD STATES 


The standard state of a pure substance is defined as follows. For a pure solid or a 
Pure liquid, the standard state is defined as the state with pressure P = 1 bar [Eq. 
(119) and temperature T, where T is some temperature of interest. Thus for each 
value of T there is a single standard state for a pure substance. The symbol for a 
standard state is a degree superscript (often read as “naught” or “zero”), with the 
temperature written as a subscript. For example, the molar volume of a pure solid 
or liquid at 1 bar and 200K is symbolized by V300, where the degree superscript 
indicates the standard pressure of 1 bar and 200 stands for 200 K. For a pure gas, 
the standard state at temperature T is chosen as the state where P = 1 bar and the 
gas behaves as an ideal gas. Since real gases do not behave ideally at 1 bar, the 
standard state of a pure gas is a fictitious state. The method used to relate properties 
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of the gas in the fictitious standard state to properties of the real gas will be discussed 
in Sec. 5.4. Summarizing, the standard states for pure substances are: 


Solid or liquid: P= 1 bar, T 


Gas: PEE A i) 


Standard states for components of solutions will be discussed in later chapters, 


STANDARD ENTHALPY OF REACTION 


For any chemical reaction, we define the standard enthalpy (change) of reaction AH; 
as the enthalpy change for the process of transforming stoichiometric numbers of 
moles of the pure, separated reactants, each in its standard state at temperature T, 
to stoichiometric numbers of moles of the pure, separated products, each in its 
standard state at temperature T. Often AH7 is called the heat of reaction. We define 
AU; in a similar manner. For the reaction [Eqs. (4.92) and (4.94)] 
aA, + BA, +++ > eAm + fAmyy H or 0> F vA 


i 


i 
the standard enthalpy change AH? is 


AH? = eÑ HAm) + fAWAm41) + aH(A,) — bAHA,)— + 
AH; = } vit; (5.2)* 
i 
where the y;’s are the stoichiometric coefficients (positive for products and negative for 
reactants) and H7; is the molar enthalpy of substance A; in its standard state at 
temperature T. For example, for the reaction 2C,H, + 150, + 12CO, + 6H;0, 
one has 


AH? = 12H7(CO,) + 6H7(H0) — 2A3(CgH,) — 15H3(0,) 


Since the stoichiometric coefficients v; in (5.2) are dimensionless, the units of 
AH? are the same as those of H,,;, namely, cal/mol or J/mol. The subscript T in 
AH; is often omitted. Since AH; is a molar quantity, it is best written as AA}. 
However, the bar is usually omitted, and we won't bother to include it. 

Note that AH” depends on how the reaction is written. For 


2H,(g) + O2(9) > 2H,0(!) (5.3) 


the standard enthalpy of reaction AH; [Eq. (5.2)] is twice that for 
Hag) + 40,19) > H,0(1) 64 


since each stoichiometric coefficient v; in (5.3) is twice the corresponding v; in (5.4) 
Although we can’t have half a molecule, we can have half a mole of O 2, 50 (5.4) is 
a valid way of writing a reaction in chemical thermodynamics, For (5.3), one finds 
AH298 = —572 kJ/mol, whereas for (5.4) AH398 = —286 kJ/mol, where 298 stands 
for 298.15 K. The factor mol`! in AH? indicates that we are giving the standard 
enthalpy change per mole of reaction as written, where the amount of reaction that 
has occurred is measured by č, the extent of reaction (Sec. 4.9), A AH® value is for 


£=1 mole. Since An; = vč [Eq. (4.95)], when č = 1 mole for (5.3), 2 moles of H,O 
is produced; whereas when č = 1 mole for (5.4), 1 mole of EE Ofis produced! 

In (5.4), the symbols | and g denote the liquid and gaseous states. A crystalline 
solid is denoted by s or c or cr. 

The definition (5.2) of AH} of a reaction contains the standard-state molar 
enthalpy Ay of each species at T. However, the laws of thermodynamics allow us 
to measure only changes in enthalpies, internal energies, and entropies (AH, AU, and 
AS). Therefore thermodynamics does not provide absolute values of U, H, and S, 
but only relative values. 


It is possible in principle to assign an absolute value for U (and hence for H) of a substance 
by using Einstein's formula E = mc?, where m is the relativistic mass of a system with 
energy E, and c is the speed of light in a vacuum. For a system at rest in the absence 
of external fields, E equals the internal energy U. Thus to find the absolute internal 
energy of a mole of water at a given T and P, we simply multiply the molar mass by c?. 
However, such a calculation is useless for chemical thermodynamics because the mass 
change that accompanies a typical change of state in chemical thermodynamics is far 
too small to be detected. For example, the increase in mass on melting one mole of ice 
is only 7 x 10~'! g. [From Prob. 2.37a, AU = 6 kJ for the melting, and Am = AU/c? = 
6000 J/(3 x 10% m/s)? = 7 x 107 '* kg.] Hence we cannot find absolute values of U and 
H that are accurate enough to be useful in chemical thermodynamics. 


We want to be able to calculate AH” of a reaction from tabulated thermodynamic 
data for the reactants and products. Thermodynamics does not give us absolute values 
of H? of substances, so we cannot tabulate absolute enthalpies. Instead, we tabulate 
standard enthalpies of formation. The next section defines the standard enthalpy of 
formation AH}. ri of substance i and shows that AH} of Eq. (5.2) is given by 
AH =}; vw AHF r,i 


STANDARD ENTHALPY OF FORMATION 


The standard enthalpy of formation (or standard heat of formation) AHĵ,r of a pure 
substance at temperature T is AH® for the process in which one mole of the substance 
in its standard state at T is formed from the corresponding separated elements at T, 
each element being in its reference form. The reference form (or reference phase) of 
an element at temperature T is usually taken as the form of the element that is most 
stable at T and 1 bar pressure. 

For example, the standard enthalpy of formation of gaseous formaldehyde 
H,CO(g) at 307 K, symbolized by AH? 307.mcow) is the standard enthalpy change 
AH304; for the process 


C(graphite, 307 K, P°) + H,(ideal gas, 307 K, P°) + 4O,(ideal gas, 307 K, P°) > 
H,CO(ideal gas, 307 K, P°) 


The gases on the left are in their standard states, which means they are unmixed, 
each in its pure state at standard pressure P° = 1 bar and 307 K. At 307 K and 1 bar, 
the stable forms of hydrogen and oxygen are H,(g) and O,(g), so the standard states 
of these forms are used. At 307 K and 1 bar, the most stable form of carbon is graphite, 
Not diamond, so graphite appears in the formation reaction. 
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Consider AH$ of HBr(g). At 1 bar pressure, Br, boils at 331.5 K (58°C). There. 
fore, AH}. 330 of HBr(g) involves liquid Br, at 330 K and 1 bar reacting with standard. 
state H2(g), whereas AH}, 335 of HBr(g) involves gaseous standard-state Bry reacting 

Since AH% values are changes in enthalpies, their values can be found from ex 
perimental data and thermodynamics equations; for details, see Sec. 5.4, 

For any element in its reference form at T, AHj,r is zero. For example, 
AH} 307 Of graphite is, by definition, AH® of the reaction C(graphite, 307 KPA 
C(graphite, 307 K, P°). Nothing happens in this “process,” so its AH” is zero, How. 
ever, AH} 307 of diamond is not zero, but equals AH® of C(graphite, 307 K, P’) 4 
C(diamond, 307 K, P°), which experiment gives as 1.9 kJ/mol. 

Even though a particular form of a substance may not be stable at temperature 
T and 1 bar, one can still use experimental data and thermodynamics equations to 
find AH, of that form. For example, H,O(g) is not stable at 25°C and 1 bar, but 
we can use the measured heat of vaporization of liquid water at 25°C to find AH} 298 
of H,O(g); see Sec. 5.9 for details. 

We now prove that the standard enthalpy change AH? for a chemical reaction 
is given by 


AH; = YAH; 7; 65} 


where v; is the stoichiometric coefficient of substance i in the reaction and AH¥ r, i$ 
the standard enthalpy of formation of substance i at temperature T. 

To prove (5.5), consider the reaction aA + bB > cC + dD, where a, b, c, d are 
the unsigned stoichiometric coefficients and A, B, C, D are substances, Figure 5.1 
shows two different isothermal paths from reactants to products in their standard 
states. Step 1 is a direct conversion of reactants to products. Step 2 is a conversion 
of reactants to elements in their reference forms. Step 3 is a conversion of elements 
to products. (Of course, the same elements produced by the decomposition of the 
reactants will form the products.) Since H is a state function, AH is independent of 
path and AH, = AH, + AH}. We have AH, = AH; for the reaction. The reverse of 
Process 2 would form aA + bB from their elements: hence, — AH, = a AHȘ r(A) + 
b AH;,7(B), where AH; (A) is the standard enthalpy of formation of compound A 
at temperature T. Step 3 is the formation of cC + dD from their elements, so AH; = 
CAH; 1(C) + dAH;.7(D). The relation AH, = AH, + AH, becomes 


AH? = —a AH} r(A) — b AHS (B) + c AH; 7(C) + dAH;.,(D) 


which is Eq. (5.5) for the reaction aA + bB > cC + dD, since the stoichiometric 
Coefficients v; are negative for reactants, 


Steps used to relate AH” of a 
reaction to AH; of reactants and 
products. 


There are many more chemical reactions than there are chemical substances. 
Rather than having to measure and tabulate AH” for every possible chemical reaction, 
we can use (5.5) to calculate AH” from tabulated AH}; values of the substances in- 
volved, provided we have determined AH’ of each substance. The next section tells 
how AH; is measured. 


DETERMINATION OF STANDARD ENTHALPIES OF FORMATION AND REACTION 


Measurement of AH’. The quantity AH}; ; is AH® for isothermally converting 
pure standard-state elements in their reference forms to standard-state substance i. 
To find AH} r,» We must carry out the following steps: (1) If any of the elements 
involved are gases at T and | bar, we calculate AH for the hypothetical transformation 
of each gaseous element from an ideal gas at T and 1 bar to a real gas at T and 1 bar. 
This step is necessary because the standard state of a gas is the hypothetical ideal 
gas at | bar, whereas only real gases exist at 1 bar. The procedure for this calculation 
is given at the end of this section. (2) We measure AH for mixing the pure elements 
at T and 1 bar. (3) We use AH = ff CpdT + |} (V — TVa)dP [Eq. (4.63)] to find AH 
for bringing the mixture from T and 1 bar to the conditions under which we plan 
to carry out the reaction to form substance i. (For example, in the combustion of an 
element with oxygen, we might want the initial pressure to be 30 atm.) (4) We use a 
calorimeter (see below) to measure AH for the reaction in which the compound is 
formed from the mixed elements. (5) We use (4.63) to find AH for bringing the com- 
pound from the state in which it is formed in step 4 to T and 1 bar. (6) If compound 
iis a gas, we calculate AH for the hypothetical transformation of i from a real gas 
to an ideal gas at T and 1 bar. The net result of these six steps is the conversion of 
standard-state elements at T to standard-state i at T. 

The standard enthalpy of formation AH*,7,; is the sum of these six AH’s. The 
main contribution comes from step 4, but in precise work one includes all the steps. 

Once AH}. ; has been found at one temperature, its value at any other tempera- 
ture can be readily calculated using Cp data for i and its elements (see Sec. 5.5). 
Nearly all thermodynamics tables list AH}, at 298.15 K (25°C). Some tables list AH} 
at other temperatures. Some values of AH 29g are plotted in Fig. 5.2. A table of 
AH’ 29s is given in the Appendix. Once we have built up such a table, we can use 
Eq. (5.5) to find AH}59x for any reaction whose species are listed. 


Lune f 


Find AH 298 for the combustion of one mole of the simplest amino acid, glycine, 
H CH,COOH, according to 


NH CH,COOH(s) + 30,(g) > 2CO,(g) + $H30(1) + 3N2(9) (5.6) 

Substitution of Appendix AHS +9 values into AH3əs = J; v; AH7208,: [EQ: 
(55)] gives AH395 as 

EXO) + §(— 285.830) + X—393.509) — (—528.10) — $(0)] kJ/mol = —973.49 kJ/mol 
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AH} 29g Values, The scales are 
` logarithmic. 
AH? 


1,298 


kJ/mol 
A 
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200 +- 


100-7 NOG) 


50 -+ C,H; (8) 


$ H000) 


CO) (8) 
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% CaO(s) 
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$ glucose (s) 
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Standard enthalpies of 
combustion at 25°C. The scale is 
logarithmic. The products are 
CO,(g) and H,O(I). 


AH? 298 


kJ/mol 


~200 +- 


$ H, (g) 


® C(graphite) 
-500 + 


+ CH, OH) 


$ CHy(e) 
~1000 + 


7 C2 He (g) 


-2000 +. 
C3 Hg (8) 


¢ glucose (s) 


—5000 + 


Calorimetry. To carry out step 4 of the preceding procedure to find AH} ofa 
compound, we must measure AH for the chemical reaction that forms the compound 
from its elements. For certain compounds, this can be done in a calorimeter, We 
shall consider measurement of AH for chemical reactions in general, not just for 
formation reactions. 

To be suitable for calorimetric study, the reaction should be fast so that the heat 
exchange between the calorimeter and the surroundings can be made negligible during 
the reaction. The reaction preferably should go essentially to completion so that we 
need not analyze the mixture after reaction to determine how much material reacted, | 
The reaction should be “clean,” with no significant amount of any other reaction 
occurring. The most common type of reaction studied calorimetrically is combustion, 
One also measures heats of hydrogenation, halogenation, neutralization, solution, | 
dilution, mixing, phase transitions, etc. Heat capacities are also determined in a calo- 
rimeter. Reactions where some of the species are gases (for example, combustion 
reactions) are studied in a constant-volume calorimeter. Reactions not in volving gases 
are studied in a constant-pressure calorimeter. 

The standard enthalpy of combustion AH? r of a substance is AH? for the 
reaction in which one mole of the substance is burned in O2. For example, AH? for 
solid glycine is AH® for reaction (5.6). Some AH? 9g Values are plotted in Fig. 5,3 

Of the many types of calorimeters, we shall consider only the adiabatic bomb 
calorimeter (Fig. 5.4), which is used to measure heats of combustion. Let R stand 
for the mixture of reactants, P for the product mixture, and K for the bomb walls 
plus the surrounding water bath. Suppose we start with the reactants at 25°C, Le 
the measured temperature rise due to the reaction be AT. Let the system be the 
bomb, its contents, and the surrounding water bath. This system is thermally insulated 
and does no work on its surroundings (except for a completely negligible amount ol 
work done by the expanding water bath when its temperature rises). Therefore q = 
and w = 0. Hence AU = 0 for the reaction, as noted in step (a) of Fig. 5.4. After AT 
is measured to high accuracy, we cool the system back to 25°C. Then we accurately 
measure the amount of electrical energy U a that must be supplied to raise the system's 
temperature from 25°C to 25°C + AT; this is step (b) in Fig. 5.4. We have 
AU, = Ua = VIt, where V, I, and t are the voltage, current, and time. The desire 
quantity AU, 593 (where r stands for reaction) is shown as step (c). The change in 
the state function U must be the same for path (a) as for path (c) + (b), since these 
paths connect the same two states. Thus AU, = AU, + AU, and 0 = AU, 298 + Uer 
Hence AU, 298 = —U a, and the measured U. allows AU, 29g to be found. 

Instead of using U., we could use an alternative procedure, We have seen tha 
AU,,20g = —AU, (Fig. 5.4b). If we imagine carrying out step (b) by supplying heat 
% to the system K + P (instead of using electrical energy), then we would have 


AU, = q = Ck +p AT, where Cx +p is the average heat capacity of the system K + P 
over the temperature range. Thus 


AU, 298 = —Cx yp AT 6 


To determine Cx +p, we repeat the combustion experiment in the same calorimeter 
using benzoic acid, whose AU of combustion is accurately known. For burning the 
benzoic acid, let AU}, 49g, P’, and AT’ denote AU 9g of reaction, the reaction prod- 
ucts, and the temperature rise. Similar to Eq. (5.7), we have AU; gg = -Cpr 
Measurement of AT” and calculation of AU; 298 from the known AU of combustion 
of benzoic acid then gives us the heat capa 


city Cy +p. The temperature ranges ove! | 


Thermometer 
Ignition Electrical 
wires heater = Stirrer 


Sample pellet 


— EA 
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which the two combustions are carried out are very similar. Also, the main contribu- 
tion to Ck+p and Cx +p comes from the bomb walls and the water bath. For these 
reasons, it is an excellent approximation to take Cx ,p = Cx +p. (In very precise 
work, the difference between the two is calculated using the known heat capacities 
of the combustion products.) Knowing Cx +p, we find AU, 29g from Eq. (5.7). 

To find the standard internal energy change AU39g for the reaction, we must 
allow for the changes in Up and Up that occur when the reactants and products are 
brought from the states that occur in the calorimeter to their standard states. This 
correction is typically about 0.1 percent for combustion reactions. 

(An analysis similar to Fig. 5.4b allows one to estimate the temperature of a 
flame. See Prob. 5.47.) 

For reactions that do not involve gases, one can use an adiabatic constant- 
Pressure calorimeter. The discussion is similar to that for the adiabatic bomb calo- 
rimeter, except that P is held fixed instead of V, and AH of reaction is measured 
Instead of AU. 


Relation between AH° and AU’. Calorimetric study of a reaction gives either 
AU* or AH’. Use of H = U + PV allows interconversion between AH® and AU”, 
For a process at constant pressure, AH = AU + P AV. Since the standard pressure 
P” is the same for all substances, conversion of pure standard-state reactants to 
products is a constant-pressure process, and for a reaction we have 


AH® = AU’ + P° AV? (5.8) 
P° = 1 bar (5.9)* 


__ Similar to AH® = $; vA? [Eq. (5.2)], the changes in standard-state volume and 
'nternal energy for a reaction are given by AV? = Y; ¥;,Vj and AU® = }; v,U?. A sum 
me X: vÜ? looks abstract, but when we see pete we can translate this into 
Products minus reactants,” since the stoichiometric coefficient v; is positive for prod- 
Ucts and negative for reactants, 


(a) An adiabatic bomb 
calorimeter, The shaded walls are 
adiabatic. (b) Energy relations for 

this calorimeter. 
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The molar volumes of gases at 1 bar are much greater than those of liquids or 
Solids, so it is an excellent approximation to consider only the gaseous reactants and 
products in applying (5.8). For example, consider the reaction 


aA(s) + bB(g) > cC(g) + dD(g) + eE(!) 


Neglecting the volumes of the solid and liquid substances A and E, we have Ay? = 
cVe + dV5, — b73. The standard state ofa gas is an ideal gas, so V° = RT/P° for each 
of the gases C, D, and B. Hence AV° = (c + d—b)RT/P°. The quantity c+d—5 
is the total number of moles of product gases minus the total number of moles of 
Teactant gases. Thus, c + d—b is the change in number of moles of gas for the 
reaction. We write c + d — b = An,/mol, where ng stands for moles of gas, Since 
c + d — b is a dimensionless number, we divided An, by the unit “mole” to make it 
dimensionless. We thus have AV? = (An,/mol)RT/P°, and (5.8) becomes 


AH; = AU} + An,RT/mol (5.10) 


Find AH300 — AU$oq for C3H4(9) + 503(g) > 3C0,(g) + 4H,O(!). 
For this reaction, An,/mol = 3 — 1 — 5 = —3, and (5.10) becomes 


AH300 — AU3o9 = —3(8.314 J/mol-K)(300 K) = — 7480 J/mol 


For reactions not involving gases, An, is zero, and AH” is essentially the same 
as AU® to within experimental error. For reactions involving gases, the difference 
between AH? and AU”, though certainly not negligible, is usually not great, The 
quantity RT in (5.10) equals 2.5 kJ/mol at 300 K and, 8.3 kJ/mol at 1000 K, and 
An,/mol is usually a small integer. These RT values are small compared with typical 
AH” values, which are hundreds of kJ/mol (see the AH; values in the Appendix), 


In qualitative reasoning, chemists often don’t bother to distinguish between AH’ 
and AU’. 


Hess’s Law. Suppose we want the standard enthalpy of formation AH}.298 of 


ethane gas at 25°C. This is AH39g for 2C(graphite) + 3H2(9) > C Helg). Unfor- 
tunately, we cannot react graphite with hydrogen and ex 


pounds. Instead, we determine the heats of combustion 


i of ethane, hydrogen, and 
graphite, these heats being readily measured. The followin; 


g values are found at 25°C: 
C2Helg) + 403(9) > 2C0,(g) + 3H20(!) -AH398 = —1560 kJ/mol (1) 
C(graphite) + Oz(g) > CO,(g) AH398 = —3934 kJ/mol (J 
H2(g) + 302/9) > H20(1) AH3o8 = —286 kJ/mol (3) 
Multiplying the definition AH° = Di yA? 


[Eq. (5.2)] by —1, 2, and 3 for reactions 
(1), (2), and (3), respectively, we get 


—(—1560 kJ/mol) = —2H°(CO,) — 3H°(H,0) + H°(C,H,) + 3.5H°(O3) 
2(— 3933 kJ/mol) = 2H°(CO,) — 24(0,) — 28°C) 
3(—286 kJ/mol) = 34°(H,0) — 3A°(H,) — 15H°,) 


where the subscript 298 on the Hs is understood. Addition of these equations gives 
—85 kJ/mol = H°(C,H,) — 2A°(C) — 3°(H,) (5.11) 

But the quantity on the right side of (5.11) is AH® for the desired formation reaction 
2C(graphite) + 3H(g) > C,H¢(g) (5.12) 


Therefore AH},393 = —85 kJ/mol for ethane. 

We can save time in writing if we just look at chemical reactions (1) to (3), figure 
out what factors are needed to multiply each reaction so that they add up to the de- 
sired reaction (5.12), and apply these factors to the AH® values. For example, multipli- 
cation of reactions (1) to (3) by the factors — 1, +2, and +3, followed by addition, gives 
reaction (5.12). Hence AH 39g for (5.12) is [—(— 1560) + 2(—3934) + 3(—286)] kJ/mol. 
The procedure of combining heats of several reactions to obtain the heat of a desired 
reaction is Hess's law. Its validity rests on the fact that H is a state function, so AH® 
is independent of the path used to go from reactants to products. AH® for the path 
elements > ethane is the same as AH” for the path 


elements + oxygen + combustion products + ethane + oxygen 


Since the reactants and products are not ordinarily in their standard states when 
we carry out a reaction, the actual enthalpy change AH for a reaction differs somewhat 
from AH°. However, this difference is usually small, and AH and AH? are unlikely 
to have different signs. For the discussion of this paragraph, we shall assume that 
AH and AH® have the same sign. If this sign is positive, the reaction is said to be 
endothermic; if this sign is negative, the reaction is exothermic. For a reaction run 
at constant pressure in a system with P-V work only, AH equals qp, the heat absorbed 
by the system. For an endothermic reaction, AH is positive and qp is positive, mean- 
ing that the system absorbs heat from the surroundings. An exothermic reaction 
gives off heat to the surroundihgs. The combustion reactions (1) to (3) above are all 
exothermic. 


Calculation of H;4 — H,.. The standard state of a gas is the hypothetical ideal gas 
at 1 bar. To obtain AH;; of a gaseous compound or a compound formed from gaseous 
elements, we must be able to calculate the difference between the standard-state ideal- 
gas enthalpy and the enthalpy of the real gas (steps 1 and 6 in the first paragraph of 
Sec. 5.4). Let A(T, P°) be the molar enthalpy of a (real) gaseous substance at T and 
P’, and let Hjq(T, P°) be the molar enthalpy of the corresponding fictitious ideal gas 
at T and P°, where P° = 1 bar. AidT, P°) is the enthalpy of a hypothetical gas in 
which each molecule has the same structure (bond distances and angles) as in the 
real gas but in which there are no forces between the molecules. To find Hia — Aye, 
We use the following hypothetical isothermal process at T: 


Real gas at P° £ real gas at 0 bar © ideal gas atO bar £} ideal gas at P° (5.13) 


In step (a), we isothermally reduce the pressure of 1 mole of the real gas from 
1 bar to zero. In step (b), we wave a magic wand that eliminates intermolecular inter- 
actions, thereby changing the real gas into an ideal gas at zero pressure. In step (c), 
we isothermally increase the pressure of the ideal gas from 0 to 1 bar. The overall pro- 
css converts 1 mole of real gas at 1 bar and T into 1 mole of ideal gas at 1 bar and 
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Change in A with P for the 
isothermal conversion of real-gas 
N, to ideal-gas N, at 25°C. 


H|(3/mol) 


(c) 
Ideal gas 


Standard 


T. For this process, 
AH = H;,(T, P°) — H,.(T, P°) = AH, + AH, + AH, (614 


The enthalpy change AH, for step (a) is calculated from the integrated form of 
Eq. (4.48), (0Ħ/ôP)r = V — TVa [Eq. (4.63) with dT = 0}: 


o 
AH, = H,,(T, 0 bar) — H,.(T, P°) = Í (V — TVa) dP 

a 

For step (b), AH, = Ħ;a(T, 0 bar) — H,.(T, 0 bar). The quantity U pe — Vig (both 

at the same T) is Uintermor (Sec. 2.11), the contribution of intermolecular interactions 
to the internal energy. Since intermolecular interactions go to zero as P goes to zero | 
in the real gas, we have U,, = U;a in the zero-pressure limit. Also, as P goes to zero, 
the equation of state for the real gas approaches that for the ideal gas; therefore H 
(PV); equals (PV );4 in the zero-pressure limit. Hence H,. = Ux, + (PV), ¢ equals Hy 
in the zero-pressure limit: 


H,.(T, 0 bar) = A(T, 0 bar) and AH, =0 (515) 
For step (c), AH, is zero, since H of an ideal gas is independent of pressure, 
Equation (5.14) becomes 


Pp 


Ai,(T, P°) — B(T, P°) ={ [7() — r] dP const. T (516) | 
o ôT/p 


where « = V~ ‘(OV/0T)p was used. The integral in (5.16) is evaluated using P-V-T 
data or an equation of state (Sec. 8.6) for the real gas. The difference Hy, — Hig is 
quite small at 1 bar (since intermolecular interactions are quite small in a 1-bar gas) 
but is included in precise work. Some values of H,. — Hig at 298 K and 1 bar are 
—7 J/mol for Ar, —17 J/mol for Kr, and —61 J/mol for C,Hg. Figure 5.5 plots Äx 
and Hyg vs. P for N3(g) at 25°C, with Hiq arbitrarily set equal to zero. Steps (a) and 
(c) of the process (5.13) are indicated in the figure. Intermolecular attractions make 
U,, and H,, slightly less than Uia and Hia, respectively, at 1 bar. 


Conventional enthalpies. Instead of tabulating AH% values and using these to find 
AR? of reactions, one can construct a table of conventional (or relative) standard-state 
enthalpies of substances and use these to calculate AH” of reactions from AH® = J; vfi, 
where H} is the conventional standard-state molar enthalpy of substance i. To construct 
such a table, we (1) pick sufficient reference substances and arbitrarily assign an enthalpy 
value to each reference substance in a Specified reference state; (2) use thermodynamic 
equations and experimental data to calculate AH for the change from reference substances 
in their reference states to the desired substance in its standard state. 

The most convenient choice of reference substances are the pure elements. The 
enthalpy reference state generally chosen is the standard state of the most stable form 
at 25°C and 1 bar. For each element in its most stable form at 25°C, the conventional 
standard-state enthalpy is arbitrarily set equal to zero: 


in chemical reactions. Knowing the conventional Hog of an element, we can use AH A 
Ji CpdT at constant P to find the conventional H° of an element at any temperature *- 


If any phase changes occur between 298.15 K and T, we make separate allowance for | 151 | 


them. 
So far, only elements have been considered. Suppose we want the conventional en- SECTON:55 


thalpy of liquid water at T: The formation reaction is H} + 40, > H,O. Therefore 
AH} rm00 = 47.12.00 — HT) — +H7,0x)- Knowing the conventional enthalpies 
Hy for the elements H, and O3, we use the experimental AH}, of H,O(l) (determined 
as discussed earlier) to find the conventional H7 of H,O(I). Similarly, we can find con- 
ventional enthalpies of other compounds. 


TEMPERATURE DEPENDENCE OF REACTION HEATS 


Suppose we have determined AH® for a reaction at temperature T, and we want 
AR’ at T>. Differentiation of AH° =); vH? [Eq. (5.2)] with respect to T gives 
dAH?°/dT = Y; v,dH;/dT, where we used the fact that the derivative of a sum equals 
the sum of the derivatives. (The derivatives are not partial derivatives. Since P is 
fixed at the standard-state value 1 bar, H? and AH® depend only on T.) The use of 
(0H;/0T)p = Cp, [Eq. (4.30)] gives 


dAH® E 
AA È vi Cpi = ACp (5.18) 
7 


where Č} ; is the molar heat capacity of substance i in its standard state at the tem- 
perature of interest, and where we defined the standard heat-capacity change AC» for 
the reaction as equal to the sum in (5.18). 
Integration of (5.18) between the limits T, and T, gives 
Tz 
AH; — AHF, -f ACpdT (5.19) 
Ti 
which is the desired relation (Kirchhoff’s law). 
An easy way to see the validity of (5.19) is from the following diagram: 


Standard-state reactants at T3 © standard-state products at T3 
Li) Ta (5.20) 
Standard-state reactants at T, ©} standard-state products at T, 


We can go from reactants to products at T, by a path consisting of step (a) or by 
a path consisting of steps (b) + (c) + (d). Since enthalpy is a state function, AH is 
independent of path and AH, = AH, + AH, + AH,. The use of AH = [m CpdT 
[Eq. (2.79)] to find AH, and AH, then gives Eq. (5.19). 

Over a short temperature range, the temperature dependence of ACp in (5.19) 
can often be neglected to give AH}, ~ AH}, + ACp.r,(T2 — Tı). This equation is 
useful if we have C3 data at T, only. 

_The quantity Cp,; (= dH?/dT) depends on T only. The temperature dependence 
of CS is commonly expressed by a power series of the form 


Cp=at+bT+cT? or CpadteTt+fT * t (5.21) 


where the coefficients a, b, c or d, e, f are determined by a least-squares fit of the 
experimental C data. Such power series are valid only in the temperature range of 
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the data used to find the coefficients and have no theoretical significance. The tem. 
perature dependence of Cp was discussed in Sec. 2.11 (see Fig. 2.12). 


The Cẹ’s of O(g), CO(g), and CO,(g) in the range 298 to 2000 K can each be | 
represented by Cp = d + eT + fT ? with these coeficients: | 


d/(cal mol~* K~*) 10°e/(cal mol”! K~?) 107 Šf/(cal mol“! K) 
02(9) 7.16 1.00 —0.40 
CO(g) 6.79 0.98 —0.11 } 
CO,(9) 10.55 2.16 —2.04 


For the reaction 
2CO(g) + O29) > 2CO3(g) 


use these data and Appendix data to find an expression for AH? in the range 298 
to 2000 K and calculate AH} 200: i 
We use (5.19) with T, = 298.15 K. The Appendix AHĵ 298 data give 
AH398/(kJ/mol) = 2(— 393.509) — 2(— 110.525) — 0 = — 565.968 
We have 


AC} = 2Cp.co, — 2C3,co — Cho: = 2(dco, + €co,T + foo,T~*) — °°: 
=Ad+TAe+T~7Af 


where Ad = 2dco, — 2dco — do, with similar expressions for Ae and Af. Substi- 
tuting AC; into (5.19) and integrating, we get 


AHT, — AH7, = Ad(T, — T,) + $Ae(T? — T,) — Af(T,~ 1 —T,') 
The above-listed d, e, f values give 


Ad = [2(10.55) — 2(6.79) — 7.16] cal/(mol K) = 0.36 cal/(mol K) 
= 0.00151 kJ/(mol K) 

Ae = 1.36 x 107° cal/(mol K?) = 5.69 x 1076 kJ/(mol K?) 

Af = —3.46 x 10° cal K/mol = — 1448 kJ K/mol 
since 1 cal = 4.184 J, Setting Tı = 298.15 K, we get 
AH?7,/(kJ/mol) = — 565.968 + 0.00151(T/K — 298.15) 

+ 2.85 x 10° °[(T,/K)? — 298.157] + 1448[(T>/K)~ 1 — 298.157] 

Substitution of T, = 1200 K gives AH} 209 = —564.41 kJ/mol. 


Note that AH{ 599 in this example is not greatly changed from AH3og. Usually, 
AH? and AS° for reactions change slowly with T (provided no species undergo phase 
changes in the temperature interval). The enthalpies and entropies of all reactants 
and products increase with T (Sec. 4.5), but the increases of products tend to cancel 
those of reactants, making AH? and AS° vary slowly with T. 


CONVENTIONAL ENTROPIES AND THE THIRD LAW 


Conventional Entropies. The second law of thermodynamics tells us how to mea- 
sure changes in entropy but does not provide absolute entropies. We could tabulate 
entropies of formation AS$, but this is not generally done. Instead, one tabulates 
conventional (or relative) entropies of substances. To set up a table of conventional 
standard-state entropies, we (1) assign an arbitrary entropy value to each element 
in a chosen reference state, and (2) find AS for the change from elements in their 
reference states to the desired substance in its standard state. 

The choice of the entropy reference state is the pure element in its stable con- 
densed form (solid or liquid) at 1 bar in the limit T + 0 K. We arbitrarily set S for 
each element in this state equal to zero: 

SQ = lim S;=0 element in stable condensed form (5.22)* 

T=0 

The degree superscript in (5.22) indicates the standard pressure of 1 bar. The sub- 
script zero indicates a temperature of absolute zero. As we shall see, absolute zero is 
unattainable, so we use the limit in (5.22). Helium remains a liquid as T goes to zero 
at 1 bar. All other elements are solids in this limit. Since elements are never inter- 
converted in chemical reactions, we are free to make the arbitrary assignment (5.22) 
for each element. 

To find the conventional Sa for an element at any T, we use (5.22) and the 
constant-P equation AS = je (Cp/T)dT [Eq. (3.30)], including also the AS of any 
phase changes that occur between absolute zero and T. 

How do we find the conventional entropy of a compound? We saw that AU or 
AH values for reactions are readily measured as qy or qp for the reactions, and these 
AH values then allow us to set up a table of conventional enthalpies (or enthalpies 
of formation) for compounds. However, AS for a chemical reaction is not so easily 
measured. We have AS = q,,,/T for constant temperature. However, a chemical reac- 
tion is an irreversible process, and measurement of the isothermal irreversible heat 
of a reaction does not give AS for the reaction. As we shall see in Chap. 14, one can 
carry out a chemical reaction reversibly in an electrochemical cell and use measure- 
ments on such cells to find AS values for reactions. Unfortunately, the number of 
reactions that can be carried out in an electrochemical cell is too limited to allow us 
to r up a complete table of conventional entropies of compounds, so we have a 
problem. 


The Third Law of Thermodynamics. The solution to our problem is provided by 
the third law of thermodynamics. About 1900, Theodore William Richards measured 
AG as a function of temperature for several chemical reactions carried out reversibly 
in electrochemical cells. Walther Nernst pointed out that Richards’s data indicated 
that the slope of the AG°-vs.-T curve for a reaction goes to zero as T goes to ab- 
Solute zero. Therefore in 1907 Nernst postulated that for any change 
lim (@AG/@T)p = 0 (5.23) 
T=0 
Frem (4.51), we have (ôG/ôT)p = —S; hence (ĉAG/ôT)p = (G2 — G,)/6T = 
G,/6T — 0G,/aT = —S, + S, = —AS. Thus (5.23) implies that 
lim AS =0 (5.24) 


T-0 
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Nernst believed (5.24) to be valid for any process. However, later experimental work 
EZA by Simon and others showed (5.24) to hold only for changes in which only pure sub. 
SESE stances each in internal equilibrium are involved. Thus (5.24) does not hold fora 

transition involving a supercooled liquid (which is not in internal equilibrium) or for 

mixing (which involves impure substances). 

We therefore adopt as the Nernst—Simon statement of the third law of thermo. 

dynamics: 

For any isothermal process that involves only pure substances, each in internal equilib. 

rium, the entropy change goes to zero as T goes to zero: 


lim AS =0 (5.25)* 
T=>0 


Determination of Conventional Entropies. To see how (5.25) is used to find con- | 
ventional entropies of compounds, consider the process 


H(s) + 403s) > H2015) (5.26 


where the pure, separated elements at 1 bar and T are converted to the compound 
H,0 at 1 bar and T. For this process, 


AS = S°(H,0) — 5°(H,) — 45°(0,) (5.27) 


Our arbitrary choice of the entropy of each element as zero at 0 K and 1 bar 
[Eq. (5.22)] gives limy_,9 S°(H,) = 0 and limpo S°(O3) = 0. The third law, Eq. (5.25), 
gives for the process (5.26): limy.9 AS = 0. In the limit T > 0, Eq. (5.27) thus be- 
comes lim;_, S°(H,0) = 0, which we write more concisely as $4(HO) = 0. 

Exactly the same argument applies for any compound. Hence So = 0 for any 
pure substance (element or compound) in internal equilibrium. The third law (5.25) 
shows that an isothermal pressure change of a pure substance in internal equilibrium 
in the limit of absolute zero has AS = 0. Hence we can drop the superscript degree 
(which indicates P = 1 bar). Also, if Sy = 0, then So = 0 for any amount of pure sub- 
stance. Our conclusion is that the conventional entropy of any pure substance (ele- 
ment or compound) in internal equilibrium is zero in the limit T — 0: 

So=0 pure substance in int. equilib. 628)" | 

Now that we have the conventional standard-state entropies of pure substances 
at T = 0, their conventional standard-state entropies at any other T are readily found 
by using the constant-P equation Sr, — So = Sp, = J32 (Cp/T)dT [Eq. (3.30)], with 
inclusion also of the AS of any phase changes between absolute zero and T}. For 
example, for a pure substance that is a liquid at T, and 1 bar, to get Sj, we add 
the entropy changes for (a) warming the solid from 0 K to the melting point Ts | 
(b) melting the solid at Tm [Eq. (3.27)], and (c) warming the liquid from T,, to Tz | 


Thus 
Tm Fro = = 
x ™ Cos) AR}, FC) 
Sr = ca eh in rma P 29 
Ta E a Sk yadi (5.29) 


| 


where AH,,, is the molar enthalpy change on melting (fusion) and Cpls) and C,(!) | 
are the molar heat capacities of the solid and liquid forms of the substance. Since | 
the standard pressure is 1 bar, each term in (5.29) is for a pressure of 1 bar. Ther- 
modynamic properties of solids and liquids vary very slowly with pressure (Sec. 4.5), 
and the difference between 1-bar and l-atm properties of solids and liquids is €x- | 


perimentally undetectable, so it doesn’t matter whether P is 1 bar or 1 atm in (5.29). 
At 1 atm pressure, Tm is the normal melting point of the solid (Sec. 7.2). 

Frequently a solid undergoes one or more phase transitions from one crystalline 
form to another before the melting point is reached. For example, the stable low-T 
form of sulfur is rhombic sulfur; at 95°C, solid rhombic sulfur is transformed to solid 
monoclinic sulfur (whose melting point is 119°C). The entropy contribution of each 
such solid-solid phase transition must be included in (5.29) as an additional term 
AAys/Tuss Where AH rs is the molar enthalpy change of the phase transition at tem- 
perature Tyrs- 

For a substance that is a gas at 1 bar and T,, we include the AS of vaporiza- 


tion at the boiling point T, plus the AS of heating the gas from T, to T>. In addition, 
since the standard state is the ideal gas at 1 bar = P°, we include the small correc- 
tion for the difference between the ideal-gas and real-gas entropies. The quantity 
S(T, P) — Š,e(T, P°) is calculated from the hypothetical isothermal three-step pro- 
cess (5.13). For step (a) of (5.13), we use (9S/P)r = —(ôV/ôT )p [Eq. (4.50)] to write 
AS, = — |2 (07/ôT)pdP = f (AV/AT)pdP. For step (b) of (5.13), we use a result of 
statistical mechanics which shows that the entropy of a real gas and the entropy of 
the corresponding ideal gas (no intermolecular interactions) become equal in the limit 
ofzero density (see Prob. 22.83). Therefore AS, = 0. For step (c), the use of (3S/ôP)r = 
—(0V/0T)p [Eq. (4.50)] and PV = RT gives AS, = — f$ (R/P)dP. The desired AS 
is the sum AS, + AS, + ASe: 


e = PT (ev R 
Sia(T, P°) — S,(T, P°) = Í (E) = z] dP 5.30 
dl > LNT) P (5.30) 


where the integral is evaluated at constant T. Knowledge of the P-V-T behavior of 
the real gas allows calculation of the contribution (5.30) to S°, the conventional stan- 
dard-state molar entropy of the gas. (See Sec. 8.6.) Some values of Sia — S,, in J/(mol K) 
at 25°C and 1 bar are 0.04 for CH,4(g), 0.15 for C,H¢(g), and 0.67 for n-C,H, o(g). 
The first integral in (5.29) presents a problem in that T =0 is unattainable 
(Sec. 5.10); also, it is impractical to measure C>(s) below a few degrees Kelvin. Debye’s 
Statistical-mechanical theory of solids (Sec. 24.12) and experimental data show that 
Specific heats of nonmetallic solids at very low temperatures obey 
CpxCy=aT? — verylow T (5.31) 
Where a is a constant characteristic of the substance. At the very low temperatures 
to which (5.31) applies, the difference TVa2/x between Cp and Cy [Eq. (4.53)] is neg- 
ligible, because both T and æ vanish (see Prob. 5.45) in the limit of absolute zero. 
For metals, a statistical-mechanical treatment (Kestin and Dorfman, sec. 9.5.2) and 
experimental data show that at very low temperatures 
Cp x Cy =aT?+bT _ metal at very low T (5.32) 
where a and b are constants. (The term bT arises from the conduction electrons.) 
One uses measured values of Cp at very low temperatures to determine the con- 
Stant(s) in (5.31) or (5.32). Then one uses (5.31) or (5.32) to extrapolate Cp to T = 0 K. 
Note that Cp vanishes as T goes to zero. 4S 
For example, let Ci(Tj,,,) be the observed value of Cp of a nonconductor at the 
lowest temperature for which C3 is conveniently measurable (typically about 10 K). 
Provided T,,., is low enough for (5.31) to apply, we have 


aT py = CAT ew) (5.33) 


— KE 
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We write the first integral in (5.29) as 


Tm Go Tow Go Tm Go 
"Cp Cp Cp 
22 T= ae dT 
Í = dT Í a araf T (5.34) 


Tiow 


The first integral on the right of (5.34) is evaluated by use of (5.31) and (5.33) 


Tiow G? Tiow aT? aT? Tiow ate... CAT...) 
— aT = dT= = = 
ANE ole APE Bile 3 3 


To evaluate the second integral on the right side of (5.34) and the integral from 
Tm to T, in (5.29), we can fit polynomials like (5.21) to the measured C3(T) data and | 
then integrate the resulting expressions for Cp/T. Alternatively, we can use graphical | 
integration: We plot the measured values of Cy(T)/T against T between the relevant | 
temperature limits, draw a smooth curve joining the points, and measure the area | 
under the curve to evaluate the integral. Equivalently, since (C p/T)dT = Cpd nT, 
we can plot Cp vs. In T and measure the area under the curve. Still another approach l 
is numerical integration (Probs. 5.21 and 5.22). 


For SO,, the normal melting and boiling points are 197.6 and 263.1 K; the heats 
Of fusion and vaporization are 1769 and 5960 cal/mol, respectively, at the normal 
melting and boiling points. Cp at 1 atm is graphed vs. In T in Fig. 5.6 from 15 to 
298 K; at 15.0 K, Cp = 0.83 cal/(mol K). [Data are mainly from W. F. Giauque and | 
C. C. Stephenson, J. Am. Chem. Soc, 60, 1389 (1938),] The use of Eq. (5.30) gives 


(535 


Sia — Sre = 0.07 cal/(mol K) at 298 K and 1 atm (Prob. 8.16). Estimate 539s of 
SO,(9). 

Since the data are for 1 atm, we shall carry out the integrations at 1 atm 
Pressure and include at the end the AS for changing the gas from 1 atm to 1 bar 
pressure. | 

From Eq. (5.35), integration of (Cp/T)dT = Cpd In T from 0 to 15 K contrib- 
utes [0.83 cal/(mol K)]/3 = 0.28 cal/(mol K). | 

The integral of Cpd In T from 15 K to the melting point 197.6 K equals the 
area under the line labeled “Solid” in Fig. 5.6. This area is approximately a right 


Integration of Cpd In T for SO, 
at 1 atm. 


Cp/(cal mol! K~}) 


Liquid 


2 3 4 5 6 
In (T/K) 


triangle whose height is equal to 16 cal/(mol K) and whose base is In 197.6 — 
In 15.0 = 5.286 — 2.708 = 2.58, The area of this triangle is 3(2.58)[16 cal/(mol K)] = 
20.6 cal/(mol K). [An accurate evaluation using numerical integration gives 
20.12 cal/(mol K); see Prob. 5.22.] 

AStus equals AH fus/Tfus = (1769 cal/mol)/(197.6 K) = 8.95 cal/(mol K). 

The integral of Cp d In T of the liquid from the melting point 197.6 K to the 
boiling point 263.1 K equals the area under the “Liquid” line. This area is ap- 
proximately a rectangle of height 21 cal/(mol K) and base In 263.1 — In 197.6 = 
0.286. The rectangle’s area is [21 cal/(mol K)](0.286) = 6.0 cal/(mol K). [Accurate 
evaluation gives 5.96 cal/(mol K); Prob. 5.22.] 

AS of vaporization is (5960 cal/mol)/(263.1 K) = 22.65 cal/(mol K). 

From Fig. 5.6, the integral of Cp d In T for the gas from 263.1 to 298.15 K is the 
product of 10 cal/(mol K) and In 298.15 — In 263.1 = 0.125; this integral equals 
1.2, cal/(mol K). [Accurate evaluation gives 1.22 cal/(mol K).] 

So far, we have gone from the solid at 0 K and 1 atm to the real gas at 
298.15 K and 1 atm. We next add in the given value 5,4 — S,, = 0.07 cal/(mol K) 
to reach the ideal gas at 298.15 K and 1 atm. The final step is to include AS for 
changing the ideal gas from 1 atm to 1 bar at 298.15 K. For an isothermal ideal- 
gas process, Eq. (3.29) and Boyle's law give AS = R In (V2/V,) = R In (P,/P3). The 
AS for going from latm to Ibar (x 750 torr) is thus R In (760/750) = 
0.03 cal/(mol K). 

Adding everything, we get 


Soos © (0.28 + 20.5 + 8.95 + 6.0 + 22.65 + 1.2, + 0.07 + 0.03) cal/(mol K) 
S393 © 59.g cal/(mol K) 


[The accurate values give 5398 = 59.28 cal/(mol K) = 248.0 J/(mol K).] 


Figure 5.7 plots some conventional S3og values. The Appendix tabulates 539, 

for various substances. Diamond has the lowest S503 of any substance. The Appendix 
S298 Values show that (a) molar entropies of gases tend to be higher than those of 
liquids; (b) molar entropies of liquids tend to be higher than those of solids; (c) molar 
entropies tend to increase with increasing number of atoms in a molecule. 
__, Conventional entropies are often called absolute entropies. However, this name 
a8 inappropriate in that these entropies are not absolute entropies but relative 
(conventional) entropies. Since full consideration of this question requires statistical 
mechanics, we postpone its discussion until Sec. 22.9. Ż 

Since C, = (0H/0T)p, integration of C> from 0 K to T with the addition of AH® 
for all phase transitions that occur between 0 and T gives Hj — Ho, where Hj and 
Hp are the Standard-state molar enthalpies of the substance at T and of the cor- 
Tesponding solid at 0 K. For solids and liquids, Hj — H is essentially the same as 
Ur — U5. Figure 5.8 plots Aj. — Ag vs. T and plots Sj vs. T for SO,. Both A and 
Sincrease as T increases. Note the large increases in S and H that occur on melting 
and vaporization, 


Standard Entropy of Reaction. For a reaction with stoichiometric coefficients Vp 
the standard entropy change is 
AS? = E v53; (5.36) 


— Ea 
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which is similar to AH® = Y; v,H? [Eq. (5.2)]. Using (5.36), we can calculate AS3o, 
from tabulated conventional entropies 5393. = 

Differentiation of (5.36) with respect to T and use of (@5,/0T)p = Cp /T [Eq 
(4.49)], followed by integration, give (Prob. 5.27) 


T2 AC 


AS, — AS}, = f 7 aT (537) 


Tı 


so that AS° at any T can be calculated from AS3og. Note that (5.37) and (5.19) apply 
only if no species undergoes a phase change in the temperature interval. 


Use data in the Appendix to find AS3og for the reaction 4NH 3(9) + 303(9) > 
2N2(g) + 6H,0(1). 


Substitution of Appendix 53s values into (5.36) gives 
AS}9/[J/(mol K)] = 2(191.61) + 669.91) — 4(192.45) — 3(205.138) 
= —582.53 


Gases tend to have higher entropies than liquids, and the very negative AS” for 
this reaction results from the decrease of 5 moles of gases in the reaction. 


STANDARD GIBBS ENERGY OF REACTION 


The standard Gibbs energy (change) AG, for a chemical reaction is the change if 
G for converting stoichiometric numbers of moles of the separated pure reactants, 
each in its standard state at T, into the Separated pure products in their stand 


states at T. Similar to AH; = $; Ay; [Eq. (5.2)], we have 
AG, = È v:G7, (5.38) 
7 


If the reaction is one of formation of a substance from its elements in their reference 
forms, then AG; is the standard Gibbs energy of formation AG?.y of the substance. 
For an element in its reference form at T, AG} y is zero, since formation of an element 
from itself is no change at all. Recall from Sec. 4.6 that AG is physically meaningful 
only for processes with AT = 0. The same reasoning that gave AH} = J; v; AH}. 7; 
[Eq. (5.5)] shows that 

AG; = 2 vi AGE r,i (5.39)* 

7 


How do we obtain AG} values? From G = H — TS, we have AG = AH — TAS 
for an isothermal process. If the process is the formation reaction for substance i, then 


AG}, i = AH} ri — TASS 7; (5.40) 


The standard entropy of formation AS$ ris calculated from tabulated entropy values 
5; for substance i and its elements. Knowing AH} r; and AS} r, we can calculate 
and then tabulate AG* r,i- 


Use Appendix AH} 593 and S39, data to calculate AG$,298 for H,O(!) and com- 
pare with the listed value. 

_ The formation reaction is H3(g) + 402(g) + H20(!), so AS}. 298,n,00 = 
S308,H200) — 5298.120) — 25298,0200) We have for H,0(!) 


AS% 29g = [69.91 — 130,684 — 4(205.138)] J/(mol K) = — 163.34; J/(mol K) 
AH}. 29g IS — 285.830 kJ/mol, and (5.40) gives 


AG}.29g = — 285.830 kJ/mol — (298.15 K)(—0.163343 kJ/mol-K) 
— 237.129 kJ/mol 


which agrees with the value listed in the Appendix. 


Figure 5.9 plots some AG}. 29g values, and the Appendix lists AG},29g for many 
substances. From tabulated AG} ,r values, we can find AG; for a reaction using (5.39). 


Loaner fl 


Find AG39g for 4NH(g) + 30,(g) > 2N2(g) + 6H20()) from Appendix data. 
Substitution of Appendix AG; 29g values into (5.39) gives AG}3og AS 


[2(0) + 6(— 237.129) — 3(0) — 4(—16.45)] kJ/mol = — 1356.97 kJ/mol 
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Suppose we want AG” for a reaction at a temperature other than 298.15 
previously showed how to find AS° and AH’ at temperatures other than 29; 
The use of AG} = AH} — T AS; then gives AG° at any temperature T. 


An alternative to tabulating AG? values is to tabulate conventional standard-state G 
energies G}, defined by G} = Aj — TS, where Hj and Sz are conventional enthah 
entropy values (Secs. 5.4 and 5.6). For an element in its reference form, the conventi 
F398 is zero [Eq. (5.17)] but 539g is not zero. (Sà is zero.) Therefore the conve 
Gog for an element is not zero. 


erties of an ideal gas to be calculated from molecular data (bond distances a 
angles, vibrational frequencies, etc.). 


THERMODYNAMICS TABLES a 


Tabulations of thermodynamic data most commonly list AH} 298, S298, AGP 
and C$,298. Older tables usually use the thermochemical calorie (= 4.184 J) as 
energy unit. (Some physicists and engineers use the international-steam-table calo 
defined as 4.1868 J.) Newer tables use the joule. n 
Prior to 1982, the recommended standard-state pressure P° was | atm, and ya 
in older tables are for P° = 1 atm. In 1982, the TUPAC changed the recomm 
standard-state pressure to 1 bar, since 1 bar (= 10° Pa) is more compatible 
units than 1 atm. Most newer tables use P° = 1 bar. Thermodynamic propert 
solids and liquids vary very slowly with pressure (Sec. 4.5), and the change 
1 atm (760 torr) to 1 bar (750.062 torr) has a negligible effect on tabulated theri 
dynamic properties of solids and liquids. For a gas, the standard state is an id 
gas. For an ideal gas, H and Cp depend on T only and are independent of presst 
Therefore AH and C} of gases are unaffected by the change to 1 bar. The effect 


an isothermal pressure change on an ideal-gas entropy is given by (3.29) and Boy 
law as S, — 5; = RIn (P,/P3), so 


57,1 bar — 57,1 atm = (8.314 J mol ~! K- +) In (760/750.062) = 0.1094 J/(mol K) 
(5: 


The change from 1 atm to 1 bar adds 0.109 J/(mol K) to S° of a gas. This chang 
is small but not negligible. Since 5° is changed, so is AG% if any species in the f 
mation reaction is a gas (see Prob. 5.37). For a full discussion of the effects of 
l-atm to 1-bar change, see R. D. Freeman, J. Chem. Educ., 62, 681 (1985). 

The tabulated values of AG}, 7 and AH?,r depend on the reference forms ch 


for all temperatures below 25°C, even though the stable form might be the liq 
solid element. In mixing AG} and AH; data from two tables, one must be sure 
same reference forms are used in both tables. Otherwise, error can result. 


AH®, AS°, and AG° at temperatures other than 25°C can be calculated from 
tables of AH, 5°, and AG} at various temperatures. Instead of tabulating AH} and 
AG}. versus T, some tables list H} — Ho (or H} — Fẹ) versus T and (Gj — H3og)/T 
[or (Gj — Ho)/T] versus T. To find AH; and AG; from such tables, we use 


AH? = AH3os +}, vA — Azog); (5.42) 
i 
py d G2. — fe 
AG? = AH398 + TY, (5B) (5.43) 
t i 


Equation (5.42) follows from X; v(H7 — Ho); = Yi vit; — Yi viA3os, = AH — 
AH3og- Equation (5.43) is proved similarly. 


At T = 1000 K, some values of —(Gj- — H39s)/T (note the minus sign) in J/(mol K) 
are 220.877 for O2(g), 212.844 for CO(g), and 235.919 for CO3(g). Find AG ooo 
for 2CO(g) + O,(g) > 2CO2(g). 

Using Appendix AH}, 295 data, we find AH398 = — 565.968 kJ/mol (as in the 
example in Sec. 5.5). Substitution in (5.43) gives 


AG} 0o00 = — 565.968 kJ/mol + (1000 K)[2(—235.919) — 2(—212.844) 
— (—220.877)]10~ * kJ/(mol K) 


— 391.241 kJ/mol 


The quantity Hj — Hog is found by integrating Cp data from 25°C to T, 
since (9H/ðT)p = Cp. We have (Gy — A}og)/T = (Az — TS;)/T — A3os/T = 
H -= H}o)/T — S}, so (Gy — H3os)/T is found from Hy — Ħ3og data and Sz 

ata, 

The reason for dividing Gj — H3og by T is to make the function vary slowly 
with T, which allows accurate interpolation in the table, Tabulating Hj — H5o, and 
(Gy — H599)/T is convenient because these quantities can be found from properties 
of one substance only (in contrast to AH; and AG}, which also depend on properties 
of the elements), and these quantities are more accurately known than AH} and 
AG}; moreover, these quantities for ideal gases can be accurately calculated using 
Statistical mechanics (Chap. 22) if the molecular structure and vibration frequencies 
are known. 

If we have thermodynamic data at only 25°C for the reaction species, we need 
expressions for Cp of the species to find AH®, AS°, and AG° at other temperatures. 
Cp polynomials [Eq. (5.21)] are given for about 900 inorganic compounds in I. Barin 
and O. Knacke, Thermochemical Properties of Inorganic Substances, Springer-Verlag, 
1973. Cp polynomials for 468 inorganic and organic gases are given in Reid, Prausnitz, 
and Sherwood. > polynomials (along with much other thermodynamic data as func- 
tions of T) for 62 industrially important liquids and gases are given in C. L. Yaws 
(ed), Physical Properties, McGraw-Hill, 1977. 

A widely used tabulation of thermodynamic data for inorganic compounds, one- 
and two-carbon organic compounds, and species (including ions) in aqueous solution 
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is D. D. Wagman et al., The NBS Tables of Chemical Thermodynamic Properties, 
1982, published by the American Chemical Society and the American Institute of 
Physics for the National Bureau of Standards (vol. 11, supp. 2 of J. Phys, Chem, 
Ref. Data). These tables list AH}298: AG? 298, S298, and Cp 59g for about 10,000 
substances. Thermodynamic data for inorganic and organic compounds at 25°C and 
at other temperatures are given in Landolt-Bornstein, 6th ed., vol. II, pt. 4, pp. 179- 
474. Thermodynamic data over wide temperature ranges are tabulated for inorganic 
substances in (a) M. W. Chase et al., JANAF Thermochemical Tables, 3d ed., 1985, 
published by the American Chemical Society and the American Institute of Physics 
for the National Bureau of Standards (vol. 14, supp. 1 of J. Phys. Chem. Ref. Data 
(b) I. Barin and O. Knacke, Thermochemical Properties of Inorganic Substances, 
Springer-Verlag, 1973; (c) O. Kubaschewski and C. B. Alcock, Metallurgical Thermo. 
chemistry, Sth ed., Pergamon, 1979. Thermodynamic data over a range of T are given 
for organic compounds in (a) D. R. Stull et al., The Chemical Thermodynamics of 
Organic Compounds, Wiley, 1969 (gas-phase data); (b) Selected Values of Properties 
of Hydrocarbons and Related C. ‘ompounds, 1966-1985, Selected Values of Properties 
of Chemical Compounds, 1966-1985, TRC Thermodynamic Tables—H ydrocarbons, 
1985-, TRC Thermodynamic Tables—Non-Hydrocarbons, 1985-, all published in 
loose-leaf form by the Thermodynamics Research Center, Texas A&M University, 
Data for biochemical compounds are tabulated by R. C. Wilhoit in chap. 2'of H. D. 
Brown (ed.), Biochemical Microcalorimetry, Academic Press, 1969; see also H.-J. Hinz 
(ed.), Thermodynamic Data for Biochemistry and Biotechnology, Springer-Verlag, 1986, 


ESTIMATION OF THERMODYNAMIC PROPERTIES 


Over eight million chemical compounds are known, and it is likely that AH, 5°, Ch 
and AG} data for the majority of known compounds will never be measured. Several 
methods have been proposed for estimating thermodynamic properties of a compound 
for which data do not exist. Chemical engineers often use estimation methods. It's a 
lot cheaper and faster to estimate needed unknown thermodynamic quantities than 


and gases is Reid, Prausnitz, and Sherwood. 
Many properties (thermodynamic and nonthermodynamic) can be estimated as 
the sum of contributions from the chemical bonds. One uses experimental data on 


effects of intermolecular forces. For a compound that is a liquid (or solid) at 25°C 
and 1 bar, the ideal-gas state (like a supercooled liquid state) is not stable. Let P’ be 


the liquid’s equilibrium vapor pressure at 25°C, To relate observable thermodynamic 


properties of the liquid at 25°C and 1 bar to ideal-gas properties at 25°C and 1 bar, 
we use the following isothermal process at 25°C: (a) change the liquid’s pressure 
from 1 bar to P’; (b) reversibly vaporize the liquid at 25°C and P’; (c) reduce the gas 
pressure to zero; (d) wave a magic wand that transforms the real gas to an ideal gas; 
(e) compress the ideal gas to P = 1 bar. Since the differences between real-gas and 
ideal-gas properties at 1 bar are quite small, one usually replaces steps (c), (d), and 
(e) with a compression of the gas (assumed to behave ideally) from pressure P’ to 
1 bar. Also, step (a) usually has a negligible effect on the liquid’s properties. Thus, 
knowledge of AH of vaporization allows estimates of enthalpies and entropies of the 
liquid to be found from estimated ideal-gas enthalpies and entropies. Methods for 
estimation of AB yap are discussed in Reid, Prausnitz, and Sherwood, chap. 6. 

Benson and Buss constructed a table of bond contributions to Ch,208) S298» and 
AH? 298 for compounds in the ideal-gas state [S. W. Benson and J. H. Buss, J. Chem. 
Phys., 29, 546 (1958)]. Addition of these contributions allows one to estimate ideal-gas 
5398 and Cp 29g values with typical errors of 1 to 2 cal/(mol K) and AHF 29g values 
with typical errors of 3 to 6 kcal/mol. It should be noted that a contribution to S3og 
that arises from the symmetry of the molecule must be included to obtain valid results 
(See the discussion of the symmetry number in Chap. 22). 

An improvement is the method of group contributions. Here one estimates ther- 
modynamic quantities as the sum of contributions from groups in the molecule. For 
the group-contribution method, one obviously needs tables with more entries than 
for the bond-contribution method, but greater accuracy is attained. Extensive tables 
of group contributions to AH}, Cp, and S° for temperatures from 300 to 1500 K are 
given in S. W. Benson et al., Chem. Rev., 69, 279 (1969) and S. W. Benson, Thermo- 
chemical Kinetics, 2d ed., Wiley-Interscience, 1976. These tables give Cp and S° 
ideal-gas values with typical errors of 1 cal mol”! K~! and give AH; ideal-gas values 
with typical errors of 1 or 2 kcal/mol. 

Closely related to the concept of bond contributions to AH;; is the concept of 
average bond energy. Suppose we want to estimate AH3gg of a gas-phase reaction 
using molecular properties. We have AH398 = AUSog + A(PV)39g. As noted in Sec. 
5.4, the A(PV)° term is generally substantially smaller than the AU° term, and AH® 
generally varies slowly with T. Therefore, AH3gg will usually be pretty close to AU2, 
the reaction’s change in ideal-gas internal energy in the limit of absolute zero. Inter- 
molecular forces don’t contribute to ideal-gas internal energies, and at absolute zero, 
molecular translational and rotational energies are zero. Therefore AUȘ is due to 
changes in molecular electronic energy and in molecular zero-point vibrational energy 
(Sec, 2.11). We shall see in Chap. 21 that electronic energies are much larger than 
Vibrational energies, so it is a good approximation to neglect the change in zero-point 
vibrational energy. Therefore AUĝ and AH}og are largely due to changes in molecular 
electronic energy. To estimate this change, we imagine the reaction occurring by the 
following path: 


(b) 
Gaseous reactants &} gaseous atoms — gaseous products (5.44) 


In step (a), we break all bonds in the molecule and form separated atoms. It seems 
Plausible that the change in electronic energy for step (a) can be estimated as the sum 
of the energies associated with each bond in the reacting molecules. In step (b), we 
form products from the atoms and we estimate the energy change as minus the sum 
of the bond energies in the products. 
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To show how bond energies are arrived at from experimental data, consider the 
gas-phase atomization process 


CH,(g) > Clg) + 4H(g) (5.45) 


We define the average C—H bond energy in methane as one-fourth of AH} og for 
the reaction (5.45). From the Appendix, AH% 298 of CH4 is —74.8 kJ mol~!. The 
standard heat of sublimation of graphite is 716.7 kJ mol! at 25°C; hence AHS 298. 
of C(g) is 716.7 kJ mol” t, as listed in the Appendix. (Recall that AH} is zero for the 
stable form of an element; at 25°C the stable form of carbon is graphite and not 
gaseous carbon atoms.) The standard heat of formation at 25°C of H(g) is listed as 
218.0 kJ mol”. [This is AH39g for the process 4H3(g) > H(g).] For the process 
(5.45), we have 


AH} = [716.7 + 4(218.0) — (—74.8)] kJ/mol = 1663.5 kJ/mol 


Hence the average C—H bond energy in CH4 is 416 kJ/mol. 

To arrive at an average carbon-carbon single-bond energy, consider the pro- 
cess C,H,(g) + 2C(g) + 6H(g). The AH, 29g Values in the Appendix give AH395 = 
2826 kJ/mol for this reaction. This AH3og is then taken as the sum of contributions 
from six C—H bonds and one C—C bond. Using the CH, value of 416 kJ mol! 
for the C—H bond, we find the C—C bond energy to be [2826 — 6(416)] kJ/mol = 
330 kJ/mol. 

The average-bond-energy method would then estimate the heat of atomization 
of propane CH;CHCH,(g) at 25°C as [8(416) + 2(330)] kJ/mol = 3988 kJ/mol. We 
break the formation of propane into two steps: 


3C(graphite) + 4H3(g) > 3C(g) + 8H(g) > C3Hg(g) 


The Appendix AH} data give AH}, for the first step as 3894 kJ/mol. We have 
estimated AH39g for the second step as — 3988 kJ/mol. Hence the average-bond- 
energy estimate of AH}. 29g of propane is —94 kJ/mol. The experimental value is 
— 104 kJ/mol, so we are off by 10 kJ/mol. 

Some values for average bond energies are listed in Table 20.1 in Sec. 20.1. The 
C—H and C—C values listed differ somewhat from the ones we calculated using 
methane and ethane data, so as to give better overall agreement with experiment. 

To estimate AH3og for a reaction involving only gases, one uses (5.44) to write 
AH}3og = AHi 208.16 — AHix,298,pr, Where AHG, re and AHi pr the heats of atom- 
ization of the reactants and products, can be found by adding up the bond energies. 
Corrections for strain energies in small-ring compounds, resonance energies in con- 
jugated compounds, and steric energies in bulky compounds are often included. 

Thus, the main contribution to AH® of a gas-phase reaction comes from the 
change in electronic energy that occurs when bonds are broken and new bonds formed. 
Changes in translational, rotational, and vibrational energies make much smaller 
contributions. 

Now consider AS°. Entropies of gases are substantially higher than those of 
liquids or solids, and substances with molecules of similar size have similar entropies. 
Therefore, for reactions involving only gases, pure liquids, and pure solids, the sign 
of AS° will usually be determined by the change in total number of moles of gases. 
If the change in moles of gases is Positive, AS° will be positive; if this change is 
negative, AS° will be negative; if this change is zero, AS will be small. For example, 


for 2H,(g) + O2(g) > 2H20(1), the change in moles of gases is —3, and this reaction 
has AS39 = — 327 J/(mol K). 


THE UNATTAINABILITY OF ABSOLUTE ZERO 


Besides the Nernst-Simon formulation of the third law, another formulation of this 
law is often given, the unattainability formulation. In 1912, Nernst gave a “derivation” 
of the unattainability of absolute zero from the second law of thermodynamics (see 
Prob. 3.36). However, Einstein showed that Nernst’s argument was fallacious, so the 
unattainability statement cannot be derived from the second law. [For details, see 
P. S. Epstein, Textbook of Thermodynamics, Wiley, 1937, pp. 244-245; F. E. Simon, 
Z. Naturforsch., 6a, 397 (1951); P. T. Landsberg, Rev. Mod. Phys., 28, 363 (1956); M. 
L. Boas, Am. J. Phys., 28, 675 (1960).] 

The unattainability of absolute zero is usually regarded as a formulation of the 
third law of thermodynamics, equivalent to the entropy formulation (5.25): Supposed 
proofs of this equivalence are given in several texts. However, in a careful study of 
the question [P. T. Landsberg, Rev. Mod. Phys., 28, 363 (1956)] Landsberg found 
that the unattainability and the entropy formulations of the third law are not equiva- 
lent. R. Haase (pp. 86-96 in Eyring, Henderson, and Jost, vol. 1) also concludes that 
the entropy and unattainability formulations are not equivalent. Haase’s analysis 
shows that the unattainability of absolute zero follows as a consequence of the first 
and second laws plus the Nernst-Simon statement of the third law. 

In summary, the unattainability of absolute zero (a) cannot be derived from the 
second law of thermodynamics, (b) is not equivalent to the Nernst-Simon statement 
of the third law, and (c) is best regarded as a consequence of the laws of thermody- 
namics and not as a statement of the third law. The third law of thermodynamics 
is Eq. (5.25), the Nernst-Simon entropy formulation. 


Although absolute zero is unattainable, temperatures as low as 107 5 K have been reached. 
One can use the Joule~Thomson effect to liquefy helium gas. By pumping away the 
helium vapor above the liquid, thereby causing the liquid helium to evaporate rapidly, 
one can attain temperatures of about 1 K. To reach lower temperatures, adiabatic de- 
Magnetization is used. For details, see Zemansky and Dittman, chaps. 18 and 19 and P. 
V. E. McClintock et al., Matter at Low Temperatures, Wiley, 1984. The lowest temperature 
reached in bulk matter is just under 10~ 5 K. Copper nuclei have been cooled to a nuclear- 
spin temperature of 5 x 107® K. 


SUMMARY 


The standard state (symbolized by the ° superscript) of a pure liquid or solid at 
temperature T is defined as the state with P = 1 bar; for a pure gas, the standard 
State has P = 1 bar and the gas behaving ideally. J 
The standard changes in enthalpy, entropy, and Gibbs energy for the chemical 
Reaction 0 > Ð, vA, are defined as AHS = Yi vit ASF = Yi Sz, and AG} = 
ù "G7; and are related by AG} = AH} — T AS- AH? and AG° of a reaction can 


— Ka 


SECTION 5.11 


be calculated from tabulated AH and AG} values of the species involved by using 
AHF = }; v: AH} r; and AG = J; v: AG} rui where the standard enthalpy and 
Gibbs energy of formation AH% ; and AG;,,; correspond to formation of substance į 
from its elements in their reference forms. 

The convention that Sj = 0 for all elements and the third law of thermody. 
namics (AS, = 0 for changes involving only pure substances in equilibrium) lead to 
a conventional So value of zero for every pure substance. The conventional S7 value 
of a substance can then be found by integration of Cp/T from absolute zero with 
inclusion of AS of any phase transitions. 

Using AH? (or AS°) at one temperature and C} data, one can calculate AH? 


(or AS°) at another temperature. 
Important kinds of calculations discussed in this chapter include: 
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* Determination of AH® of a reaction by combining AH” values of other Teactions 
(Hess’s law) 

* Calculation of $° of a pure substance from Čẹ data, enthalpies of phase changes, 
and the Debye T? law 

* Calculation of AH®, AS°, and AG? of chemical reactions from tabulated AH, hy 
and AG} data 

* Determination of AH® (or AS°) at one temperature from AH’ (or AS°) at another 
temperature and (T) data 


FURTHER READING 


Heats of reaction and calorimetry: McGlashan, pp. 17-25; 48-71; Weissberger and 
Rossiter, vol. V, pp. 347ff; S. Sunner and M. Mansson (eds.), Combustion Calorimetry, 
Pergamon, 1979. The third law: Eyring, Henderson, and Jost, vol. 1, pp. 86-96, 436- 
486. For data sources, see Sec. 5.8. 


PROBLEMS 


5.2 


Sec. 53 5.4 5.5 | 5.6 


53-54 30s" | 517-518 | 5192898 


Probs. l 5.1-52 | 


Sec. | 5.7 | 5.8 5.9 general 


Probs. | 529-532 | 5.33-5.37 5.38-5.42 | 5.43-5.50 


5.1 For 2H,S(g) + 303(g) > 2H, O(I) + 2S03(g), express AH; 
in terms of standard-state molar enthalpies H? of the species 
involved. 


5.2 For Na(s) + HCI(g) > NaCl(s) + 4H3(9), AH3og is —319 
kJ mol` t. Find AH3g¢ for: 

(a) 2Na(s) + 2HCl(g) + 2NaC\(s) + H,(g) 

(b) 4Na(s) + 4HCI(g) + 4NaC\(s) + 2H,(g) 

(©) NaCl(s) + $H2(g) + Nals) + HCl(g) 


5.3 For NH,CH,COOH(s), write the reaction of formation 
from reference-form elements at room temperature. 


5.4 For which elements is the reference form at 25°C (a) a 
liquid; (b) a gas? 


5.5 Use data in the Appendix to find AH 59 for: 
(@ 2H2S(9) + 30,(g) + 2H,0(I) + 280,(g) 
(b) 2HS(g) + 30g) + 2H,0(g) + 280,(9) 
(c) 2HN3(g) + 2NO@) > H30,(/) + 4N,(9) 


5.6 (a) Use Appendix data to find AH® 5, and AU? 295 of 
aD-glucose(c), CgH; 20, to CO,(g) and HO(I), (b) 0.7805 g 
of a-D-glucose is burned in the adiabatic bomb calorimeter 
of Fig. 5.4. The bomb is surrounded by 2.500 L of H,O at 


24.030°C. The bomb is made of steel and weighs 14.05 kg. Spe- 
cific heats at constant pressure of water and steel at 24°C are 
4,180 and 0.450 J/(g °C), respectively. The density of water at 
24°C is 0.9973 g/cm?. Assuming the heat capacity of the chemi- 
cals in the bomb is negligible compared with the heat capacity 
of the bomb and surrounding water, find the final temperature 
of the system. Neglect the temperature dependence of cp. Ne- 
glect the changes in thermodynamic functions that occur when 
the reactants and products are brought from their standard 
states to those that occur in the calorimeter. 


57 Repeat Prob. 5.6b, taking account of the heat capacity 
of the bomb contents. The bomb has an interior volume of 
380 cm? and is initially filled with O,(g) at 30 atm pressure. 


58 When 0.6018 g of naphthalene, C, H(s), was burned in 
an adiabatic bomb calorimeter, a temperature rise of 2.035 K 
was observed and 0.0142 g of fuse wire (used to ignite the 
sample) was burned. In the same calorimeter, combustion of 
0.5742 g of benzoic acid produced a temperature rise of 1.270 K, 
and 0.0121 g of fuse wire was burned. The AU for combustion 
of benzoic acid under typical bomb conditions is known to be 
—26.434 kJ/g, and the AU for combustion of the wire is 
—6.28 kJ/g. (a) Find the average heat capacity of the calorim- 
eter and its contents, Neglect the difference in heat capacity 
between the chemicals in the two experiments. (b) Neglecting 
the changes in thermodynamic functions that occur when spe- 
cies are brought from their standard states to those that occur 
in the calorimeter, find AU? and AH? of naphthalene. 


59 The reaction 2A(g) + 3B(/) + SC(g) + D(g) is carried out 
in an adiabatic calorimeter. An excess of A is added to 1.450 g 
of B; the molecular weight of B is 168.1. The reaction goes 
essentially to completion. The initial temperature is 25.000°C; 
after the reaction, the temperature is 27.913°C. A direct current 
of 12.62 mA (milliamperes) flowing through the calorimeter 
heater for 812s is needed to bring the product mixture from 
25.000 to 27.913°C, the potential drop across the heater being 
8412 V. Neglecting the changes in thermodynamic functions 
that occur when the reactants and products are brought from 
their standard states to the states that occur in the calorimeter, 
estimate AU39g and AH3og for this reaction. (One watt = 
one volt x one ampere = one joule per second.) 


Fo For H2(g) + 40,(9) + H,0()), find AH}3o9g — AU398 
a) neglecting Vinou (b) not neglecting Virom 


SIL The standard enthalpy of combustion at 25°C of liquid 
fae (CH;)2CO to CO,(g) and H3O(!) is — 1790 kJ/mol. 
ind AH? 298 and AUS 49g of (CH3)>CO(!). 


aa ble standard enthalpy of combustion of the solid amino 

Ny j anine, NH CH(CH,)COOH, to CO,(g), HO(!), and 

Phy 25°C is — 1623 kJ/mol. Find AH% 29s and AU$.298 
alanine, (Use data in the Appendix.) 


5.13 Given the following AH3og values in kcal/mol, where 
gr stands for graphite, 


Fe,0,(s) + 3C(gr) > 2Fe(s) + 3CO(g) 117 
FeO(s) + C(gr) > Fe(s) + CO(g) 37 
2CO(g) + O2(g) > 2CO2(g) —135 
C(gr) + O2(g) + CO2(g) —94 


find AH} 295 of FeO(s) and of Fe,0,(s). 


5.14 Apply AH® = 2i v, AH7,; to Eq. (1) preceding Eq. (5.11) 
and use data in Eqs. (1), (2), and (3) to find AH, 298 Of C2H6lg). 


5.15 (a) A gas obeys the equation of state P(V — b) = RT, 
where b is a constant. Show that, for this gas, Ajq(T, P) — 
A(T, P) = —bP. (b) A gas obeys P(V — b) = RT with b = 
45 cm*/mole. Calculate H,, — H,, for this gas at 25°C and 1 bar. 


5.16 Use Appendix data to find the conventional A” of (a) 
H,(g) at 25°C; (b) H3(g) at 35°C; (c) H,O(I) at 25°C; (d) H,O(/) 
at 35°C. Neglect the temperature dependence of Cp. 


5.17 Use data in the Appendix and the approximation of 
neglecting the temperature dependence of Cp to find AH370 
for the reactions of Prob. 5.5. 


5.18 Compute AH? 1000 of HCl(g) from Appendix data and 
these Cp/[cal/(mol K)] expressions, which hold from 298 to 
2000 K. 


H,(g): 6.52 + 0.00078(T/K) + 0.12 x 10°(7/K)~? 
Cl,(g): 8.82 + 0.00006(T/K) — 0.68 x 105(T/K)~? 
HCl(g): 6.34 + 0.00110(7/K) + 0.26 x 10°(T/K)~? 


5.19 (a) Show that, for a nonmetallic solid at very low tem- 
peratures, $} = 4aT? =4C>,7, where a is the constant in Eq. 
(5.31). (b) A certain nonmetallic solid has Cp = 0.200 cal mol ~ $ 
K~! at 10.0 K. Find Ẹẹ and S° at 6.0 K for this substance. 


5.20 Substance Y melts at 200K and 1 atm with AHj,, = 
1450 cal/mol. For solid Y, Cp = cT? + dT* for 10K < T < 
20K and Cp=e+fT+gT? + hT? for 20K < T < 200K. 
For liquid Y, Cp=it+jT+kT?+IT? for 200K <T < 
300 K. (a) Express 530o of liquid Y in terms of the constants 
c, d, e,..., l. (b) Express F300 — Ho of liquid Y in terms of 
these constants. Neglect the difference between 1-atm and 1-bar 
properties of the solid and liquid. 


5.21 The definite integral f° f(x)dx can be estimated as fol- 
lows. The interval from a to b is divided into n subintervals 
each of width w. Let f(a)=fo, fla +w) = fi, fla + 2w) = 
fas +++» f(a +m) = f(b) = fa. The trapezoidal rule is r 


b 
[ fods = whfoth tht + fa- +4f,) 
167 


The more accurate Simpson's rule requires that n be even and is 


b 
f S(x)dx = 3W(fo + Af, + fo +4f3 + 


“eb Sa-a + Suns Sp) 


(a) Derive the trapezoidal rule as follows. Join the points fo, fy, 
Jo»---» fn On the curve f(x) by straight-line segments; then 
estimate the area under the curve as the sum of the areas under 
the line segments. A trapezoid is a quadrilateral with two parallel 
sides; its area equals 4(c + d)s, where c and d are the lengths 
of the parallel sides and s is the perpendicular distance between 
them. (b) Estimate e x` ‘dx using the trapezoidal rule first 
with n = 10 and then with n = 20; then use Simpson’s rule with 
n = 10. Compare with the exact value. 


5.22 Čp values at 1 atm for SO, [mainly from Giauque and 
Stephenson, J. Am. Chem. Soc., 60, 1389 (1938)] are as follows, 
where the first number in each pair is T/K and the second 
number (in boldface type) is Cp in cal/(mol K). Solid: 15, 0.83; 
20, 1.66; 25, 2.74; 30, 3.79; 35, 4.85; 40, 5.78; 45, 6.61; 50, 7.36; 
55, 8.02; 60, 8.62; 70, 9.57; 80, 10.32; 90, 10.93; 100, 11.49; 110, 
11.97; 120, 12.40; 130, 12.83; 140, 13.31; 150, 13.82; 160, 14.33; 
170, 14.85; 180, 15.42; 190, 16.02; 197.64, 16.50. Liquid: 197.64, 
20.98; 200, 20.97; 220, 20.86; 240, 20.76; 260, 20.66; 263.1, 20.64. 
Gas: 263,1, 9.65; 280, 9.71; 298.15, 9.80. (a) Use the trapezoidal 
tule (Prob. 5.21) to evaluate the contribution to § made by 
J(Cp/T)aT from 15K to the melting point 197.6 K; apply 
the rule separately to the intervals from 15 to 60K, from 
60 to 190K, and from 190 to 197.6 K. (b) Repeat (a) using 
Simpson’s rule from 15 to 55 K and from 60 to 180 K and the 
trapezoidal rule for the rest. (c) Use the trapezoidal rule to 
evaluate f (Cp/T)dT for the liquid between its freezing point 
and its boiling point 263.1 K; repeat for the gas between 263.1 
and 298.15 K. 


5.23 (This problem is only for masochists.) Use data in Prob, 
5.22 and graphical integration to evaluate J (Cp/T) aT for solid 
SO, from 15 K to the melting point. Graphical integration can 
be done by counting the number of squares under the curve 
(estimating the fractions of squares partly under the curve) or 
by cutting out the area under the curve, weighing it, and weigh- 
ing a known number of squares. 


5.24 Use data in the Appendix and data preceding Eq. (4.54) 
and make certain approximations to calculate the conventional 
S of H,O(!) at (a) 298.15 K and 1 bar: (b) 348.15 K and 1 bar; 
(c) 298.15 K and 100 bar; (d) 348.15 K and 100 bar. 


5.25 For the reactions of Prob. 5.5, find AS39x from data in 
the Appendix. 


5.26 For the reactions in Prob. 5.5, find AS3+; neglect the 
temperature variation in ACp. 


5.27 Derive Eq. (5.37) for AS$, — AS$,- 


5.28 For reasonably low pressures, a good equation of state 
for gases is the truncated virial equation (Sec. 8,2) PV/RT = 
1 + f(T)P, where f(T) is a function of T (different for differen, 
gases). Show that for this equation of state 


S,a(T, P) —S,.(T, P) = RPL S(T) + T/(T)] 


5.29 For urea, CO(NH2)2(c), AH}, 298 = — 333.51 kJ/mol 
and Sug = 104.60 J/(mol K). With the aid of Appendix data, 
find AG}, 298 of urea. 


5.30 For the reactions in Prob. 5.5, find AG3og using (a) 
the results of Probs. 5.5 and 5.25; (b) AG}, 298 values in the 
Appendix. 


5.31 For the reactions of Prob. 5.5, use the results of Probs, 
5.17 and 5.26 to find AG3 79. 


5.32 Use Appendix data to find the conventional G39 for 
(a) O29); (b) H20(1). 


5.33 Look up in one of the references cited near the end of 
Sec. 5.8 AG} data at 1000K to find AG{ ooo for 2CH4(g) > 
C2H6(g) + H2(9). 


5.34 For T = 2000 K, some values of Hj. — Ho, in kJ/mol 
are 52.93 for H2(g), 56.14 for N2(g), and 98.18 for NH,4(9). 
Use these data and Appendix data to find AH3 99 for Na(l) + 
3H2(g) > 2NH;(g). 


5.35 For T = 2000K, some values of —(G} — A39g)/T in 
J/(mol K) are 161.94 for H(g), 223.74 for N,(g), and 242.08 for 
NH,(g). Use these and Appendix data to find AG}.2000 of 
NH,(g). 

5.36 Verify Eq. (5.43) for AG}. 

5.37 (a) If AGM. and AGIT are AG) 7 values based on l-bar 
and 1-atm standard-state pressures, respectively, use Eq. (5.41) 
to show that 


AGH — AGF} = — T[0.1094 J/(mol Ky] An,/mol 


where An,/mol is the change in number of moles of gases for 
the formation reaction. (b) Calculate this difference for H,O(/)at 
25°C. 


5.38 Use bond energies listed in Sec. 20.1 to estimate AH3os 
for CH;CH,OH(g) > CH30CH,(g). Compare with the true 
value 51 kJ/mol. 


5.39 Use data in the Appendix and bond energies in Sec. 20.1 
to estimate AH}. 29g of CH,;CH,CN(g). 


5.40 Look up the Benson—Buss bond contribution method 
(Sec. 5.9) and use it to estimate $35, of COF,(g); be sure t0 
include the symmetry correction, Compare with the correct 
value in the Appendix. 


5.41 The vapor pressure of liquid water at 25°C is 23.8 tort, 
and its molar enthalpy of vaporization at 25°C and 23.8 tort is 


10.5 kcal/mol. Assume the vapor behaves ideally, neglect the 
effect of a pressure change on H and S of the liquid, and cal- 
culate AH3og. AS3o8, and AG3og for the vaporization of 
water; use only data in this problem. Compare your results 
with values found from data in the Appendix. 3 
542 For CH3OH(I) at 25°C, the vapor pressure is 125 torr, 
AA of vaporization is 37.9 kJ/mol, AH} is — 238.7 kJ/mol, aid 
§° is 126.8 J/(mol K). Making reasonable approximations, find 
AH; 298 and S3og of CH3OH(9). 


543 Give the SI units of (a) pressure; (b) enthalpy; (c) molar 
entropy; (d) Gibbs energy; (e) molar volume; (f) temperature. 


544 If AH’ for a reaction is independent of T, prove that the 
reaction’s AS° is independent of T. Hint: Use Eq. (5.18). 


545 Show that for any pure substance limp. & = 0. Hint: 
Use one of the Maxwell relations. 


5,46 Without consulting tables, state whether or not each 
of the following must be equal to zero. (Note: S is the con- 
ventional entropy.) (a) AH} 298(N20s, g); (b) AH} 298(Cl, g); 
(0) AHF 298(Cl3, g); (d) Szosl(Clasg); (e) So(N20s, c); 
(f) ASS 3so(N2,.9) (9) AGF so0(N2. g); (h) Cp,o(NaCl, ¢); (i) 
Ch,299(O2, 9). 


547 The adiabatic flame temperature is the temperature that 
would be reached in a flame if no heating of the surroundings 
occurred during the combustion, so that AU of the reaction is 
used entirely to raise the temperature of the reaction products 


and to do expansion work. To estimate this temperature, use 
the scheme of Fig. 5.4b with the following changes. Since the 
combustion is at constant P and is assumed adiabatic, we have 
AH = qp = 0, so step (a) has AH = 0 instead of AU = 0. Like- 
wise, AH replaces AU in steps (b) and (c). For combustion in 
air, the calorimeter K is replaced by 3.76 moles of N.(g) for 
each mole of O,(g). Estimate the adiabatic flame temperature 
for combustion of methane, CH,(g), in air initially at 25°C, 
assuming that O, and CH4 are present in stoichiometric 
amounts. Use Appendix data. Note that step (b) involves vapor- 
ization of water. Proper calculation of AH, requires integrating 
Cp of the products. Instead, assume that an average Cp of the 
products can be used over the temperature range involved and 
that this average is found by combining the following 1000-K 
Cp values, given in J/(mol K); 32.7 for N.(g), 41.2 for H,O(g), 
54.3 for CO.(g). 


548 Without using tables, state which of each of the following 
pairs has the greater S3og: (a) C,Hg(g) or n-CyH,o(g); (b) 
H,O(1) or HO(g); (c) H(g) or H2(g); (d) Cy oH (s) or Cy oH (9). 


5.49 Without using thermodynamics tables, predict the sign 
of AS3og and AH3og for each of the following. You can use 
Table 20.1. (a) (C2H 5)2O(1) + (C2Hs)2O(g); (b) Cla(g) > 2Cl(g); 
(c) CyoHs(g) > CyoH,(s); (d) combustion of (COOH),(s) to 
CO,(g) and HO(1); (e) C2H4(g) + H2(g) > C2H6lg). 


5.50 What experimental measurements are needed to deter- 
mine AH}, 29g, S398» and AG; 29g of a newly synthesized liquid 
hydrocarbon? 
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REACTION EQUILIBRIUM 
IN IDEAL GAS MIXTURES 


CHEMICAL POTENTIALS IN AN IDEAL GAS MIXTURE 


We found the condition for reaction equilibrium to be Yi vit; = 0 [Eq. (4.98)], where 
the v;’s are the stoichiometric coefficients. To apply this co: 
ideal gas mixture, we need to relate the chemical potential 4; of a component of an 
ideal gas mixture to observable properties. Before doing this, we find an expression 


for u of a pure ideal gas. 


ndition to a reaction in an 


Chemical Potential of a Pure Ideal Gas. The chemical potential is an intensive 
Property, so u for a pure gas depends on T and P only. Since reaction equilibrium 
is usually studied in systems held at constant temperature while the amounts and 
partial pressures of the reacting gases vary, We are most interested in the variation of 
H with pressure. The Gibbs equation for dG for a fixed amount of substance is dG = 
—SdT + VdP (Eq. (4.36)], and division by the number of moles of the pure ideal gas 
gives dG = du = —SdT + V dP, since the chemical potential y of a pure substance 
equals G [Eq. (4.86)]. For constant T, this equation becomes 


du=VdP=(RT/P)dP const. T, pure ideal gas 


If the gas undergoes an isothermal change of state from pressure P, to P,, integration 


of this equation gives 


iy Pay 
du = RT ar. 
1 Š L p* 
| 170 | AT, P3) — p(T, P,)=RTIin (P2/P;) 


f 


Let P, be the standard pressure P° = 1 bar. Then 4(T, P,) equals °(T), the gas’s 
standard-state chemical potential at temperature T, and (6.1) becomes 4(T, P3) = 
wT) + RT In (P2/P°). The subscript 2 is not needed, so the chemical potential (7, P) 
of a pure ideal gas at T and P is 


p= p(T) + RT In (P/P°) pure ideal gas, P° = 1 bar (6.2) 


Figure 6.1 plots 4 versus P at fixed T for a pure ideal gas. For a pure ideal gas, 
pe G= Ä — T5, and H is independent of pressure [Eq. (2.70)], so the pressure de- 
pendence of u in Fig. 6.1 is due to the change of § with P. In the zero-pressure, infinite- 
volume limit, the entropy of an ideal gas becomes infinite, and u goes to — o0. 


Chemical Potentials in an Ideal Gas Mixture. To find the chemical potentials in 
an ideal gas mixture, we give a fuller definition of an ideal gas mixture than we pre- 
viously gave. An ideal gas mixture is a gas mixture having the following properties: 
(1) The equation of state PV = n,.RT [Eq. (1.22)] is obeyed for all temperatures, 
pressures, and compositions, where M,a is the total number of moles of gas. (2) If the 
mixture is separated from pure gas i (where i is any one of the mixture’s components) 
by a thermally conducting rigid membrane permeable to gas i only (Fig. 6.2), then at 
equilibrium the partial pressure P; = x;P [Eq. (1.23)] of gas i in the mixture is equal 
to the pressure of the pure-gas-i system. 

This definition makes sense from a molecular viewpoint. Since there are no inter- 
molecular interactions either in the pure ideal gases or in the ideal gas mixture, we 
expect the mixture to obey the same equation of state obeyed by each pure gas, and 
condition (1) holds. If two samples of pure ideal gas i at the same T were separated 
by a membrane permeable to i, equilibrium (equal rates of passage of i through the 
membrane from each side) would be reached with equal pressures of i on each side. 
Because there are no intermolecular interactions, the presence of other gases on one 
side of the membrane has no effect on the net rate of passage of i through the mem- 
brane, and condition (2) holds. 

The standard state of component i of an ideal gas mixture at temperature T is 
defined to be pure ideal gas i at T and pressure P° = 1 bar. 

In Fig. 6.2, let u; be the chemical potential of gas i in the mixture, and let u7 be 
the chemical potential of the pure gas in equilibrium with the mixture through the 
membrane. (We shall often use an asterisk to distinguish thermodynamic properties 
ofa pure substance from those of a component of a mixture.) The condition for phase 
equilibrium between the mixture and pure i is u; = př (Sec, 4.8). The mixture is at 
temperature T, pressure P, and has mole fractions x;,X2,--.,Xj--- - The pure 
gas i is at temperature T and pressure P¥. But from condition (2) of the definition of 
an ideal gas mixture, P¥ at equilibrium equals the partial pressure P; = x;P of i in the 
mixture. Therefore Hi = uf becomes 


AAT, P, x4,X2,...) = u}(T, x;P) = u?(T, P) ideal gas mixture (6.3) 


Equation (6.3) states that the chemical potential u; of component i of an ideal gas 
mixture at Tand P equals the chemical potential 47 (and the molar Gibbs energy Gh) 
of pure gas i at T and P; (its partial pressure in the mixture). This result makes sense; 
Since intermolecular interactions are absent, the presence of other gases in the mixture 
has no effect on p. 


SECTION 6.1 


Variation of the chemical potential 
p of a pure ideal gas with pressure 
at constant temperature. u° is the 
standard-state chemical potential, 
corresponding to P = P° = 1 bar. 
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An ideal gas mixture separated 
from pure gas i by a membrane 
permeable to į only. 
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At equilibrium, P*= P; 
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u3(T) + RT In (P;/P°), and Eq. (6.3) becomes 


CHAPTER 6 
Hi = Li (T) + RT In (P;/P°) ideal gas mixture, P° = 1 bar (6.4)* 


Equation (6.4) is the fundamental thermodynamic equation for an ideal gas mixture, Iņ | 
(6.4), u; is the chemical potential of component i of an ideal gas mixture at tempera- 
ture T, P; is the partial pressure of gas i in the mixture, and yu? (= G}) is the chemical 
potential of pure ideal gas i at temperature T and the standard pressure 1 bar. Since 
the standard state of a component of an ideal gas mixture was defined to be pure 
gas i at 1 bar and T, pẹ is the standard-state chemical potential of i in the mixture, 
Hj depends only on T because the pressure is fixed at 1 bar for the standard state, 

Equation (6.4) shows that the graph in Fig. 6.1 applies to a component of an 
ideal gas mixture if wand „° are replaced by ju, and uẸ, and P is replaced by the partial 
pressure P;. 

If P; exceeds P¥ in Fig. 6.2, gas i will flow from the mixture to pure i. Equation 
(6.4) shows that y; in the mixture exceeds y# in the pure gas if P; > P¥, so this flow 
is from high to low chemical potential, as we found in Sec. 4.8. 

Equation (6.4) can be used to derive the thermodynamic properties of an ideal 
gas mixture. The result (Prob. 9.10) is that each of U, H, S, G, and Cp for an ideal gas 
mixture is the sum of the corresponding thermodynamic. functions for the pure gases 
calculated for each pure gas occupying a volume equal to the mixture’s volume at a 
pressure equal to its partial pressure in the mixture and at a temperature equal to its 
temperature in the mixture. These results make sense from the molecular picture in 
which each gas has no interaction with the other gases in the mixture. 


IDEAL-GAS REACTION EQUILIBRIUM 


The equilibrium condition for the reaction 0 => $; vA; (where v; is the stoichiometric 
coefficient of species A;) is $; vi; = 0 [Eq. (4.98)]. We now specialize to the case where 
all reactants and products are ideal gases. For an ideal gas mixture, each chemical 
potential is given by Eq. (6.4) as 4; = u3(T) + RT In (P;/P°). Substitution of (6.4) into 
the equilibrium condition J; vu; = 0 gives 


2, vik; = pa vilu? + RT In (P;,¢4/P°)] = 0 
È vug (T) + RTX vi In (P; eq/P°)= 0 (6.5) 


where the sum identities Y; (a; + b) = X; a; + F; b; and Yi ca; = c X; a; [Eq. (1.50)] 
were used. The subscript eq emphasizes that this equation holds only at reaction 
equilibrium. The quantity y{(T) = G?(T) is the molar Gibbs energy of pure ideal gas 
iat T and 1 bar. The standard Gibbs energy change AG}. for the reaction at tempera- 
ture T is [Eq. (5.38)] 
z AG; = Y »:G;(T) = X v,ui(T) (6.6) 
i T 


The use of (6.6) in (6.5) gives 
AG; = -RTY vi In (P; eq/P°) (6.7) 


Use of the logarithmic identity r In b = In b” transforms (6.7) to 
AG; = -RT YAP, Py (68) 


The sum of logs equals the log of the product: 
Ina, + Ina, + ln a3 +*+: = ln aaz; + (69) 


A convenient notation for a product is a large capital pi: 
n 
I a; = OOo (6.10) 
i 


As with sums, the limits are often omitted when they are clear from the context. 
Using the product notation (6.10), we write (6.9) as 


Dy In a; = In (q a) (6.11) 


Using (6.11), we have for Eq. (6.8) 


AG? = —RT In [nn Pia? | (6.12) 
We define Kp as the product that occurs in (6.12): 
Kp =[](Pieq/P*) _ ideal-gas reaction equilib. (6.13)* 
Equation (6.12) becomes 
AG’ = —RT In Kp ideal-gas reaction equilib. (6.14)* 
Recall that, if y = In, x, then x = e&” [Eq. (1.65)]. Thus (6.14) can be written as 
Kọ = e7AGURT (6.15) 


Equation (6.6) shows that AG° depends only on T. It therefore follows from (6.15) 
that Kp for a given ideal-gas reaction is a function of T only and is independent of 
the pressure, the volume, and the amounts of the reaction species present in the mix- 
ture: Kp = K>(T). At a given temperature, Kẹ is a constant for a given reaction. Kp 
i the standard equilibrium constant (or the standard pressure equilibrium constant) 
for the ideal-gas reaction. 

Summarizing, for the ideal-gas reaction 0 = J; wA; we started with the gen- 
eral condition for reaction equilibrium F; vt; = 0 (where the vs are the stoi- 
chiometric coefficients); we replaced each p; with the ideal-gas-mixture expression 
H= Hi + RT In (P;/P°) for the chemical potential 4; of component i and found that 
AG’ = —RT In Kọ. This equation relates the standard Gibbs energy change AG 
om by (6.6)] to the equilibrium constant Kẹ [defined by (6.13)] for the ideal-gas 

Despite the seeming complexity of the derivation, we have reached a quite simple 
result. Consider, for example, the gas-phase reaction 


N, + 3H, = 2NH, 


i t the density be reasonably low so that the gases behave essentially ideally. Recall 
i i the stoichiometric coefficients are negative for reactants and positive for prod- 
cts, For the reaction (6.16): v(N,) = —1; (Hy) = —3; (NH3) = 2. The standard 


(6.16) 
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P = [P(NH5)eq/P°][P(Na)eq/P°T [P(A 2)eq/P°T* (6.17) 
oy ANET 
P PN) P PE) T 


where the pressures are the equilibrium partial pressures of the gases in the reaction 
mixture. Since the stoichiometric coefficients of products are positive and those of 
reactants are negative, the pressures of the products end up in the numerator of Ki 
and those of the reactants end up in the denominator. At any given temperature, the 
equilibrium partial pressures must be such as to satisfy (6.18). If the partial pressures 
do not satisfy (6.18), the system is not in reaction equilibrium and its composition 
will change until (6.18) is satisfied. 

For the ideal-gas reaction aA + bB = cC + dD, the standard (pressure) equi- 
librium constant is 


» _ (Poseq/P'¥(Pp.eq/ PY 
ERY Paa AT. 


(6.18) 


where P° = 1 bar (6.19) 


If the derivation of AG? = —RT In Kj seems overly abstract, you might try 
repeating it for a less general reaction such as aA = bB + cC (Prob. 6.2). 

Since P;/P° in (6.13) is dimensionless, the standard equilibrium constant K$ is 
dimensionless. In (6.14), the log of Kẹ is taken; one can take the log of a dimension- 
less number only. It is sometimes convenient to work with an equilibrium constant 
that omits the P° in (6.13). We define the equilibrium constant (or pressure equilib- 
rium constant) K p as 

Kp = I] (Pre) (6.20) 
t 


Kp has dimensions of pressure raised to the change in mole numbers for the reaction 
as written. For example, for (6.16), Kp has dimensions of pressure” ?, 

The existence of a standard equilibrium constant Kp that depends only on T is 
a rigorous deduction from the laws of thermodynamics. The only assumption is that 
we have an ideal gas mixture. Our results are a good approximation for real gas 
mixtures at relatively low densities. 


A mixture of 11.02 mmol (millimoles) of H 28 and 5.48 mmol of CH, was placed 
in an empty container along with a Pt catalyst, and the equilibrium 


2H2S(g) + CH4(g) = 4H4(9) + CS,(g) 


was established at 700°C and 762 torr. The reaction mixture was removed from 
the catalyst and rapidly cooled to room temperature, where the rates of the fot- 
ward and reverse reactions are negligible. Analysis of the equilibrium mixture 
found 0.711 mmol of CS. Find Kẹ and AG? for the reaction at 700°C. 

Since 0.711 mmol of CS, was formed, 4(0.711 mmol) = 2.84 mmol of H wos 
formed. For CH,, 0.711 mmol reacted, and 5.48 mmol — 0.71 mmol = 4.77 mmol 
was present at equilibrium. For H3S, 2(0.711 mmol) reacted, and 11.02 mmol —- 
1.42 mmol = 9.60 mmol was present at equilibrium. To find Kẹ, we need the pai- 


tial pressures P;. We have P; = x;P, where P = 762 torr and the x;’s are the mole 
fractions. Omitting the eq subscript to save writing, we have at equilibrium 


nps = 9-60 mmol, nca, = 4-77 mmol, ny, = 2.84 mmol, ncs, = 0.711 mmol 
xas = 9.60/17.92 = 0.536, Xcu, = 0.266, xy, = 0.158, xcs, = 0.0397 
Pas = 0.536(762 torr) = 408 torr, Poy, = 203 torr, Py, = 120 torr, Pos, = 30.3 torr 
The standard pressure P° in Kẹ is 1 bar = 750 torr [Eq. (1.12)], and (6.13) gives 
o (Puy/PY*(Pcs,/P°) _ (120 torr/750 torr)*(30.3 torr/750 torr) 
P (Pis/P°) (Pcn,/P°) (408 torr/750 torr)?(203 torr/750 torr) 
= 0.000331 
The use of AG? = —RT In Kp [Eq. (6.14)] at 700°C = 973 K gives 
AG§73 = —[8.314 J/(mol K)](973 K) In 0.000331 = 64.8 kJ/mol 


In working this problem, we assumed an ideal gas mixture, which is a good 
assumption at the T and P of the experiment. 


Concentration and Mole-Fraction Equilibrium Constants. Gas-phase equilib- 
* rium constants are sometimes expressed using concentrations instead of partial pres- 

sures. For n; moles of ideal gas i in a mixture of volume V, the partial pressure is 
= P,=n,RT/V [Eq. (1.24)]. Defining the (molar) concentration c; of species i in the 
mixture as 


c= n/V (6.21)* 


we have 
P;=n,RT/V =c,RT ideal gas mixture (6.22) 


Substitution of (6.22) into (6.19) gives for the ideal-gas reaction aA + bB = fF + dD 


K = (Cr eaR T/P°) (Cp,eqgRT/P°)* å (cE,eq/¢?¥(cp,eq/°)4 (ce os (6.23) 
lCa,eaRT/P°) (Cpe RT/P (Chica) (Cp eal IN P? 

where c°, defined as c° = 1 mol/liter = 1 mol/dm?, was introduced to make all frac- 
tions on the right side of (6.23) dimensionless. Note that c°RT has the same dimensions 
as P°, The quantity f + d — a — b is the change in number of moles for the reaction 
as written, which we symbolize by An/mol = f + d — a — b. Since f + d — a — bis 

¢ dimensionless and An has units of moles, An was divided by the unit “mole” in the 
definition. For N3(g) + 3H,(g) = 2NH,(g), An/mol = 2 — 1 — 3 = —2. Defining the 
standard concentration equilibrium constant K? as 


K? = [] (Cieq/c°)" where c° = 1 mol/liter = 1 mol/dm? (6.24) 


We have for (6.23) 
Kp = KART PP pza 
Knowing K, we can find K? from (6.25). K? is, like Kọ, dimensionless. Since Kp 


Vee only on T, and c° and P° are constants, Eq. (6.25) shows that K? is a function 
only, 


One can also define a mole-fraction equilibrium constant K: 


Ka = TI Cred" (6.26) 


— a 
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Variation of Kẹ with AG° for 
two temperatures. The vertical 
scale is logarithmic, 
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Kp 


+ 1082 


4G°(kI/mol) 


1000 K 


300K 


The relation between K, and Kẹ is (Prob. 6.7) 
p = K (P/P° jmo 6n 


Except for reactions with An = 0, the equilibrium constant K, depends on P as wel 
as on T and so is not as useful as K>. 

Introduction of K? and K, is simply a convenience, and any ideal-gas equilibriuy 
problem can be solved using only K$. Since the standard state is defined as havi 
1 bar pressure, AG? is directly related to Kp by AG° = —RT In Kp [Eq. (6.14)} bu 
is only indirectly related to K? and K, through (6.25) and (6.27). 


Qualitative Discussion of Chemical Equilibrium. The following discussion applis 
in a general way to all kinds of reaction equilibria, not just ideal-gas reactions, 

The standard equilibrium constant K> is the product and quotient of Positive 
numbers and must therefore be positive: 0 < Kp < œ. If Kp is very large (Kp >|) 
its numerator must be much greater than its denominator, and this means that th 
equilibrium pressures of the products are usually greater than those of the reactants 
Conversely, if Kọ is very small (Kp < 1), its denominator is large compared with it 
numerator and the reactant equilibrium pressures are usually larger than the produt 
equilibrium pressures. A moderate value of Kp usually means substantial equilibrium 
pressures of both products and reactants, (The word “usually” has been used becaus: 
it is not the pressures that appear in the equilibrium constant but the pressures raised 
to the stoichiometric coefficients.) A large value of the equilibrium constant favors 
products; a small value favors reactants, 

We have Kẹ = 1/e*@’®? [Eq, (6.15)]. If AG? > 0, then e^6"/RT ig very large and 
Kp is very small. If AG° <0, then Kp =e A@URT is very large. If AG? ~ 0, then 
Kp ~ 1. A large positive value of AG? favors reactants; a large negative AG? favors 
products. More precisely, it is AG*/RT, and not AG”, that determines Kp. IAG = 
IRT, then Kp =e" 12E 3 10°. If AG? = —15RT, then KS = e!3 = 3 x 106 
AG* = SORT, then Kj = 2 x 10-22, Because of the exponential relation between Kp 
and AG”, unless AG? lies in the approximate range —15RT < AG° < 15RT, the equi 


plots Kp versus AG? at two temperatures using a logarithmic scale for K p. A smal 
change in AG° produces a large change in Kj = e` ôG”RT For example, at 300 K,4 
decrease of only 10 kJ/mol in AG? increases Kp by a factor of 55. 
— TS°, we have for an isothermal process 

NOE ae 63 
so that AG” is determined by AH’, AS®, and T. If T is low, the factor T in (6.28) a 
small and the first term on the Tight side of (6.28) is dominant. The fact that AS 
goes to zero as T goes to zero (the third law) adds to the dominance of AH? ovt 


TAS? at low temperatures, Thus in the limit T + 0, AG? approaches AH®. For loW 
temperatures, we have the following rough relation: 


AG x AH° jow T (6.29) 


ion, AH” is negative, and hence from (6.29) AG? is neg 
us at low temperatures, products of an exothermic tea 


For an exothermic reacti 
tive at low temperatures, Th 


tion are favored over reactants. (Recall from Sec. 4.4 that a negative AH increases 
the entropy of the surroundings.) For the majority of reactions, the values of AH® 
and TAS? are such that at room temperature (and below) the first term on the right 
side of (6.28) dominates. Thus, for most exothermic reactions, products are favored 
at room temperature. However, AH alone does not determine the equilibrium con- 
stant, and there are many endothermic reactions with AG° negative and products 
favored at room temperature, because of the — T AS° term. 

For very high temperatures, the factor T makes the second term on the right 
side of (6.28) the dominant one, and we have the following rough relation: 


AG? x —TAS? high T (6.30) 


Athigh temperatures, a reaction with a positive AS° has a negative AG’, and products 
are favored. 

An example is the breaking of a chemical bond, for example, N3(g) = 2N(g). 
Since a bond is broken, the reaction is highly endothermic (AH® > 0). Therefore at 
reasonably low temperatures, AG* is highly positive, and N, is not significantly dis- 
sociated at low temperatures (including room temperature). For N,(g) = 2N(g), the 
number of moles of gases increases, so we expect this reaction to have a positive AS° 
(Sec, 5.9). (In fact, from the Appendix we find AS3og = 115J mol! K~! for this 
reaction.) Thus for high temperatures, we expect from (6.30) that AG’ for N, = 2N 
will be negative, favoring dissociation to atoms. 

Another example is the denaturation of a protein. A protein molecule is a long- 
chain polymer of amino acids. Enzymes are globular proteins. In a globular protein, 
certain portions of the chain are coiled into helical segments that are stabilized by 
hydrogen bonds between one turn of a helix and the next; other portions have an 
irregular conformation. In addition, the partly coiled protein folds on itself to give 
4 roughly ellipsoidal overall shape; the folding is not random, but is determined 
(in part) by van der Waals forces (Sec. 22.10) and by S—S covalent bonds between 
sulfur-containing amino acids. In the denaturation reaction, the protein unfolds into 
a completely random conformation, called a random coil. Because of the breaking 
of hydrogen bonds, denaturation has AH® positive. Since denaturation gives a more 
disordered structure, denaturation has AS° positive. Thus as the temperature is raised, 
TAS? will eventually exceed AH? and denaturation will occur. [This is an oversim- 
Plification; see J. A. Schellman, Ann. Rev. Biophys. Biophys. Chem., 16, 115 (1987).] 
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TEMPERATURE DEPENDENCE OF THE EQUILIBRIUM CONSTANT 


The ideal-gas standard equilibrium constant Kẹ is a function of temperature only. 
Let us derive its temperature dependence. Equation (6.14) gives In Kp = —AG°/RT. 
Differentiation with respect to T gives 


dinKp AG 1 d(AG°) (6.31) 
dT RT? RT dT 
Use of AG’ = F, v,G? [Eq. (6.6)] gives 


— AG =— SF vG =) ¥,— (6.32) 
so Agai En 
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The degree superscript indicates the pressure of pure ideal gas iis fixed at the standard 
value 1 bar. Hence G? depends only on T, and the partial derivative becomes an 
ordinary derivative. Using (6.33) in (6.32), we have 


dAG° es 4 

aaa => vS; = —AS' (6.34) 

where AS” is the reaction’s standard entropy change, Eq. (5.36). Hence (6.31) becomes 
dinKp AG AS? AG? +TAS° 


6.35) | 
aT RT? RT RT (639) 
Since AG? = AH’ — T AS°, we end up with 
Ke o | 
no pe 


This is the van’t Hoff equation. In (6.36), AH° = AH; is the standard enthalpy change 
for the ideal-gas reaction at temperature T [Eq. (5.2)]. The greater the value of JAH’), 
the faster the equilibrium constant Kẹ changes with temperature. 

The degree superscript in (6.36) is actually unnecessary, since H of an ideal gas 
is independent of pressure and the presence of other ideal gases. Therefore, AH per 
mole of reaction in the ideal gas mixture is the same as AH”, However, S of an ideal 
gas depends strongly on pressure, so AS and AG per mole of reaction in the mixture 
differ quite substantially from AS° and AG°. 

Multiplication of (6.36) by dT and integration from T, to T, gives 

o T2 O| 
in a f AND) op (637 
AT) Jr, RT 


To evaluate the integral in (6.37), we need AH? as a function of temperature. AH°(T) 


can be obtained by integration of AC} (Sec. 5.5). Evaluation of the integral in Eq. | 


(5.19) leads to an equation with the typical form (see the last equation in the Sec. 5.5 
example) 


AH? = A+ BT + CT? + D/T (6.38) 


where A, B, C, and D are constants. Substitution of (6.38) into (6.37) allows Kẹ at 
any temperature T, to be found from its known value at Tı: 

AH? usually varies rather slowly with T, so if the temperature interval T3- 
T, is reasonably small, it is generally a good approximation to neglect the tempera- 
ture dependence of AH”. Moving AH? outside the integral sign in (6.37) and inte- 


grating, we get 
in aD A ( ny 639) 
KAT) RENT) iE 
Since d(T~*) = —T~?4T, Eq. (6.36) can be written as 
dinKp AH? 
d(1/T) R 


(6.40) 


The slope of a graph of In Kp vs. 1/T at a given temperature multiplied by —R 
equals AH” at that temperature. If AH? is essentially constant over the temperature 
range plotted, the graph is a straight line., 

If Kp is known at several temperatures, use of (6.40) allows AH® to be found. 
This gives another method for finding AH”, useful if AH} of all the species are not 
known. AG} can be found from K$ using AG; = —RT In K}(T). Knowing AG° and 
AH’, we can calculate AS° from AG° = AH? — TAS". Therefore, measurement of 
Kọ over a temperature range allows calculation of AG°, AH®, and AS° of the re- 
action for temperatures in that range. 

If AH? is essentially constant over the temperature range, one can use (6.39) to 
find AH® from only two values of Kp at different temperatures. Students therefore 
sometimes wonder why it is necessary to go to the trouble of plotting In Kp vs. 1/T 
for several Kẹ values and taking the slope. There are several reasons for making a 
graph. First, AH® might change significantly over the temperature interval, and this 
will be revealed by nonlinearity of the graph. Even if AH® is essentially constant, 
there is always some experimental error in the Kp values, and the graphed points 
will show some scatter about a straight line. Using all the data to make a graph and 
taking the line that gives the best fit to the points results in a AH® value more ac- 
curate than one calculated from only two data points. 

The slope and intercept of the best straight line through the points can be found 
using the method of least squares (Prob. 6.35), which is readily done on many cal- 
culators. Even if a least-squares calculation is done, it is still useful to prepare a 
graph, since the graph will show if there is any systematic deviation from linearity 
due to temperature variation of AH® and will show if any point lies way off the 
best straight line because of a blunder in measurements or calculations. 

Figure 6.4a plots AH®, AS°, AG°, and R In Kp vs. T for N,(g) + 3H2(9) = 
2NH,(g). Note that (Sec. 5.5) AH® and AS° vary only slowly with T, except for low 
T, where AS° goes to zero in accord with the third law. AG? increases rapidly and 
almost linearly with increasing T; this is due to the factor T that multiplies AS° in 
AG? = AH® — TAS®. The rate of decrease of In Kẹ with respect to T decreases as T 
increases, because of the 1/T? factor in d In Kp/dT = AH?/RT?. 

At high temperatures, — RT In Kp = AG? ~ — TAS’, so R In K> x AS? in the 
high-T limit—note the approach of the R In Kp curve to the AS® curve at high T. 
At low T, —RT In Kp = AG° = AH’, so In Kp % —AH?/RT. Therefore In Kp and 
Kp go to infinity as T + 0. The products 2NH,(g) have a lower enthalpy and lower 
internal energy (since AU° = AH® in the T =0 limit) than the reactants N2(9) + 
3H,(g), and in the T =0 limit, the equilibrium position corresponds to complete 
conversion to the low-energy species, the products. The low-T equilibrium position 
is determined by the internal-energy change AU®. The high-T equilibrium position 
is determined by the entropy change AS”. 

Figure 6.4b plots In K vs, 1/T for N2(g) + 3H2(g) = 2NH3(9) for the range 200 
to 1000 K. The plot shows a very slight curvature, as a result of the small temperature 
Variation of AH®. 


EXAMPLE | 


Use Fig. 6.4b to estimate AH® for N2(g) + 3H2(g) = 2NH3(9) for temperatures in 
the range 300 to 500 K. 
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Thermodynamic quantities for 
Nalg) + 3H2(g) = 2NH4(g). In the 
T = 0 limit, AS° = 0. 


Since only an estimate is required, we shall ignore the slight curvature of the 
plot and treat it as a straight line. The line goes through the two points 


T~* = 0.0040 K~!,In Kp =20.0 and T-!=0.0022K~1 In Kọ =0 


Hence the slope (Sec. 1.6) is (20.0 — 0)/(0.0040 K~* — 0,0022 K7 !) = 1.11 x 10*K. 
Note that the slope has units. From Eq. (6.40), the slope of a In Kẹ-vs.-1/T plot 
equals —AH°/R, so 


AR? = —R x slope = —(1.987 cal mol~! K4)(1.11 x 104 K) = —22 kcal/mol 
in agreement with Fig. 6.4a. 


IDEAL-GAS EQUILIBRIUM CALCULATIONS 


| 
For an ideal-gas reaction, once, we know the value of K} at a given temperature, we | 
can find the equilibrium composition of any given reaction mixture at that tempera- | 
ture. Kp can be determined by chemical analysis of a single mixture that has reached 
equilibrium at the temperature of interest. However, it is generally simpler to detet- 
mine K$ from AG”, using AG° = —RT In Kp. In Chap. 5, we showed how calorimet- 
Tic measurements (heat capacities and heats of phase transitions of pure substances, 
and heats of reaction) allow one to determine AG} r values for a great many com- 
pounds. Once these values are known, we can calculate AG; for any chemical reac- 
tion between these compounds, and from AG° we get Kọ. 


Thus thermodynamics allows us to find K> for a reaction without making any 
measurements on an equilibrium mixture. This knowledge is of obvious value in as- 
sessing the maximum possible yield of product in a chemical reaction. If AG? is found 
to be highly positive for a reaction, this reaction will not be useful for producing 
the desired product. If AG} is negative or only slightly positive, the reaction may 
be useful. Even though the equilibrium position yields substantial amounts of prod- 
ucts, we must still consider the rate of the reaction (a subject outside the scope of 
thermodynamics). Frequently, a reaction with a negative AG? is found to proceed ex- 
tremely slowly. Hence we may have to search for a catalyst to speed up attainment 
of equilibrium. Frequently, several different reactions can occur for a given set of 
reactants, and we must then consider the rates and the equilibrium constants of several 
simultaneous reactions. 

We now give some examples of equilibrium calculations for ideal-gas reactions. 
We shall use Kẹ in all these examples. Kẹ could also have been used, but consistent 
use of Kọ avoids having to learn any formulas with Kẹ. In these examples, the 
density is assumed low enough to permit treating the gas mixtures as ideal. 

In finding the equilibrium composition of a mixture from Kp, the relation P; = 
nRT/V is useful if we know the system's volume, and the relation P; = x;P = 
(n,/n,.)P is useful if we know the system's pressure. These equations allow us to relate 
the partial pressures P; to the mole numbers nj. 


Suppose 0.300 mol of H, and 0.100 mol of D, are placed in a 2.00-L vessel at 25°C 
together with a catalyst for the isotope-exchange reaction 


H(g) + D2(g) = 2HD(9) 


where D =H is deuterium. Use Appendix data to find the equilibrium 
composition. 

The Appendix AG? 29 Values give AG3og = —2.928 kJ/mol for the reaction. 
(Ihe reasons AG? is not zero are discussed in Sec. 22.8.) Substitution of this value 
in AG = —RT In Kọ [Eq. (6.14)] gives In Kp = —AG°/RT = 1.181, and 

[P(HD)/P’? _ _ [PHD]? 
[PHPPP] PHPO) 
Use of P; = n;RT/V for the partial pressures gives 


2 2 
p- [EDRI __ MEDI _ 56 (641) 
[n(H,)RT/V][n(D2)RT/V]  n(H2)n(D2) 

Tosave time, we omit the eq subscripts in these examples. The R T/V factors cancel 
because An = 0 here. 

Let x be the number of moles of Hz that have reacted when equilibrium is 
leached, The equilibrium amounts are then 

n(H,) = (0.300 — x)mol n(Dz) = (0.100 — x) mol__ (HD) = 2x mol 


Substitution in (6.41) gives after simplification: 0.227x + 0.400x — 0.0300 = 0. The 
Solutions to ax? + bx + c = 0 are x = [—b + (b? — 4ac)*!?]/2a. We find x = 0.072 


K3 = 3.26 
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and — 1.83. Since we started with 0 mol of HD and nonzero amounts of H, ond 
Dz x must be positive. Hence x = 0.072 is the correct solution, and at equilibrium 
n(H3) = 0.228 mol, n(D,) = 0.028 mol, and n(HD) = 0.144 mol. 


For the ideal-gas reaction 2A + B=C+D, we are given that Kp = 6.51. f 
3.000 mol of A, 1.000 mol of B, and 4.000 mol of C are placed in an 8000-cm3 vessel | 
at 800 K, find the equilibrium amounts of all species. 

We have, using P; = n,;RT/V, | 


Ke = PclPXPo/P®?) _ (ncRT/VXnoRT/V)P® _ nono VP? 
P (Pa/P°)(Pa/P)— (na RT/VY(ngRT/V) nang RT 
where P° = 1 bar. Use of 1 atm = 760 torr, 1 bar = 750.06 torr, and R = 82.06 cm 


atm mol~' K~! gives R = 83.14 cm? bar mol~! K~?. If x moles of B react, then 
at equilibrium ng = (1 — x) mol, ną = (3 — 2x) mol, nc = (4 + x) mol, np = x mol. 
We have 


x (4 + x)x mol? 8000 cm? bar | 
~ 3 = 2x)°(1 — x) mol? (83.14 cm? bar mol | K ~')(800 K) | 


x? — 3.995x? + 5.269x — 2.250 = 0 (6.42) | 


where we divided by the coefficient of x3, We have a cubic equation to solve. | 
The formula for the roots of a cubic equation is quite complicated. Moreover, 
equations of degree higher than quartic often arise in equilibrium calculations | 
and there is no formula for the roots of such equations. Hence we shall solve | 
(6.42) by trial and error. Since we started with 1 mol of B, we know that x must 
be between 0 and 1. For x = 0, the left side of (6.42) equals — 2.250; for x=, | 
the left side equals 0.024. Hence x is much closer to 1 than to 0. Guessing x = 09. | 
we get —0.015 for the left side. Hence the root is between 0.9 and 1.0; inter | 
polation gives an estimate of x = 0.94. For x = 0.94, the left side equals 0.003, s 
we are still a bit high. Trying x = 0.93, we get —0,001 for the left side. Hence the | 
root is 0.93 (to two places). The equilibrium amounts are then ng = 1.14 mol 
ng = 0.07 mol, ng = 4.93 mol, and np = 0.93 mol. 
| 
| 


Ideal gases A and B are in equilibrium according to A = 2B. Let T and P be the 
temperature and pressure of the equilibrium mixture. Find expressions for the 
equilibrium mole fractions in terms of K}(T) and P. 
At equilibrium 
G aC gee ee 
S = = = = 
PU IPAP xP Pa ee ipa Te P 


(6.43) 


where we used P; = x;P. Eq. (1.23), and the fact that the mole fractions add 


tolsa +p = 1. Defining z= K9 /(P/P°), we have, from (6.43), xg? + 2x3 — Z = 0, 
and xs =4[-2 + (2° + 4z)'/?], The quantity z is always positive; the mole frac- 
tion xp cannot be negative; we therefore discard the negative root to get 


xp = 4[(z? + 42)? —z] where z = K5/(P/P°) (6.44) 


Knowing P and Kẹ., we can calculate z; from z we calculate xg; from xg we 
calculate x, as 1 — xg. 


Dinittogen tetroxide is partially dissociated according to N,04(g) = 2NO,(9). 
Find the composition of an N,04-NO, equilibrium mixture at 400 K and 0.500 
bar; assume ideal-gas behavior. 

To find Kọ at 400 K, we can use the vant Hoff equation (6.36). For an 
accurate calculation, we need AH*(T), which is found from AC;(T). We shall 
make the approximation that AH? is independent of T over the range 298 
to 400 K and use the approximate equation (6.39). The Appendix data give 
AH39 = 57.20 kJ/mol and AG39g = 4730 J/mol. From AG? = —RT In KẸ, we find 
K},29g = 0.148. Substitution in (6.39) gives In (K%,400/0-148) = 5.87, and Kp.400 = 
52.7. The use of (6.44) gives x(NO.) = 0.9907 and x(N,04) = 0.0093. 

For improved accuracy, we can look up AG%. 499 of NO, and N20, in the 
JANAF tables (Sec. 5.8); we find AG3oo = — 13.085 kJ/mol. This accurate value 
of AG3g9 yields Kẹ 400 = 51.1 and x(NO2) = 0.9904. 


For the ideal-gas reaction (reaction I) 2A + B = 2C, we are given that AGSo9 = 
—2000 J/mol. Find K% at 500 K for the reaction (reaction I)A+3B=C. 

From AG? = —RT In Kọ, we find Kẹ = 1.62 for reaction I. The equilibrium- 
constant expressions for reactions I and II are 


3 \. (pee? ia Wins Wesel Br LAN 6.45 
Pa (P/P PaP) Kon = P PNPP 63 


We see that Kẹ, is the square of Kẹ hence 1.62 = (Kp). and Kpn = 1.27. 
Alternatively, AG° for II is one-half AG° for I and is thus — 1000 J/mol; this 
AG309 yields Kẹ n = 1.27. 


Since the standard pressure P° appears in the definition of Kẹ, the 1982 change 
of P° from 1 atm to 1 bar affects Kẹ values slightly. See Prob. 6.23. 
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Variation of G, H, and TS with 


extent of reaction č in the synthesis 


of NH;(g) at 500 K and 4 bar for 
an initial composition of 1 mol of 
N3 and 3 mol of H}. The H-vs.-€ 


curve is linear. Since An is negative 


for the reaction, S decreases as č 
increases. (Of course, Suniy reaches 
a maximum when G reaches a 


minimum.) 
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When |AG*| is large, Kẹ is very large or very small. For example, if AGs 
137 kJ/mol, then K$ 298 = 10° **. From this value of Kọ, we might well calculate 
that at equilibrium only a few molecules or even only a fraction of one Molecule 
ofa product are present. When the number of molecules of a species is small, thermo. 
dynamics is not rigorously applicable and the system shows continual fluctuations 
about the thermodynamically predicted number of molecules (Sec. 3.7). 

Tables of thermodynamic data often list AH} and AG% values to 0.01 kJ/mol, 
However, experimental errors in measured AH; values typically run 4 to 2 kJ/mol 
although they may be substantially smaller or larger. An error in AG3ox of 2 kJ/mol 
corresponds to a factor of 2 in Kp. Thus, the reader should take equilibrium con. 
stants calculated from thermodynamic data with a grain of NaCl(s). 

In the preceding examples, the equilibrium composition for a given set of con- 
ditions (constant T and V or constant T and P) was calculated from K} and the initia 
composition. For a system reaching equilibrium while T and P are constant, the 
equilibrium position corresponds to the minimum in the Gibbs energy G. Figure 65 
plots the conventional values (Chap. 5) of G, H, and TS (where G = H — TS) versus 
extent of reaction for the ideal-gas reaction N3 + 3H, = 2NH, run at the fixed T 
and P of 500K and 4 bar with initial composition 1 mol N, and 3 mol H,. Al 
equilibrium, ¢,, = 0.38. The plot is made using the fact that each of G, H, and So 
the ideal gas mixture is the sum of contributions from each pure gas (Sec. 6.1), See 
Prob. 6.36 for details, 
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SHIFTS IN IDEAL-GAS REACTION EQUILIBRIA 


If the temperature, pressure, or composition of an ideal gas mixture in equilibrium 


is changed, the equilibrium position may shift. We now examine the direction of such 
shifts. 


lsobaric Temperature Change, Suppose we change T, keeping P constant, Sino? 
dln y =(1/y)dy, Eq. (6.36) gives dKp/dT = Kp AH°/RT?. Since Kp and RT? are 
Positive, the sign of dK>/dT is the same as the sign of AH®. 

If AH?’ is positive (an endothermic reaction), then dK>/dT is positive; for a tem 
perature increase (dT > 0), dK? is then Positive, and Kọ increases. Since product 
partial pressures are in the numerator of Kp, an increase in K p Means an increase mM 
the equilibrium values of the product partial pressures and a decrease in reactant 
partial pressures. Since P; = x;P, and P is held fixed, the mole fractions undergo 
changes proportional to the changes in the partial pressures, Thus for an endothermic 
reaction, an increase in temperature at constant pressure will shift the equilibrium to 
the right. 

__IfAH’ is negative (an exothermic reaction), then dK>/dT is negative and a pos 
tive dT gives a negative dK. An isobaric temperature increase shifts the equilibrium 
to the left for an exothermic reaction. 

These results can be summarized in the rule that an increase in T at constant P 
in a closed system shifts the equilibrium in the direction in which the system absorbs 


heat from the surroundings. Thus, for an endothermic reaction, the equilibrium shifts 
to the right as T increases. 


Isothermal Pressure Change. Consider the ideal-gas reaction A = 2B. We define 
the reaction quotient Qp as Op = P,?/P,, where P4 and Py are the partial pressures 
of the gases A and B in the system at some instant. When the system is in reaction 
equilibrium, we have Qp = Kp; when the system is not in equilibrium, then Qp # Kp. 
Let equilibrium be established, and suppose we then double the pressure at constant 
T by isothermally compressing the mixture to half its original volume; thereafter, P 
is held constant at its new value. The equilibrium constant Kp is unchanged since 
Tis unchanged. Since P; = x;P, this doubling of P doubles P4 and doubles Px (before 
any shift in equilibrium occurs). This quadruples the numerator of Qp = Pg’/P, and 
doubles its denominator; thus Qp is doubled. Before the pressure increase, Qp was 
equal to Kp, but after the pressure increase, Qp has been increased and is greater than 
Kp. The system is no longer in equilibrium, and Qp will have to decrease to restore 
equilibrium. Op = Pp?/P a decreases when the equilibrium shifts to the left, thereby 
decreasing Pg and increasing Pa. Thus a pressure increase shifts the equilibrium 
A= 2B to the left, the side with fewer moles in the balanced reaction. 
Generalizing to the ideal-gas reaction aA + bB +++: eE + fF +++, we see 
that if the total moles e + f + +- -on the right is larger than the total moles a + b + ->+ 
on the left, an isothermal increase in pressure will increase the numerator of the re- 


action quotient 
P,P, + +s per sto 


XEXE A 
PRPS 


EY T OETI 
RETT Pt b+ 
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more than the denominator and will therefore shift the equilibrium to the left (the 
side with fewer moles) to reduce Qp to Kp. Ife +f +++: is less thana+b+--",a 
pressure increase shifts the equilibrium to the right. Ife + f +++ equals a + beea 
a pressure increase has no effect on Qp and does not shift the equilibrium. Since the 
system’s volume is proportional to the total number of moles of gas present, we have 
the rule that an increase in P at constant T in a closed system shifts the equilibrium in 
the direction in which the system’s volume decreases. 

Although Kp depends on T only, the equilibrium composition of an ideal-gas 
reaction mixture depends on both T and P, except for reactions with An =0. Figure 6.6 
plots the equilibrium extent of reaction vs. T at three pressures for Na(g) + 3H,(g) = 
2NH3(9). 

The italicized rules for shifts produced by an isothermal pressure change and 
by an isobaric temperature change constitute Le Chatelier’s principle. These two rules 
can be proved valid for any reaction, not just ideal-gas reactions (see Kirkwood and 
Oppenheim, pp. 108-109). 


'sochoric Addition of Inert Gas. Suppose we add some inert gas to an equilibrium 
mixture, holding V and T constant. Since P; = n,RT/V, the partial pressure of each 
gas taking part in the reaction is unaffected by the addition of an inert gas. Hence the 


reaction quotient 
Or =P" 649 


18 unaffected and remains equal to Kp. Thus, there is no shift in ideal-gas equilibrium 
for isochoric, isothermal addition of an inert gas. This makes sense because in the 
absence of intermolecular interactions, the reacting ideal gases have no way of know- 
ing whether there is any inert gas present. 
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Equilibrium extent of reaction vs. 
T at several pressures for the 
ammonia-synthesis reaction with 
an initial composition of 1 mol 
N3 and 3 mol H3. A pressure 
increase at fixed T increases the 
yield of NH4. 
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Addition of a Reactant Gas. Suppose that for the reaction A + B= 204) 
we add some A to an equilibrium mixture of A, B, C, and D while holding T andy 
constant. Since P; = n;RT/V, this addition increases P, and does not change thy 
other partial pressures. Since P, appears in the denominator of the reaction quotien, 
(6.46) (v, is negative), addition of A at constant T and V makes Qp less than Kp. The 
equilibrium must then shift to the right in order to increase the numerator of Qp ang 
make Qp equal to Kp again. Thus, addition of A at constant T and V shifts the equi 
librium to the right, thereby consuming some of the added A. Similarly, addition of 
a reaction product at constant T and V shifts the equilibrium to the left, thereby cop. 
suming some of the added substance. Removal of some of a reaction product froma 
mixture held at constant T and V shifts the equilibrium to the right, producing mor 
product. 

It might be thought that the same conclusions apply to addition of a reactant 
while holding T and P constant. Surprisingly, however, there are circumstances 
where constant-T-and-P addition of a reactant will shift the equilibrium so as to 
produce more of the added species, For example, consider the ideal-gas equilibrium 
N3 + 3H, = 2NH3. Suppose equilibrium is established at a temperature and pres- 
sure for which K, [Eq. (6.26)] is 8.33; K, = 8.33 = [x(NH3)]?/x(N.)[x(H3)]°, Let the 
amounts n(N3) = 3.00 mol, n(H) = 1.00 mol, and n(NH3) = 1.00 mol be present at 
this T and P. Defining Q, as Qx = []; (x), we find that, for these amounts, Q, = 
(0.2)?/0.6(0.2)3 = 8.33. Since Qx = K,, the system is in equilibrium. Now, holding T 
and P constant, we add 0.1 mol of N2. Because T and P are constant, K, is still 8.33, 
After the N, is added, but before any shift in equilibrium occurs, we have 


0,5 A Ub? o o 
*  (61/5:00/5.1)3 


Qx now exceeds K,, and the equilibrium must therefore shift to the left in order to 
reduce Q, to 8.33; this shift produces more N3. Addition of N, under these conditions 
shifts the equilibrium to produce more N,. Although the addition of N, increases 
Xn, it decreases Xu, (and xyy,), and the fact that Xy, is cubed in the denominator 
of Q, outweighs the increase in Xn, and the decrease in Xyp; hence, in this case, Qy 
increases on addition of N2. For the general conditions under which addition of @ 
Teagent at constant T and P shifts the equilibrium to produce more of the added 
Species, see Prob. 6.27, 


8.39 


In the preceding Paragraph, we assumed that Q, always decreases when the reaction shifls 
to the left and increases when the reaction shifts to the right. For a proof of this, see L. Katz, 
J. Chem. Educ., 38, 375 (1961). 


change in one of the variables that determines the equilibrium will shift the equilib- 


equilibrium in a direction that counteracts the change. Le Chatelier’s principle can 
be formulated in a more general way, which, however, bears little resemblance to the 
statement at the beginning of this paragraph; see J. de Heer, J. Chem. Educ., 34, 375 


aas 35, 133 (1958); de Heer, chap. 20; J. Gold and V. Gold, Chem. Brit., 20, 802 
(1984). 
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SUMMARY 


The chemical potential of gas i at partial pressure P; in an ideal gas mixture is 
u= (T) + RT In (P;/P°), where y;(T), the standard-state chemical potential of i, 
equals Gj(T), the molar Gibbs energy of pure gas i at P° = 1 bar and T. For the 
ideal-gas reaction 0 = Ñ; v:A;, use of this expression for u; in the equilibrium condi- 
tion yi vil; = 0 leads to AG° = —RT In Kp, where AG’? = yi vē? and the standard 
equilibrium constant Kp = [|i (Pi eq/P°)" is a function of T only. The temperature 
dependence of the standard equilibrium constant is given by d In Kp/dT = AH°/RT?. 


_______ Kaa 


PROBLEMS 


Important kinds of ideal-gas equilibrium calculations dealt with in this chapter 


include: 


e Calculation of Kp and AG° from the observed equilibrium composition 


e Calculation of Kp from AG° 


* Calculation of the equilibrium composition from K> and the initial composition 


for constant-7-and-P or constant-T-and-V conditions 


Calculation of Kp at T, from Kp at T, and AH® 
Calculation of AH® from Kp versus T data 


FURTHER READING 


Denbigh, chap. 4; Zemansky and Dittman, chap. 15; de Heer, chaps. 19 and 20. 
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Sec. | 6.1 ! 6.2 | 6.3 | 6.4 
Probs. 


6.2-6.7 6.15-6.24 
61 Use j= p} + RT In (P;/P°) to calculate AG when 


3.00 mol of a pure ideal gas undergoes an isothermal process 
in which its pressure is cut in half at 400 K. 


62 For the ideal-gas reaction aA = bB + cC, substitute 4; = 
Hi + RT In (P;/P°) into the equilibrium condition a, = buy + 
Cue and verify that AG? = —RT In KẸ is obtained. 


63 For the gas-phase reaction 20, + O3 = 2SO3, observed 
mole fractions for a certain equilibrium mixture at 1000 K 
and 1767 torr are Xso0, = 0.310, xo, = 0.250, and xso, = 0.440. 
(a) Find Kj, and AG® at 1000 K, assuming ideal gases. (b) Find 
Kp at 1000 K. 


64 An experimenter places 15.0 mmol of A and 18.0 mmol of 
B in a container, The container is heated to 600 K, and the 
gas-phase equilibrium A + B = 2C + 3D is established. The 
quilibrium mixture is found to have pressure 1085 torr and 
to contain 10.0 mmol of C. Find Kp and AG° at 600 K, as- 
suming ideal gases. 


6.25-6.27 | 


6.28-6.39 


6.5 A 1055-cm* container was evacuated, and 0.01031 mol 
of NO and 0.00440 mol of Br} were placed in the container; 
the equilibrium 2NO(g) + Br2(g) = 2NOBr(g) was established 
at 323.7 K, and the final pressure was measured as 231.2 torr. 
Find Kp and 4G° at 323.7 K, assuming ideal gases. Hint: Cal- 
culate Mo. 


66 The reaction N2(g)==2N(g) has Kp=19 x 107° at 
3000 K. A certain gas mixture at 3000 K has partial pressures 
Py, = 720 torr, Py = 0.12 torr, and Py. = 320 torr, Is the mix- 
ture in reaction equilibrium? If not, will the amount of N(g) 
increase or decrease as the system proceeds to equilibrium at 
3000 K in a fixed volume? 


6.7 Derive Eq. (6.27) relating K, and Kp. 

68 For the reaction N,0,4(g) = 2NO,(g), measurements of 
the composition of equilibrium mixtures gave Kp = 0.144 at 
25.0°C and K$ = 0.321 at 35.0°C. Find AH", AS’, and AG’ at 
25°C for this reaction. State any assumptions made. Do not 
use Appendix data. 


6.9 For PCI5(g) = PCl3(g) + Cl,(g), observed equilibrium 
constants (from measurements on equilibrium mixtures at low 
pressure) vs. T are 


Kp | 0245 | 


mk | as | 5714 
(a) Using only these data, find AH°, AG’, and AS° at 534 K for 


this reaction. (b) Repeat for 574 K. 


6.10 Replacing T, by T and considering T, as a fixed tem- 
perature, we can write the approximate equation (6.39) in the 
form In Kp(T) = —AH°/RT + C, where the constant C equals 
In Kp(T,) + AH°/RT,. Derive the following exact equation: 


In Kj(T) = —AH%/RT + AS3/R 
The derivation is very short, 


611 (a) For 2CO({g) + O2(9) = 2CO,(g), assume ideal-gas 
behavior and use data in the Appendix and the expression for 
AH’ found in Sec. 5.5 to find an expression for In K5(T) valid 
from 300 to 2000 K. (b) Calculate Kẹ at 1000 K for this reaction, 


6.12 Consider the ideal-gas dissociation reaction A = 2B. For 
A and B, we have Cp, =a + bT + cT? and Cp.y =e + fT + 
gT*, where a, b, c, e, f, g are known constants and these 
equations are valid over the temperature range from T, to T . 
Further, suppose that AH7, and Kp(7) are known. Find an 
expression for In K}(T) valid between T, and T3. 


6.13 Prove that for an ideal-gas reaction 


din K? AU® 
dT RT? 


6.14 Prove that for an ideal-gas reaction 


C In *) _ AH® ôln Ky _  An/mol 
oT EO RT?’ OP WR TMneP. 
6.15 Find the equilibrium mole fractions in an N2049) => 


2NO,(g) equilibrium mixture at 25°C and 0.500 atm. Use Ap- 
pendix data. 


6.16 A certain gas mixture held at 395°C has the following 
initial partial pressures: P(Cl2) = 351.4 torr; P(CO) = 342.0 torr; 
P(COCI,) = 0. At equilibrium, the total pressure is 439.5 torr. 
V is held constant. Find K> at 395°C for CO + Cl, = COC. 
[COCI, (phosgene) was used as a Poison gas in World War I] 


6.17 Suppose 1.00 mol of CO, and 1.00 mol of COF, are 
placed in a very large vessel at 25°C, and a catalyst for the 
gas-phase reaction 2COF, = CO, + CF, 4 is added. Use data 
in the Appendix to find the equilibrium amounts. 


6.18 For the ideal-gas reaction A + B= 2C + 2D, it is given 
that AGSoo = 1250 cal mol~!. (a) If 1.000mol of A and 
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1.000 mol of B are placed in a vessel at 500 K and P is held 
fixed at 1200 torr, find the equilibrium amounts, (b) If 1.000 mol 
of A and 2.000 mol of B are placed in a vessel at 500 K and 
? is held fixed at 1200 torr, find the equilibrium amounts, 


6.19 Suppose that for a certain ideal-gas reaction, the error 
in AG3oo is 2.5 kJ/mol. What error in Kp does this cause? 


6.20 For the ideal-gas reaction A + B =C, a mixture with 
ng = 1.000 mol, ng = 3.000 mol, and nc = 2.000 mol is at equi. 
librium at 300 K and 1.000 bar. Suppose the pressure is iso. | 
thermally increased to 2.000 bar; find the new equilibrium 
amounts, 


6.21 For the reaction PCl<(g) = PCI,(g) + Cl 2(g), use data in 
the Appendix to find K$ at 25°C and at 500 K, Assume ideal 
gas behavior and neglect the temperature variation in AH", If 
we start with pure PCl<, calculate the equilibrium mole frac- 
tions of all species at 500 K and 1.00 bar, 


6.22 At high temperatures, Iz vapor is partially dissociated to 
I atoms. Let P* be the expected pressure of Iz calculated ig- 
noring dissociation, and let P be the observed pressure, Some 
values for I, samples are: 


T/K | 973 | 1073 | wa | 1274 
Sii | 

P*/atm | 0.0576 | 0.0631 | 0.0684 0.0736 

P/atm | 00624 | 0.0750 | 0.0918 0.1122 


(a) Show that the equilibrium mole fractions are x= 
2(P — P*)/P and xı, =(2P* — P)/P. (b) Show that K}= 
AP — P*)?/(2P* — P)P°, where P° = 1 bar. (c) Find AH’ for 
1,(g) = 21(g) at 1100 K. 


6.23 If Kp" and K#™ are the Kẹ values with P° = 1 bar and 
with P°=1atm, respectively, show that K= 
Kp™(1.01325)4"/m! 


6.24 For the ideal-gas reaction N, + 3H, = 2NHsg, suppose 
1 mol of N, and 3 mol of H, react at constant T and P; no 
other gases are present initially. Let x be the number of moles 
of N, that have reacted when equilibrium is reached. (x= 
ta) Show that 


x=1—[1—s/s+4)]!? where s = (27K3)"/2P/P° 


6.25 For the ideal-gas reaction PCl.(g) = PCI3(g) + Cli(dh 
state whether the equilibrium shifts to the right, left, or neither 
when each of the following changes is made in an equilibrium 
mixture at 25°C. You may use Appendix data. (a) T is decreased 
at constant P. (b) V is decreased at constant T. (c) Some PCls 
is removed at constant T and V. (d) He(g) is added at con- 
stant T and V., (e) He(g) is added at constant T and P. 


6.26 Suppose the temperature of an equilibrium ideal-gas 1e- 
action mixture is increased at constant volume. Under what 


condition does the equilibrium shift to the right? Hint: Use 
the result of an earlier problem in this chapter. 


627 (a) Show that 


zine) Lwin (=) _ vj — xjAn/mol 
Cm nr Oe NOW: wey nj 


j j 
where Q, = | J; (x). (b) Use the result of part (a) to show that 
addition at constant T and P of a small amount of reacting 
species j to an ideal-gas equilibrium mixture will shift the equi- 
librium to produce more j when the following two conditions 
are both satisfied: (1) The species j appears on the side of the 
reaction equation that has the greater sum of the coefficients; 
(2) the equilibrium mole fraction x; is greater than v;/(An/mol). 
(c) For the reaction Nj + 3H, = 2NH3, when will addition 
of N, to an equilibrium mixture held at constant T and P 
shift the equilibrium to produce more N,? Answer the same 
question for H, and for NH. Assume ideal behavior. 


6.28 The synthesis of ammonia from N, and H, is an exo- 
thermic reaction. Hence the equilibrium yield of ammonia de- 
creases as T increases. Explain why the synthesis of ammonia 
from its elements (Haber process) is typically run at the high 
temperature of 800 K rather than at a lower temperature. 
(Haber developed the use of Cl, as a poison gas in World 
War I. His wife, also a chemist, tried to dissuade him from this 
work, but failed. She then committed suicide.) 


629 For the gas-phase reaction 
1, + cyclopentene = cyclopentadiene + 2HI 


measured Kẹ values in the range 450 to 700 K are fitted by 
log Kp = 7.55 — (4.83 x 10°)(K/T). Calculate AG°, AH®, AS”, 
and ACp for this reaction at 500 K. Assume ideal gases. 


630 A certain ideal-gas dissociation reaction A= 2B has 
AGio99 = 4000 J mol” t}, which gives Kp = 0.6 at 1000 K. If 
pure A is put in a vessel at 1000 K and 1 bar and held at 
Constant T and P, then A will partially dissociate to give some 
B. Someone presents the following chain of reasoning. “The 
Second law of thermodynamics tells us that a process in a closed 
system at constant T and P that corresponds to AG > 0 is 
forbidden [Eq. (4.16)]. The standard Gibbs free-energy change 
tor the reaction A = 2B is positive. Therefore, any amount 
of dissociation of A to B at constant T and P corresponds to 
an increase in G and is forbidden. Hence gas A held at 1000 K 
and 1 bar will not give any B at all.” Point out the fallacy in 
this argument. 


ti An ideal-gas reaction mixture is in a constant-tempera- 

ure bath. State whether each of the following will change the 

— of K$. (a) Addition of a reactant. (b) Addition of an 

(a) Bae (G Change in pressure for a reaction with An # 0. 
ange in temperature of the bath. 


6.32 Suppose we have a mixture of ideal gases reacting ac- 
cording to A + B= C + 2D. The mixture is held at constant 
T and at a constant (total) pressure of 1 bar. Let one mole of A 
react. (a) Is the observed AH per mole of reaction in the mix- 
ture equal to AH® for the reaction? (b) Is the observed AS per 
mole of reaction equal to AS°? (c) Is the observed AG per mole 
of reaction equal to AG°? 


6.33 Suppose that the standard pressure had been chosen as 
1000 torr instead of 1 bar. With this definition, what would be 
the values of Kp and Kp at 25°C for N04(g) = 2NO2(g)? Use 
Appendix data. 


6.34 For cis-EtHC=CHPr(g) = trans-EtHC=CHPr(g) 
(where Et is C,H; and Pr is CH;CH2CH;), AH300 
kcal/mol, AS3o9 = 0.6 cal/(mol K), and AC$ 300 = 0. [K. W. 
Egger, J. Am. Chem. Soc., 89, 504 (1967).] Assume that ACp = 
0 for all temperatures above 300 K so that AH’ and AS° re- 
main constant as T increases, (a) The equilibrium amount of 
which isomer increases as T increases? (b) In the limit of very 
high T, which isomer is present in the greater amount? (c) Ex- 
plain any apparent contradiction between the answers to (a) and 
(b). (d) For this reaction, state whether each of these quantities 
increases or decreases as T increases: AG*, Kp, and AG°/T. 
(e) Is it possible for AG® of a reaction to increase with T while 
at the same time K> also increases with T? 


6.35 Given the data points (x;, y;), where i= 1,...,n, we 
want to find the slope m and intercept b of the straight line 
y = mx + b that gives the best fit to the data. We assume that 
(1) there is no significant error in the x; values; (2) the y; mea- 
surements each have essentially the same relative precision; 
(3) the errors in the y; values are randomly distributed accord- 
ing to the normal distribution law. With these assumptions, 
it can be shown that the best values of m and b are found by 
minimizing the sum of the squares of the deviations of the ex- 
perimental y; values from the calculated y values. Show that 
minimization of J; (y; — mx; — b)? (by setting 0/0m and 0/db of 
the sum equal to zero) leads to mD =n Yj xiy; — i Xi ViVi 
and bD = Ju x? Yiyi ~ Yi xi Di xiv» where D =n Fix- 
®: me Condition (1) is usually met in physical chemistry be- 
cause the xs are things like reciprocals of temperature or 
time, and these quantities are easily measured accurately. How- 
ever, condition (2) is often not met because the y; values are 
things like In Kp, whereas it is the Kp values which have been 
measured and which have the same precision. Therefore, don’t 
put too much faith in least-squares-calculated quantities. 


636 Consider the ideal-gas reaction N3 + 3H, = 2NH;, run 
at constant T and P with T = 500 K and P = 4 bar, and with 
the initial composition ny, = 1 mol, ny, =3 mol, nyp, = 0. 
(a) Express the mole fractions in terms of the extent of reaction 
č. (b) Use the italicized statement at the end of Sec. 6.1 and 
Eq. (6.4) for p; to express G and H of the reaction mixture in 


terms of the j/’s, ¢, P, T, and the H's. (c) Conventional values 
of G? = u (Sec. 5.7) at 500K are —97.46 kJ/mol for N3, 
— 66.99 kJ/mol for Hj, and — 144.37 kJ/mol for NHg. Con- 
ventional values of A? (Sec. 5.4) at 500 K are 5.91 kJ/mol for 
N3, 5.88 kJ/mol for H}, and —38.09 kJ/mol for NH4. Calcu- 
late G and H of the reaction mixture for č values of 0, 0.2, 
0.3, 0.4, 0.6, 0.8, 1.0, Then use G = H — TS to calculate TS. 
Check your results against Fig. 6.5. Part (c) is a lot more fun 
if done on a computer or programmable calculator, 


6.37 Give a specific example of an ideal-gas reaction for which 
(a) the equilibrium position is independent of pressure; (b) the 
equilibrium position is independent of temperature. 


6.38 (a) Give a specific example of a gas-phase reaction mix- 
ture for which the mole fraction of one of the reactants increases 
when the reaction proceeds a small extent to the right. If you 
can’t think of an example, see part (b) of this problem. (b) For 
a reaction mixture containing only gases that participate in 
the reaction, use x; = n/n and dn; = vidë [Eq. (4.97)] to 
show that the infinitesimal change dx, in the mole fraction of 
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‘gas i due to a change dé in the extent of reaction is dixie 
nioi [vy — x(An/mol)] dé. 


6.39 True or false? (a) If AG° > 0, then no amount of prog. 
ucts can be formed when the reaction is run at constant T 

P. (b) In any closed system with P-V work only, G is always 
minimized at equilibrium. (c) If the partial pressure P; increases 
in an ideal gas mixture held at constant T, then H; increases 
in the mixture. (d) Addition of a reactant Bas to an ideal-pas 
reaction mixture always shifts the equilibrium to use UP some 
of the added gas. (e) S of a closed system is always maximized 
at equilibrium. (f) It is possible for the entropy of a closed 
system to decrease substantially in an irreversible Process, 
(9) [Ti=1 ca; = c" [f= a; (h) The equilibrium Position of an 
ideal-gas reaction is always independent of pressure. (i) AG’ 
for an ideal-gas reaction is a function of pressure. (j) AG® for 


¿an ideal-gas reaction is a function of temperature. (k) For an 


ideal-gas reaction with An 4 0, the change in standard-state 
pressure from 1 atm to 1 bar changed the value of Kp but did 
not change the value of Kp. 


| 
| 
| 
l 
l 


CHAPTER 
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PHASE EQUILIBRIUM 
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THE PHASE RULE 


In Sec, 4.8 we found the conditions for phase equilibrium in a closed system: The 
chemical potential of any given chemical species i must have the same value in every 
phase in which i is present. In Secs. 7.2 to 7.5 we shall consider phase equilibrium 
in systems that have only one component. Before specializing to one-component sys- 
_ tems, we want to answer the general question of how many independent variables 
are needed to define the equilibrium state of a multiphase, multicomponent system. 
To describe the equilibrium state of a system with several phases and several 
chemical species, we can specify the mole numbers of each species in each phase and 
the temperature and pressure, T and P. Provided no rigid or adiabatic walls separate 
p T and P are the same in all phases at equilibrium. Specifying mole numbers 
is not what we shall do, however, since the mass of each phase of the system is of 
no real interest, The mass or size of each phase does not affect the phase-equilibrium 
position, since the equilibrium position is determined by equality of chemical poten- 
tials, which are intensive variables. (For example, in a two-phase system consisting 
Of an aqueous solution of NaCl and solid NaCl at fixed T and P, the equilibrium 
concentration of dissolved NaCl in the saturated solution is independent of the mass 
ofeach phase.) We shall therefore deal with the mole fractions of each species in each 
Phase, father than with the mole numbers. The mole fraction of species j in phase « 
SX) = n/"/niy, where n, is the number of moles of substance j in phase « and nio 

i the total number of moles of all substances (including j) in phase æ. 
_ _ The number of degrees of freedom (or the variance) f of an equilibrium system 
is defined as the number of independent intensive variables needed to specify its in- 
Ve state, Specification of the intensive state of a system means specification of 
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state is described by specifying the intensive variables P, T, and a 
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Il the mole fractions, 

As we shall see, these variables are not all independent. 

We shall initially make two assumptions, which will later be eliminated: (1) Np 
chemical reactions occur. (2) Every chemical species is present in every phase, 

Let the number of different chemical species in the system be denoted by c, and 
let p be the number of phases in the system. From assumption 2, there are c chemical 
species in each phase and hence a total of pe mole fractions. Adding in T and P, w 
have 


pe+2 (7.1) 
intensive variables to describe the intensive state of the equilibrium system, However, 


these pe + 2 variables are not all independent; there are relations between them, First 
of all, the sum of the mole fractions in each phase must be 1: 


XH +007 + x7 = 1 (1.2) 
There is an equation like (7.2) for each phase, and hence there are p such equations 
We can solve these equations for FLT ARR thereby eliminating p of the intensive 
variables, 


In addition to the relations (7.2), there are the conditions for equilibrium, We 
have already used the conditions for thermal and mechanical equilibrium by taking 
the same temperature and the same pressure for each phase. For material equilib- , 
rium, the following phase-equilibrium conditions hold for the chemical potentials; 


wy" = wy? = py? (73) 
H2 = ba! = py? = (14) 
Dis ion Sista e aae (2.5) 
Het = P= pte? = ++ (76) 
Since there are p phases, Eq. (7.3) contains p — 1 equality signs and p — 1 indepen- 


dent equations. Since there are c different chemical species, there are a total of e(p — 1) 
equality signs in the set of equations (7.3) to (7.6); we thus have e(p — 1) independent 
relations between chemical potentials. Each chemical potential is a function of T, P, 
and the composition of the phase (Sec. 4.7); for example, 4,7 = GT, P kah iar Xen 
Hence the c(p — 1) equations (7.3) to (7.6) provide c(p — 1) simultaneous relations 
between T, P, and the mole fractions, which we can solve for e(p — 1) of these vari- 
ables, thereby eliminating c(p — 1) intensive variables. à 

We started out with pe + 2 intensive variables in (7.1). We eliminated p of them 
using (7.2) and c(p — 1) of them using (7.3) to (7.6). Therefore the number of indepen- 
dent intensive variables (which, by definition, is the number of degrees of freedom f) 
is f = pe+2—p—cp— 1)=c—p+2. Thus 


f=¢-—p+2  noreactions (1) 


Equation (7.7) is the Phase rule, first derived by Gibbs. 

Now let us drop assumption 2 and allow for the possibility that one or more 
chemical species might be absent from one or more phases. An example is a saturated 
aqueous salt solution in contact with pure solid salt. If species i is absent from phase 
ô, the number of intensive variàbles is reduced by 1, since x; is identically zero and 
Is not a variable. However, the number of relations between the intensive variables 
is also reduced by 1, since we drop y;° from the set of equations (7.3) to (7.6); recall 


that when substance i is absent from phase ô, u? need not equal the chemical poten- 
tial of i in the other phases [ Eq. (4.91)]. Therefore, the phase rule (7.7) still holds when 
every species does not appear in every phase. 
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Find f for a system consisting of solid sucrose in equilibrium with an aqueous 
solution of sucrose. 

The system has two chemical species (water and sucrose), so c = 2. The 
system has two phases (the saturated solution and the solid sucrose), so p = 2. 
Hence f =c — p + 2 = 2 — 2 + 2 = 2. Two degrees of freedom make sense, since 
once T and P are specified, the equilibrium mole fraction (or concentration) of 
sucrose in the saturated solution is fixed. 


Once the f degrees of freedom have been specified, then any scientist can prepare 
the system and get the same value for a measured intensive property of each phase 
of the system as any other scientist would get. Thus, once the temperature and pres- 
sure of an aqueous saturated sucrose solution have been specified, then the solution’s 
density, refractive index, thermal expansivity, molarity, and specific heat capacity are 
all fixed, but the volume of the solution is not fixed. 

An error students sometimes make is to consider a chemical species present in 
two phases as contributing 2 to c. For example, they will consider sucrose(s) and 
sucrose(aq) as two chemical species or H,O(!) and H,O(g) as two chemical species. 
From the derivation of the phase rule, it is clear that a chemical species present in 
several phases contributes only 1 to c, the number of chemical species present. 


The Phase Rule in Systems with Reactions. We now drop assumption | and sup- 
pose that chemical reactions can occur. For each independent chemical reaction, 
there is an equilibrium condition Yi vau = 0 (Eq. (4.98)], where the y;’s and vps are 
the chemical potentials and stoichiometric coefficients of the reacting species. Each 
independent chemical reaction provides one relation between the chemical potentials, 
and, like the relations (7.3) to (7.6), each such relation can be used to eliminate one 
variable from T, P, and the mole fractions. If the number of independent chemical 
reactions is r, then the number of independent intensive variables is reduced by r 
and the phase rule (7.7) becomes 


Jae- pt (78) 


By independent chemical reactions, we mean that no reaction can be written as a 
combination of the others: see Denbigh, secs. 4.16 and 4.17 for a discussion. = 

In addition to reaction equilibrium relations, there may be other restrictions 
On the intensive variables of the system. For example, suppose we have a gas-phase 
system in which we introduce some NH; but no H, or N3; we then add a catalyst 
to establish the equilibrium 2NH 3 = N3 + 3H); further, we refrain from introduc- 
ing any N, or H, from outside. Since all the N, and H, comes from the dissocia- 
tion of NH3, we must have n(H,) = 3n(N,) and x(H3) = 3x(N;). This provides an 
additional relation between the intensive variables besides the equilibrium relation 
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2u(NH3) = a(N3) + 3H). In ionic solutions, the condition of electrical Neutrality 
provides such an additional relation. 

If, besides the r reaction-equilibrium conditions of the form dive = O, there 
are a additional restrictions on the mole fractions arising from stoichiometric and 
electroneutrality conditions, then the number of degrees of freedom f is reduced by 
a and the phase rule (7.8) becomes 


f=c—p+2-r-a (79) 


where c is the number of chemical species, p is the number of phases, r is the number 
of independent chemical reactions, and a is the number of additional restrictions 

We can preserve the simple form (7.7) for the phase rule by defining the number 
of independent components Cinq as 


Cng- -a (7.10) 
Equation (7.9) then reads 
S =Cing — p +2 auy 


Many books call cina simply the number of components. 


For an aqueous solution of the weak acid HCN, write the reaction equilibrium 
conditions and find f and Cind: 

The system has the five chemical species H20, HCN, H*, OH~, and CN, 
so c=5. The two independent reactions H,0=H* +OH~ and HCN 
H* + CNT give two equilibrium conditions: Hmo = Mas + Hon- ONG Hyen= 
Hu+ + Hey-. The system has r = 2. In addition, there is the electroneutrality 
Condition ny. = ncy- + ħnop-; division by nea gives the mole-fraction te- 
lation xy+ = xen- + Xou-- Thus, a = 1. The phase rule (7.9) gives 


f=e-pt+2—-r—a=5-142-2-1-=3 
Cina =C—r—a=S5—2-—1=2 
The result f = 3 makes sense, since once the three intensive variables T, P, and 
the HCN mole fraction’ are specified, all the remaining mole fractions can be 
Calculated using the H,O and HCN dissociation equilibrium constants. The two 


independent chemical species are most conveniently considered to be H,0 
and HCN. 


E 


number of moles of CaO(s) must equal the number of CO, moles: nexoys) = cozi): 
However, this equation cannot be converted into a relation between the mole 
fractions in each phase, and it does not provide an additional relation between 
intensive variables. Hence Cing = ¢ —r-a=3—1—0=2 and f = cina — P + 
2=2-—3+2=1. The value f =1 makes sense, since once T is fixed the 
pressure of CO, gas in equilibrium with the CaCO; is fixed by the reaction- 
equilibrium condition, and so P of the system is fixed. 


In doubtful cases, rather than applying (7.9) or (7.11), it is often best to first list 
the intensive variables and then list all the independent restrictive relations between 
them. Subtraction gives f. For example, for the CaCO;~CaO-CO, example just 
given, the intensive variables are T, P, and the mole fractions in each phase. Since 
each phase is pure, we know that in each phase the mole fraction of each of CaCO3, 
CaO, and CO, is either 0.or 1; hence the mole fractions are fixed and are not 
variables. There is one independent relation between intensive variables, namely, the 
above-stated reaction-equilibrium condition. Therefore f = 2 — 1 = 1. Knowing f, 
we can then calculate cing from (7.11) if cing is wanted. 

In dG = —SdT + VdP + Y; pdn, the Gibbs equation (4.78) for a phase, the 
sum is over all the actual chemical species in the phase. Provided the phase is in 
reaction equilibrium, it is possible to show that this equation remains valid if the 
sum is taken over only the independent components of the phase; see Prob. 7.42. 
This is a useful result, because one often does not know the nature or the amounts 
of some of the chemical species actually present in the phase. For example, in a 
solution, the solute might be solvated by an unknown number of solvent molecules, 
and the solvent might be dissociated or associated to an unknown extent. Despite 
these reactions that produce new species, we need only extend the sum J; 4; dn; over 
the two independent components, the solute and the solvent, and evaluate dn of the 
solute and the solvent ignoring solvation, association, or dissociation. 


Note the following restrictions on the applicability of the phase rule (7.9). There must be 
no walls between phases. We equated the temperatures of the phases, the pressures of the 
phases, and the chemical potentials of a given component in the phases. These equalities 
need not hold if adiabatic, rigid, or impermeable walls separate phases. The system must 
be capable of P-V work only. If, for example, we can do electrical work on the system 
by applying an electric field, then the electric field strength is an additional intensive 
variable that must be specified to define the system's state. 


ONE-COMPONENT PHASE EQUILIBRIUM 


In the rest of this chapter, we specialize to phase equilibrium in systems with one 
independent component. (Chapter 12 deals with multicomponent phase equilibrium.) 
We shall be concerned in this chapter with pure substances. “ 
_An example is a one-phase system of pure liquid water. If we ignore the dis- 
sociation of H,O, we would say that there is only one species present (c = 1), and 
there are no reactions or additional restrictions (r = 0, a = 0); hence Cina = | and 
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f =2. If we take account of the dissociation H,0=H* + OH, we have three 
chemical species (c = 3), one reaction equilibrium condition [j(H,0) = A(H*) 4 
(OHT J], and one electroneutrality or stoichiometry condition [x(H*) = x(OH")} 
therefore cing = 3 — 1 — 1 = 1, and f = 2. Thus, whether or not we take dissociation 
into account, the system has one independent component and 2 degrees of freedom 
(the temperature and pressure). 

With cina = 1, the phase rule (7.11) becomes 


EN 


If p = 1, then f = 2; if p = 2, then f = 1; if p = 3, then f = 0. The maximum f is 2, 
For a one-component system, specification of at most two intensive variables de- 
scribes the intensive state. We can represent any intensive state of a one-component 
system by a point on a two-dimensional P-vs.-T diagram, where each point cor- 
responds to a definite T and P. Such a diagram is a phase diagram. 


The HO phase diagram at low 
and moderate pressures. (a) 
Caricature of the diagram. (b) The 
diagram drawn accurately. The 
vertical scale is logarithmic. 
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A P-T phase diagram for pure water is shown in Fig. 7.1. The one-phase regions 
are the open areas; here p = 1 and there are 2 degrees of freedom, in that both P 
and T must be specified to describe the intensive state. 

Along the lines (except at point A), there are two phases present in equilibrium. 
Hence f = 1 along a line. Thus, with liquid and vapor in equilibrium, we can vary 
T anywhere along the line AC, but once T is fixed, then P, the (equilibrium) vapor 
pressure of liquid water at temperature T, is fixed. The boiling point of a liquid at 
agiven pressure P is the temperature at which its equilibrium vapor pressure equals 
P. The normal boiling point is the temperature at which the liquid’s vapor pressure 
is 1 atm. Line AC gives the boiling point of water as a function of pressure. The H,O 
normal boiling point is not precisely 100°C; see Sec. 1.5. If T is considered to be the 
independent variable, line AC gives the vapor pressure of liquid water as a function 
of temperature. Figure 7.1 shows that the boiling point at a given pressure is the 
maximum temperature at which a liquid can exist at that pressure. 

The change in 1982 of the thermodynamic standard-state pressure from 1 atm 
to 1 bar did not affect the definition of the normal-boiling-point pressure, which re- 
mains at 1 atm. 

Point A is the triple point. Here solid, liquid, and vapor are in mutual equilib- 
rium, and f = 0. Since there are no degrees of freedom, the triple point occurs at a 
definite T and P. Recall that the water triple point is used as the reference temperature 
for the thermodynamic temperature scale. By definition, the water triple-point tem- 
perature is exactly 273.16 K. The water triple-point pressure is found to be 4.585 torr. 
The present definition of the Celsius,scale t is t = T — 273.15° [Eq. (1.16)]. Hence 
the water triple-point temperature is exactly 0.01°C. 

The melting point of a solid at a given pressure P is the temperature at which 
solid and liquid are in equilibrium for pressure P. Line AD in Fig. 7.1 is the solid— 
liquid equilibrium line for H,O and gives the melting point of ice as a function of 
pressure. Note that the melting point of ice decreases slowly with increasing pressure. 
The normal melting point of a solid is the melting point at P = 1 atm. For water, 
the normal melting point is 0.0024°C. The ice point (Secs. 1.3 and 1.5), which occurs 
at 0.0000°C, is the equilibrium temperature of ice and air-saturated liquid water at 
latm pressure. The equilibrium temperature of ice and pure liquid water at 1 atm 
Pressure is 0,0024°C. (The dissolved N, and O, lower the freezing point compared 
with that of pure water; see Sec. 12.3.) For a pure substance, the freezing point of 
the liquid at a given pressure equals the melting point of the solid. 

Along line OA, there is equilibrium between solid and vapor. Ice heated at a 
Pressure below 4.58 torr will sublime to vapor rather than melt to liquid. Line OA 
is the vapor-pressure curve of the solid. Statistical mechanics shows that the vapor 
Pressure of a’ solid goes to zero in the limit T — 0 (see Prob. 24.40), so the solid— 
Vapor line on a P-T phase diagram intersects the origin (the point P = 0, T= 0). 

Suppose liquid water is placed in a closed container fitted with a piston, the 
system is heated to 200°C, and the system’s pressure is set at 0.5 atm. These T and 
P values correspond to point F in Fig. 7.1. The equilibrium phase at F is gaseous 
H,0, so the system consists entirely of H,O(g) at 200°C and 0.5 atm. If the piston 
Pressure is now slowly increased while T is held constant, the system remains gaseous 
a the pressure of point G is reached. At G, the vapor starts to condense n Era 
d this condensation continues at constant T and P until all the aah = F 
ensed. During condensation, the system’s volume V decreases (Fig. 8.4), but its 
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Densities of liquid water and 
water vapor in equilibrium plotted 
vs. temperature. At the critical 
temperature 374°C, these densities 
become equal. 


pi(g/em?) 


The CO, phase diagram. The 
CO; triple-point pressure of 

51 atm is one of the highest 
known. For most substances, pke, 
triple-point pressure is well below 
1 atm. The vertical scale is 
logarithmic. 
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intensive variables remain fixed. The amounts of liquid and vapor present at Go 
be varied by varying V. After all the vapor has condensed at G, let the pr 
the liquid be increased isothermally to reach point H. If the system is NOW Cooled 
at constant pressure, its temperature will eventually fall to the temperature at Point 
I, where the liquid begins to freeze. The temperature will remain fixed until all the 
liquid has frozen. Further cooling simply lowers the temperature of the ice, 

Suppose we now start at point G with liquid and vapor in equilibrium ang 
slowly heat the closed system, readjusting the velume (if necessary) to maintain the 
presence of liquid and vapor phases in equilibrium. The System moves from poin 
G along the liquid—vapor line toward point C, with both T and P increasing, During 
this process, the liquid-phase density decreases because of the thermal expansion of 
the liquid, and the vapor-phase density increases because of the rapid increase in 
liquid vapor pressure with T. Eventually, point C is reached, at which the liquid and 
vapor densities (and all other intensive properties) become equal to each other, See 
Fig. 7.2. At point C, the two-phase system becomes a one-phase system, and the 
liquid—vapor line ends. 

Point C is the critical point. The temperature and pressure at this point are the 
critical temperature and the critical pressure, T, and P.. For water, T, = 647K = 
374°C and P, = 218 atm. At any temperature above T., liquid and vapor phases 
cannot coexist in equilibrium, and isothermal compression of the vapor will not 
cause condensation, in contrast to compression below T.. Note that it is possible 
to go from point F (vapor) to point H (liquid) without condensation occurring by 
varying T and P so as to go around the critical point C without crossing the liquid- 
vapor line AC. In such a process, the density increases smoothly and continuously, 
so that there is a smooth transition from vapor to liquid, rather than a sudden 
transition as in condensation, 

The phase diagram for CO) is shown in Fig. 7.3. For CO,, an increase in 
pressure increases the melting point. The triple-point pressure of CO, is 5.1 atm, 

herefore at 1 atm, solid CO, will sublime to vapor when warmed rather than melt 
liquid; hence the name “dry ice.” 


The liquid-vapor line on a P-T Phase diagram ends in a critical point. Above 


'essure of 


T, the AS term dominates 
chemical equilibrium— Secs. 
an entropy effect. 


Enthalpies and Entropies of Phase Changes. A phase change at constant T and P 
is generally accompanied by an enthalpy change, often called the (latent) heat of 
the transition. (Certain special phase changes have AH = 0; see Sec. 7.5.) One has 
enthalpies or heats of fusion (solid — liquid), sublimation (solid — gas), vaporization 
(liquid > gas), and transition (solid > solid—see Sec. 7.4). 

Figure 7.1 shows that fusion, sublimation, and vaporization each occur over a 
range of temperature; AH values for these processes are functions of T. For example, 
Af of vaporization of water as a function of T is shown in Fig. 7.4. Note the rapid 
drop in AH yap as the critical temperature 374°C is approached. 

We have AH,,, = AU yap + PAV ap, Where PAV,,, is generally substantially 
smaller than AU,,,. The AU,,, term is the difference between intermolecular inter- 
action energies of the gas and liquid: AU, = Uintermot,gas — Uimermot.tiq: If P is low 
or moderate (well below the critical-point pressure), then Ujntermotgas %0 and 


AFlyap © AU yap © —Vintermot,tiq: Therefore AA, ap is a measure of the strength of in- 
termolecular interactions in the liquid. For substances that are liquids at room tem- 
perature, AB ap values at the normal boiling point run 20 to 50 kJ/mol. Each molecule 
in a liquid interacts with several other molecules, so the molar energy for interaction 
between two molecules is substantially less than AH,,,. For example, the main inter- 
action between H,O molecules is hydrogen bonding. If we assume that at 0°C each 
H atom in H,O(/) participates in a hydrogen bond, then there are twice as many H 
bonds as H,O molecules, and the 45-kJ/mol AA yap value indicates a 22-kJ/mol energy 
for each H bond. AF yap values run substantially less than chemical-bond energies, 
which are 150 to 800 kJ/mol (Table 20.1). 

An approximate rule for relating enthalpies and entropies of liquids to those of 
gases is Trouton’s rule, which states that AS,,, for vaporization of a liquid at its 
` normal boiling point (nbp) is roughly 104R: 


ASvapabp = AH vapntp/Tanp © 104R = 21 cal/(mol K) = 87 J/(mol K) 


Trouton’s rule fails for highly polar liquids (especially hydrogen-bonded liquids) and 
for liquids boiling below 150 K or above 1000 K. The accuracy of Trouton’s rule 
can be improved substantially by taking 


ASvapabp © 4.5R + R In (Typp/K) (7.12) 


For Ty») © 400 K, Eq. (7.12) gives ASyap.nvp © 45R + R In 400 = 10.5R, which is 
Trouton’s rule. Equation (7.12) has been discovered several times by various workers 
and is the Trouton—Hildebrand—Everett rule. See L. K. Nash, J. Chem. Educ., 61, 981 
(1984) for its history. The physical content of Eq. (7.12) is that AS,,, is approximately 
the same for nonassociated liquids when evaporated to the same molar volume in 
the gas phase. The R In (Tyy/K) term corrects for different molar volumes of the 
gases at the different boiling points; see Prob. 7.16. ; 

Table 7.1 gives entropy and enthalpy data for fusion (fus) at the normal melting 
point (nmp) and vaporization at the normal boiling point, Also listed is ASyap.nbp 
Predicted by the Trouton—Hildebrand—Everett (THE) rule. As intermolecular attrac- 
tions increase, both AH,,, and Tapp increase. ie ; y 

AB apne is usually substantially larger than AF fus.amp: Certain long-chain 
hydrocarbons, for example, n-CgH;g, have AF gusamp > 44 vap,nbp: ASfus,nmp Varies 
greatly from compound to compound, in contrast to ASvap,nbp- Amazingly, AHfus for 

He between 0 and 0.3 K is slightly negative; to freeze 3He at constant T and P below 

9.3 K, one must heat it. 
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Molar enthalpy of vaporization of 
liquid water vs. temperature. At 
the critical temperature 374°C, 

AF yap becomes zero. 
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STE ENTHALPIES AND ENTROPIES OF FUSION AND VAPORIZATION? 

Tamp Afsus AStus Tabp AA ay AS a5 Ast 
Substance K kJ/mol J/mol-K K kJ/mol J/mol-K Timok 
N3 633 0.72 114 114 5.58 721 136 
Ar 83.8 1.21 14.4 87.3 6.53 74.8 146 
Call 89.9 286 318 1845 14.71 197 08 
(C,Hs),0 156.9 7.27 46.4 307.7 26.7 86.8 851 
NH, 195.4 5.65 28.9 239.7 23.3 97.4 83.0 
CCl, 250. 2.47 9.9 349.7 30.0 85.8 86.1 
H,O 273.2 6.01 22.0 373.1 40.66 109.0 86.7 
I, 386.8 15.5 40.1 457.5 41.8 91.4 883 
Zn 693. 7.38 10.7 1184. 115.6 97.6 963 
NaCl 1074. 28.2 26,2 1738, 171. 98.4 99.4 
* AĤ gus and AS,,, are at the normal melting point (nmp). AF yap and AŠ,,p are at the normal 


boiling point (nbp). ASE is the normal-boiling-point ASyap Value 
Trouton-Hildebrand—Eyverett rule. 


predicted by the 


THE CLAPEYRON EQUATION 


The Clapeyron equation gives the slope dP/dT of a two-phase equilibrium line ona | 


P-T phase diagram ofa one-component system. To derive it, we consider two infinites- 


| ricure7.s imally close points 1 and 2 on such a line (Fig. 7.5). The line in Fig. 7.5 might involve | 
solid-liquid, solid- 


vapor, or liquid—vapor equilibrium or even solid—solid equilib- | 


Two neighboring points on a 


itap hase inaia ona rium (Sec. 7.4). We shall call the two phases involved x and f. The condition for phase 


component system, equilibrium is 4” = u’, No subscript is needed because 


usp librium are equal. At point 1 in Fig. 7.5, we therefore 
point 2, G,* = G’, or G," + dG* = G,’ + dG’, where 


Phase a 


y For a pure substance, u equals G [Eq. (4.86)]. Therefore G* = G? for any point on the 
a-B equilibrium line. The molar Gibbs energies of two one-component phases in equi- 


dG* and dG’ are the infinites- 


imal changes in molar Gibbs energies of phases « and £ as we go from point 1 to 


(7.13) 


ne term: 


ee point 2. Use of G,“ = G,’ in the last equation gives 
RES i Phase B dG* = d! 
| | For a single phase, we have dG = —SdT + VdP + Y; udn; [Eq. (4.78)], and 
iI for a pure (one-component) phase, the sum has only o; 
Lei 
a ee ŘŘħŮōiħňi 
z T 


We have G = G/n, or G =nG, Therefore dG = ndG 
ndG + Gdn = —SdT + VdP + udn. Since u = G for 
—SdT + V4P. Division by n gives 


dG = —SdT + VdP + udn pure phase (7.14) 


+ Gdn, and (7.14) becomes 
a pure phase, we get ndG= 


dG = —SdT+VapP one-phase, one-comp. syst. (7.13) 
Equation (7.15) applies to both open and closed systems. A quick way to obtain (7.15) 


is to divide dG = —SdT + VdP by n. Although dG = —S dT + V dP applies to a 
closed system, G is an intensive property and is unaffected by a change in system size. 
Use of (7.15) in (7.13) gives 


—S*dT + V7dP = —SPdT + VP aP (7.16) 


where dT and dP are the infinitesimal changes in T and P on going from point | to 
point 2 along the a-B equilibrium line. Rewriting (7.16), we have (V% — V")dP = 
(§— S*)aT, or i erie $ 

dP S-F AS AS 
ar V AV AV My"? 
where AS and AV are the entropy and volume changes for the phase transition f > a. 
For the transition x + f, AS and AV are each reversed in sign, and their quotient is 
unchanged, so it doesn’t matter which phase we call «. 

For a reversible (equilibrium) phase change, we have AS = AH/T, Eq. (3.27). 
Equation (7.17) becomes 

dP AH AH 718 

dT TAV TAV yi 
Equation (7.18) is the Clapeyron equation. Its derivation involved no approxima- 
tions; (7.18) is an exact result for a one-component system. 

For a liquid-to-vapor transition, both AH and AV are positive; hence dP/dT is 
positive; the liquid—vapor line on a one-component P-T phase diagram has positive 
slope. The same is true of the solid~vapor line. For a solid-to-liquid transition, AH 
is virtually always positive; AV is usually positive but is negative in a few cases, for 
example, H,O, Ga, and Bi. Because of the volume decrease for the melting of ice, 
__ the solid-liquid equilibrium line slopes to the left in the water P-T diagram (Fig. 7.1). 
For nearly all other substances, the solid—liquid line has positive slope (as in Fig. 7.3). 
The fact that the melting point of ice is lowered by a pressure increase is in accord 
with Le Chatelier’s principle (Sec. 6.5), which predicts that a pressure increase will 
shift the equilibrium to the side with the smaller volume. Liquid water has a smaller 
volume than the same mass of ice. 


liquid-Vapor and Solid-Vapor Equilibrium. For phase equilibrium between a 
gas and a liquid or solid, Vas is much greater than Tia OF Boria unless T is near the 
critical temperature, in which case the vapor and liquid densities are close (Fig. 7.2). 
Thus when one of the phases is a gas, AV = Vege oo Kiqorsotia © Veas If we assume 
that the vapor behaves approximately ideally, then Feas © RT/P. These two approx- 
imations give AV ~ RT/P, and the Clapeyron equation (7.18) becomes dP/dT ~ 


PAH/R T? or 
dinP_ AH 
ar “RIF 
since dP/P = d In P. Note the resemblance to the van't Hoff equation (6.36). The 
Clausius~Clapeyron equation (7.19) does not hold at temperatures near the critical 
temperature T., where the gas density is high, the vapor is far from ideal, and the 


liquid’s volume is not negligible compared with the gas’s volume. 
Since d(1/T) = —(1/T?) AT, Eq. (7.19) can be written as 


d\n P/d(1/T) x —AH/R solid—gas or liq.—gas equilib. not near T, 


solid—gas or liq.—gas equilib. not near T, (7.19)* 


(7.20) 
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The quantity AH = Aas — Hyiq (or A pas — Bronja) depends on the temperature of 
SHARIA phase transition. Once T of the transition is fixed, the transition pressure is fixed, s 
P is not an independent variable along the equilibrium line. From (7.20), a plot of 
In P vs. 1/T has slope —AH,,/R at temperature T, and measurement of this slope at 
various temperatures allows the determination of AH of vaporization or Sublimation 
at each temperature. If the temperature interval is not large and if we are not Dear 
| "curc 7.6 T,, AH will vary only slightly and the plot will be nearly linear (Fig. 7.6), Strictly 
speaking, we cannot take the log of a quantity with units. To get around this, note 
Plot of In P (where P is the vapor that din P = d In (P/P'), where Pt is any convenient fixed pressure such as 1 tom, 


. 1/T for water for 
Hee hes eee a ee C. 1 bar, or 1 atm; we thus plot In (P/Pt) vs. 1/T. 


Phon) If we make a third approximation and take AH to be constant along the equilib 

x rium line, integration of (7.19) gives f? d In P ~ AH fi aT/RT?, and | 
P: AH f 1 1 4 j a 

H In A x ae (= =- z) solid-gas or liq.-gas equilib. not near T: (721) q 

al. If P, is 1 atm, then T, is the normal boiling point, Tabp: Dropping the unnecessary 
subscript 2 from (7.21), we have | 
a 3 | 

te In (P/atm) = —(AH/R)(1/T) + AH/RT avp liq.-gas equilib. not near Te (7.22) 


Actually, AB vay is reasonably constant over only a short temperature range (Fig. 7.4), | 
and (7.21) and (7.22) must not be applied over a large range of T. The integration of | 
(7.18) taking into account the temperature variation in AH, gas nonideality, and the 
E liquid’s volume is discussed in Reid, Prausnitz, and Sherwood, chap. 6; see also Denbigh, 
secs. 6.3 and 6.4. 


| Equation (7.22) gives P/atm = Be~ SPIRT where B = eA!l/RT avn for liquids. The 


exponential function in this equation gives a very rapid increase in vapor pressure 
with temperature for solids and liquids. Vapor-pressure data for ice and liquid water | 


3} are plotted in Fig. 7.1b. As T goes from — 111°C to —17°C, the vapor pressure of ice 
sh L increases by a factor of 10°, going from 10~° torr to 1 torr, The vapor pressure of 
bein liquid water goes from 4.6 torr at the triple-point temperature 0.01°C to 760 torrat 


the normal boiling point 99.98°C to 165000 torr at the critical temperature 374°C. 
As T increases, the fraction of molecules in the liquid or solid with sufficient kinetic 
energy to escape from the attractions of surrounding molecules increases rapidly, 
giving a rapid increase in vapor pressure. 

Vapor pressures in the moderate range are measured with a manometer. The 
low vapor pressures of solids can be determined by measuring the rate of mass de- 
crease due to vapor escaping through a tiny hole of known area—see Sec. 15.6. 


Vapor pressures are affected slightly by an applied external pressure such as that 
of the air in a room; sce Prob. 7.38. 


The normal boiling point of ethanol is 78.4°C, and at this temperature AA yap = 
38.7 ki/mol. To what value must P be reduced if we want te boll cihana al 
25.0°C in a vacuum distillation? 


mo boiling point is the temperature at which the liquid’s vapor pressure 


equals the applied pressure P on the liquid. The desired value of the applied 


pressure P is thus the vapor pressure of ethanol at 25°C. To solve the problem, 
we must find the vapor pressure of ethanol at 25°C. We know that the vapor pres- 
sure at the normal boiling point is 760 torr. The variation of vapor pressure with 
temperature is given by the Clausius-Clapeyron equation d In P/dT ~ AH/RT?. 
Neglecting the temperature variation in AH,,,,, we use the integrated Clausius- 
Clapeyron equation [Eq. (7.21)]: 

In (P2/P,) = —(AH/R)(1/T> — 1/T,) 


Let state 2 be the normal-boiling-point state with T, = (78.4 + 273.2) K = 351.6 K 
and P, = 760 torr, We have T, = (25.0 + 273.2) K = 298.2 K and 
i 760 torr 38.7 x 103 J/mol ( 1 1 ai 
np ~ 8314Jmo KT \3516K 2982K) ` 
760 torr/P, % 10.7, P, %71 torr 


Solid-Liquid Equilibrium. For a solid-liquid transition, Eq. (7.19) does not apply. 
For fusion (melting), the Clapeyron equation (7.18) reads dP/dT = AB gys/T AVeus, 


and integration gives 
2 2 AH, 
f dP = f e i y (7.23) 


Unless P, — P, is huge, AHy,, can be accurately approximated as being constant, 
for the following reasons. We have Afsus = Aig — Hoia: The enthalpies Hj, and 
Hggiig each change along the solid-liquid equilibrium line because of the changes 
in T and P along this line. We saw in Sec. 4.5 that H of a liquid or solid is only 
very slightly affected by a pressure change (unless AP is huge), so the difference 
Fliq— Hora = AH us will not be significantly affected by the pressure change. Al- 
though Hj,, and Aora are significantly affected by moderate temperature changes, 
the temperature change along the solid—liquid equilibrium line is quite small (unless 
AP is huge): the Clapeyron equation (7.18) gives dT = T(AV/AH) dP; because AV is 
very small for a solid—liquid transition, a large pressure change produces only a small 
change in melting point (Fig. 7.1b). Thus we expect AH;,, to be little changed along 
the solid—liquid line (unless P changes enormously). Moreover, because solids and 
liquids are rather incompressible, and because the melting point changes by only a 
small amount, AVius is essentially constant. 
With the approximations of constant AĤ pus and AVeys, Eq. (7.23) becomes 


Pa — Py = (AH fys/AVjus) In (T/T ,) solid-lig. equilib. (7.24) 


Do not memorize this equation, because it can be quickly derived from the Clapeyron 
equation. 


beams 


‘ind the melting point of ice at 100 atm. Use data from Prob: 2.37. 
Since this is a solid-liquid equilibrium, Eq. (7.24) applies. For 1g of Ice 
AHiu = 79.7 cal and AViy, = Vig — Kyota = 1.000 em? — 1.091 cm? = —0.091 cm’. 
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CHAPTER 7 Ta (99 atm)(—0.091 cm?) 1.987 cal mol” ' K~! 
273A5K 79.7 cal 82.06 cm? atm mol T K~! 


where the two values of R were introduced to convert calories to cm? atm fp 
give a dimensionless number for the logarithm. We obtain In (T2/273.15K)= 
—0.00274 and T,/273.15 K = 0.99727. Hence, T,= 272.40 K. The Pressure In- 
crease of 99 atm has lowered the melting point by only 0.75 K. 


SOLID-SOLID PHASE TRANSITIONS 


| 
Many substances have more than one solid form. Each such form has a different | 
Í 


| 204 | Also, P3 — P, = 99 atm. Equation (7.24) becomes 
| 


crystal structure and is thermodynamically stable over certain ranges of T and P, 
This phenomenon is called polymorphism. Polymorphism in elements is called a 
lotropy. Recall from Sec. 5.6 that in finding the conventional entropy of a substance, 
we must take any solid-solid phase transitions into account. | 

The phase diagram for sulfur is shown in Fig. 7.7a. At 1 atm, slow heating of 
(solid) rhombic sulfur transforms it at 95°C to (solid) monoclinic sulfur. The normal | 
melting point of monoclinic sulfur is 119° C. The stability of monoclinic sulfur is | 
confined to a closed region of the P-T diagram. Note the existence of three triple 
points (three-phase points) on the sulfur phase diagram: rhombic monoclinic—vapor 
equilibrium at 95°C, monoclinic—liquid—vapor equilibrium at 119°C, and rhombic- 
monoclinic—liquid equilibrium at 151°C. 

If rhombic sulfur is heated rapidly at 1 atm, it melts at 114°C to liquid sulfur, 
without first being transformed to monoclinic sulfur. Although rhombic sulfur is 
thermodynamically unstable between 95 and 114°C at 1 atm, it can exist for short 
periods under these conditions, where its G is greater than that of monoclinic sulfur. 
__ Phase « is said to be metastable with respect to phase £ at a given T and Pil 
G* > G? at that T and P and if the rate of conversion of æ to B is slow enough to 
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allow a to exist for a significant period of time. Another example of metastability 
besides rhombic sulfur is diamond. Data in the Appendix show that G of diamond 
is greater than G of graphite at 25°C and 1 atm. Other examples are liquids cooled 
below their freezing points (supercooled liquids) or heated above their boiling points 
(superheated liquids) and gases cooled below their condensation temperatures (super- 
saturated vapors). One can supercool water to —40°C and superheat it to 280°C at 
{ atm. In the absence of dust particles, one can compress water vapor at 0°C to five 
times the liquid’s vapor pressure before condensation occurs. 

A solid cannot be superheated above its melting point. Theory indicates that 
the surface of a solid begins to melt below the melting point to give a thin liquid 
surface film whose thickness increases as the melting point is approached. This sur- 
face melting has been observed in Pb; see J. W. M. Frenken et al., Phys. Rev. B, 34, 
7506 (1986); the liquid surface film is 10 A thick at 10°C below the Pb melting point 
and is 25 A thick at 1°C below the melting point. 


The bubbling that occurs during boiling is a nonequilibrium phenomenon. Bubbles ap- 
pear at places where the liquid’s temperature exceeds the boiling point (that is, the liquid 
is superheated) and the liquid’s vapor pressure exceeds the pressure in the liquid. (Surface 
tension makes the pressure inside a bubble exceed the pressure of its surroundings; see 
Sec, 13.2.) Liquid helium II has a very high thermal conductivity, which prevents local 
hot spots from developing. When helium II is vaporized at its boiling point, it does not 
bubble. 


The phase diagram of water is actually far more complex than the one shown 
in Fig. 7.1. At high pressures, the familiar form of ice is not stable and other forms 
exist (Fig. 7.7b). Note the existence of several triple points at high pressure and the 
high freezing point of water at high P. 

Ordinary ice is ice Ih (where the h is for hexagonal and describes the crystal 
structure). Not shown in Fig. 7.7b are the metastable forms ice Ic (cubic) (obtained 
by condensation of water vapor below —80°C) and ice IV (which exists in the same 
tegion as ice V). Also not shown are the low-temperature forms ice IX and ice X 
(also called ice VT’). Ice VII and ice VIII have the same V and the same crystal struc- 
ture except for the positions of the hydrogen atoms in the hydrogen bonds; because 
AV =0 and AH £0 here, the ice VII-ice VIII equilibrium line is vertical on a P-T 
diagram. The structures of the various forms of ice are discussed in F. Franks (ed.), 
Water: A Comprehensive Treatise, vol. 1, Plenum, 1972, pp. 116-129. 


The plot of Kurt Vonnegut’s novel Cat's Cradle (Dell, 1963), written when only ices I 
to VIII were known, involves the discovery of ice IX, a form supposed to exist at 1 An 
with a melting point of 114°F, relative to which liquid water is unstable; ice IX brings 
about the destruction of life on earth. 


The properties of matter at high pressures are of obvious interest to geologists: 
Some pressures in the earth are 10° bar at the deepest part of the ocean, 10° bar at 
the boundary between the crust and mantle, 1.4 x 10° bar at the boundary between 
the mantle and core, and 3.6 x 10° bar at the center of the earth. The pressure 
at the center of the sun is 10'* bar. i 

Matter has been studied in the laboratory at pressures exceeding 10° bar. Such 
Pressures are produced in a dianiénd-anvil cell, in which the sample is mechanically 
Compressed between the polished faces of two diamonds; this has yielded pressures 
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Cp vs. T in the region of (a) a 
first-order transition; (b) a second- 
order transition; (c) a lambda 
transition. 


G 
© 
First-order 
eee 
T 
(a) 
Cp 


le 
\ 


Second-order 


g 
(b) 
Cp 
| 
l 
| 
I 
Lambda 
T 
(e) 


as high as 5.5 megabars [J. A. Xu, H. K. Mao, and P.M. Bell, Science, 232, 1404 
(1986)]. Theoretical calculations indicate that at a sufficiently high Pressure, every 
substance is converted to a metallic form. This has been verified for I; and Cy, 


HIGHER-ORDER PHASE TRANSITIONS 


For the equilibrium phase transitions at constant T and P discussed in Sees, 7.2 t 
7.4, the transition is accompanied by a transfer of heat qp # 0 between system and 
surroundings; also, the system generally undergoes a volume change. Such transitions 
are called first order. 

For a first-order transition, Cp = (0H/0T)p of the two phases is observed to 
differ. Cp may either increase (as in the transition of ice to water) or decrease (as in 
the transition of water to steam) on going from the low-T to high-T phase (see Fig 
2.12). Right at the transition temperature, Cp = dqp/dT is infinite, since the nonzero 
latent heat is absorbed by the system with no temperature change (Fig. 7.84). 

Certain special phase transitions occur with 4p = AH = TAS = 0 and wit 
AV = 0. These are called higher-order phase transitions. For such a transition, the 
Clapeyron equation dP/dT = AH/(T AV) is meaningless, For a higher-order transi- 
tion, AU = A(H — PV) = AH — PAV = 0. The known higher-order transitions are 
either second-order transitions or lambda transitions. 

A second-order transition is defined as one where AH = TAS = 0, AV = 0, an 
Cp does not become infinite at the transition temperature but does change by a finite 
amount (Fig. 7.8). The only known second-order transition is that between norma 
conductivity and superconductivity in certain metals, Some metals, for example, Hg, 
Sn, Pb, Al, on being cooled to characteristic temperatures (4.2 K for Hg at | atm 
become superconductors with zero electrical resistance. (The 1987 discovery that 
certain oxides containing Cu, Ba, and a rare earth or transition metal such as Y nee 
only be cooled to liquid-nitrogen temperatures to make them superconducting prom- 
ises major technological advances in electric-power transmission, computers, and the 
production of strong magnetic fields. See Chem. Eng. News, May 11, 1987, pp. 7-16; 
Time, May 11, 1987, pp. 64-75; Discover, Aug. 1987, pp. 22-32.) 

A lambda transition is one where AH = TAS = 0, AV = 0, and Cp goes to in 
finity at the transition temperature (Fig. 7.8c); the shape of the Cp-vs.-T curve re- 
sembles the Greek letter 2 (lambda). Examples of lambda transitions include the 
transition between liquid helium I and liquid helium II in *He; the transition between 
ferromagnetism and paramagnetism in metals like Fe or Ni; order—disorder transi- 
tions in certain alloys, for example, f-brass, and certain compounds, for example, 
NH,Cl, HF, and CH4. 

B-brass is a nearly equimolar mixture of Zn and Cu; for simplicity, let us as- 
sume an exactly equimolar mixture. The crystal structure has each atom surrounded 
by eight nearest neighbors that lie at the corners of a cube. Interatomic forces arè 
such that the lowest-energy arrangement of atoms in the crystal is a completely 
ordered structure with each Zn atom surrounded by eight Cu atoms and each Cu 
atom surrounded by eight Zn atoms, (Imagine two interpenetrating cubic arrays, 0n? 
of Cu atoms and one of Zn atoms.) In the limit of absolute zero, this is the crystal 
structure. As the alloy is warmed from T near zero, part of the added energy is used 
to interchange Cu and Zn atoms randomly; the degree of disorder increases as T 
Increases. This increase is a cooperative phenomenon, in that the greater the disorder 
the energetically easier it is to Produce further disorder. The rate of change in the 


degree of disorder with respect to temperature increases as one approaches the lamb- 
da transition temperature 742 K, and this rate becomes infinite at 742 K, thereby 
making Cp infinite. At 742 K there is maximum disorder and an equal probability 
that a given neighbor of a Cu atom will be Cu or Zn. 


In NH,Cl, each NH4 * ion is surrounded by eight C1” ions at the corners of a cube. The 
four protons of an NH,” ion lie on lines going from N to four of the eight Cl” ions. 
There are two equivalent orientations of an NH4* ion with respect to the surrounding 
CI” ions. At very low T, all the NH, * ions have the same orientation. As T is increased, 
the NH,* orientations become more and more random. At the lambda point, the NH, * 
orientations have become completely randomized between the two possible orientations. 


SUMMARY 


The phase rule f = c — p + 2 — r — a gives the number of degrees of freedom f for 
an equilibrium system containing c chemical species and p phases and having r in- 
dependent chemical reactions and a additional restrictions on the mole fractions, f 
is the number of intensive variables needed to specify the intensive state of the 
system. 

The stable phase of a one-component system at a given T and P is the phase 
with the lowest G = at that T and P. 

The Clapeyron equation dP/dT = AH/(T AV) gives the slopes of the lines on a 
one-component P-T phase diagram. The Clapeyron equation tells (a) how the vapor 
pressure of a solid varies with T (line OA in Fig. 7.1a); (b) how the vapor pressure 
of a liquid varies with T or, equivalently, how the boiling point of a liquid varies 
with P (line AC in Fig. 7.1a); (c) how the melting point of a solid varies with P 
(line AD in Fig. 7.1a). 

For phase equilibrium between a one-component gas and a solid or liquid, ne- 
glect of the volume of the condensed phase and approximation of the gas as ideal 
Fail the Clapeyron equation into the Clausius—Clapeyron equation d In P/dT = 

H/RT*. 
Important kinds of calculations dealt with in this chapter include: 


* Use of the phase rule to find the number of degrees of freedom f. b 

* Use of the Clausius-Clapeyron equation and vapor-pressure data to find AH,ap 
or AB uy of a pure substance. 4 

* Use of the Clausius—Clapeyron equation and the vapor pressure at one tempera- 
ture to find the vapor pressure at another temperature. } l 

* Use of the Clausius- Clapeyron equation to find the boiling point at a given pres- 
sure from the normal boiling point. n abe 

* Use of the Clapeyron equation to find the change in melting point with pressure. 


FURTHER READING AND DATA SOURCES 


Denbigh, chap. 5; de Heer, chaps. 18, 21; Zemansky and Dittman, chap. 16; Andrews 
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Vapor Pressures; enthalpies and entropies of phase transitions. Landolt-Bornstein, 
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American Institute of Physics Handbook, 3d ed., McGraw-Hill, 1972, pp. 4-261 to 
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PROBLEMS 


Sec. | zal 72 7.3 | general 
Probs. | 7.1-7.9 7.10-7.16 7.17-7.29 | 7.30-7.43 
7.1 For each of the following equilibrium systems, find the 


number of degrees of freedom f and give a reasonable choice 
of the independent intensive variables. (a) An aqueous solution 
of sucrose. (b) An aqueous solution of sucrose and ribose. 
(c) Solid sucrose and an aqueous solution of sucrose and ribose. 
(d) Solid sucrose, solid ribose, and an aqueous solution of su- 
crose and ribose. (e) Liquid water and water vapor. ( f) An 
aqueous sucrose solution and water vapor. (g) Solid sucrose, 
an aqueous sucrose solution, and water vapor. 


7.2 For the H2O phase diagram of Fig. 7.1a, state the number 
of degrees of freedom (a) along the line AC; (b) in the liquid 
area; (c) at the triple point A. 


7.3 (a) If a system has c;,4 independent components, what is 
the maximum number of phases that can exist in equilibrium? 
(b) In the book Regular Solutions by J. H. Hildebrand and 
R. L. Scott (Prentice-Hall, 1962), there is a photograph of a 
system with 10 liquid phases in equilibrium. What must be true 
about the number of independent components in this system? 


7.4 (a) For an aqueous solution of H3POq, write down the 
reaction equilibrium conditions and the electroneutrality con- 
dition. What is f? (b) For an aqueous solution of KBr and 
NaCl, write down the stoichiometric relations between ion 
mole fractions. Does the electroneutrality condition give an 
independent relation? What is f? 


7.5 Find f for the following systems: (a) a gaseous mixture 
of N2, Hz, and NH3 with no catalyst present (so that the rate 
of reaction is zero); (b) a gaseous mixture of N2, H3, and NH, 
with a catalyst present to establish reaction equilibrium; (c) the 
system of (b) with the added condition that all the N3 and H, 
must come from the dissociation of the NH3; (d) a system 
formed by heating pure CaCO; (s) to give CaCO,(s), CaO(s), 
CO,(g), CaCO3(g), and CaO(g). 


7.6 Find the relation between f, cing, and p if (a) rigid, per- 
meable, thermally conducting walls separate all the phases of 
a system; (b) movable, impermeable, thermally conducting walls 
separate all the phases of a system. 


7.7 In the HCN(aq) example in Sec. 7.1, the relation nys = 
non- + ncy- Was considered to be an electroneutrality relation, 
Show that this equation can be considered to be a stoichiometry 
relation. 


7.8 Fora system of NaCl(s) and NaCl(aq) in equilibrium, find 
J if the solid is considered to consist of the single species NaCl 
and the solute species present in solution (a) is considered to 
be NaCl(aq); (b) are taken to be Na * (aq) and C1” (aq). 


7.9 (a) For pure liquid water, calculate cing and f if we con- 
sider that the chemical species present are H,O, H*, OH”, 
and hydrogen-bonded dimers (HO), formed by the associa- 
tion reaction 2H,0 = (H30). (b) What happens to cing and 
J if we add hydrogen-bonded trimers (H20), to the list of 
species present? 


7.10 The vapor pressure of water at 25°C is 23.76 torr. (a) If 
0.360 g of H3O is placed in a container at 25°C with V= 
10.0 L, state what phase(s) are present at equilibrium and the 
mass of HO in each phase. (b) The same as (a), except that 
V = 20.0 L. State any approximations you make. 


7.11 Ar has normal melting and boiling points of 83.8 and 
87.3 K; its triple point is at 83.8 K and 0.7 atm, and its critical 
temperature and pressure are 151 K and 48 atm, State whether 
Ar is a solid, liquid, or gas under each of the following con 
ditions: (a) 0.9 atm and 90 K; (b) 0.7 atm and 80 K; (c) 0.8 atm 
and 88K; (d) O.8atm and 84K; (e) 1.2atm and 835K; 
(f) 1.2 atm and 86 K; (g) 0.5 atm and 84 K. 


7.12 For each pair, state which compound would have the 
higher AA vay at its normal boiling point: (a) Ne or Ar, 
(b) H20 or HS; (c) C,H, or C3Hg. 


7.13 Given that for CS, the normal boiling point is 319.4 K, 
use Trouton’s rule to estimate AH,,, and AS,,,, at the normal 
boiling point. 

7.14 Use the relation between entropy and disorder to explain 
why the normal-boiling-point AS of vaporization of hydrogen- 
bonded liquids usually exceeds the Trouton rule value. 


7.15. Given the normal boiling points 81.7 K for CO, 614 K for 
anthracene, 1691 K for MgCl,, and 2846 K for Cu, (a) estimate 


Allyap,abp 0f each of these substances as accurately as you can; 

(b) use the end-of-chapter data sources to find the experimental 

Afyap,nbp Values and calculate the percent errors in your esti- 
vap. 


mates. 


716 Consider the following reversible isothermal two-step 
process: vaporization of one mole of liquid i at Ty); and 
1 atm to gaseous i with molar volume V; volume change of gas 
i from V; to a certain fixed volume Vt. Show that if AS for 
the two-step process is assumed to be the same for any liquid, 


one obtains the Trouton—Hildebrand~Everett rule AS\ap,abp = 
a+ RIn(Typp/K), where a is a constant. 


7.17 The normal boiling point of diethyl ether (“ether”) is 
345°C and its AĤ ap,nbp is 6.38 kcal/mol. Find the vapor pres- 
sure of ether at 25.0°C. State any approximations made. 


7.18 At what pressure does water freeze at (a) —1.00°C; (b) 
=10.00°C? Use data from Prob. 2.37. 


119 The heat of fusion of Hg at its normal melting point, 
—38.9°C, is 2.82 cal/g. The densities of Hg(s) and Hg(l) at 
—38.9°C and 1 atm are 14.193 and 13.690 g/cm’, respectively. 
Find the melting point of Hg at (a) 100 atm; (b) 800 atm. 


7.20 Why do solid—liquid equilibrium lines have much steeper 
slopes than solid-vapor or liquid~vapor equilibrium lines on 
a P-T diagram? 


721 The vapor pressure of water at 25°C is 23.76 torr. Cal- 
culate the average value of AF of vaporization of water over 
the temperature range 25 to 100°C. 


122 AH of vaporization of water is 539.4 cal/g at the normal 
boiling Point, (a) Many bacteria can survive at 100°C by form- 
ing spores. Most bacterial spores die at 120°C. Hence, auto- 
claves used to sterilize medical and laboratory instruments are 
Pressurized to raise the boiling point of water to 120°C. At what 
Pressure does water boil at 120°C? (b) What is the boiling point 
of water at the top of Pike's Peak (altitude 14100 ft), where the 
almospheric pressure is typically 446 torr? 


123 Some vapor pressures of liquid Hg are: 


i 80°C | 100°C 120°C 140°C 


Phorr 0.08880 0.2729 0.7457 1.845 
c Find the average AH of vaporization over this temperature 
ange. (b) Find the vapor pressure at 160°C. (c) Estimate the 


normal boiling point of Hg. 


14 Some vapor pressures of solid CO, are: 


t 


Porr | 


awe | noe | 100°C | =90°C 
gs | g 


34.63 104.81 | 2795 


(a) Find the average AH of sublimation over this temperature 
range. (b) Find the vapor pressure at —75°C. 


7.25 Use Trouton’s rule to show that the change AT in normal 
boiling point T,,,, due to a small change AP in pressure is 
roughly AT = T,,,, AP/(103 atm). 


7.26 (a) At 0.01°C, AË ap of H3O is 45.06 kJ/mol, and Alyy, 
of ice is 6.01 kJ/mol. Find AH of sublimation of ice at 0.01°C. 
(b) Compute the slope dP/dT of each of the three lines at the 
H,0 triple point. See Prob. 2.37 for further data. State any 
approximations made. 


7.27 Vapor-pressure data vs. temperature are often repre- 
sented by the Antoine equation 


In (P/torr) = A — B/(T/K + C) 


where A, B, and C are constants chosen to fit the data and 
K = 1 kelvin. The Antoine equation is very accurate over a 
limited vapor-pressure range, typically 10 to 1500 torr. For 
H,O in the temperature range 11°C to 168°C, Antoine con- 
stants are A = 18.3036, B = 3816.44, C = —46.13. (a) Use the 
Antoine equation to find vapor pressures of H,O at 25°C and 
150°C and compare with the experimental values 23.77 torr and 
3569 torr. (b) Use the Antoine equation to calculate AA yap of 
H,0 at 100°C. State any approximations made. (For more 
accurate results, see Prob. 8.34.) 


7.28 The vapor pressure of SO,(s) is 1.00 torr at 177.0 K and 
10.0 torr at 195.8 K. The vapor pressure of SO,(/) is 33.4 torr 
at 209.6 K and 100.0 torr at 225.3 K. (a) Find the temperature 
and pressure of the SO; triple point. State any approximations 
made. (b) Find AH of fusion of SO, at the triple point. 


7.29 The normal melting point of Ni is 1452°C, The vapor 
pressure of liquid Ni is 0.100 torr at 1606°C and 1.00 torr at 
1805°C. The molar heat of fusion of Ni is 4.2, kcal/mol. Making 
reasonable approximations, estimate the vapor pressure of solid 
Ni at 1200°C. 


7.30 Which has the higher vapor pressure at —20°C, ice or 
supercooled liquid water? Explain. 


7.31 At the solid—liquid—vapor triple point of a pure sub- 
stance, which has the greater slope, the solid—vapor or the 
liquid—vapor line? Explain. 


7.32 A beaker at sea level contains pure water. Calculate the 
difference between the freezing point of water at the surface 
and water 10 cm below the surface. 


7.33 On the sea bottom at the Galapagos Rift, water heated 
to 350°C gushes out of hydrothermal vents at a depth of 3000 m. 
Will this water boil or remain liquid at this depth? The vapor 
pressure of water is 163 atm at 350°C. (The heat of this water 
is used as an energy source by sulfide-oxidizing bacteria con- 
tained in the tissues of tube worms living on the ocean floor.) 


7.34 In Prob. 4.26b, we found that AG is —2.76 cal/g for the 
conversion of supercooled water to ice, both at —10°C and 
1 atm. The vapor pressure of ice is 1.950 torr at —10°C. Find 
the vapor pressure of supercooled water at — 10°C. Neglect 
the effect of pressure changes on G of condensed phases. 


7.35 The densities of diamond and graphite at 25°C and 1 bar 
are 3.52 and 2.25 g/cm’, respectively. Use data in the Appen- 
dix to find the minimum pressure needed at 25°C to convert 
graphite to diamond. State any approximations you make. 
Hint: Begin by asking yourself what determines which phase is 
more stable at a given T and P. 


7.36 The stable form of tin at room temperature and pressure 
is white tin, which has a metallic crystal structure. When tin is 
used for construction in cold climates, it may be gradually con- 
verted to the allotropic gray form, whose structure is non- 
metallic. Use Appendix data to find the temperature below 
which gray tin is the stable form at 1 bar. State any approxima- 
tions made. 


7.37 The vapor pressure of liquid water at 0.01°C is 4.585 torr. 
Find the vapor pressure of ice at 0.01°C. 


7.38 (a) Consider a two-phase system, where one phase is 
pure liquid A and the second phase is an ideal gas mixture of 
A vapor with inert gas B (assumed insoluble in liquid A). The 
presence of gas B changes j4’, the chemical potential of liquid 
A, because B increases the total pressure on the liquid phase. 
However, since the vapor is assumed ideal, the presence of B 
does not affect u4’, the chemical potential of A in the vapor 
phase [see Eq. (6.4)]. Because of its effect on u4’, gas B affects 
the liquid—vapor equilibrium position, and its presence changes 
the equilibrium vapor pressure of A. Imagine an isothermal 
infinitesimal change dP in the total pressure P of the system. 
Show that this causes a change dP, in the vapor pressure of 
A given by 


const. T (7.25) 


Aa 
Equation (7.25) is often called the Gibbs equation. Because sy 
is much less than V4’, the presence of gas B at low or moderate 
pressures has only a small effect on the vapor pressure of A. (b) 
The vapor pressure of water at 25°C is 23.76 torr. Calculate the 
vapor pressure of water at 25°C in the presence of 1 atm of 
inert ideal gas insoluble in water. 


7.39 The vapor pressure of water at 25°C is 23.766 torr. Cal- 
culate AG3og for the process H,O(I) > H,O(g). Assume the 


vapor is ideal. Compare with the value found from data in the 
Appendix. 


7.40 Benzene obeys Trouton’s rule, and its normal boiling 
point is 80.1°C. (a) Use (7.22) to derive an equation for thy 
vapor pressure of benzene as a function of T. (b) Find the vapor 
pressure of CH, at 25°C. (c) Find the boiling point of Coh; 
at 620 torr. 


7.41 Some vapor pressures for H,O(!) are 4.258 torr a 
—1.00°C, 4.926 torr at 1.00°C, 733.24 torr at 99.00°C, ani 
787.57 torr at 101.00°C. (a) Calculate AH, AS, and AG for the 
equilibrium vaporization of H,O(/) at 0°C and at 100°C 
Explain why the calculated 100°C AĤ ap value differs slighty 
from the true value. (b) Calculate AH® and AS” for vaporization 
of H,O(/) at 0°C; make reasonable approximations. The vapor 
pressure of water at 0°C is 4.58 torr. 


7.42 A solution is prepared by mixing n moles of the solvent 
A with ng moles of the solute B. The s stands for stoichiometric 
and indicates that these mole numbers need not be the number 
of moles of A and B actually present in the solution, since A 
and B may undergo reactions in the solution. In the solution, 
A and B react to form E and F according to 


aA + bB= cE + fF 


If b = 0, this reaction might be dissociation or association of the 
solvent; if b # 0, the reaction might be solvation of the solute 
B. No E or F is added from the outside. Therefore, Cing =¢~ 
r—a=4-1-1=2. 

Let dn’, and dn, moles of A and B be added to the solution 
from outside. This addition shifts the reaction equilibrium 0 
the right, and the extent of reaction changes by dé. Since dn = 
v;dě for a reaction, the actual change in number of moles of A 
is dny = dn) + va dë = dn — adé. The quantity J; p; dn; that 
occurs in the Gibbs equation for dG is yi pdn; = Hadnyt 
Hg dng + be dng + Hp dnp. (a) Show that 


YHidn; = pa dns + pop dni 
7 


ipii 


provided reaction equilibrium is maintained. Thus we can take 


the sum over only the independent components A and B and 
ignore solvation, association, or dissociation. (b) Use the result 
of part (a) to show that 


Ha = (0G/0n4) 7, Pn 


7.43 Which of the following phases can exist at tempét 
tures arbitrarily Close to absolute zero: (a) HO(s); (b) H0) 
(c) H20(g)? 


CHAPTER 


REAL GASES 


COMPRESSION FACTORS 


An ideal gas obeys the equation of state PV = RT. This chapter examines the P-V-T 
behavior of real gases. 

As a measure of the deviation from ideality of the behavior of a real gas, we 
define the compressibility factor or compression factor Z of a gas as 


Z(P, T) = PV/RT (8.1) 


Do not confuse the compressibility factor Z with the isothermal compressibility x. 
Since V in (8.1) is a function of T and P (Sec. 1.7), Z is a function of T and P. For 
an ideal gas, Z = 1 for all temperatures and pressures. Figure 8.1a shows the variation 
\ of Z with P at 0°C for several gases. Figure 8.1b shows the variation of Z with P 
for CH, at several temperatures. Note that Z = V/V,, and that Z = P/Pig, where 
| Va is the molar volume of an ideal gas at the same T and P as the real gas, and 
| Pig is the pressure of an ideal gas at the same T and V as the real gas. When Z < 1, 
the gas exerts a lower pressure than an ideal gas would. Figure 8.1b shows that, at 
high pressures, P of a gas can easily be 2 or 3 times larger or smaller than Pig. 
___ The curves of Fig. 8.1 show that ideal behavior (Z = 1) is approached in the 
limit P + 0 and also in the limit T —> oo. For each of these limits, the gas volume 
goes to infinity for a fixed quantity of gas, and the density goes to zero. Deviations 
from ideality are due to intermolecular forces and to the nonzero volume of the mol- 
ecules themselves. At zero density, the molecules are infinitely far apart, and intermo- 
lecular forces are zero; at infinite volume, the volume of the molecules themselves is 
negligible compared with the infinite volume the gas occupies. Hence the ideal-gas 
equation of state is obeyed in the limit of zero gas density. j 
A real gas then obeys PV = ZnRT. Numerical tables of Z(P, T) are available 
for many gases. 


CHAPTER 6 


(a) Compression factors of some 


gases at 0°C, (b) Methane 
compression factors at several 
temperatures. 
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REAL-GAS EQUATIONS OF STATE 


An algebraic formula for the equation of state of a real gas is more convenient to 
use than numerical tables of Z. The best-known such equation is the van der Waals 
equation 


(P+ fs)? — =r Ca aa nits eE (8) 


where the first equation was divided by V — b to solve for P. In addition to the gas 
constant R, the van der Waals equation contains two other constants, a and b, whos 
values differ for different gases, A method for determining a and b values is given in 
Sec. 8.4. The term a/V? in (8,2) is meant to correct for the effect of intermolecular 
attractive forces on the gas pressure. The nonzero volume of the molecules themselves 


the solid or liquid, where the molecules are Close together; b is roughly the volume 
excluded by intermolecular repulsive forces. The van der Waals equation is a yey 
substantial improvement on the ideal-gas equation but is unsatisfactory at very high 
Pressures. 

Many other equations of state have been proposed for gases. Berthelot’s equatio# 
and Dieterici’s equation are each more complicated than the van der Waals equation 


A quite accurate two-parameter equation of state for gases is the Redlich-Kwont 
equation [O, Redlich and J, N, $. Kwong, Chem. Rev., 44, 233 (1949)]; 


a 
[p+ n prm |? m= Rr (83) 


which is useful over very wide ranges of T and P, The Redlich—K wong parametes 
a and b differ in value for any given gas from the van der Waals a and b. 


= = atistical mechanics shows (see Sec. 22.11) that the equation of state of a real } 243 | 


—=2= be expressed as the pe sich series in 1/V: SENER 
£ Bí C(T) D(T) 
V=RT}1 = — A a 
py = rr|1 +9) 4 Ae 
= the virial equation of state. The coefficients B, C,..., which are functions 
peT- only, are the second, third, . .. virial coefficients, they are found from experi- 
=> 1 P-V-T data of gases (Probs. 8.29 and 10.40). Usually, the limited accuracy of 


ye Æ == taallows evaluation of only B(T) and C(T). Figure 8.2 plots the typical behav- o FIRE 82 | 
f B and C vs. T. Some values of B(T) for Ar are 
Typical temperature variation of 


p= 


(8.4) 


=-= 


= r) —251 | —184 —86 —47 Se} A6 2? the second and third virial 
be <a ml) tt anche Al | | $ | $ | 7 | fie | e coefficients B(T) and C(T). 
T | 85 | 100 | 150 | 200 250 | 300 | 400 | 500 | 600 | 1000 B 
Stam Æ Æ Tical mechanics gives equations relating the virial coefficients to the potential 
emea <= C5 of intermolecular forces. y 
< form of the virial equation equivalent to (8.4) uses a power series in P: T 
PV = RT[1 + BYT)P + CY(T)P? + D*(T)P? +:-] (8.5) 


Te =e late the coefficients Bt, Ct, ... to the virial coefficients in (8.4), we solve (8.4) 
oo Æ> substitute this expression into the right side of (8.5), and compare the coefficient 
<=. <h power of 1/V with that in (8.4). The results for the first two coefficients are 
<> E>. 3.3) 
B=B'RT, C=(BY? +C')R?T? 
f A Oin (8.6) 
B' = B/RT, C! = (C — B*)/R*T 


- = I f P is not high, terms beyond C/V? or CtP? in (8.4) and (8.5) are usually neg- 
re >E & and can be omitted. At high pressures, the higher terms become important. 
™~ ry high pressures, the virial equation fails. One frequently deals with gases at 

os == ures in the range 0 to 1 or 2 atm. Provided T is not very low, one can drop terms 
“= the second term in (8.4) and (8.5) at such pressures; Eq. (8.5) becomes 0 F 


Ÿ=RT/P+B lowP (8.7) 
a — 


i= =< (8.6) was used. Equation (8.7) gives a convenient and accurate way to correct 

(~ = as nonideality at low P. Equation (8.7) shows that at low P, the second virial 
cient B(T) is the correction to the ideal-gas molar volume RT/P. 

ss =. Multiplication of the van der Waals equation (8.2) by V/RT gives the compres- 
factor Z = PV/RT of a van der Waals (vdW) gas as 


PV V a 1 a 
=Z== - — = ————= vdW gas 
a. RT V—b RTV 1—b/V RTV a 
= OE" =e the numerator and denominator of the first fraction were divided by V. Since 
= ~b/V) is greater than 1, intermolecular repulsions (represented by b) tend to 
= 


=< 3 æ Z greater than 1 and P greater than Pjg. Since —a/RTV is negative, inter- 
cular attractions (represented by a) tend to decrease Z and make P less than Pig. 

Rna b is approximately the liquid’s molar volume, so we will have b <V for the gas 

b/V < 1. We can therefore use the following expansion for 1/(1 — b/V): 

pyr itettet an for |x| <1 (8.8) 


CHAPTER 8 


You may recall (8.8) from your study of geometric series. Equation (8.8) can also be 
derived as a Taylor series (Sec. 8.7). The use of (8.8) with x = b/V gives 


PV at\it DR BS 
=Z= =+ ca A a dW gas 
T Z=1+ (6 a) 7 p p2 E y vd W gas (89) 


The van der Waals equation now has the same form as the virial equation (8.4): the 
van der Waals prediction for the second virial coefficient is B(T) = b — a/RT. 

At low pressures, V is much larger than b and the b?/7?, b?/7°,. terms can | 
be neglected to give Z = 1 + (b — a/RT)/V. At low T (and low P), we have a/RT >h, 
so b — a/RT is negative, Z is less than 1, and P is less than Pig (as in the low-P parts | 
of the 200-K and 500-K CH, curves in Fig. 8.1b); at low T, intermolecular attrac- 
tions (van der Waals a) are more important than intermolecular repulsions (van der 
Waals b) in determining P. At high T (and low P), we have a/RT < b, b — a/RT >0, 
Z > 1, and P > P; (as in the 1000-K curve in Fig. 8.1b). At high T, the molecules 
smash into each other harder than at low T, which increases the influence of repul- 
sions on P, 

Similar to the effect of T on Z at low P, the Joule-Thomson coefficient jyy 
changes from positive to negative as T increases, because of the increased influence 
of repulsions; see Prob. 8.30. 

A comparison of equations of state for gases [K. K. Shah and G. Thodos, Ind. 
Eng. Chem., 57(3), 30 (1965)] concluded that the Redlich-K wong equation is the best 
two-parameter equation; in fact, the two-parameter Redlich-K wong equation is “at 
least as good as” the five-parameter Beattie-Bridgeman equation and the eight- 
parameter Benedict-Webb-Rubin equation. Because of its simplicity and accuracy, 
the Redlich-Kwong equation is widely used. 

So far we have considered pure real gases. For a real gas mixture, V depends 
on the mole fractions, as well as on T and P. One approach to the P-V-T behavior 
of real gas mixtures is to use a two-parameter equation of state like the van der Waals 
or Redlich-Kwong with the parameters a and b taken as functions of the mixture’s 
composition. For a mixture of two gases, 1 and 2, it is usual to take 


a=k dik 2x1X2(a,a)"? + x,°a, and b= Xb, + x2b3 


where x, and x, are the mole fractions of the components. The parameter b is re- 
lated to the molecular size, so b is taken as a weighted average of b, and bz. The 
parameter a is related to intermolecular attractions; the quantity (a,a,)'/ is an 
estimate of what the intermolecular interaction between gas 1 and gas 2 molecules 
might be. In applying an equation of state to a mixture, V is replaced by V/fo For 
the virial equation of State, the second virial coefficient for a mixture of two gases Is 
B=x,7B, + 2x1X2B,) + x2°B,, where By is best determined from experimental 
data on the mixture, but can be crudely estimated as By, = }(B, + B3). 


CONDENSATION 


Provided T is below the critical temperature, any real gas condenses to a liquid when 
the pressure is increased sufficiently. Figure 8.3 plots several isotherms for H,O ona 
P-V diagram. For temperatures below 374°C, the gas condenses to a liquid when P 
is increased. Consider the 300°C isotherm. To go from A to B, we slowly push in the 
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piston, decreasing V and V and increasing P, while keeping the gas in a constant- 
temperature bath. Having reached B, we now observe that pushing the piston further 
in causes some of the gas to liquefy. As the volume is further decreased, more of the 
gas liquefies until at E we have all liquid. See Fig. 8.4. For all points between B and 
E on the isotherm, there are two phases present. Moreover, the gas pressure above 
the liquid (its vapor pressure) remains constant for all points between B and E. (The 
terms saturated vapor and saturated liquid refer to a gas and liquid in equilibrium 
with each other; from B to E, the vapor and liquid phases are saturated.) Going from 
E to F by pushing in the piston still further, we observe a steep increase in pressure 
with a small decrease in volume; liquids are relatively incompressible. 

Above the critical temperature (374°C for water) no amount of compression will 
cause the separation out of a liquid phase in equilibrium with the gas. As we approach 
the critical isotherm from below, the length of the horizontal portion of an isotherm 
where liquid and gas coexist decreases until it reaches zero at the critical point. The 
molar volumes of saturated liquid and gas at 300°C are given by the points E and B. 
As T is increased, the difference between molar volumes of saturated liquid and gas 
decreases, becoming zero at the critical point. (See also Fig. 7.2.) 


Isotherms of H30 (solid lines). 
Not drawn to scale. The dashed 
line separates the two-phase 
region from one-phase regions. 
The critical point is at the top 
of the dashed line and has 

V = 56 cm3/mol. For the 
two-phase region, V = V/no (The 
dotted curve shows the behavior 
of a van der Waals or 

Redlich-K wong isotherm in the 
two-phase region; see Sec. 8.4.) 


FIGURE 8.4 


Condensation of a gas. The 
system is surrounded by a 
constant-T bath (not shown). 
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CRITICAL CONSTANTS 

Species T,/K P.Jatm ¥.J(cm3/mol) Species T.K P.Jatm F./(cm? mol) 
Ne 44.4 27.2 41.7 co, 304.2 72.8 94.0 
Ar 150.9 48.3 74.6 HCI 324.6 82.0 81. 

N2 126.2 33.5 89.5 CHOH 5126 79.9 118. 
H,0 647.1 217.8 56.0 n-CgHig 568.8 24.5 492, 
D,0 643.9 213.9 56.2 C3Hg 369.8 41.9 203. 
H,S 373.2 88.2 98.5 I, 819. 115, 155, 


The pressure, temperature, and molar yolume at the critical point are the crit- 
ical pressure P., the critical temperature T., and the critical (molar) volume V. At 
the critical point, the gas is in the critical state. Table 8.1 lists some data. 

For most substances, T, is roughly 1.6 times the absolute temperature Tapp of 
the normal boiling point: T, ~ 1.6Tnbp: For example, for HO, T,/T,4) = (647 K)/ 
(373 K) = 1.73. Also, Ñ, is usually about 2.7 times the normal-boiling-point molar 
volume Va P, is typically 10 to 100 atm. Above Te, the molecular kinetic energy 
(whose average value is 3kT per molecule) is large enough to overcome the forces of 
intermolecular attraction, and no amount of pressure will liquefy the gas. At Ty), 
the fraction of molecules having sufficient kinetic energy to escape from intermolecular 
attractions is large enough to make the vapor pressure equal to 1 atm, Both T, and 
Tapp are determined by intermolecular forces, so T, and Typ are correlated. 

Usually one thinks of conyerting a gas to a liquid by a process that involves 
a sudden change in density between gas and liquid, so that we go through a two- 
phase region in the liquefaction process, For example, for the isotherm ABCDEF in 
Fig. 8.3, there are two phases present for points between B and E: a gas phase of 
molar volume Vg and a liquid phase of molar volume Ve. (Because T and P are 
constant along BE, the gas and liquid molar yolumes each remain constant along 
BE. The actual amounts of gas and liquid change in going from B to E, so the actual 
volumes of gas and liquid vary along BE.) Since Va > Vp, the gas density is less 
than the liquid density. However, as noted in Sec. 7.2, one can change a gas into 
a liquid by a process in which there is always present only a single phase whose 
density varies smoothly, with no discontinuous changes. For example, in Fig, 8.3, we 
could go vertically from A to G, then isothermally to H, and finally vertically to F. 
We end up with a liquid at F but, during the process AGHF, the system’s proper- 
ties vary continuously and there is no point at which we could say that the system 
changes from gas to liquid. 

Thus there is a continuity between the gaseous and the liquid states. In recog- 
nition of this continuity, the term fluid is used to mean either a liquid or a gas. 
What is ordinarily called a liquid can be viewed as a very dense gas. Only when both 
phases are present in the system is there a clear-cut distinction between liquid and 
gaseous states. However, for a single-phase fluid system it is customary to define as a 
liquid a fluid whose temperature is below the critical temperature T, and whose molar 
volume is less than V, (so that its density is greater than the critical density); if these 
two conditions are not met, the fluid is called a gas. Some people make a further dis- 
tinction between gas and vapor, but we shall use these words interchangeably. 


CRITICAL DATA AND EQUATIONS OF STATE 


Critical-point data can be used to calculate values for parameters in equations of 
state such as the van der Waals equation. Along a horizontal two-phase line like 
EB in Fig. 8.3, the isotherm has zero slope; (6P/0V), = 0 along this part of an iso- 
therm. The critical point is the limiting point of a series of such horizontal two-phase 
lines; therefore (@P/0V) = 0 holds at the critical point. Figure 8.3 shows that along 
the critical isotherm (374°C) the slope (ôP/V)r is zero at the critical point and is 
negative on both sides of it; hence the function (6P/@V )r is a maximum at the critical 
point. When a function of V is a maximum at a point, its derivative with respect to 
Vis zero at that point. Therefore, (0/0V),(OP/OV) 7 = (@P/aV?), = Oat the critical 
point. Thus 


(6P/2V),=0 and (6?P/@V?),=0 at the critical point (8.10) 


These conditions allow us to determine parameters in equations of state. 
For example, differentiating the van der Waals equation (8.2), we get 


ORY RT 42a j (=) Lpa RT te 6a 
“V-H a NOU an T 


Application of the conditions (8.10) then gives 


RT, 2a RT, 3a 
__*‘,=—,' and =—S =a (8.11) 
Gb we Gable 
Moreover, the van der Waals equation itself gives at the critical point 
p. ow RTS (8.12) 
“Fob P 


Division of the first equation in (8.11) by the second yields V,— b = 273, or 


V. = 3b (8.13) 
Substitution of 7, = 3b into the first equation in (8.11) gives RT./4b* = 2a/27b*, or 
T, = 8a/27Rb (8.14) 


Substitution of (8.13) and (8.14) into (8.12) gives P, = (8a/27b)/2b — a/9b*, or 
P, = a2? (8.15) 


We thus have three equations [(8.13) to (8.15)] relating the three critical constants 
Po Vo T, to the two parameters to be determined, a and b. If the van der Waals 
equation were accurately obeyed in the critical region, it would not matter which 
two of the three equations were used to solve for a and b; however, this is not the 
case, and the values of a and b obtained depend on which two of the three critical 
constants are used. It is customary to choose P, and Te, which are more accurately 
known than V;. Solving (8.14) and (8.15) for a and b, we get 


b=RT,/8P., a= 27R?T2/64P sai 
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Some van der Waals a and b values calculated from Eq. (8.16) and P, and y 
data of Table 8.1 are: 


Gas | Ne N2 H,0 HCI | CHOH | GH, 

10Sa ammo?) | 021 | 135 | s46 | 365 hi sae, | agape 

b/(cm? mol” ') | 167 38.6 30.5 40.6 j 6s | 28 
From (8.13), V, = 3b. We noted in Sec. 8.3 that usually Ve ~ 2.7Vap, Where 


Vavp is the liquid’s V at its normal boiling point. Therefore b is roughly the same 
as Vsp (as noted in Sec, 8.2); Vabp is a bit more than the volume of the molecules 
themselves. Note from the tabulated b values that the larger the molecule, the greater 
the b value. Recall that the van der Waals a is related to intermolecular attractions, 
The greater the intermolecular attraction, the greater the a value. 

Combination of (8.13) to (8.15) shows that the van der Waals equation predicts 
for the compressibility factor at the critical point 


Z, = P.V,/RT, =$ = 0.375 (8.17) 
This may be compared with the ideal-gas prediction P,V./RT, = 1. Of the known 


Z, values, 80 percent lie between 0.25 and 0.30, significantly less than predicted by 
the van der Waals equation. The smallest known Z, is 0.12 for HF; the largest is 
0.46 for CH;NHNH,. 

For the Redlich-K wong equation, a similar treatment gives (the algebra is com- 
plicated, so we omit the derivation) 


a = R?T,*!2/9(2!/3 — 1)P, = 0.4275R?T,°/?/P, (8.18 
b = (2/3 — 1)RT,/3P, = 0.08664RT,/P, (8.19) 
P.VJRT, = 4 = 0.333 (8.20 


Since there is a continuity between the liquid and gaseous states, it should be 
possible to develop an equation of state that would apply to liquids as well as gases. 
The van der Waals equation completely fails to reproduce the isotherms in the liquii 
region of Fig. 8.3. However, the Redlich-Kwong equation does work fairly well in 
the liquid region for some liquids. Of course, this equation does not reproduce the 
horizontal portion of isotherms in the two-phase region of Fig. 8.3. The slope (P; êV )r 
is discontinuous at points B and E in the figure. A simple algebraic expression Jike 
the Redlich-Kwong equation will not have such discontinuities in (@P/3 V )r Whal 
happens is that a Redlich-Kwong isotherm oscillates in the two-phase region (Fig 
8.3). This is because the Redlich-Kwong equation is a cubic equation in V, so fora 
given T and P there may be three real values of V that satisfy the equation. The 
Peng-Robinson equation of state is an improvement on the Redlich-Kwong equ 
tion and works well for liquids as well as gases; see D.-Y. Peng and D. B. Robinson, 
Ind. Eng. Chem. Fundam., 15, 59 (1976). 

Dozens of equations of state have been proposed in recent years, especially by 
chemical engineers. Many of these are modifications of the Redlich-Kwong equ 
tion. An equation that is superior for predicting P-V-T behavior of gases may $ 
inferior for predicting vapor-liquid equilibrium behavior, so it is difficult to iden 


tify one equation of state as the best overall. For a review of equations of state, see 
C. Tsonopoulos and J. L. Heidman, Fluid Phase Equil., 24, 1 (1985). 


THE LAW OF CORRESPONDING STATES 


The (dimensionless) reduced pressure P,, reduced temperature T,, and reduced vol- 
ume V, of a gas in the state (P, V, T) are defined as 


P,=P/P,, V,=V/Y  T,= T/T. (8.21) 


where Po Va T, are the critical constants of the gas. Van der Waals pointed out - 


that, if one uses reduced variables to express the states of gases, then, to a pretty 
good approximation, all gases show the same P-V-T behavior; in other words, if two 
different gases are each at the same P, and T,, they have nearly the same V, values. 
This observation is called the law of corresponding states. Mathematically, 


V, = f(Py T,) (8.22) 


where approximately the same function f applies to any gas. 

A two-parameter equation of state like the van der Waals or Redlich-Kwong 
can be expressed as an equation of the form (8.22) with the constants a and b elimi- 
nated. For example, for the van der Waals equation (8.2), use of (8.16) to eliminate 
aand b and (8.17) to eliminate R gives (Prob. 8.10) 


(P, + 3/V AV, — 9) = 87 (8.23) 


If we multiply the law of corresponding states (8.22) by P,/T,, we get P,V,/T, = 
P,f(P,, T,)/T,. The right side of this equation is some function of P, and T,, which 
we shall call g(P,, T,). Thus 


P,V,/T, = (Pn T) (8.24) 


where the function g is approximately the same for all gases. 

Since every gas obeys PV = RT in the limit of zero density, then for any gas 
limy» (PV/RT) = 1. If this equation is multiplied by RT,/P,V, and (8.21) and (8.24) 
are used, we get lim (P,V,/T,) = RT,/PVe and lim g = 1/Z,. Since g is the same 
function for every gas, its limiting value as V goes to infinity must be the same 
constant for every gas. Calling this constant K, we have the prediction that Z, = 1/K 
for every gas. The law of corresponding states predicts that the critical compression 
factor is the same for every gas. As mentioned in Sec. 8.4, Z, varies from 0.12 to 0.46, 
so this prediction is far from true. K 

If (8.24) is multiplied by Ze = P.V./RT.. it becomes PV/RT = Z.g(P, Ty) = 
G(P,, T,) or 

Z=G(P,T;) (8.25) 


Since the law of corresponding states predicts Z, to be the same constant for all 
gases and g to be the same function for all gases, the function G, defined as Zg, is 
the same for all gases. Thus the law of corresponding states predicts that the com- 
pression factor Z is a universal function of P, and T,. To apply (8.25), a graphical 
approach is often used. One takes data for a representative sample of gases and 
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Average compression factor as a 
function of reduced variables. 
[Adapted from Goug-Jen Su, Ind. 
Eng. Chem., 38, 803 (1946).] 


calculates average Z values at various values of P, and T,; these average values are 
then plotted, with the result shown in Fig. 8.5. Such graphs (see Reid, Prausnitz, and 
Sherwood, chap. 3) can predict P-V-T data for gases to within a few percent, except 
for compounds with large dipole moments, 

The law of corresponding states can be explained by the fact that the interaction 
between two gas molecules can be roughly approximated by a potential-energy func- 
tion containing only two parameters, one measuring the strength of intermolecular 
attraction and one related to intermolecular repulsion (molecular size). An example 
is the Lennard-Jones potential (22.1 32). Starting from a two-parameter intermolecular 
potential-energy function, one can use statistical mechanics to deduce an equation 
of state that contains only two parameters. This equation can then be put in reduced 
form to give V, as some universal function of P, and T,. 

The assumption of an intermolecular potential-energy function with only two 
parameters is most valid when the interaction energy between two molecules is a 
function of only the distance between the centers of the molecules, being independent 
of the relative orientation of the two molecules. This holds best for approximately 
spherical molecules with low dipole moments [for example (Z. values in parentheses), 
Ne (0.31), Ar (0.29), CH, (0.29), CF, (0.28), N3 (0.29), O, (0.29), CO (0.30)] and does 
not hold well for molecules with high dipole moments, including those showing 
hydrogen bonding [for example, H,O (0.23), HCN (0.20), HF (0.12), CHCN (0.18)} 
and for highly nonspherical molecules [for example, n-C6H,4 (0.26)]. Z, is close to 
0.29 for gases obeying the law of corresponding states. 

For gases obeying the law of corresponding states, the second virial coefficient 
B is accurately given by the equation (McGlashan, p. 203) 


BP./RT, = 0.597 — 0,462¢9-7002Te/T (8.26) 
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DIFFERENCES BETWEEN REAL-GAS AND IDEAL-GAS THERMODYNAMIC PROPERTIES SECTION. 8.7 


Sections 8.1 to 8.5 consider the difference between real-gas and ideal-gas P-V-T 
behavior. Besides P-V-T behavior, one is often interested in the difference between 
real-gas and ideal-gas thermodynamic properties such as U, H, A, S, and G at a given 
Tand P. For example, since the standard state of a gas at a given T is the hypothetical 
ideal gas at T and 1 bar (Sec. 5.1), one needs these differences to calculate the standard- 
state thermodynamic properties of gases from experimental data for real gases. Recall 
the calculation of §° for SO, in Sec. 5.6. Another use for such differences is as follows. 
Reliable methods exist for estimating thermodynamic properties in the ideal-gas state 
(Sec. 5.9). After using such an estimation method, one would want to correct the 
results to correspond to the real-gas state. This is especially important at high pres- 
sures. Industrial processes often involve gases at pressures of hundreds of atmo- 
spheres, so chemical engineers are keenly interested in differences between real-gas 
and ideal-gas properties. For a full discussion of such differences, see Reid, Prausnitz, 
and Sherwood, chap. 5. 

Let (T, P°)— A(T, P°) be the difference between the ideal-gas and 

real-gas molar enthalpy at T and P°. Unsubscripted thermodynamic properties 
refer to the real gas. Equations (5.16) and (5.30) give A;(T, P°)— A(T, P°) = 
[5 [T@VJAT)p— V] dP and S,q(T, P°)— S(T, P°)= f$ [(aV/0T)p— R/P] dP, where 
the integrals are at constant T. If we have a reliable equation of state for the gas, 
we can use it to find (@7/AT)p and V and thus evaluate A;a — A and 5S, — 5. The 
virial equation of state in the form (8.5) is especially convenient for this purpose, 
since it gives V and (@V/0T)p as functions of P, allowing the integrals to be easily 
evaluated; for the results, see Prob. 8.14. 
_ Unfortunately, the Redlich-~Kwong and van der Waals equations are cubics in 
V and cannot be readily used in these formulas, One way around this difficulty is 
to expand these equations into a virial form involving powers of 1/V [for example, 
Eq. (8.9) for the van der Waals equation] and then use (8.6) to put the equation 
into the virial form (8.5) involving powers of P. This approach is useful at low pres- 
sures. See Probs. 8.15 and 8.16. A more general approach is to use T and V as the 
Variables, instead of T and P. This allows expressions valid at all pressures to be 
found from the equation of state, Details of this approach are outlined in Prob. 8. 17. 
_ _ To use a two-parameter equation of state, we need to know the substance’s crit- 
ical pressure and temperature, so as to evaluate the parameters (Sec. 8.4). If P, and 
T, are unknown, they can be estimated to within a few percent by various methods; 
see Reid, Prausnitz, and Sherwood, sec. 2-2. 
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TAYLOR SERIES 


In Sec. 8.2, the Taylor series expansion (8.8) of 1/(1 — x) was used. We now discuss 
aylor series, ee 
_ Let f(x) be a function of the real variable x, and let f and all its derivatives 
exist at the point x = a and in some neighborhood of a. It may then be possible to 


Ea represent f(x) as the following Taylor series in powers of (x — a): 
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In (8.27), f(a) is the nth derivative d"f(x)/dx” evaluated at x = a. The zeroth deriv- 
ative of f is defined to be f itself; 0! is defined to equal 1. The derivation of (8.27) 
is given in most calculus texts. 

To use (8.27), we must know for what range of values of x the infinite series 
represents f(x). The infinite series in (8.27) will converge to f(x) for all values of x 
within some interval centered at x = a: 


(x — a)" (8.27 


a—c<x<a+c (8.28) 


where c is some positive number. The value of c can frequently be determined by 
taking the distance between the point a and the real singularity of f(x) nearest to a, 
A singularity of f is a point where f or one of its derivatives doesn’t exist. For ex- 
ample, the function 1/(1 — x) expanded about ai= 0 gives the Taylor series (8.8); the 
nearest real singularity to x = 0 is at x = 1, since 1/(1 — x) becomes infinite at x = 1. 
For this function, c = 1, and the Taylor series (8.8) converges to 1/(1 — x) for all x 
in the range —1 < x < 1. In some cases, c is less than the distance to the nearest 
real singularity. The general method of finding c is given in Prob. 8.24. 
As an example, let us find the Taylor series for sin x with a = 0. We have 


J (x) = sin x f(a) = sind =0 
f'(x) = cos x f(a) = cos 0 =1 
S'(x) = —sin x f(a) = —sin0 =0 

f” (x)= —cos x f(a) = —cos0 = —1 
f(x) = sin x fa) = sin 0 = 0 


The values of f(a) are the set of numbers 0, 1, 0, — 1 repeated again and again. 
The Taylor series (8.27) is 


(x-0)  x~0)? (—1)(x-0)3 Ox — 0t 
1! F 2! i 3! 4 4! i 
sin x = x — x9/3! + x5/S!—x7/ +-+- forall x (8.28) 
The function sin x has no singularities for real values of x. A full mathematical in- 
vestigation shows that (8.29) is valid for all values of x. 


Another example is In x. Since In 0 doesn’t exist, we cannot take a = 0 in (8.27) 
A convenient choice is a = 1. We find (Prob. 8.20) 


Inx =(x—1)—(«-17/24+(x-133-—--.  ford<x<2 (830) 
The nearest singularity to a = 1 is at x = 0 (where f doesn’t exist), and the series 
(8.30) converges to In x for 0 < x < 2. Two other useful Taylor series are 
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Pate r nee a for all x (8.31) 
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cos x = 1 — x?/21 + x*/4 — xjl + forall x (8.32) 


sinx =0+ 


Taylor series are useful in physical chemistry when x in (8.27) is close to a, so | 223 | 
that only the first few terms in the series need be included. For example, at low 
pressures, V of a gas is large and b/V (=x) in (8.9) is close to zero. In general, Taylor ee 


series are useful under limiting conditions such as low P in a gas or low concentra- 
tion in a solution. 


SUMMARY 


The compression factor of a gas is defined by Z = PV/RT and measures the deviation 
from ideal-gas P-V-T behavior. In the van der Waals equation of state for gases, 
(P + a/V2)(V — b) = RT, the a/V? term represents intermolecular attractions and b 
represents the volume excluded by intermolecular repulsions. The Redlich-K wong 
equation is an accurate two-parameter equation of state for gases. The parameters 
in these equations of state are evaluated from critical-point data. The virial equation, 
derived from statistical mechanics, expresses Z as a power series in 1/V, where the 
expansion coefficients are related to intermolecular forces. 
Important kinds of calculations dealt with in this chapter include: 


+ Use of nonideal equations of state such as the van der Waals, the Redlich—K wong, 
and the virial equations to calculate P or V of a pure gas or a gas mixture. 

* Calculation of constants in the van der Waals equation from critical-point data. 

* Calculation of differences between real-gas and ideal-gas thermodynamic proper- 
ties using an equation of state. 
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PROBLEMS 
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81 Verify that the van der Waals, the virial, and the Redlich- pressure of 28.8 g of C,Helg) in a 999-cm3 container at 25°C. 
wong equations all reduce to PV = nRT in the limit of zero Compare with the ideal-gas result. (b) Use the virial equation 


density. (8.5) to calculate the volume of 28.8 g of C,H, at 16.0 atm 
82 and 25°C. Compare with the ideal-gas result. 

4. For C3H6 at 25°C, B = —186 cm3/mol and C = 1.06 x a Í 

8.3 Verify (8.6) for the virial coefficients. 


4 
10" cm®/mol?. (a) Use the virial equation (8.4) to calculate the 


84 At 25°C, B= —42cm3/mol for CH, and B= —732 
cmĉ?/mol for n-C4H;0: For a mixture of 0.0300 mol of CH4 
and 0.0700 mol of n-C,H,9 at 25°C in a 1.000-L vessel, calcu- 
late the pressure using the virial equation and (a) the approxi- 
mation B,, ~ (B, + B2); (b) the fact that for this mixture, 
By = — 180 cm/mol. Compare the results with the ideal-gas- 
equation result. 


8.5 For ethane, P, = 48.2 atm and T, = 305.4 K. Calculate the 
pressure exerted by 74.8 g of C,H, in a 200-cm? vessel at 37.5°C 
using (a) the ideal-gas law; (b) the van der Waals equation; (c) 
the Redlich—K wong equation; (d) the virial equation, given that 
for ethane B = — 179 cm/mol and C = 10400 cm®/mol* at 
30°C, and B = —157cm3/mol and C = 9650 cm°/mol* at 
50°C. 


8.6 For a mixture of 0.0786 mol of C,H, and 0.1214 mol of 
CO, in a 700.0-cm> container at 40°C, calculate the pressure 
using (a) the ideal-gas equation; (b) the van der Waals equation, 
data in Table 8.1, and the C,H, critical data T, = 282.4 K, 
P, = 49.7 atm; (c) the experimental compression factor Z = 
0.9689. 


8.7 Show that if all terms after C/V? are omitted from the 
virial equation (8,4), this equation predicts Z, = }. 


8.8 (a) Calculate the van der Waals a and b of Ar from data 
in Table 8.1. (b) Use Eq. (8.9) to calculate the van der Waals 
second virial coefficient B for Ar at 100, 200, 300, 500, and 
1000 K and compare with the experimental values in Sec, 8.2. 


8.9 We found in Prob. 4.19 that the van der Waals equation 
gives Uinermo: = —4/V for a fluid. If we take Ujntermor = 0 for 
the gas phase, we can use a/V4p,1.q to estimate AU of vapor- 
ization at the normal boiling point (nbp). The temperature and 
density at the normal boiling point are 77.4 K and 0.805 g/cm? 
for N and 188.1 K and 1.193 g/cm? for HCl. Use the van der 
Waals constants listed in Sec, 8.4 to estimate AAyapavp Of 
N2, HCl, and H,O. Compare with the experimental values 
1.33 kcal/mol for N3, 3.86 kcal/mol for HCl, and 9.7 kcal/mol 
for H,0. 


8.10 Verify the reduced van der Waals equation (8.23) by sub- 
stituting (8.16) for a and b and (8.17) for R in (8.2). 


8.11 The Berthelot equation of state for gases is 


(P + a/TV?\(V —b) = RT 


(a) Show that the Berthelot parameters are a = 27R*T,°/64P. 
and b = RT,/8P.. (b) What value of Z, is predicted? (c) Write 
the Berthelot equation in reduced form. 


8.12 For C,Hg, V, = 148 cm3/mol. Use the reduced van der 
Waals equation (8.23) to answer Prob. 8.5. Note that the result 
is very different from that of Prob. 8.5b. 


8.13 Use Eq. (8.26) and Table 8.1 data to calculate B of Ar 


at 100, 200, 300, 500, and 1000 K and compare with the experi. 
mental values in Sec. 8.2. 


8.14 Use the virial equation in the form (8.5) to show that at 
T and P° 


Aig — H = RT? = Pie LdC" pay + 
Pres aT 2 dT 
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8.15 (a) Use the results for Prob. 8.14 and Eqs. (8.9) and (8.6) 
to show that, for a van der Waals gas at T and P°, H,,—H= 
(2a/RT — b)P° ++: and Sja — Ș =(a/RT?)P° + +++. (b) For 
C2H6, T, = 305.4 K and P, = 48.2 atm. Calculate the values 
of Hy, — H and Sa —S predicted by the van der Waals equa- | 
tion for C,H, at 298 K and 1 bar. (At 1 bar, powers of P’ 
higher than the first can be neglected with negligible error) 
Compare with the experimental values 15 cal/mol and 
0.035 cal/(mol K). q 


8.16 Although the overall performance of the Berthelot equa 
tion (Prob. 8.11) is quite poor, it does give pretty accurate 
estimates of Hj — A and S,, — Š for many gases at low pres: 
sures. Expand the Berthelot equation into virial form and use 
the approach of Prob. 8.15a to show that the Berthelot 
equation gives at T and P: Ag — H = (3a/RT? — b)P + 
and Sig — S = (2a/RT*)P + «++. (b) Neglect terms after P and 
use the results for Prob, 8.1la to show that the Berthelot 
equation predicts H,g— A ~ 81RT2P/64T?P, — RT,P/8P 
and Sia — S ~ 27RT.3P/32T°P.. (c) Use the Berthelot equa 
tion to calculate A;a — H and Sja — S for C,H, at 298 K and 
1 bar and compare with the experimental values. See Prob 
8.15b for data. (d) Use the Berthelot equation to calculate 
Šia — Š for SO, (T, = 430.8 K, P, = 77.8 atm) at 298 K and 
latm. 


8.17 Let a real gas have a molar volume F° at T and P? and 
let Vig = RT/P° be the ideal-gas molar volume at T and P' 
In the process (5.13), note that 7 + oo as P + 0. Use a modifi- 
cation of the process (5.13) in which step (c) is replaced by tW0 
steps, a contraction from V = œ to V = V° followed by ê 
volume change from V° to Fẹ}, to show that 


x ? P RT 
Aya(T, P°) — A(T, P°) = i (r i =) a? — RT Ine 


© 
where the integral is at constant T, This formula is convenient 
for use with equations like the Redlich—-Kwong and van der 
Waals, which give P as a function of 7. Formulas for Sia ~ 


and Aj — A are not needed, since these differences are easily 
derived from Ajy—A using (ĉA/ôT)y = —S and A= Ū-— 
1§ =H — PV —TS. (b) For the Redlich—Kwong equation, 
show that, at T and P°, Aa — A= RT In(1 —b/V%) + 
abt") In (1 +/V") — RT In (RT) °). (c) From (b), derive 
expressions for Sig — Sand Uj4 — U for a Redlich-Kwong gas. 


8.18 Use the corresponding-states equation (8.26) for B, data 
in Prob. 8.15, and the results of Prob. 8.14 to estimate Hig — H 
and Sia — 5 for C,H, at 298 K and 1 bar and compare with 
the experimental values. 


8.19 Use (8.27) to verify the Taylor series (8.8) for 1/(1 — x). 
820 Verify the Taylor series (8.30) for In x. 
821 Verify the Taylor series (8.31) for e*. 


822 Derive the Taylor series (8.32) for cos x by differentiating 
(8.29). 


8.23 Use (8.29) to calculate the sine of 1° to four significant 
figures. Before beginning, decide whether x in (8.29) is in degrees 
or in radians. 


8.24 This problem is only for those familiar with the notion 
of the complex plane (in which the real and imaginary parts of 
a number are plotted on the horizontal and vertical axes). The 
radius of convergence c in (8.28) for the Taylor series (8.27) can 
be shown to equal the distance between point a and the singu- 
larity in the complex plane that is nearest to a (see Sokolnikoff 
and Redheffer, sec. 8.10). Find the radius of convergence for the 
Taylor-series expansion of 1/(x? + 4) about a = 0. 


8.25 Use a programmable calculator or computer to calculate 
the truncated e* Taylor series "9 x"/n! for m = 5, 10, and 
20 and (a) x = 1; (b) x = 10. Compare the results in each case 
with e*, 


8.26 The normal boiling point of benzene is 80°C. The density 
of liquid benzene at 80°C is 0.81 g/cm°. Estimate P,, Te, and 
¥, for benzene. 


827 The vapor pressure of water at 25°C is 23.766 torr. Cal- 
culate AG3 9g for the process H,O(I) + HO(g); do not assume 
ideal vapor; instead use the results of Prob. 8.15a and data in 
Sec. 8.4 to correct for nonideality. Compare your answer with 
that to Prob. 7.39 and with the value found from AG},298 values 
in the Appendix. 
828 (a) Use the virial equation (8.5) to show that 
dB? dct dpbt ) 
Myr = —— | + —— P+ P+ 

TEE (G ‘areal 

fim pyr =(RT?/Cp)(dB"/aT) # 0 
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Thus, even though the Joule-Thomson coefficient of an ideal 
gas is zero, the Joule-Thomson coefficient of a real gas does 
not become zero in the limit of zero pressure. (b) Use (8.4) to 
show that, for a real gas, (@U/6V), + 0 as P > 0. 


8.29 Use the virial equation (8.4) to show that for a real gas 


lim (V — Vig) = B(T) 

P=0 
8.30 At low P, all terms but the first in the yyy series in Prob. 
8.28 can be omitted. (a) Show that the van der Waals equation 
(8.9) predicts uyr = (2a/RT — b)/Čp at low P. (b) At low tem- 
peratures, the attractive term 2a/RT is greater than the repul- 
sive term b and the low-P uyy is positive. At high temperature, 
b > 2a/RT and yr < 0. The temperature at which py; is zero 
in the P + 0 limit is the low-pressure inversion temperature 
Ti po- For N}, use data in Sec. 8.4 and the Appendix to cal- 
culate the van der Waals predictions for T; pọ and for yyy at 
298 K and low P. Compare with the experimental values 638 K 
and 0.222 K/atm. (Better results can be obtained with a more 
accurate equation of state—for example, the Redlich—Kwong,) 


8.31 For each of the following pairs, state which species has 
the greater van der Waals a, which has the greater van der 
Waals b, which has the greater T,, and which has the greater 
AF ap at the normal boiling point. (a) He or Ne; (b) C2H6 or 
C3Hg; (c) H20 or H,S. 


8.32 The van der Waals equation is a cubic in V, which 
makes it tedious to solve for V at a given T and P. One way 
to find V is by successive approximations, We write V= 
b + RTP + a/V2). To obtain an initial estimate Vo of V, we 
neglect a/V/? to get Vy = b + RT/P. An improved estimate is 
V, =b + RT/(P + a/V2). From V,, we get hi etc. Use suc- 
cessive approximations to find the van der Waals V for CH4 at 
273 K and 100 atm, given that T, = 190.6 K and P, = 45.4 atm 
for CH4. (The calculation is more fun if done on a program- 
mable calculator.) Compare with the experimental V found 
from Fig. 8.1. 


8.33 Use Fig. 8.5 to find V for CH, at 286 K and 91 atm. See 
Prob. 8.32 for data. 


8.34 In Prob. 7.27, the Antoine equation was used to find 
AF ,ap Of H20 at 100°C. The result was inaccurate due to 
neglect of gas nonideality. We now obtain an accurate re- 
sult. For H,O at 100°C, the second virial coefficient is 
—452 cm?/mol. (a) Use the Antoine equation and Prob. 7.27 
data to find dP/dT for HO at 100°C, where P is the vapor 
pressure. (b) Use the Clapeyron equation dP/dT = AH/(T AV) 
to find AH,,, of H20 at 100°C; calculate AV using the trun- 
cated virial equation (8.7) and the saturated-liquid’s 100°C 
molar volume, which is 19 cm?/mol. Compare your result with 
the accepted value 40.66 kJ/mol. 


CHAPTER 


SOLUTIONS 


Much of chemistry and biochemistry takes place in solution. A solution is a homo- 
geneous mixture; that is, a solution is a one-phase system with more than one com- 
ponent. The phase may be solid, liquid, or gas. Much of this chapter deals with liquid 
solutions, but most of the equations of Secs. 9.1 to 9.3 apply to all solutions. 

Section 9.1 defines the ways of specifying solution composition. The thermo- 
dynamics of solutions is formulated in terms of partial molar properties; their defi- 
nitions, interrelations, and experimental determination are discussed in Secs. 9.2 and | 
9.3. Just as the behavior of gases is discussed in terms of departures from the be- 
havior of a simple model (the ideal gas) that holds under a limiting condition (that 
of low density and therefore negligible intermolecular interactions), the behavior of 
liquid solutions is discussed in terms of departures from one of two models: (a) the 
ideal solution, which holds in the limit of almost negligible differences in properties 
between the solution components (Secs. 9.4 and 9.5); (b) the ideally dilute solution, 
which holds in the limit of a very dilute solution (Secs. 9.6 and 9.7). Nonideal solu- 
tions are considered in Chaps. 10 and 11. 


SOLUTION COMPOSITION 


There are several ways to specify the composition of a solution. The mole fraction 
x; of species i is defined by Eq. (1.5) as x; = n;/no where n; is the number of moles 
of i and n,o is the total number of moles of all species in the solution. The (molar) 
concentration (or volume concentration) ci of species i is defined by (6.21) as 


ci = n;/V (9.1) 


where V is the solution's votime; For liquid solutions, the molar concentration of 
ecies in moles per liter (dm”) is called the molarity. 
The mass concentration p; of species i in a solution of volume V is 


pi =m/V (9.2)* 


where m; is the mass of i present. p; is useful when the molecular weight of i is un- 
known (so that n; is unknown) or when i is a polymer with a distribution of molec- 
ular weights. 

For liquid and solid solutions, it is often convenient to treat one substance 
(called the solvent) differently from the others (called the solutes). Usually, the sol- 
yent mole fraction is greater than the mole fraction of each solute. We adopt the 
convention that the solvent is denoted by the letter A. 

The molality m; of species i in a solution is defined as the number of moles of 
substance i divided by the mass of the solvent. Let a solution contain ng moles of 
solute B (plus certain amounts of other solutes) and ną moles of solvent A. Let M4 
be the solvent molar mass. From Eq. (1.4), the solvent mass wa equals naM q. We use 
w for mass, to avoid confusion with molality. The solute molality mg is 


a spi 


_ Mg "g A 
mp = wi uM M, (9.3) 

Most commonly, the units of ng are moles, although millimoles, micromoles, etc., 
could also be used. M 4 in (9.3) is the solvent molar mass (not molecular weight) and 
must have the proper dimensions. The molecular weight is dimensionless, whereas 
M, has units of mass per mole (Sec. 1.4). The units of M, are commonly either 
grams per mole or kilograms per mole. Chemists almost always use moles per kilo- 
gram as the unit of molality. Therefore it is desirable that M; in (9.3) be in kg/mol. 
Valid units for the molality mg include mol/kg, mmol/g, mol/g, mmol/kg, etc., but 
we shall generally use mol/kg. The international body that recommended the adop- 
tion of SI units also recommended the use of decimal multiples and submultiples of 
SI units. Even if one is committed to the SI system, there is no objection to such 
units as grams, centimeters, millimeters, ete. 
___ The weight percent of species B in a solution equals (wp/w) x 100%, where wg 
is the mass of B and w is the mass of the solution. 

Since the volume of a solution depends on T and P, the concentrations c; change 
with changing T and P. Mole fractions and molalities are independent of T and P. 


An aqueous AgNO, solution that is 12.000% AgNO, by weight has a density 
1.1080 g/cm? at 20°C and 1 atm. Find the mole fraction, the molar concentration 
at 20°C and 1 atm, and the molality of the solute AgNO3. 7 

The unknowns are intensive properties and do not depend on the size of the 
solution, We are therefore free to choose a convenient fixed quantity of solution to 
work with; we take 100.00 g of solution. In 100.00 g of solution there are 12.00 g of 
AgNO, and 88.00 g of H,O. Converting to moles, we find n(AgNOs) = 0.07064 mol 
and nHO) = 4.885 mol Therefore x(AgNO,) = 0.07064/4.955, = 0.01425. The vor 
ume of 100.00 g of solution is V = (100.00 g)/(1.1080 g/em*) = 90.25 cm’. Equations 
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SECTION 9.1 


| 228 | (9.1) and (9.3) give 
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(AgNO3) = (7.064 x 107? mol)/(90.25 em3) = 7.827 x 1074 mol/em3 
o(AgNO3) = (7.827 x 10” * mol/em*)(10° em3/1 dm3) = 0.7827 mol/dm! 
m(AgNO3) = (7.064 x 107? mol)/(88.00 g) = 0.8027 x 1073 mol/g 
m(AgNO3) = (0.8027 x 107° mol/g)(10° g/kg) = 0.8027 mol/kg 


PARTIAL MOLAR QUANTITIES 


Partial Molar Volumes. Suppose we form a solution by mixing at constant tem 
perature and pressure ny, n2,...,n, moles of substances 1,.2,..55.7 Let. 
V* be the molar volumes of pure substances 1,...,r at T and P, and let V* be the 
total volume of the unmixed (pure) components at T and P. The star indicates a 
property of a pure substance or a collection of pure substances. We have 


V* =n VP + nV +--+, 04 =Y VP (04) 
T 


After mixing, one finds that the volume V of the solution is not in general equal to 
the unmixed volume; V # V*, For example, addition of 50 cm? of water to 50 em? 
of ethanol at 20°C and 1 atm gives a solution whose volume is only 96 cm? at 20°C 
and | atm. This is because intermolecular interactions in the solution differ from 
those in the pure components. A similar situation holds for other extensive properties, 
for example, U, H, S, A, G. For each of these, we can write an equation like (9.4, 
and for each of these, the property generally changes on mixing. 

We want expressions for the volume V of the solution and for its other extensive 
properties. Each such Property is a function of the solution’s state, which can be 
specified by the variables T, P, n 1 2,...,n,. Therefore 


K= UT, P,ny...51,) Us U(T, Pny yn) (5) 
with similar equations for H, S, etc. The total differential of V in (9.5) is 


eV eV OV OV 
wv -( ) ar+( ) a +( ) dny +: (=) dn, (95) 
OT] Pn, OPIT m OM) 7 Ping aia ÔN, J T,Pimigr É 


n, 


The subscript n; in the first two partial derivatives indicates that all mole numbers 
are held constant; the subscript n»; indicates that all mole numbers except n; arè 
held constant. We define the partial molar volume A of substance j in the solution as 


v= (=) on 
On5) TP, 


where V is the solution volume and where the partial derivative is taken with T, P, 
and all mole numbers except n; held constant. Equation (9.6) becomes 


eV ôv 
aV=(—) dar+(= F dn. 9.8) 
Ey hi ti oan À 


Equation (9.8) gives the infinitesimal volume change dV that occurs when the tem- 


perature, pressure, and mole numbers of the solution are changed by dT, dP, dn,, 


dny: + , fi 
f The partial molar volumes are partial derivatives of V and so depend on the 


same variables as V. Thus, 
V, = UT, P, ninatan (9.9) 


From (9.7), if dV is the infinitesimal change in solution volume that occurs when dn, 
moles of substance j is added to the solution with T, P, and all mole numbers except 
nj held constant, then V; equals dV/dn,;. See Fig. 9.1. V; is the rate of change of 
solution volume with respect to nj at constant T and P. The partial molar volume A 
of substance j in the solution tells how the solution’s volume V responds to the 
constant-T-and-P addition of j to the solution; dV equals V,dn; when j is added at 
constant T and P. 

We previously used a bar to denote a molar property of a pure substance, The 
volume of a pure substance is given by V = nV(T, P), where V(T, P) is the molar 
volume of the substance and n is the number of moles. Therefore (ôV/ôn)r,p = V for 
apure substance, which is consistent with (9.7) for a one-component “solution.” Hence 
the notation (9.7) is a generalization of the previous usage of the bar and is con- 
sistent with it. The partial molar volume of a pure substance is simply its molar volume. 
However, the partial molar volume of component i of a solution is not necessarily 
equal to the molar volume of pure i. When we want to refer to both these quantities, 
we denote the molar volume of pure i by V# to avoid confusion with the partial 
molar volume V, of i in solution. 


Find the partial molar volume of a component of an ideal gas mixture. 
We have 


V=(n +n +t +n + + m)RT/P (9.10) 
V, = (@V/ôni)r,pnp = RT/P = ideal gas mixture (9.11) 


Of course, RT/P is the molar volume of pure gas i, sO V, = V+ for an ideal gas 
mixture, a result not true for nonideal gas mixtures. 


Relation between Solution Volume and Partial Molar Volumes. We now find an 
expression for the volume V ofa solution. V depends on temperature, pressure, and the 
mole numbers, We know, however, that for fixed values of T, P, and solution mole 
fractions x;, the volume, which is an extensive property, is directly proportional to the 
total number of moles n in the solution. (If we double all the mole numbers at constant 
Tand P, then V is doubled; if we triple the mole numbers, then V is tripled; etc.) Since 
nt Proportional to n for fixed T, P, x4, X2x- «+» Xp the equation for V must have 
e form 


V =n T Pie a (9.12) 
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Addition of dn; moles of substance 
j to a solution held at constant T 
and P produces a change dV in 
the solution volume. The partial 
molar volume V; of j in the 
solution equals dV/dn,. 
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where n = J; n; and where f is some function of T, P, and the mole fractions, Dip 
ferentiation of (9.12) at constant T, P, x,,..., x, gives 


dV = f(T, P, x4, X25...)dn const. T, P, x; 6.13 
Equation (9.8) becomes for constant T and P 
dV =) V,dn, const. T, P (9.4 
7 
We have x; = n;/n or n; = x;n. Therefore dn; = x;dn + ndx;. At fixed Xi, We have 
dx; = 0, and dn; = x;dn. Substitution into (9.14) gives 
dV =) x,Vjdn const. T, P, x; (9.15) 
7 
Comparison of the two expressions (9.13) and (9.15) for dV gives (after division 
dn): f = J; x;V;. Equation (9.12) becomes V = nf = n Xi xiV; or (since x; = n/n) 
V=F nV, (9.16)* 
T 
This key result is the desired expression for the solution’s volume V. 


The change in volume on mixing the solution from its pure components at con- 
stant T and P is given by the difference of (9.16) and (9.4): 


AVmnix =V- V* =} nV — 7#) const. T, P (9.17) 


i 


where mix stands for mixing. 


Other Partial Molar Quantities. The ideas just developed for the volume V apply to 
any extensive property of the solution. For example, the solution's internal energy Uis | 
a function of T, P, n, . . . , n, [Eq. (9.5)], and by analogy with (9.7) we define the partial 
molar internal energy U; of component i in the solution by 


U; = (0U/ðni)r pn, (9.18) 


The same arguments that gave (9.16) give (simply replace the symbol V by U in all 
the equations of the derivation) 


U=} nū; (9.19) 


Note that U; is not the same as the chemical potential y;. Equation (4.87) reads 

H; = (0U/0n))s.y,n,,,; here S and V are held constant, compared with T and P in 

(9.18). All partial molar quantities are defined with T, P, and n Lj x; held constant. A 
We also have partial molar enthalpies H,, partial molar entropies §;, partial 


molar Helmholtz energies A;, partial molar Gibbs energies G;, and partial molar 
heat capacities C,p ;: 


I 


= (0H/6n)p pn, 5,= (0S/8N}) 7p my, (9.20) 
G/ôni)r pno Cris (6Cp/ON) 7 p,n; (9.21) 


where H, S, G, and Cp are the solution’s enthalpy, entropy, Gibbs energy, and heal 
capacity. The partial molar Gibbs ener 


gy is of special significance since it is identical 
to the chemical potential [Eq. (4.72)]: 


G= (0G/ôn)r pns, =ų 9.23)" 


Analogous to (9.16) and (9.19), the Gibbs energy G of a solution is 
G= X njG; = y Nihi (9.23) 
If Y is any extensive property of a solution, the corresponding partial molar 
property of component i of the solution is defined by 
¥ = OY/Endr, pines (9.24)* 


Partial molar quantities are the ratio of two infinitesimal extensive quantities and so 
are intensive properties. Analogous to (9.8), dY is 


oY oY Là 
dY =| -75 dT +|— dP ` dn; 
ar (lng ne OF) 
The same reasoning that led to (9.16) gives for the Y value of the solution 
y= nV, (9.26)* 


Equation (9.26) suggests that we view n;Y, as the contribution of solution com- 
ponent i to the extensive property Y of the phase. However, such a view is over- 
simplified. The partial molar quantity F; is a function of T, P, and the solution mole 
fractions, Because of intermolecular interactions, ¥; is a property of the solution as 
a whole, and not a property of component i alone. 

As noted at the end of Sec. 7.1, for a system in equilibrium, the equation dG = 
-SdT + VdP + 5); pdn; is valid whether the sum is taken over all species actually 
present or over only the independent components. Similarly, the relations G = 
YinG; and Y = §; nY, [Eqs. (9.23) and (9.26)] are valid if the sum is taken over 
all chemical species, using the actual number of moles of each species present, or over 
only the independent components, using the apparent numbers of moles present and 
ignoring chemical reactions, The proof is essentially the same as given in Prob. 7.42. 


Relations between Partial Molar Quantities. For most of the thermodynamic 
relations between extensive properties of a homogeneous system, there are corre- 
sponding relations with the extensive variables replaced by partial molar quantities. 
For example, we have 

G=H-TS (9.27) 


If we differentiate (9.27) partially with respect to n; at constant T, P, and njz; and 
use the definitions (9.20) to (9.22) of H;, G;, and S;, we get 


(0G/6nj)r, pnje: = (0H /ĝn;)r,P,njżi — T(6S/6n)7,P.nj21 
m= 6, = A-T; 0.28) 


which corresponds to (9.27). 
Another example is the first equation of (4.70): 


(8G/0T)p.n, = -5 
Partial differentiation of (9.29) with respect to n; gives 


D idea? let Gene 
Ani) 7 pnje, Lôn \OT/ pin, lr P.nser OT \6nj/7,P.nj4i1P.nj 


(9.29) 
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where 67z/(Ax dy) = 67z/(@y ôx) [Eq. (1.36)] was used. Use of (9.20) and (9.22) give, 


On; ze) = 
NAER ENED S; ; 
Ex (a pa ea 


which corresponds to (9.29) with extensive variables replaced by partial molar quan. _ 
tities. Similarly, partial differentiation with respect to n; of (0G/OP)7n, = V leads to 


au) S zE) ay 
(ekeela Daj i 


The subscript n; in (9.31) indicates that all mole numbers are held constant. 


1] 


Importance of the Chemical Potentials. The chemical potentials are the key prop- 
erties in chemical thermodynamics. The y;s determine reaction equilibrium and 
phase equilibrium. Moreover, all other partial molar properties and all thermodynamic 
properties of the solution can be found from the urs if we know the chemical po- 
tentials as functions of T, P, and composition. The partial derivatives of y; with 


respect to T and P give —S, and Ñ; [Eqs. (9.30) and (9.31)]. The use of u; = Hj- 
TS; [Eq. (9.28)] then gives H;, The use of Ū; = H,— PV, (Prob. 9.9) and Cp, = 
(@H;/0T)p.,, gives U; and Cp. Once we know the partial molar quantities p $p 
V, etc., we get the solution properties as G = ),n,G,, S = Y nS, V = Yj nV ete 
[Eq. (9.26)]. Note that knowing V as a function of T, P, and composition means 
we know the equation of state of the solution. 


EXAMPLE 


Find V; for a component of an ideal gas mixture starting from p. 
The chemical potential of a component of an ideal gas mixture is [Eq. (64)] 


Hy = (T) + RT In (P;/P°) = yj(T) + RT In (x;P/P°) 
Use of V; = (04;/0P) rp , [Eq. (9.31)] gives, in agreement with (9.11) 
V; = RT(6[In (x;P/P°)]/OP)y. n y= RT/P 


Mixing Quantities. Similar to the definition AV,,, = V — V* at constant T and 
P [Eq. (9.17)], one defines other mixing quantities for a solution. For example, 
AH mix = H — H*, AS nix = S — S*, and AGmix = G — G*, where H, S, and G are 
properties of the solution and H*, S*, and G* are properties of the pure unmixed 
components at the same T and P as the solution. 

y The key mixing quantity is AG mix = G — G*. The Gibbs energy G of the solu- 
tion is given by (9.23) as G = J; n;G; (where G; is a partial molar quantity). The 
Gibbs energy G* of the unmixed components is G* = Y; n,G# (where GF is the molar 
Gibbs energy of pure substance i). Therefore 

AGwix = G—G* = 5 n(G,— Gt) const. T, P (3) 
7 
which is similar to (9.17) for AV,,;,. We have 
AGnix = AHmix— TASpiz const. T, P 03) 


which is a special case of AG = AH — TAS at constant T. 


| 


Just as S; and Ñ; can be found as partial derivatives of G; [Eqs. (9.30) and 
(31), ASmix and AVmix can be found as partial derivatives of AG,,;,. Taking 
(0/6P 7.0; of (9.32), we have 


AG mix = K {G, — Gt) = I LE (r) = 7- V* 
(or) ap" i i de oP Py oP J = Ln ‘tei 19) 


mix’ 


where (9.31), (4.51), and (9.17) were used. 
Similarly, taking (/ôT)p,n; Of (9.32), one finds (Prob. 9.9b) 


AG mix 
ASit) ASIA (9.35) 
P,nj 


The partial molar relations and mixing relations of the last subsection and this 
one are easily written down, since they resemble equations involving G. Thus, (9.28) 
and (9.33) resemble G = H — TS, (9.30) and (9.35) resemble (G/ôT)p = —S [Eq. 
(4.51)], and (9.31) and (9.34) resemble (0G/0P); = V [Eq. (4.51)]. 

The changes A Vpis AU mio AH mix» and ACp mix that accompany solution for- 
mation are due entirely to changes in intermolecular interactions. However, changes 
in S, A, and G result not only from changes in intermolecular interactions (both 
energetic and structural) but also from the unavoidable increase in entropy that ac- 
companies the constant- T-and-P mixing of substances and the simultaneous increase 
in volume each component occupies. Even if the intermolecular interactions in the 
solution are the same as in the pure substances, there will still be a nonzero AS mix 
and AG mix 


It might be thought that AS mix at constant T and P will always be positive, since a $0- 
lution seems intuitively to be more disordered than the separated pure components. It is 
true that the contribution of the volume increase of each component to ASmix is always 
positive. However, the contribution of changing intermolecular interactions can be either 
positive or negative and sometimes is sufficiently negative to outweigh the contribution 
of the volume increases. For example, for mixing 0.5 mol H3O and 0.5 mol (C2H5) NH 
at 49°C and 1 atm, experiment gives ASmix = —8.8 J/K. This can be ascribed to stronger 
hydrogen bonding between the amine and water than the average of the hydrogen-bond 
strengths in the pure components. Of course, the mixing here is highly exothermic, so 
that AS,,,, is larger than |AS..:|, ASuniv is positive, and AGmix = AHmix — TASmix S 
negative. 


_ Mixing quantities such as AVjyig, AHmio and ASmix tell us something about 
intermolecular interactions in the solution as compared with those in the pure com- 
ponents, Unfortunately, interpretation of mixing quantities of liquids in terms of 
molecular interactions is quite difficult; see Rowlinson and Swinton, chap. 5, for dis- 
cussion of many cases. 


Experimental Determination of Mixing Quantities. AVinix is easily determined 
Tom density measurements on the solution and the pure components or from direct 

Measurement of the volume change on isothermal mixing of the components. AH mix 

at constant T and P is easily determined in a constant-pressure calorimeter. 

ö How do we get AG mix? AGmix is calculated from vapor-pressure measurements. 
ne measures the partial pressures P4 and Pg of A and B in the vapor in equilibrium 
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Six-step isothermal process to 


convert pure liquids A and B at 
pressure P to a solution of A + B 


at P. PX and P$ are the vapor 
Pressures of pure A and B, and 


P, and Py are the partial vapor 
pressures of the solution of A + B. 


AC, P) + Bil, P) 
i 

AUPE) + BUPE) 
V2 

APA) + BG, PE) 
3 

AGP.) + BY, Py) 


(A +B) (g, P4 + Pg) 


vs 


(A+B) (1, Py +Py) 


ve 


(A+B) (Q, P) 


with the solution and measures the vapor pressures P4 and P$ of pure A and pure 
B at the temperature of the solution. The hypothetical isothermal path of Fig. 9) 
starts with the pure liquids A and B at T and P and ends with the liquid solution at | 
T and P. Therefore AG for this six-step process equals AG mix- One uses thermodyng. 
mic relations to express AG of each step in terms of P4, Py, PX, and Ph, thereby | 
obtaining AGmix in terms of these vapor pressures. For the details, see Prob, 95) | 

Once AG,,, and AH,,, are known, ASmix is found from AG,,;, = AH 
TAS, 33: 


mix T 


Summary. The partial molar volume Ñ; of component i in a solution of volume 
V is defined as Ñ = (0V/6nj)r p.n,,,. The solution’s volume is given by V = Ying, 
Similar equations hold for other extensive properties (U, H, S, G, etc.). Relations be- 
tween G;, H;, S; and V; and between AGmis, AH mix ASmpis and AV nix Were found 
these resemble corresponding relations between G, H, S, and V. All thermodynamic 
properties of a solution can be obtained if the chemical potentials H; = G; are known 
as functions of T, P, and composition. 


DETERMINATION OF PARTIAL MOLAR QUANTITIES 


Partial Molar Volumes. Consider a solution composed of substances A and B, 
To measure Vy = (6V/Ong)7,p..,+ We prepare solutions at the desired T and P all of 
which contain a fixed number of moles of component A but varying values of ny 
We then plot the measured solution volumes V vs. ny. The slope of the V-vs.-ty 
curve at any composition is then Vj for that composition. The slope at any point on 
a curve is found by drawing the tangent line at that point and measuring its slope. 
_ Once Vy has been found by the slope method, V, can be calculated using V= 
na Va + ngVg [Eq. (9.16)]; we have V= (V= na Vo)/na: 
Figure 9.3 plots V vs. n(MgSO,) for aqueous solutions of this salt that contain 
a fixed amount (1000 g or 55.5 mol) of the solvent (HO) at 20°C and 1 atm. For 
1000 g of solvent, np is numerically equal to the solute molality in mol/kg. Because 
of strong attractions between the solute ions and the water molecules, the solution 
volume V initially decreases with increasing Nypco, at fixed nyo. The negative slope 
means that the partial molar volume Vurgso, is negative for molalities less than 
0.07 mol/kg. The tight packing of water molecules in the solvation shells around the 
ions makes the volume of a dilute MgSO, solution less than the volume of the putt 
water used to prepare the solution, and V meso, iS negative. (Partial molar heat 
capacities Cp; of electrolytes in dilute aqueous solutions are frequently negative) 
The value of Ñ in the limit as the concentration of solute i goes to zero is the 
infinite-dilution partial molar volume of i and is symbolized by V;°. To find V7 of 
MgSO, in water at 20°C, one draws in Fig. 9.3 the line tangent to the curve al 
"mgso, = 0 and takes its slope. Some V? values for solutes in aqueous solution a! 
25°C and 1 atm compared with the molar volumes V¥ of the pure solutes are: 


Sonte NaCl | Na,SO, | MgSO, | H,S0, | CHOH | mC; 
VF /(cm?/mol) 166 | 116 -70 14.1 37 | 70.7 
Vt/(cm*/mol) 20 | 530 453 srl ow | fst 


-= (1001.9 - 1001.7) em? 
(0.3 - 0.1) mol 


= 1 cm? /mol 


n (MgSO, )/mol 
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A method for finding partial molar volumes in a two-component solution that 
is more accurate than the slope method of Fig. 9.3 is the following. Let n = n4 + ng 
be the total number of moles in the solution. One plots AVmix/n [where A Vmix is 
defined by (9.17)] against the B mole fraction xg. One draws the tangent line to the 
curve at some particular composition xp (see Fig. 9.4). The intercept of this tangent 
line with the AV,,,,/n axis (at xg = 0 and x, = 1) gives Vy — V% at the composition 
xy; the intersection of this tangent line with the vertical line xg = 1 gives Va — Vi 
at x}. (Proof of these statements is outlined in Prob. 9.19.) Since the pure-component 
molar volumes V* and V% are known, we can then find the partial molar volumes 


V, and Vp at xh. 


| PAPE i 


Figure 9.4 plots AV, 


‘nix/n against xc nson for water—ethanol solutions at 20°C and 
1 atm. Use this plot to find the partial molar volumes of water and ethanol in a 
solution with xc,n,on = 0.5, given that at 20°C and 1 atm, V/* = 18.05 cm*/mol for 
H,0 and V* = 58.4 cm3/mol for ethanol. 

The tangent line to the curve is drawn at xe,nson = 0.5. Its intercept at 


Volumes at 20°C and 1 atm of 
solutions containing 1000 g of 
water and n moles of MgSO,. 
The dashed lines are used to find 
that Argso, = | cm3/mol at 
molality 0.1 mol/kg. 


Xouson = 0 is at — 1.35 cm3/mol, so Pno — Fio = —135 cm3/mol and Fao = 
X ethanol 
0 0.2 04 06 0.8 1 
0. TCT 


(V-V*)/n 
cm? /mol 


AVpix/n for water—ethanol 
solutions at 20°C and 1 atm. The 
tangent line is used to find the 
partial molar volumes at 

Xethanol = 9.5. 
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18.05 cm?/mol — 1.35 cm?/mol = 16.7 cm?/mol at X¢,,0n = 0.5. The tangent ine 
intersects X¢,4,0H = 1 at —0.8cm?/mol, so Vo.u.0n — VEsu.on = —08 om? ng 
and Vo.u,0% = 57.6 cm3/mol at x¢,4,0H = 0.5. 


. 
Drawing tangents at several solution compositions in Fig. 9.4 and using the 
intercepts to find the partial molar volumes at these compositions, one obtains th 
results shown in Fig. 9.5. This figure plots Fao and Venson against solution com 
position. Note that when Vy,o is decreasing, VosHs0n is increasing, and vice versa, We 
will see in Sec. 10.2 that dV, and d Vg must have opposite signs in a two-component 
solution. The limiting value of Vosuson at Xenon = 1 is the molar volume of pur 
ethanol. 
A third way to determine partial molar volumes is to fit solution volume dat 
for fixed ng to a polynomial in ng. Differentiation then gives Vp. See Prob, 9.17, 


Partial Molar Enthalpies, Entropies, and Gibbs Energies. Similar to V = Linh, 
the enthalpy H of a solution is given by H = Xi nH; [Eq. (9.26)], where the partial 
molar enthalpy H; of substance i is H, = (0H/0n))7,pn,,, [Eq. (9.20)]. The enthalpy 
of mixing to form the solution from its pure components at constant T and Pis | 
AH mix = H — H* = J; n(H; — Hf), which is similar to (9.17) for AVpi. For a two 
component solution 


AH pix = na(H a — Ah) + nlg — F8) (0.36) 


Although we can measure the volume V of a solution, we cannot measure its | 
enthalpy H, since only enthalpy differences can be measured. We therefore deal with 
the enthalpy of the solution relative to the enthalpy of some reference system, which 
we may take to be the unmixed components. ] 


Similar to the procedure of Fig. 9.4, we plot AH mix/n against xg and draw the | 


Partial molar volumes in 
water—ethanol solutions at 20°C 
and 1 atm, 
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ethanol 


tangent line at some composition Xp;_the intercepts of the tangent line at xp = 0 
and xp = 1 give Ha — Hž and Hg — H§, respectively, at x. We thereby determine 
partial molar enthalpies relative to the molar enthalpies of the pure components. 

Some values of the relative partial molar enthalpies of solutes in aqueous solu- 
tion at infinite dilution at 25°C and 1 bar are: s 


Solute | Naci | K350, | LiOH | CH,COOH CH;0H | CO(NH3)2 


(ig — ApK/mon | 3.9 | ze | —236 | —15 Fa | 15.1 


If B is a solid at 25°C, H% in this table refers to solid B. 

From experimental AS,,;, and AG,,;, data, one obtains relative partial molar 
entropies and Gibbs energies S; — S* and pu; — uf by the same procedure as for 
A,- Ht. 


Integral and Differential Heats of Solution. For a two-component solution, the 
quantity AH mix/^g is called the integral heat of solution per mole of B in the solvent 
A and is symbolized by AH ;int,B: 


AFiint.p = SH mix/"g (9.37) 


where AH mix is given by (9.36). AF inn is an intensive property that depends on the 
composition of the solution; for a two-component solution, Aj, is a function 
of T, P, and xg. Physically, AHj,.,n is numerically equal to the heat absorbed by the 
system when 1 mole of pure B is added at constant T and P to sufficient pure A to 
produce a solution of the desired mole fraction xg. The limit of AĤ imp as the solvent 
mole fraction x, goes to 1 is the integral heat of solution at infinite dilution AHn,B 
per mole of B in A. The quantity AHi, g equals the heat absorbed by the system 
when 1 mole of solute B is dissolved in an infinite amount of solvent A at constant 
T and P. 

The integral heat of solution per mole of B involves the addition of 1 mole of 
B to pure A to produce the solution, a process in which the B mole fraction changes 
from zero to its final value Xp. Suppose, instead, that we add (at constant T and P) 
I mole of B to an infinite volume of solution whose B mole fraction is xg. The 
Solution composition will remain fixed during this process. The enthalpy change per 
mole of added B when B is added at constant T and P to a solution of fixed com- 
Position is called the differential heat of solution of B in A and is symbolized by 
AH air p- The quantity AĤ jirr,ẹ is an intensive function of T, P, and solution com- 
position. From the preceding definitions, it follows that at infinite dilution the dif- 
ferential and integral heats of solution become equal: AH fng = AH Sir.p- 

Rather than imagine a solution of infinite volume, we can imagine adding at 
constant T and P an infinitesimal amount dng of B to a solution of finite volume 
and with composition xg. If dH is the enthalpy change for this infinitesimal process, 
then AH aitt a = dH/dng at the composition xg. When dng moles of pure B is added 
to the solution at constant T and P, the solution’s enthalpy changes by dH;oin = Hg dng 
an m ea deh pea aay han 
this addition ie hed) or oe cis ee na = ye Thus 

ion is then dH = Hy dng — Hf dng, and AH aire = dH/dng = Hg — Hg 


AH aitte = Hg- Aš Q28) 


— Ea 
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The differential heat of solution of B equals the partial molar enthalpy of B int 
solution minus the molar enthalpy of pure B. Determination of the relative partil 
molar enthalpy Hy — Ħ% was discussed earlier in this section. 

The National Bureau of Standards (NBS) thermodynamics tables cited in Ste 
5.8 list the apparent enthalpy of formation for several solutes in aqueous solution 
of various concentrations. To see what these apparent enthalpies mean, consider 
H,SO,4. The NBS tables give AH% 29 = —813.99 kJ/mol for pure H,SO,l) a 
AH} 298 = — 855.44 kJ/mol for H,SO, dissolved in 2 moles of water. This mean 
that, for mixing 1 mol of H,SO,(I) and 2 mol of H,O(!) to form a solution, the 
enthalpy change is [ —855.44 — (—813.99)] kJ/mol = — 41.45 kJ/mol at 25°C and1 
bar. In other words, the integral heat of solution per mole of H,SO, for formatio 
of an HO-H,SO, solution with x,50, = $ is AF im, naso, = — 41.45 kJ/mol at 25¢ 
and 1 bar. The exothermicity of mixing water and sulfuric acid is well known, 


For aqueous H,SO, solutions at 25°C and 1 bar, integral heats of solution per 
mole of H,SO, vs. H,SO, mole fraction are (B = H 250, and A = H,0): 


AAigys/(kJ/mol) | —1573 | -2780 | -3590 | —4145 -4892 | (Sah 
Xp | 0667 | 0500 | 0.400 0.333 0.250 0 


The value in parentheses is AĦ®, p and is found by extrapolation, Find the 
differential heats of solution (relative partial molar enthalpies) of H,O and H,S0, 
at xy,50, = 0.400. 

The differential heats Hy, — HX and Hy — F$ [Eq. (9.38)] can be found froma 


plot of AH mix/^ Vs. xp (similar to Fig. 9.4), The AÑ in,g values given are AH myix/Mp [E0 


(9.37)}. Therefore, we multiply AHin..3 = AH mi/ng by ny/n = xp to get AH n/t W 
get (of course, AH mix is zero at Xg = 0 and at xp = 1): 


(AHpix/n)/(kJ/mol) | 0 | —1049 | -1390 | —14.36 —13,82 -1235 
| Eira i la 
xy 1 0667 | 0.500 | 0400 0333 | 0250 |0 


Plotting the data and drawing the tangent line at Xp = 0.400, one finds (Prob. 9.20) 


the intercept at x, = 0 to be —13.2 kJ/mol = AH dift,H420 ANd the intercept ot 


Xp = 1 to be —16.1 kJ/mol = AÄaitt s0.: 


IDEAL SOLUTIONS 


The discussion in Secs. 9.1 to 9.3 applies to all solutions. The rest of this chapter det 
with special kinds of solutions. This section and the next consider ideal solutio 

The molecular picture of an ideal gas mixture is one with no intermolecult 
interactions. For a condensed phase (solid or liquid), the molecules are close togethe 


and we could never legitimately assume no intermolecular interactions. Our molecu- 
Jar picture of an ideal solution (liquid or solid) will be a solution where the molecules 
of the various species are so similar to one another that molecules of one component can 
replace molecules of another component in the solution without changing the solution’s 
spatial structure or the energy of intermolecular interactions in the solution. 

Consider a solution of two species A and B. To prevent change in spatial struc- 
ture of the liquids (or solids) on mixing A and B, the A molecules must be essentially 
the same size and shape as the B molecules. To prevent change in the intermolecular 
interaction energy on mixing, the intermolecular interaction energies should be essen- 
tially the same for A-A, A-B, and B-B pairs of molecules. 

The closest resemblance occurs for isotopic species; for example, a mixture of 
12CH;I and 'SCH3lI. [Strictly speaking, even here there would be very slight depar- 
tures from ideal behavior. The difference in isotopic masses leads to a difference in 
the magnitudes of molecular zero-point vibrations (Chap. 21), which causes the bond 
lengths and the dipole moments of the two isotopic species to differ very slightly. 
Hence the molecular sizes and intermolecular forces will differ very slightly for the 
isotopic species.] Apart from isotopic species, there are some pairs of liquids for 
which we would expect quite similar A-A, A-B, and B-B intermolecular interactions 
and quite similar A and B molecular volumes and hence would expect nearly ideal- 
solution behavior. Examples include benzene-toluene, n-C;H ; .—n-CgH 3, C2H5Cl- 
C,H.Br, and C(CH3)4—Si(CH3)4. 

The ideal-solution model serves as a reference point for discussing the behavior 
of real solutions. Deviations from ideal-solution behavior are due to differing A-A, 
A-B, and B-B intermolecular interactions and to differing sizes and shapes of the A 
and B molecules, and these deviations can tell us something about the intermolecular 
interactions in the solution. 

Since thermodynamics is a macroscopic science, the preceding molecular defini- 
tion of an ideal solution is not acceptable in thermodynamics. To arrive at a ther- 
modynamic definition of an ideal solution, we examine experimental AG,,;, data. 
One finds that, when two liquids A and B whose molecules resemble each other 
closely are mixed at constant T and P, the experimental AG,,;, data (as determined 
from vapor-pressure measurements—Sec. 9.2) satisfy the following equation for all 
solution compositions: 


AG mig = RT(n, In x4 + mg ln xg) ideal soln., const. T, P (9.39) 


where n4 and ng, x4 and xp are the mole numbers and mole fractions of A and B in 
the solution and R is the gas constant. For example, experimental AG mix data [M. B. 
Ewing and K. N. Marsh, J. Chem. Thermodyn., 6, 395 (1974)] versus cyclohexane 
mole fraction x for solutions of cyclopentane (C;H;o) plus cyclohexane (C,H, ) at 


298.15 K as compared with the ideal-solution values AGiS... calculated from (9.39) 
are: 


£ | o 02 03 04 0.5 o6 j 08 
CCan)/mo | —go7 | -1242 | —1517 | —1672 | —1722 | -1672 | —1242 
Aca f)//mo) | -s06 | —1240 | —1514 | —1668 | —1718 | —1668 | -120 


e i 
Miere n=n, +ng. For a solution of CgH¢ plus C6De (where D =7H) with 
Catt, = 0.5, experimental versus ideal-solution AG mix Values at various temperatures 


— E 
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| 240 | are [G. Jakli, P. Tzias, and W. A. Van Hook, J. Chem. Phys., 68, 3177 (1978)}: 
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Mixing of two liquids at constant 
T and P. 


at T, P 


t 10°C | 25°C | 50°C 80°C 
(AG pix/n)/(J/mol) — 1631.2 | —1717.7 —1861.8 — 2034.7 
(AGig,,/n)/(3/mol) —16318 | —17183 | —18623 —2035.2 


We can show why (9.39) would very likely hold for ideal solutions. From the 
molecular definition, it is clear that formation of an ideal solution from the pin 
components at constant T and P is accompanied by no change in energy or volun 
AU mix = 0 and AV,,;, = 0. Therefore AH mix = AU mix + P AVpix = 0. 

What about AS mix? AS mix is AS for the process of Fig. 9.6. We found in Sec). 
that for a process in a closed system, AS = S, — S; = k In (p2/p,) [Eq. (3.53)), whey 
pı and p, are the probabilities of the initial and final states and k is Boltzmanni 
constant. The initial state has all the A molecules in the left portion of the contain 
and all the B molecules in the right portion. The final state has the A and B molecuti 
uniformly distributed throughout the container, with no change in T or P. Theon 
difference between the initial and final states is in the spatial distribution of the mol 
cules. Because the A and B molecules have no differences in intermolecular intr 
actions or sizes and shapes, the A and B molecules have no preference as to thir 
locations and will be distributed at random in the container. We want the probabili] 
ratio pz/p, for the condition of random spatial distribution in state 2, with eat 
molecule having no preference as to which molecules are its neighbors. | 

We could use probability theory to calculate pı and p3, but this is unnecessan 
because we previously dealt with the same situation of the random distribution d 
two species in a container. When two ideal gases mix at constant T and P, theres 
random distribution of the A and B molecules. For both an ideal gas mixture an 
an ideal solution, the probability that any given molecule is in the left part of Hi 
mixture equals V4/(V + Vis) = V4/V, where V% and Vi are the unmixed volumė 
of A and B and V is the mixture’s volume. Therefore pı and pz will be the same ht 
an ideal solution as for an ideal gas mixture, and AS mix Which equals k In (p/h 
will be the same for ideal solutions and ideal gas mixtures, 

For ideal gases, Eq. (3.32) gives | 


AS mix = =MR In (VX/V) — ngR In (V$/V) | 


and this equation gives AS miy for ideal solutions. Since A and B molecules have v| 
same size and the same intermolecular forces, A and B have equal molar volume 
Vts Vš- Substitution of VRE na V3, Vi =n 7$ = ngV%, and V=Vi+ Viz) 
(na + Mp)VX into the above AS,,;, equation gives ASmix = — NAR In xq — mph las 
for an ideal solution. (For a more rigorous statistical-mechanical derivation 0 w 
result, see Rowlinson and Swinton, p. 280.) | 

Substitution of AH mix = 0 and AS nix = —ngR In x4 — ngR In xp into Almin 
AH mix — T ASmix then gives the experimentally observed AG,,;, equation (9.39) 
ideal solutions. 

At first sight, it might seem puzzling that an equation like (9.39) that applies" 
ideal liquid mixtures and solid mixtures would contain the gas constant R. Howe 
R is a far more fundamental constant than simply the zero-pressure limit of P ie 
of a gas. R (in the form R/N, = k) occurs in the fundamental equation (3.52) fo" a 
tropy and occurs in other fundamental equations of statistical mechanics (Chap: 


As noted in Sec. 9.2, the chemical potentials 4; in the solution are the key ther- 
modynamic properties, so we now derive them from AG mix of (9.39). We have AG mix = 
G-Gt=); ntti Di nit [Eq. (9-32)]. For an ideal solution, AG,,;,=RT J; n; In x; 


(Eq. (9.39)]. Equating these AG mix expressions, we get 
mii = D nlu + RT Inx) (9.40) 


where the sum identities (1.50) were used. The only way this last equation can hold 
for all n; values is if (see Prob. 9.51 for a rigorous derivation) 


Li = UT, P) + RT In x; ideal soln. (9.41) 


where (since AG mix is at constant T and P), y#(T, P) is the chemical potential of pure 
substance i at the temperature T and pressure P of the solution. 

We shall adopt (9.41) as the thermodynamic definition of an ideal solution. A 
solution is ideal if the chemical potential of every component in the solution obeys (9.41) 
for all solution compositions and for a range of T and P. 

Just as the ideal-gas law PV = nRT is approached in the limit as the gas density 
goes to zero, the ideal-solution law (9.41) is approached in the limit as the solution 
components resemble one another more and more closely, without, however, becoming 
identical. 

Figure 9.7 plots i; versus x; at fixed T and P for an ideal solution, where p; = 
ut + RT In x;. As x; > 0, 4; > — 90. As x; increases, p; increases, reaching the chemi- 
cal potential y* of pure i in the limit x; = 1. Recall the general result that 4; of a 
substance in a phase must increase as the i mole fraction x; increases at constant T 
and P [Eq. (4.90)]. 


Summary. AG,,;, data (as found from vapor-pressure measurements) and statistical- 
mechanical arguments show that in solutions where the molecules of different species 
resemble one another extremely closely in size, shape, and intermolecular interactions, 
the chemical potential of each species is given by 4; = u¥(T, P) + RT In x; such a 
Solution is called an ideal solution. 


THERMODYNAMIC PROPERTIES OF IDEAL SOLUTIONS 


In the last section we started with the molecular definition of an ideal solution and 
arrived at the thermodynamic definition (9.41). This section uses the chemical poten- 
tials (9.41) to derive thermodynamic properties of ideal solutions. Before doing so, 
We first define standard states for ideal-solution components. 


Standard States. Standard states were defined for pure substances in Sec. 5.1 and 
for components of an ideal gas mixture in Sec. 6.1. The standard state of each com- 
ponent i of an ideal liquid solution is defined to be pure liquid i at the temperature 
T and pressure P of the solution. For solid solutions, we use the pure solids. We 
have Hi = u(T, P), where, as always, the degree superscript denotes the standard state 
and the star superscript indicates a pure substance. The ideal-solution definition (9.41) 


then is 
i= UR + RT Inx; ideal soln. (9.42)* 
u? = X(T, P) ideal soln. (9.43)* 


— ea 
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The chemical potential u; of a 
component of an ideal solution 
plotted vs. x; at fixed T and P. 
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Mixing quantities for a two- 
component ideal solution as a 
function of composition at 25°C, 


where p; is the chemical potential of component i present with mole fraction wh 
an ideal solution at temperature T and pressure P and uF is the chemical potential 
of pure i at the temperature and pressure of the solution. 


Mixing Quantities. If we know mixing quantities such as AG mix, AVini,, and AH py 
then we know the values of G, V, H, etc., for the solution relative to values for the 
pure components. All the mixing quantities are readily obtained from the chemical 
potentials (9.42). 

We have AGmix = G — G* = J; nàm; — už) [Eqs. (9.32) and (9.22)]. Equation 
(9.42) gives u; — uf = RT In x;. Therefore 


AGnix =RT Yn;Inx; ideal soln., const. T, P (0.4) 
7 


which is the same as (9.39). Since 0 < x; < 1, we have In X; < 0 and AG, <0, a 
must be true for an irreversible (spontaneous) process at constant T and P. 


From (9.34), A Vpis = (0AG,,;,/OP)7,,,- But the ideal-solution AG mix in (9.44) does 
not depend on P. Therefore 


AVmix =9 ideal soln., const. T, P (045) 


There is no volume change on forming an ideal solution from its components at 
constant T and P, as expected from the molecular definition (Sec. 9.4), 
From (9.35), AS mix = —(0AG,,;./0T)p,,. Taking 0/AT of (9.44), we get 


ASmix = —R X nln x; ideal soln., const. T, P (9.46) 
i 


which is positive. AS; is the same for ideal solutions as for ideal gases [Eq. (3.33)}. 
From AGmix = AH mix — T AS mix and (9.44) and (9.46), we find 


AHmix=0 ideal soln., const. T, P (9.47) 
400 L 
200 + -1000 
E 
zoa o= 
-200 L- 
-1000 
ut 
i 
p o.s J 
*B 


| There is no heat of mixing on formation of an ideal solution at constant T and P. 
From AH mix = AU mix + PAVmix at constant P and T and Eqs. (9.45) and (9.47), 
ve have AU mix = 0 for forming an ideal solution at constant T and P, as ex ec d 
from the molecular picture. ; é? 
Figure 9.8 plots AGmix/n AH mix/", and T ASmix/" for an ideal two-component 
solution against the B mole fraction xg at 25°C, where n = ny + ng. 
For an ideal solution, AH mix = 0 and AVmi = 0. A solution can have AH mix = 0 and 
AVpj, = 0 and still be nonideal, since its AS,,, might deviate from (9.46); see Eyring, 
Henderson, and Jost, vol. 1, p. 334 and H. Tompa, Polymer Solutions, Butterworths, 1956, 


pp. 32, 75. 


Vapor Pressure. If the applied pressure on an ideal liquid solution is reduced until 
the solution begins to vaporize, we obtain a two-phase system of solution in equilib- 
rium with its vapor. As we shall see, the mole fractions in the vapor phase will gen- 
erally differ from those in the liquid phase. Let Xg, X2,o9+ ++» Xio ++ be the mole 
fractions in the vapor phase in equilibrium at temperature T with an ideal liquid 
solution whose mole fractions are Xj, X2,..+53 x), ... (Fig. 9.9). The vapor pressure is 
Pand equals the sum of the partial pressures of the gases: P= Py t Patt 
P, +, where P; = x;P. The system’s pressure equals the vapor pressure P. We 
now obtain the vapor-pressure equation for an ideal solution. 

The condition for phase equilibrium between the ideal solution and its vapor 
(is i= fi [Eq. (4.88)] for each substance i, where p; and 4, are the chemical 
potentials of jin the solution and in the vapor, respectively. (In this chapter, the sym- 
bols 44, n°, x;, 4 without a phase subscript refer to the solution or to pure liquid i, 
the partial-pressure symbols P; and P# refer to the vapor above the solution or above 
pure liquid i.) Equation (9.42) gives p; in the ideal solution. We shall assume that the 
Vapor is an ideal gas mixture, which is a good assumption at the low or moderate 
pressures at which solutions are usually studied. The chemical potentials in an ideal 
as mixture are j; = pj, + RT In (P;/P°) [Eq. (6.4)}, where H,» is the chemical po- 
tential of pure ideal gas i at T and P° = 1 bar, and where P; is the partial pressure 
of iin the vapor in equilibrium with the solution. Substitution of this expression for 
Hy and of j; = u¥ + RT In x; [Eq. (9.42)] for the ideal-solution 4; into the equilib- 
tum condition 4; = j; „ gives 


us(T, P) + RT In x; = K}(T) + RT In (P;/P°) (9.48) 


he Let P¥ be the vapor pressure of pure liquid i at temperature T. For equilibrium 
Ween pure liquid i and its vapor, we have f(T, P}) = ut(T, P?) or [Eq. (6.4)] 


UXT, P}) = pẹ (T) + RT In (P}/P°) i 
Subtraction of (9.49) from (9.48) gives 
KËT, P) — uf(T, Pf) + RT In x; = RT In (P;/P}) a 


For liqui G Fe 

a Gf = uF varies only very slowly with pressure (Sec. 4.5), so to a high 

high). of approximation we have (T, P) = f(T, Př) (unless the pressure is very 

a= Equation (9.50) then simplifies to RT In x; = RT In (P;/P#). If In a = In b, then 
. Therefore x; = P,/P* and 


P;=x;P* ideal soln., ideal vapor, P not very high (9.51)* 
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An ideal liquid solution in 
equilibrium with its vapor (v). 
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(a) Partial pressures Py and Ps 
and (total) vapor pressure 

P = Py + Px above an ideal 
solution as a function of 
composition at fixed T, 

(b) Vapor-phase mole fraction of 
A vs. liquid-phase x4 for an ideal 
solution of A + B plotted for three 
different ratios PX/P% of the 
pure-component vapor pressures. 


In Raoult’s law (9.51), P; is the partial pressure of substance i in the vapor above 
an ideal solution at temperature T, x; is the mole fraction of i in the ideal solution, 
and Př is the vapor pressure of pure liquid i at temperature T: Note that as xp in 
(9.51) goes to 1, P; goes to P*, as it should. As x; in the solution Increases, both the 
chemical potential 4; (Fig. 9.7) and the partial vapor pressure P; increase. Recall that 
H; is a measure of the escaping tendency of i from a phase. Raoult’s law can be written 
as 

XipP = x;PF (9.52) 
where P is the (total) vapor pressure of the ideal solution and x; „is the mole fraction 
of i in the vapor above the solution. 

The vapor pressure P in equilibrium with the ideal solution is the sum of the 
partial pressures. For a two-component ideal solution, Raoult’s law gives 


P= Pa + Pp =X,Ph + xP = x,P% + (1 — x,)P* (9.53) 
P= (PK — P$)xa + P$ (9.54) 


At fixed temperature, P and P$ are constants, and the two-component ideal- 
solution vapor pressure P varies linearly with Xa. For x, = 0, we have pure B, and 
P = P§. For x, = 1, the solution is pure A, and P = PX. Figure 9.10a shows the 
Raoult’s law partial pressures P, and Pp [Eq. (9.51)] and the total vapor pressure P 
for an ideal solution as a function of composition at fixed temperature. A nearly ideal 
solution like benzene—toluene shows a vapor-pressure curve that conforms closely to 
Fig. 9.10a. Figure 9.10 plots x4 „ versus Xa in an ideal two-component solution for 
the three cases PX = 3P$, Pt = P& and PX = P%/3. Note that the vapor is richer 
than the liquid in the more volatile component; for example, if P > P$, then x4, > 
Xa: The curves are calculated from Eqs. (9.52) and (9.54); see Prob. 9.29. 


In deriving Raoult’s law, we neglected the effect of a pressure change on G* of the liquid 
components and we assumed ideal gases. At the pressures of 0 to 1 atm at which solutions 
are usually studied, the effect of pressure changes on G* of liquids is negligible; the effect 
of nonideality of the vapor, although small, is usually not negligible and should be included 
in precise work. See Sec. 10.9, V. Fried, J. Chem, Educ., 45, 720 (1968), and McGlashan, 
sec. 16,7. 


Pressure 


SECTION 9.6 


| The vapor pressure of benzene is 74.7 torr at 20°C, and the vapor pressure of tol- 
ene is 22.3 torr at 20°C. A certain solution of benzene and toluene at 20°C has a 
vapor pressure of 46.0 torr. Find the benzene mole fraction in this solution and in 


the vapor above this solution. 
Benzene (b) and toluene (t) molecules resemble each other closely, so it is a 


good approximation to assume an ideal solution and use Raoult’'s law (9.51). 
The vapor pressure of the solution is 

46.0 torr = Py + P, = XpPÈ + x,P* = x,(74.7 torr) + (1 — Xp)(22.3 torr) 
soving, we find x, = 0.452 in the solution. The benzene partial vapor pressure is 
P= xP? = 0.452(74.7 torr) = 33.8 torr. The benzene vapor-phase mole fraction is 
yp =P,/P = 33.8/46.0 = 0.735 (Eq. (1.23)]. 


_ Partial Molar Properties. Expressions for partial molar properties of an ideal so- 
lution are easily derived from the chemical potentials 4; = up(T, P) + RT In x, by 
wing 5) = —(4;/0T )p,n Vi = (0Hi/OP Ir ny and A, = p; + TS; (Eqs. (9.30), (9.31), 
and (9.28). One finds (Prob. 9.33) 

§,=5t-Rinx, W=V3, A=Ĥ? — idealsoln. (9.55) 


These results are consistent with A Vmix = 0, AH mix = 0, and ASmix # 0. 


ideal Gas Mixtures. We have thought in terms of liquid and solid ideal solutions i 
in this section, However, it is clear that an ideal gas mixture meets the molecular 

definition of an ideal solution, since mixing ideal gases produces no energetic or 

structural changes. Moreover, one can show (Prob. 9.34) that the chemical poten- 

tials in an ideal gas mixture can be put in the form (9.41) defining an ideal solution. 

An ideal gas mixture is an ideal solution. 


Ls Ti 


IDEALLY DILUTE SOLUTIONS 


pa solution occurs in the limit where the molecules of the different compo- 
mole a one another very closely. A different kind of limit is where the solvent 
toe Si approaches 1, so that all solutes are present in very low concentra- 
dilutes a solution is called an ideally dilute (or ide ilute) solution. In an ideally 
tke olution, solute molecules interact essentially only with solvent molecules, because 
high dilution of the solutes. 

the mooie such a very dilute solution of nonelectrolytes. (In electrolyte solutions, 
high dit ert forces give substantial solute-solute interactions even at very 
flikon ions; hence the ideally dilute solution model is not useful for electrolyte 
emical Also, each electrolyte gives two or more ions in solution, and so the 
trolyte Potential x; of an electrolyte solute differs in form from 4; of a nonelec- 
» even in the limit of infinite dilution. Electrolyte solutions are treated in 
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In an ideally dilute solution, solute 
molecules (shaded) interact only 
with solvent molecules, 


Chap. 10.) We shall use A to denote the solvent and i to signify any one of the solutes, 
The condition of high dilution is that the solvent mole fraction x, is very close to |, 
For such a very dilute solution, solute molecules are generally surrounded by only 
solvent molecules, so that all solute molecules are in an essentially uniform environ. 
ment; see Fig. 9.11. 

To arrive at a thermodynamic definition of an ideally dilute solution, we pro- 
ceed as follows. We define AG,;,,, the Gibbs energy change for dilution, as AG for 
the addition of a definite amount of solvent A to the solution. Consider the following 
constant-T-and-P dilution process in an ideally dilute solution composed of one 
solute (substance i) and the solvent A: 


[soln.; of (nj + na,1)] + [(ma,2 — ng.) of A] > [soln.2 of (n; + n4,2)] (9.56) 


Here, n> —na,; moles of pure A is added to an ideally dilute solution (solution 1) 
containing n; moles of i and n, , moles of A to give an ideally dilute solution of ny 
moles of i and ng, moles of A. Experimental vapor-pressure data for highly dilute 
solutions show that AG aiin for (9.56) is given by 


AG gin = NRT (In xiz — In x;,:) + RT(Ng,2 In x4,2 — n, In Xaa) 7 
57) 
ideally dilute soln., const. T, P 


where x; and x; , are the final and initial solute mole fractions in the solution and 
Xa,2 and x4, are the final and initial solvent mole fractions. 

Equation (9.57) can be made plausible by arguments involving AH diin and AS gin 
similar to those given in Sec. 9.4 for AH mix and AS,,;, in ideal solutions. For statis- 
tical-mechanical justifications of (9.57), see E, A. Guggenheim, Mixtures, Oxford, 
1952, sec. 5.04; A. J. Staverman, Rec. Trav. Chim., 60, 76 (1941). The laws of ther- 
modynamics are general and cannot supply us with the explicit forms of equations 
of state or chemical potentials for Specific systems. Such information must be ob- 
tained by appeal to molecular (statistical-mechanical) arguments and to experimental 
data (as in the use of PV = nRT for low-density gases). 

Let us derive the chemical potentials from (9.57). The use of G = Nipt; + Naha for 
the solution [Eq. (9.23)] gives G of the final state in the process (9,56) as 


Gy = ny + My ,2Ha,2 


Where is and 44,2 are the chemical potentials of i and A in the final solution. For 
the initial state in (9.56), we have 


Gy = nita + Matas + (Mar — ng sux 


mite Mi,ı and pa, are the chemical potentials of i and A in solution 1 and ph = 
GX is the chemical potential of pure A. For AGaim = G, — G,, we have 


AG ain = nip, 2 — 1,4) + Ma.2HA.2 — Na iHa, — (Mar — Mak (958) 


EPS os of the coefficient of n; in (9.58) with that in (9.57) gives for the » 
ei: 


Hi2 Mis = RT(n x; —Inx,;) const. T, P om 
The only way (9.59) can hold is if 


M=RT In x; + f(T, P) solute in ideally dil. soln. (9.60) 


P) is some function of T and P. When we subtract 4; ı from 4; 2 at con- 
P, the function f(T, P) cancels and so does not appear in (9.59). 
f (9.58) from (9.57) and use of (9.59) gives for the solvent A: 


where fT, 
stant T and P 

Subtraction 0 
= ng (HA + RT In x4,2) 


yatta T PAAPA 
— ng alH + RT ln xX4,1) const. T, P (9.61) 


The only way (9.61) can hold is if 
Ha = HA + RT ln xa solvent in ideally dil. soln. (9.62) 


Experimental data show that (9.60) and (9.62) also hold for highly dilute solutions 
with more than one solute. 

We adopt as the thermodynamic definition: An ideally dilute solution is one in 
which the solute and solvent chemical potentials are given by (9.60) and (9.62) for a 
range of composition with x, close to 1 and for a range of T and P. 

As a real solution becomes more and more dilute, the chemical potentials ap- 
proach (9.60) and (9.62) more and more closely. Just how dilute a solution must be 
in order to be considered ideally dilute depends on how accurately one wants to 
represent the solution's thermodynamic properties. A rough rule for nonelectrolyte 
solutions might be that z;x; should be less than 0.1, where z; is the average number 
ofnearest neighbors for solute i. For approximately spherical solute and solvent mole- 
cules of similar size, z; is roughly 10. For solutes with large molecules (for example, 
polymers), z; can be much larger. A polymer solution becomes ideally dilute at much 
lower mole fractions than a nonpolymer solution, since much higher dilutions are 
required to ensure that a polymer solute molecule is, to a high probability, surrounded 
only by solvent molecules. 

__ Ideal solutions and ideally dilute solutions are different and must not be confused 
with each other. Unfortunately, people sometimes use the term “ideal solution” when 
What is meant is an ideally dilute solution. 

At the high dilutions for which (9.60) applies, the mole fraction x; is proportional 
to the molar concentration c; and to the molality m; to a high degree of approxi- 
mation (Prob. 9.4). Hence (9.60) can be written as 4; = RT In c; + h(T, P) or as 
= RT In m; + k(T, P), where h and k are functions related to f. Therefore, molalities 
or molar concentrations can be used instead of mole fractions in dealing with solutes 
in ideally dilute solutions. 


Summary. AG im data (as found from vapor-pressure measurements) and statistical- 
oe arguments show that in the limit of high dilution of a solution (x, close 
NG the solute chemical potentials are given by 4; = f(T, P) fh RT In Xi and the 
ia potential is py = wX(T, P) + RT In xq; this is an ideally dilute 


THERMODYNAMIC PROPERTIES OF IDEALLY DILUTE SOLUTIONS 


B can z , 

Ee deriving thermodynamic properties of ideally dilute solutions from the chemi- 
i Potentials (9.60) and (9.62), we define the standard states for components of ideally 
lute solutions, 
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Chemical potential H; plotted ys, 
In x; for a typical nonelectrolyte 
solute, The dashed line 
extrapolates the ideally dilute 
behavior to the limit x1. 


` 


Standard States. The standard state of the solvent A in an ideally dilute solution | 


is defined to be pure A at the temperature T and pressure P of the solution, There- 
fore the solvent standard-state chemical potential is wi, = 4ž(T, P), and (9.62) can 
be written as u4 = pà + RT In x4 for the solvent. 

Now consider the solutes. From (9.60), we have u; = f(T, P) + RT In x; The 
standard state of solute i is defined so as to make its standard-state chemical potential 
Hj equal to f(T, P): u? = f(T, P). This definition of H? gives 


Hi = Hj + RT In x; (9.63) 


What choice of solute standard state is implied by taking u? equal to f(T, P)? When 
x; becomes 1 in u; = w(T, P) + RT In Xi, the log term vanishes and the equation 
gives 4; (at x; = 1) as equal to yj. It might therefore be thought that the standard 
state of solute iis pure i at the temperature and pressure of the solution, This Supposi- 
tion is wrong. The ideally dilute solution relation My = Hy + RT In x; is valid only 
for high dilution (where x; is much less than 1), and we cannot legitimately take the 
limit of this relation as xX; goes to 1. 

However, one could imagine a hypothetical case in which Hi = + RTIny, 
holds for all values of Xi. In this hypothetical case, Hi would become equal to HY in 
the limit x; + 1. The choice of solute standard state uses this hypothetical situation, 
The standard state for solute i in an ideally dilute solution is defined to be the 
fictitious state at the temperature and pressure of the solution that arises by supposing 
that 4; = u? + RT In X; holds for all values of X; and setting x; = 1. This fictitious 
State is an extrapolation of the Properties of solute i in the very dilute solution to 
the limiting case x; > 1. 

The solid line in Fig. 9.12 shows H; versus In x; at fixed T and P fora typical 
nonelectrolyte solution. At high dilutions (x; < 0.01 and In X; < —2), the solution is 
essentially ideally dilute and H; varies essentially linearly with In x; ¢ 


more from ideally dilute behavior. The dashed line shows the hypothetical case where 
ideally dilute behavior holds as x, > | and In x; + 0, The equation of the dashed 
line is 4; = u? + RT In x;. For the dashed line, H; becomes equal to H? when x; reaches 
1. Thus 4? can be found by extrapolating the high-dilution behavior of the solution 
to x; = 1. For an actual example of this, see the discussion of Fig: 9.13, 

Since the Properties of i in the dilute solution depend very strongly on the solvent 
(which provides the environment for the i molecules), the fictitious standard state of 
solute i depends on what the solvent is. The Properties of the standard state also 
depend on T and P, and #; is a function of T and P but not of the mole fractions: 
k? = u5(T, P). We might write p? = HAIT, P) to-indicate that the solute standard 
state depends on the solvent, but we won't do So unless we are dealing with solutions 
of i in two different solvents, 

The fictitious standard state of Solute i is a state in which i is pure, but in 
which, by Some magical means, each i molecule experiences the same intermolecular 
forces it experiences in the ideally dilute Solution, where it is surrounded by solvent 
molecules. 


In summary, the solute chemical Potentials 4; and the solvent chemical potential 
Ha in an ideally dilute solution are 


Hi = (T, P) + RT In x fori#A, ideally dil. soln. (9.64)* 
oO * 
Ha=HAt+RTInx,, u3 = pX(T, P) ideally dil. soln. (965) 


» 

rovided x, is close to 1. The solvent standard state is pure liquid A at the temperature 
and pressure T and P of the solution. The standard state of solute i is the fictitious 
state at T and P obtained by taking the limit x; + 1 while pretending that (9.64) 
holds for all concentrations. 

Although (9.64) and (9.65) have the same appearance as (9.42) and (9.43) for an 
ideal solution, ideally dilute solutions and ideal solutions are not the same. Equations 
(9.64) and (9.65) hold only for high dilution, whereas (9.42) holds for all solution 
compositions. Moreover, the standard state for all components of an ideal solution 
is the actual state of the pure component at T and P of the solution, whereas the 
standard state of each solute in an ideally dilute solution is fictitious. 

Some workers choose the standard state of solution components to have a 
pressure of 1 bar, rather than the pressure of the solution as we have done. Since u 
of solids and liquids is insensitive to pressure changes, this difference in choice of 
standard states is of little significance unless high pressures are involved. 


Vapor Pressure. Let P; be the partial pressure of solute i in the vapor in equi- 
librium with an ideally dilute solution at temperature T and pressure P, where P 
equals the (total) vapor pressure above the solution. The chemical potential x; of 
iin the solution is given by (9.64). We shall assume the vapor to be an ideal gas 
mixture, so the chemical potential of i in the vapor (v) is 4; v = #j,(T) + RT In (P;/P°) 
(Eq. (6.4)]. Equating 1; in the solution to fs, we have 


ni + RT In x; = py + RT In (P;/P°) 
(uj — Hiy)/RT = In (P;/x;P°) (9.66) 
P;/x;P° = exp [(u? — Hi»)/RT] (9.67) 


where exp z = e*. Since u? depends on T and P and yj, depends on T, the right 
side of (9.67) is a function of T and P. Defining K; as 


K(T, P) = P° exp [(u7 — 4j,,)/RT] where P° = 1 bar (9.68) 
we have for (9.67) 
P; = K;x; solute in ideally dil. soln., ideal vapor (9.69)* 


Which is Henry's law. Henry’s law states that the vapor partial pressure of solute i 
et an ideally dilute solution is proportional to the mole fraction of i in the 
Solution. 

The Henry's law constant K; is constant with respect to variations in solution 
Composition over the range for which the solution is ideally dilute. K; has the di- 
mensions of pressure. Since the standard-state chemical potential y? of solute i in 
the solution depends on the nature of the solvent (as well as the solute), K; differs 
for the same solute in different solvents, 

The pressure dependence of K; arises from the dependence of u? on pressure. 
AS noted several times previously, the chemical potentials in condensed phases vary 
only slowly with pressure. Hence, K; depends only weakly on pressure, and its pres- 
Sure dependence can be neglected, except at quite high pressures. We thus take K; 
to depend only on T. This approximation corresponds to a similar approximation 
Made in deriving Raoult’s law (9.51). 

Henry's law (9.69) resembles Raoult’s law (9.51). In both laws, the vapor-phase 
Partial pressure of the species is proportional to its mole fraciion in the solution. 
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sure of the pure component, as it is for Raoult’s law. This is because molecules of 
CHET solute i in the ideally dilute solution are in an environment different from their en. 
vironment in pure i; in contrast, in an ideal solution, the environment surrounding 

a molecule is similar to that in the pure substance. 

What about the solvent vapor pressure? Equation (9.65) for the solvent chemical 
potential yz, in an ideally dilute solution is the same as Eqs. (9.42) and (9.43) for 
the chemical potential of a component of an ideal solution. Therefore, the same der- 
ivation that gave Raoult’s law (9.51) for the vapor partial pressure of an ideal-solution 
component gives as the vapor partial pressure of the solvent in an ideally dilute 
solution 


Pa = x,Ph solvent in ideally dil. soln., ideal vapor (9.70)* 
A = XAPA 


Of course, (9.70) and (9.69) hold only for the concentration range of high dilution. 

In an ideally dilute solution, the solvent obeys Raoult’s law and the solutes obey 
Henry's law. 

At sufficiently high dilutions, all nonelectrolyte solutions become ideally dilute, 
For less dilute solutions, the solution is no longer ideally dilute, and we generally 
find deviations from Raoult’s and Henry’s laws. Two systems that show large devia- 
tions are graphed in Fig. 9.13. 

The solid lines in Fig. 9.134 show the observed partial and total vapor pressures 
above acetone—chloroform solutions at 35°C. The three upper dashed lines show the 
partial and total vapor pressures that would occur for an ideal solution, where 
Raoult’s law is obeyed by both species (Fig. 9.10a). In the limit x(CHCI3) > 1, the 
solution becomes ideally dilute with CHCI, as the solvent and acetone as the solute, 
For x(CHCI;) > 0, the solution becomes ideally dilute with acetone as the solvent 


Beco: 


Partial and total vapor pressures 
for (a) acetone~chloroform 
solutions at 35°C; (b) acetone~CS, 
solutions at 29°C. 


Acetone + CS) 


600 ~ 


P/torr 


P/torr 


cht XCS 


(b) 


and CHCl as the solute. Hence, near x(CHCl,) = 1, the observed CHCl, partial 
ressure approaches the Raoult’s law line very closely, whereas near x(CHCI3) = 0, 

the observed acetone partial pressure approaches the Raoult’s law line very closely. 

Near x(CHCls) = 1, the observed partial pressure of the solute acetone varies nearly 

linearly with mole fraction (Henry’s law), whereas near x(CHCI;) = 0, the observed 
rtial pressure of the solute CHCl, varies nearly linearly with mole fraction. 

The two lower dotted lines show the Henry’s law lines extrapolated from the 
observed limiting slopes of Peni Near Xeni = 0 and P,e near x,y) = 1. The dotted line 
that starts from the origin is the Henry’s law line for chloroform as solute and is 
drawn tangent to the Pen curve at Xenı = 0. This dotted line plots pidsdil vs. Xons 
where P42" is the chloroform partial vapor pressure the solution would have if it 
were ideally dilute, The equation of this dotted line is given by (9.69) as PI" = 
Kuen SO at Xen = 1 we have Pid‘! = Ken Therefore the intersection of the 
chloroform Henry’s law line with the right-hand vertical line x.) = 1 equals Kon, 
the Henry’s law constant for the solute chloroform in the solvent acetone. From 
the figure, Keny = 145 torr. The Henry's law constant Ken for chloroform in the 
solvent acetone is what the vapor pressure of pure chloroform would be if ideally 
dilute behavior held as Xenı > 1. The actual vapor pressure of pure chloroform at 
35°C is 293 torr (the intersection of the P and Py) curves with x,y) = 1 in Fig. 9.13a). 
By the symmetry of the situation, the intersection of the acetone Henry’s law line 
with Xen = 0 gives Kac- 

Once we have found K,,, we can use K; = P° exp [8 — #2,)/RT] [Eq (9.68)] 
to find y? of the solute chloroform relative to H, of chloroform vapor. From 
Key = 145 torr and P° = 1 bar = 750 torr, one finds (Prob. 9.39) Hem — Mente = 
-4.21 kJ/mol for chloroform in acetone at 35°C. If the conventional value (Sec. 5.7) 
of Kriv is known, then the conventional value of 12,1 in the solution is known. 

For all compositions, the partial and total vapor pressures in Fig. 9.13a are 
below those predicted by Raoult’s law; the solution is said to show negative devia- 
tions from Raoult’s law. The acetone-CS, system in Fig. 9.13b shows positive de- 
viations from Raoult’s law at all compositions. For certain systems, one component 
shows a positive deviation, while the second component shows a negative deviation 
at the oy composition; see M. L. McGlashan, J. Chem. Educ., 40, 516 (1963) for 
examples, 


Solubility of Gases in Liquids. For gases that are sparingly soluble in a given liquid, 
the concentration of the dissolved gas is usually low enough for the solution to be 
approximately ideally dilute, and Henry’s law (9.69) holds well. Therefore 


x;=K;'P; P not very high (9.71) 


ie x; is the mole fraction of dissolved gas in the solution at a given temperature 
meas ils the partial pressure of the gas above the solution. The gas solubility (as 
Ai by x;) is proportional to the partial pressure of the gas above the solution, 
dissol 3 4 the solution is ideally dilute. Figure 9.14 plots the mole fraction Xy, of 
100 ri ed N, in water at 25°C vs. N, partial pressure above the solution. Up to 
00 m, the plot obeys Henry’s law x; = K; P; and is essentially linear. Above 

atm, there are increasing deviations from the Henry’s law line (the dashed line) 


ause of deviations of the gas from ideal-gas behavior and the dependence of K; 
On pressure, 
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Mole-fraction solubility of N2(g) 
in water at 25°C vs. Ng partial 
pressure above the solution. The 
dashed line is the Henry's law line. 
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At the low solute concentrations for which Henry’s law applies, the Solute’s 
molality m; and molar concentration c; are each essentially proportional to its mole 
fraction x; (Prob. 9.4). Therefore molalities or concentrations can be used instead 
of mole fractions in Henry’s law: P; = K; mm; or P; = K; «Ci, where K; „and K; ate 
constants related to K; in (9.71). 

Some values of K; for gases in water and in benzene at 25°C are 


i EN Oa ACODA: cH, | CH 
a al es E 

Kimo/kbar | 71.7 | 864 |. 441 | 588 | 403 | 40.4 303 
y Binal tte | 5, 

Kyeaukkoar l 393 | 227 Morzes asz | criso | os | oos 


From (9.71), the larger the K; value, the smaller the solubility of the gas, Note the 
much greater solubility of these gases in benzene as compared with water. 

For the majority of gases in water, the solubility decreases with increasing tem- 
perature. For each of the noble gases (He, Ne, etc.) in water, the solubility goes through 
a minimum at a certain temperature (35°C for He at 1 atm). In organic solvents, 
many gases show increasing solubility with increasing temperature. 

Henry's law does not apply to a dilute aqueous HCI solution. Even in the limit 
of infinite dilution, the chemical potential of a strong electrolyte such as HCI does 
not have the form 4; = u? + RT In x; used in deriving Henry’s law. See Prob. 10.50 
for this case. 

The solubility of O, in water is of obvious interest to fish. Thermal pollution 
(Sec. 3.2) raises the temperature of lakes and rivers and thereby decreases the solubility 
of O3; this may kill fish. The solubility of O; in blood is greatly increased by com- 
pound formation with hemoglobin. 

From (9.71), K; = P;/x; and we can view the Henry's law constant K; as a 
sort of equilibrium constant for the “reaction” ifin solution) — i(g). The change 
in standard-state Gibbs energy of substance i when it goes from solution in the 
solvent A to the gas phase is AG? = Gio — G? = Kẹ, — pẹ; the definition K;= 
P° exp [(u? — u?,,)/RT] [Eq. (9.68)] can be written as AG? = —RT In (K;/P°), which 
is similar to the ideal-gas-equilibrium equation AG° = —RT In Kẹ [Eq. (6.14)]. 


Partial Molar Quantities. The partial molar properties of the solution’s components 
are derived from their chemical potentials. For the solvent in an ideally dilute solu- 
tion, j14 in (9.65) has precisely the same form as the chemical potential (9.42) and 
(9.43) for a component of an ideal solution, Therefore the solvent’s partial molar 
properties are the same as for an ideal-solution component, and (9.55) gives 


i= V5, Bae eg Sž- Rin x, solvent in ideally dil. soln. 
i 0.) 


Now consider the solutes. We have Ñ, = (1;/4P)y,, [Eq. (9.31)]. The chemical 
potential u; is given by (9.64) as 4; =u? + RT In Xi, 80 V; = (ôu? /3P)r. Although the 
solute standard state is not experimentally realizable, all thermodynamic identities 
that hold for real states also hold for this fictitious standard state. In particular, Eq. 
(9.31) gives (3u? /2P)r = V?, where Vi is the partial molar volume of solute i in ils 


(fictitious) standard state. Therefore V, = V?. Since yi? is a function of T and P only, 
its derivative (0u?/0P) = V? is a function of T and P only. Therefore V; (which equals 


73) is independent of concentration for all concentrations in the ideally dilute range. 
in particular, V, equals its limiting infinite-dilution value V;°, where Ñ? is defined 
as the limit of V, as the solvent mole fraction x, goes to 1. We have V, = Ñ”, and 
since we found V; = Vi, we have 

i= Vi = VP solute in ideally dil. soln. (9.73) 


Thus V? can be found from measurements on very dilute solutions. For example, if 
we draw the tangent to the AV,,,,/n curve of Fig. 9.4 at Xc,4,0n = 1, the intersection 
ofthis tangent with the left vertical axis gives Vio — Veo = —4.2 cm3/mol. Using 
Vio = 18.0 cm?/mol, we have Vif,9 = 13.8 cm3/mol (Fig. 9.5), which is Mfo for 
the solute HO in an ideally dilute solution with C,H;OH as solvent. 

Using (644;/8T)pn, = — S; (Eq. (9.30)] and 4; = H; — TS; [Eq. (9.28)], we can 
find the solutes’ partial molar enthalpies and entropies H; and S;. The results are (Prob. 
9,44) 

H,=H?} =H, S;=S;—Rinx, solute in ideally dil. soln. (9.74) 


For an ideally dilute solution, we have found: (a) the partial molar volume F, 

and partial molar enthalpy H/, (and therefore also partial molar internal energy U,— 
see Prob, 9.9a) for the solvent are the same as for the pure solvent; (b) V, H,, and 
Ü; for the solute are the same as the infinite-dilution values V?, HP, and ÜP. These 
results make sense. In an ideally dilute solution, the solute molecules interact essen- 
tially only with solvent molecules at all concentrations in the ideally dilute range; 
therefore, V;, H;, and U; do not change in this range and are equal to their limiting 
infinite-dilution values. Moreover, there is so little solute present that solvent-solute 
interactions have negligible effect on the solvent’s properties; therefore V4, H,, and 
U, are equal to their values in the pure solvent. 
_ Incontrast to the behavior of V;, Va, H; and A4, the partial molar entropies 
Sand S4 (and consequently the partial molar Gibbs energies u; and x4) do change as 
Xand x, change in the ideally dilute range. This is because of the inescapable entropy 
of mixing involved in changing the solution’s mole fractions. 

Although some of the solute standard-state partial molar properties are the same 
a8 the corresponding infinite-dilution values, don’t make the mistake of thinking that 
the Solute standard state is the same as the state of infinite dilution. From 4; = 
K+ RT In x;, we have He = u — œ = — œ (since In 0 = —00), Therefore uP FG 
and the standard state differs from the infinite-dilution state. 


WR from Prob, 9.45 that AVpix and AHjm;x are not zero for an ideally dilute 
10n. 


Reaction Equilibrium, Consider a chemical reaction in an ideally dilute solution. 
ý a milihi condition is Y; vu; = 0 [Eq. (4.98)]. From (9.64) and (9.65), each 
wit 0 by u; = u;(T, P) + RT In x; where i might be one of the solutes or the 
le ae OF course, u? for the solvent has a different meaning than 4? for a solute. 
is no i a impe the ideally dilute solution 4; expression into Y; va = 0. There 
same fon Ry through the algebraic details, because 4; = Hi + RT In x; has the 
except sh as the ideal-gas-mixture expression 4; = Hj + RT In (P;/P ) [Eq. (6.4)] 
i yE P;/P° is replaced by x; and pẹ in the ideally dilute solution depends on 
(6.13) ell as on T. Therefore the manipulations are the same as those leading to 
and (6.14), except that P;/P° is replaced by x; in all the equations. Thus Eqs. 
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AG? =) vit? Ky =T] (xiea)" ideally dil. soln. 019 
AG? = —RTInK, ideally dil. soln. (16 


where X; eq is the equilibrium mole fraction of species i in solution. K, is the mole. 
fraction equilibrium constant. The standard-state chemical potentials Hi are func. 
tions of both T and P. Therefore AG° depends on T and P, and K, [which equals 
exp (—AG°/RT)] also depends on both T and P; K, = K,(T, P). However, the pres. 
sure dependence is generally small, since u? varies slowly with pressure for condensed 
phases. The temperature and pressure derivatives of K, are derived in Prob. 9,46, 

For most equilibria in aqueous solutions, some of the reacting species are ions, 
which makes the ideally dilute solution approximation poor. Ionic equilibria are 
considered in Chap. 11. 


SUMMARY 


The volume of a solution is given by V = F; n,V;, where the partial molar volume 
of component i in the solution is defined by V; = (0V/ðn;)r p,n; p Similar equations 
hold for other extensive properties of the solution (for example, U, H, S, G, Cp). The 
partial molar properties G; (=), Ĥ;, 5; and Ñ, obey relations analogous to the 
relations between the corresponding molar properties G, H, S, and V of pure sub- 
stances. The same is true for the changes AG mix AH mix, AS miv and A Vmix on forming 
the solution from its pure components. The chemical potentials 4; are the key thermo- 
dynamic properties of a solution. 

An ideal solution is one in which the molecules of each species are so similar 
to one another that molecules of one species can replace molecules of another species 
without changing the solution’s spatial structure or intermolecular interaction energy. 
The thermodynamic definition of an ideal solution is a solution in which the chemical 
potential of each species is given by Hi = u¥(T, P) + RT In x; for all compositions 
and a range of T and P, The standard state of an ideal-solution component is th 
pure substance at T and P of the solution. For an ideal solution, AH mix = 0, AVmix = 
0, and AS,,;, is the same as for an ideal gas mixture. The partial pressures in the vi 
por in equilibrium with an ideal solution are given by Raoult’s law P; = x;P¥. 

An ideally dilute (or ideal-dilute) solution is one so dilute that solute molecults 
interact essentially only with solvent molecules (molecular definition). In an ideally 
dilute solution, the solute chemical potentials are 4; = 4(T, P) + RT In x; and the 
solvent chemical potential is u4 = HA(T, P) + RT In x, for a small range of comp 
sitions with x, close to 1 (thermodynamic definition). For an ideally dilute solution, 
the solute standard state is the fictitious state at T and P of the solution in which 
the solute is pure but its molecules experience the same intermolecular forces th! 
experience when surrounded by solvent molecules in the ideally dilute solution; the 
solvent standard state is pure A at the T and P of the solution. The solute an 
solvent partial pressures in the vapor in equilibrium with an ideally dilute solution 
are given by Henry’s law P; = Kix; and by Raoult’s law P} = x,P%, respectively: 

The following superscripts are used in this chapter: ° = standard state, * = PU" 
substance, ® = infinite dilution. 


Important kinds of calculations discussed in this chapter include: 


+ Calculation of solution mole fractions, molalities, and molar concentrations. 
Calculation of a solution's volume from its partial molar volumes using V = J; n,V; 
and similar calculations for other extensive properties. 

Determination of partial molar volumes relative to the volumes of the pure com- 
ponents (V, — V#) using intercepts of a tangent line to the AV,,;,/n curve, and 
similar determination of other partial molar properties. 

Calculation of mixing quantities for ideal solutions. 

Calculation of vapor partial pressures of ideal solutions using Raoult’s law P; = 
Ph. 

Calculation of vapor partial pressures of ideally dilute solutions using Raoult’s 
and Henry’s laws P4 = x,PX and P; = K;x;. 

Use of dilute-solution vapor pressures to find the Henry’s law constant K;. 

Use of Henry’s law to find gas solubilities in liquids. 
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Vapor pressures and compositions of mixtures: Landolt-Börnstein, 6th ed., vol. 
Il, part 2a, pp. 336-711 and vol. IV, part 4b, pp. 1-120; Landolt-Börnstein, New 
Series, Group IV, vol. 3; M. Hirata et al, Computer Aided Data Book of Vapor- 
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del and 4c2. 
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a Calculate the number of moles of the solute HCI in each 

tn? owing aqueous solutions. (a) 145 mL of a 0.800-mol/ 
CI solution; (b) 145g of a 10.0 weight percent HCI 


Solution; (c) 145 g of a 4.85-mol/kg HCI solution. 


9, 

ch oa aqueous solution of CH,OH that is 30.00 percent 

is 911 y w the CH,OH molarity at 20°C and 1 atm 

latm oe (a) Find the solution’s density at 20°C and 
4 ind the CH A i eas H 

mass concentration. 30H molality. (c) Find the CH30! 

93. Find the NH 


; molality a ion i ueous 
Solution of NH, ik y and mole fraction in an aq 


hat is 0.800 percent NH by weight. 


94 Sh 
o) ae 5 A y f 
vent N in a very dilute solution of density p with sol- 
raction close to 1, the solutes’ molar concentrations 


924 | 9.25-9.35 | 9.36-9.49 | 9.50-9.58 


and molalities are c; = px;/M, and m; ~ x;/M 4 and that c; = 
pmi. 

9.5 Show that mp = (1000ng/n,M,,) mol/kg, where mg is the 
molality of solute B and M, 4 is the molecular weight (relative 
molecular mass) of the solvent. 


9.6 (a) At 25°C and 1 atm, a 0.5000-mol/kg solution of NaCl 
in water has acı = 18.63 cm?/mol and Vo = 18.062 cm?/ 
mol. Find the volume at 25°C and 1 atm of a solution pre- 
pared by dissolving 0.5000 mol of NaC! in 1000.0 g of water. 
(b) In an aqueous 0.1000-mol/kg NaCl solution at 25°C and 
1 atm, Cp,y,0 = 17.992 cal/(mol K) and Cp,yacı = — 17.00 cal/ 
(mol K). Find Cp of 1000.0 g of such a solution. Note that this 
amount of solution does not contain 0.1000 mol of NaCl. 


9.7 Prove that the internal energy of a phase satisfies U = 
—PV+TS + i ny. The proof is very short. 


98 Write the defining equation for the partial molar 
Helmholtz energy of substance i in a solution and state fully 
what every symbol in your definition stands for. 


99 (a) Show that A, =U, + PŪ, (b) Verify (9.35) for 
(AG mix/ÎT )p,ny 


9.10 (a) Use G = F; nyu, 14 = u? + RT In (P;/P°) [Eqs. (9.23) 
and (6.4)] and Eq. (4.65) applied to pure gas i to show that 
G of an ideal gas mixture at T is given by G = }; G#(T, P; ni), 
where P; and n; are the partial pressure and number of moles 
of gas i in the mixture, and G# is the Gibbs energy of n; moles 
of pure gas i at temperature T and pressure P;. (This result was 
mentioned in Sec. 6.1.) (b) Use (6G/0T)p,,, = —S and the result 
of (a) to show that for an ideal gas mixture S = Ñ; S#(7, P;, n). 
(c) Use G = H — TS to show that for an ideal gas mixture 
H = Ý; HM(T, n). (d) Show that for an ideal gas mixture Cp = 
Si CHAT, n) and U =; UMT, n). (e) Find Cp at 25°C and 
500 torr of a mixture of 0.100 mol of O,(g) and 0.300 mol of 
CO,(g), using Appendix data. State any assumptions made. 


9.11 Use Fig, 9.5 to calculate the volume at 20°C and 1 atm 
of a solution formed from 20.0g of H,O and 45.0g of 
C)H,OH. 


9.12 At 25°C and | atm, a solution of 72.061 g of H,O and 
192.252 g of CHOH has a volume of 307.09 cm?. In this solu- 
tion, Vaso = 16.488 cm*/mol. Find Voy,on in this solution. 


9.13 The density of a methanol—water solution that is 12.000 
weight percent methanol is 0.97942 g/cm? at 15°C and 1 atm. 
For a solution that is 13.000 weight percent methanol, the 
density is 0.97799 g/cm? at this T and P. Since the change in 
solution composition is small, we can estimate Va by 


Vy = (0V/0y)r.0.ny = (AV/AN Dr, Pnn 


Calculate V(CH OH) for a methanol-water solution at 15°C 
and 1 atm that is 12} percent CH,;OH by weight. Then calcu- 
late V(H30) for this solution, 


9.14 Use Fig. 9.3 to find (a) the molality at which Veso, =0,; 
(b) the partial molar volume of MgSO,(aq) in the limit of an 
infinitely dilute solution. 


9.15 Use Fig. 9.4 to find the partial molar volumes at ethanol 
mole fraction 0.400. 


9.16 The densities of HO and CH,OH at 25°C and 1 atm 
are 0.99705 and 0.78706 g/cm’, respectively. For solutions of 
these two compounds at 25°C and 1 atm, AVinj./n-VS.-Xy4,0 data 
are: 

(AVpyix/n)/(om3/mol) | 


—0.34 —0.60 


—j—____—__} 


iso) | o 02 03 


t 


(AVnix/n)/(cm?/mol) —0.945 -101 ji 0g 
Xmo 3 TTE TEF dsid 
(AVinix/n)/(cm3/mol) | —0.85 —0615 | 031 
Si eu) T 07 08 5 | 09 


Use the intercept method (Fig. 9.4) to find the partial molar 
volumes at xX, values of (a) 0; (b) 0.4; (c) 0.6. 


9.17 Let V be the volume of an aqueous solution of NaCl at y 
25°C and | atm that contains 1000 g of water and ng moles of 
NaCl. One finds that the following empirical formula accurately 
reproduces the experimental data: s 
V =a + bng + cny? + kng? fornaM, = 1kg 
a = 1002.96 cm?, b = 16.6253 cm?/mol 
c= 1.7738 cm3/mol??, k = 0.1194 cm?/mol? 


(a) Show that the NaC! partial molar volume Vy is 
Va = b + (3c/2)n}/? + 2kny 

(b) Find paci for a solution with NaCl molality my= 
1,0000 mol/kg. (c) Use (9.16) to show that the partial molar 
volume of the water in the solution is i 
Fa = (M 4/1000 g)(a — 4enẸ8? — kng?) for naMa =1kg 
(d) Show that the results for (a) and (c) can be written as 
Vy = b + (3c/2)(my kg)'/? + 2kmp kg 

Vy, = (M 4/1000 g)(a — tem}? kg? — kmp? kg) 

Since V4, Vp, and mp are all intensive quantities, we need not 


specify ną in these equations. (e) Find Fao for a solution 
my = 1.0000 mol/kg. (f) Find Vic). 


for naMa = 1 kg 


9.18 At infinite dilution, the ions of an electrolyte are infinitely 
far apart and do not interact with one another, Therefore, V 

of a strong electrolyte in solution is the sum of V® values for 
the ions. Some Ñ? values for aqueous solutions at 25°C and 
1 atm are 16,6 cm°/mol for NaCl, 38.0 cm3/mol for KNOs, and 
27.8 em3/mol for NaNO3. Find V; for KCI in water at 15 
and | atm. 


9.19 Prove the validity of the intercept method (Fig. 9) of 
determining partial molar volumes in a two-component sol 
tion as follows. (All the equations of this problem are for fi 
T and P.) (a) Let z = AV,,,./n, where n = ny + ng: Verily) 
V = (nq + mp)z + ny VX + ng Vit. (b) Take (0/0M4)yq of the equiti 
tion in (a) to show that Vy = n(0z/énq),, + 2+ VA @ Us : 
(@z/na)n = (dz/dxp)(Exp/2ry)p, LEa. (1-35)] and the result fof 

(b) to show that dz/dxy = (V% — V, + z)/xp. Also, explain W 
the ng subscript can be omitted from (0z/0xp)yg- Lt Y= 
mx, + b be the equation of the tangent line to the 2-VS.-Xp CUNE 
at the point with xp = xh and z = z’, and let V7’, and Vp be 


rtial molar volumes at xg. Recall that, for the straight line 
a mx, + b, the slope is mand the intercept at xg = 0 is b. The 
ol is given by the result for (c) as m = (VÄ — Va + 2)Xp. 
Also, since the tangent line passes through the point (xg, 2’), 
ye have 7 = mxh + b = (Vk -Va +z)+b. Therefore, b= 
he Vx, which is what we wanted to prove. (d) Verify that 
the tangent line's intercept at xy = 1 gives Vy — Vp. 


920 For the example of H,SO, solutions given near the end 
of Sec. 9.3, plot AH mix/" against Xg and find the differential 
heats of solution at Xy,s0, = 0.4 and at Xy,50, = 0.333. 

921 Prove that in a two-component solution, AÑ aitt.B = 
OAH mixlar, Pma 

922 The NBS tables (Sec. 5.8) give at 25°C AH} nacis) = 


-411.153 kJ/mol and give the following apparent AH; data 
in kJ/mol for aqueous NaCl solutions at 25°C: 


50 


holiaci 9 | 15 25 


luain | -409279 | -408.806 | 408.137 | —407.442 


Calculate and plot AHmix/N VS. Xyacı and use the intercept 
method to find Ayaci — H&aci and Hno — Af,o at Xyacı = 
005, where H¥.,¢) is for solid NaCl. 


923 Look up apparent AH% data for HCI solutions in the 
NBS thermodynamics tables and find AH aipe for HCI and for 
H,0 at xyc) = 0.30, T = 298 K, and P = 1 bar. 


944 Would a liquid mixture of the two optical isomers of 
CHFCIBr be an ideal solution? Explain. 


925 Find AG ix, AVmnixs ASmix and AH mix for mixing 100.0 g 
of benzene with 100.0 g of toluene at 20°C and 1 atm. Assume 
an ideal solution. 


926 Benzene (C6H6) and toluene (CgHsCHs) form nearly 
ideal solutions. At 20°C the vapor pressure of benzene is 74.7 
lorn, and that of toluene is 22.3 torr. (a) Find the equilibrium 
en vapor pressures above a 20°C solution of 100.0 g of 

mene plus 100.0 g of toluene. (b) Find the mole fractions in 


a Vapor phase that is in equilibrium with the solution of part 


od e TAS the vapor pressures of hexane and octane are 
AA 4 torr, respectively. A certain liquid mixture of these 
the mol pounds has a vapor pressure of 666 torr at 100°C. Find 
fractions in the liquid mixture and in the vapor phase. 

lume an ideal solution. 


928 z 

mole $ solution of hexane and heptane at 30°C with hexane 

vapor- go 0.305 has a vapor pressure of 95.0 torr and a 
Phase hexane mole fraction of 0.555. Find the vapor pres- 


sures of p 
tions tate hexane and heptane at 30°C. State any approxima- 


9.29 (a) Use Raoult’s law to show that for an ideal solution of 
A and B, the A mole fraction in the vapor phase in equilibrium 
with the solution is 


ee _ ZAP RIPE 
M1 + xalPR/P§ — 1) 


(b) At 20°C, the vapor pressure of benzene (C6H6) is 74.7 torr 
and that of toluene (C;H;CH;) is 22.3 torr. For solutions of 
benzene plus toluene (assumed ideal) in equilibrium with vapor 
at 20°C, plot X4,» vs. X4 for benzene. Repeat for toluene. 


9.30 At20°C and 1 atm, the density of benzene is 0.8790 g/cm? 
and that of toluene is 0.8668 g/cm?. Find the density of a solu- 
tion of 33.33 g of benzene and 33.33 g of toluene at 20°C and 
1 atm. Assume an ideal solution. 


9.31 (a) Show that ACp mix = 0 for an ideal solution. (b) At 
25°C and 1 atm, Gp = 136 J/(mol K) for benzene (C6H6) and 
Cp = 156 J/(mol K) for toluene (CgHsCH3). Find Cp of a 
solution of 100.0 g of benzene and 100.0 g of toluene at 25°C 
and 1 atm. Assume an ideal solution. 


9.32 Draw tangents to the AG,,;,/n curve of Fig. 9.8 to find 
Ha — HA and Hp — H8 at Xp = 0.50 and at xy = 0.25. Compare 
your results with those calculated from u; = uf + RT In x). 


9.33 Derive the equations of (9.55) from (9.42). 


9.34 Consider an ideal gas mixture at T and P; show that for 
component i, p; = u?(T, P) + RT ìn x;. Therefore an ideal gas 
mixture is an ideal solution. Of course, an ideal solution is 
not necessarily an ideal gas mixture. Note also the different 
choice of standard state for an ideal-solution component and 
an ideal-gas-mixture component. 


9.35 Let phases æ and f, each composed of liquids 1 and 2, 
be in equilibrium with each other. Show that if substances 1 
and 2 form ideal solutions, then x;* =x,” and x3 = x3". 
Therefore, the two phases have the same composition and are 
actually one phase. Hence liquids that form ideal solutions are 


miscible in all proportions. 


9.36 A solution of ethanol (eth) and chloroform (chl) at 45°C 
with Xen = 0.9900 has a vapor pressure of 177.95 torr. At this 
high dilution of chloroform, the solution can be assumed to be 
essentially ideally dilute. The vapor pressure of pure ethanol 
at 45°C is 172.76 torr. (a) Find the partial pressures of the 
gases in equilibrium with the solution. (b) Find the mole frac- 
tions in the vapor phase. (c) Find the Henry's law constant 
for chloroform in ethanol at 45°C. (d) Predict the vapor pres- 
sure and vapor-phase mole fractions at 45°C for a chloroform- 
ethanol solution with Xen = 0.9800. Compare with the 
experimental values P = 183.38 torr and Xen,» = 0.9242. 


9.37 The vapor in equilibrium with a solution of ethanol (eth) 
and chloroform (chl) at 45°C with Xen) = 0.9900 has a pressure 
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of 438.59 torr and has Xeni,» = 0.9794. The solution can be 
assumed to be essentially ideally dilute. (a) Find the vapor- 
phase partial pressures. (b) Calculate the vapor pressure of 
pure chloroform at 45°C, (c) Find the Henry's law constant for 
ethanol in chloroform at 45°C. 


9.38 From Fig. 9.13b, estimate K; for acetone in CS, and for 
CS, in acetone at 29°C. 


9.39 Use the definition (9.68) of K; and K.n = 145 torr (Fig. 
9.13a) to find Heni — Kenio for chloroform in acetone at 35°C. 


9.40 At 20°C, 0.164 mg of H, dissolves in 100.0 g of water 
when the H, pressure above the water is 1.000 atm. (a) Find 
the Henry’s law constant for H, in water at 20°C. (b) Find the 
mass of H, that will dissolve in 100.0 g of water at 20°C when 
the H pressure is 10.00 atm. Neglect the pressure variation in 
É; 


9.41 Air is 21 percent O, and 78 percent N, by volume. Find 
the masses of O, and N, dissolved in 100.0 g of water at 20°C 
that is in equilibrium with air at 760 torr. For aqueous solutions 
at 20°C, Ko, = 295 x 107 torr and Ky, = 5.75 x 107 torr. 


9.42 For the dissociation of N,O, to NO; in dilute chloro- 
form solutions, K, is 5 x 1077 at 0°C and 1 atm. If 1.00 g of 
N20; is dissolved in 200 g of CHCI, at 0°C and 1 atm, find 
the equilibrium mole fractions of N,O4 and NO. 


9.43 For cis-¢CH=C(H)p = trans-¢CH=C(H)p, where ¢ 
is the phenyl group (C6H5), Ky in very dilute solutions in 
cyclohexane at 25°C and 1 atm is 480. Find the percentages 
of these cis and trans isomers present in such a solution, 


9.44 Derive (9.74) for H; and 5; in ideally dilute solutions. 
9.45 Show that for an ideally dilute solution 


Mimic = Z nV? -7P  AHyix = X n(Al? Ap) 
IFA iFA 
9.46 Derive the following equations for the derivatives of the 
mole-fraction equilibrium constant K, by differentiating (9.76) 
with respect to T and with respect to P: 


@inK,\ AH? 3 lp 
IT p RT? where AH® = x vH; 


(25) _ AV 
OP 4/53) GORE. 


Hint: See the derivation of (6.36). 


(9.77) 


where AV? =F w7? (9.78) 
T 


9.47 The definition (9.68) of the Henry’s law constant K; 
shows that if we know K; in a solvent A, we can find yi? — Hy = 
G? „ the change in standard-state partial molar Gibbs 
energy of gas i when it dissolves in liquid A. If we know K; 


as a function of T, we can find A? — H, using Eq. (9.79) of 
HÌ p, we can find 


Prob. 9.48. Knowing G? — G;,, and 


5? — S?o. (a) For O, in water, K; = 2.95 x 107 torr at wc 
and K; = 3.52 x 107 torr at 30°C. Does the solubility of O, in 
water increase or decrease from 20 to 30°C? (b) Use (9.79) to 
estimate H? — Hj, for O, in water in the range 20 to 30°C, (7) 
Use data in Sec. 9.7 to find G? — G? „ for O, in water at 25°C, 
(d) Estimate 5? — S},, for O in water at 25°C. 


9.48 Show that the temperature and pressure variations of 
the Henry’s law constant are 


aln K) _ A-B; A,- AP : 
Olvis. RT RT? (548) 
( ôP ) TRT RT oa 


9.49 Let solvents « and f form two separate phases when 
brought in contact. Let a small amount of solute i be dissolved 
in these phases to form two ideally dilute solutions in equilib- 
rium with each other. (a) Show that the mole-fraction ratio 
x;7/x/? of i in the two phases is 


xi/x} = exp [4f — uẹ®)/RT] = N(T, P) 


This is the Nernst distribution law. The quantity N(T, P) is 
the partition coefficient for solute i in the solvents « and f. 
(Recall happy times spent shaking separatory funnels in organic 
chemistry lab.) (b) Show that N(T, P) = K,"/K;7, where the K's 
are the Henry’s law constants for i in the solvents « and £. (¢) 
Use data in Sec. 9.7 to find N for C,H, distributed between 
benzene («) and water (£) at 25°C and 1 atm. 


(981) 


9.50 The normal boiling points of benzene and toluene arè 
80.1 and 110.6°C, respectively. Both liquids obey Trouton's 
tule well. For a benzene-toluene liquid solution at 120°C 
with Xcote = 0.68, estimate the vapor pressure and Xese” 
State any approximations made. (The experimental values arè 
2.38 atm and 0.79.) 


9.51 Derive (9.41) for the chemical potentials in an ideal solu- 
tion by taking (@/ðna)r, Pnn of the AG mix equation (9.39), noting 
that AGmi = G—G*=G— Nauk — nguh. 


9.52 The process of Fig. 9.2 allows calculation of AGmiv (0) 
Find expressions for AG of each step in Fig. 9,2, assuming al 
gases are ideal. To find AG4, use a result stated at the end of 
Sec. 6.1 and derived in Prob. 9.10. (b) Explain why AG, and 
AGg are quite small unless P is very high. (c) Show that if AG, 
and AG6 are assumed negligible, then 


AGmix = NART In (P4/PX) + ngRT In (Pp/P§) 082 


(d) Verify that if Raoult’s law is obeyed, (9.82) reduces to the 
ideal-solution AGmix equation. 


9.53 For ethanol(eth)—chloroform(chl) solutions at 45°C, va 
Por pressures and vapor-phase ethanol mole fractions as * 


ution composition are [G. Scatchard and C. L. 


ion of sol 
faction» Am. Chem. Soc., 60, 1278 (1938)]: 


Raymond, J. A 

„a | omw | 04000 | 0.6000 | 08000 
a | 01552, | 02126 | 0.2862 | 0.4640 
yon | 45453 | 43519 | 39104 | 298.18 


At 45°C, Pf, = 172.76 torr and P%, = 433.54 torr. Use Eq, 


(982) of Prob. 9.52 to calculate and plot AGmix/('a + np). 
984 A simple two-component solution is one for which 


AGwic = "ART In x4 + ngRT In xg + (na + np)XaXB W (T, P) 


atconstant T and P, where W(T, P) is a function of T and P. 
Statistical mechanics indicates that when the A and B molecules 
ae approximately spherical and have similar sizes, the solution 
will be approximately simple, For a simple solution, (a) find 
expressions for AH pigs ASmixs and AVmixi (b) show that pa = 
u+ RT In x, + Wxg?, with a similar equation for yp; (c) find 
expressions for the vapor partial pressures P4 and Pp, assuming 
ideal vapor. 


9.55 Show that well below the critical point, the vapor pres- 
sure P; of pure liquid i is given by P; = P° exp (—AG),,/RT), 
where P° = 1 bar and AGj,, is the standard Gibbs energy of 
vaporization. State any approximations made. 


9.56 Which of the partial molar properties V, U;, Hj, S, and 
G; are equal to their corresponding pure-component molar 
properties for (a) a component of an ideal solution; (b) the 
solyent in an ideally dilute solution; (c) a solute in an ideally 
dilute solution? 


9.57 State whether each of the following equations applies to 
all solutions, to ideal solutions, to ideally dilute solutions, or 
to both ideal and ideally dilute solutions. (a) G = J; ni (b) 
lų = uf + RT An x; (c) p; = pẹ + RT In x; (d) V = Yi nV; (e) 
V = J; n,V¥; (f) P; = x;P¥ for all components; (g) AH mix = 0. 


9.58 True or false? (a) AGmix at constant T and P must be 
negative; (b) AS, at constant T and P must be positive; 
(c) intermolecular interactions are negligible in an ideal solu- 
tion; (d) solute-solute interactions are negligible in an ideally 
dilute solution; (e) the standard state of the solute in an ideally 
dilute solution is the state of infinite dilution at the T and P 
of the solution. 


NONIDEAL SOLUTIONS 


Using molecular arguments and experimental data, we obtained expressions for the 
chemical potentials in ideal gas mixtures (Chap. 6) and in ideal and ideally dilute 
solutions (Chap. 9). All thermodynamic properties follow from these chemical poten- 
tials. For example, we derived the reaction-equilibrium conditions for ideal gases 
and ideally dilute solutions (the Kp and K, equilibrium constants), the conditions 
for phase equilibrium between an ideal or ideally dilute solution and its vapor 
(Raoult’s law, Henry’s law), and the differences between the thermodynamic prop- 
erties of an ideal solution and the Properties of the pure components (A Venix» SH nix 
Swix AGa): í 

We therefore know how to deal with ideal solutions. However, all solutions in 
the real world are nonideal. What happens when the system is not ideal? This chapter 
deals with (a) nonideal liquid and solid solutions of nonelectrolytes (Secs. 10.1 to 
10.3), (b) solutions of electrolytes (Secs. 10.4 to 10.8), and (c) nonideal gas mixtures 
(Sec. 10.9). Chapter 11 considers reaction equilibrium in nonideal systems. 

The chemical potentials in nonideal systems are usually expressed in terms of 
activities and activity coefficients, so our first task is to define these quantities and 
tell how they are measured. 


ACTIVITIES AND ACTIVITY COEFFICIENTS 


The chemical potentials are the key thermodynamic properties, since all other ther- 
modynamic properties can be derived from the k's. For an ideal (id) or ideally dilute 
liquid or solid solution of nonelectrolytes, the chemical potential of each component 
is [Eqs. (9.42), (9.43), (9.64), and (9.65)] 


r 
Hi = ui +RTInx; ideal or ideally dil. soln. (10.1) 


where pf is the chemical potential in the appropriately defined standard state. Equa- 
fon (10.1) gives In x; = (ui? — 4;)/RT, or 
x, = exp [(ui? — uẹ)/RT] ideal or ideally dil. soln. (10.2) 


A nonideal solution is defined as one that is neither ideal nor ideally dilute. We 
shll discuss the behavior of nonideal-solution components in terms of departures 
from ideal or ideally dilute behavior. To make it easy to compare nonideal and ideal 
behavior, we choose to express the nonideal chemical potentials u; in a form that 
resembles as closely as possible the ideal chemical potentials in (10.1). For each 
component i of a nonideal solution, we choose a standard state and symbolize the 
sandard-state chemical potential of i by pẹ. (The standard state will be chosen to 
correspond to the standard state used in either an ideal or ideally dilute solution; 
se below.) We then define the activity a; of substance i in any solution (nonideal 
or ideal) of nonelectrolytes by 


a; = exp [(u; — #7)/RT] any soln. (10.3) 


The defining equation (10.3) for a; is chosen to resemble (10.2) for ideal and ideally 
dilute solutions, so as to lead to a nonideal u; expression that can be readily com- 
pared with (10.1). Taking logs of (10.3), we get In a; = (4; — 4;)/RT, or 


Hi =u} + RT Ina; any soln. (10.4)* 


Thus, the activity a; replaces the mole fraction x; in the expression for y in a 
nonideal solution. From (10.1) and (10.4) we see that a; = x; in an ideal or ideally 
dilute solution. When solution component / is in its standard state, 4; equals 4? and, 
from (10.3), its activity a; equals 1 (a? = 1). 

The difference between the real-solution chemical potential 4; in (10.4) and the 
corresponding ideal-solution ui* in (10.1) is 

l; — wit = RT In a; — RT In x; = RT ln (a;/x;) 


i Tatio a;/x; is thus a measure of the departure from ideal behavior. We there- 
ore define the activity coefficient y; (gamma i) of component i as y; = ;/Xi, SO that 


a;=y,x; any soln. (10.5)* 


Ha activity coefficient y; measures the degree of departure of substance i's behavior 

ia ideal or ideally dilute behavior. The activity a; can be viewed as being obtained 

“aha mole fraction x; by correcting for nonideality. In an ideal or ideally dilute 

tie the activity coefficients y; are 1. From (10.4) and (10.5), the chemical po- 

‘als in a nonideal solution of nonelectrolytes are 

Hi = W + RT In yx; (10.6)* 

the pee Hi depends on T, P, and the mole fractions, the activity a; in (10.3) and 
“tivity coefficient y; = a,/x; depend on these variables: 


Ne % = a{T, P, x1, X25...) yi = VAT. P, xp X20- ++) 
aa (10.3) and (10.5) that a; and y; are dimensionless and nonnegative. 
Primeni task of thermodynamics is to show how a; and y; can be found from ex- 
fom rie data; see Sec. 10.2. The task of statistical mechanics is to find a; and y; 
© intermolecular interactions in the solution. 
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CHAPTER 10 


The activity a; of species i is a; = e/*Te~"/®T (Eq, (10.3)]. If the compost 
of the solution is varied at fixed T and P, the factor e~“/8T remains constant ay 
a; varies in proportion to e"/®T, The activity a; is simply a measure of the chemical 
potential 4; in the solution. As j; increases, a; increases. We noted in Eq. (4.90) that 
if we add some of substance i to a solution at fixed T and P, the chemical potential 
H; must increase. Therefore, constant-T-and-P addition of i to a solution must jn. 
crease the activity a;. Like the chemical potential, the activity a; is a measure of the 
escaping tendency of i from the solution. 


Standard States for Nonideal-Solution Components. There are two different 
standard-state conventions used with Eq. (10.6). 


Convention I. For a solution where the mole fractions of all components can be 
varied over a considerable range, one usually uses Convention I. The most common 
case is a solution of two or more liquids (for example, ethanol plus water), The 
Convention I standard state of each solution component i is taken as pure liquid i 
at the temperature and pressure of the solution: 


Hi = uA(T, P) for all components (10.7)* 


where the subscript I indicates the Convention I choice of standard states, the degree 
indicates the standard state, and the star indicates a pure substance. Convention I 
is the same convention as that used for ideal solutions (Sec. 9.5). 

The value of the chemical potential Li = (0G/On))7,p,n jy» 18 Clearly independent 
of the choice of standard state. However, the value of uf depends on the choice of 
standard state. Therefore, a, = exp [(u; — u¢)/RT] [Eq. (10.3)] depends on this 
choice; hence y; = a;/x; also depends on the choice of standard state. We use the 
subscript I to denote Convention I activities, activity coefficients, and standard-state 
chemical potentials, writing them as atis M1, aNd pp j. 

Since the Convention I standard state is the same as the ideal-solution standard 
state, u in the ideal-solution equation yi¢ = ue + RT In x; is the same as pj; in 
the Convention I nonideal equation 4; = uf; + RT In Vex; It follows that for an 
ideal solution Yi = 1. For a nonideal solution, the deviations of the y's from! 
measure the deviation of the solution’s behavior from ideal-solution behavior. 

Equations (10.6) and (10.7) give 4; = už + RT In Vix; As x; goes to 1 at con- 
stant T and P, the chemical potential H; goes to už, since the solution becomes purè 
i. Hence the x; > 1 limit of this last equation is HY = př + RT In y; or nyy =) 
and J; = 1: 


Ni lasx;>1 for eachi (10.8) 


The Convention I activity coefficient of species i goes to 1 as the solution composition 
approaches pure i. 

Since the Convention I standard state of each solution component is the pure 
substance, the Convention I standard-state thermodynamic properties of i equal the 
corresponding properties of pure i. Convention I puts all the components on the 
same footing and does not single out one component as the solvent. 


Convention II. Convention II is used when one wants to treat one solution com 
ponent (the solvent A) differently from the other components (the solutes i). Commot 
cases are solutions of solids or gases in a liquid solvent. 


tion II standard state of the solvent A is pure liquid A at the T and 


The Conven 
pof the solution. With uia = HALT, P), Eq. (10.6) becomes u4 = wk + RT In yy4Xa- 
Taking the limit of this equation as x, — 1, we find [as in (10.8)] that n,a > 1 as 


1. Thus 
an Maa = HT, P) mma lasxa ad (10.9)* 


For each solute i # A, Convention II chooses the standard state so that 
Ymi > las xa > 1 fori#A (10.10)* 


Inthe limit of infinite dilution (x, > 1), each Convention I solute activity coefficient 
approaches 1 (iri = 1). Note that the limit in (10.10) is taken as the solvent mole 
fraction x, goes to 1 (and hence x; — 0), which is quite different from (10.8), where 
the limit is taken as x; + 1. We choose a Convention II standard state that is con- 
sistent with (10.10) as follows. Setting yi; in (10.6) equal to pj, we get 0 = RT In 7X; 
so jy Xi Must equal 1 in the standard state. When x, is near 1 and the solute mole 
fractions are small, then by (10.10) the activity coefficient Yır,; is close to 1. We choose 
the standard state of each solute i as the fictitious state obtained as follows. We 
pretend that the behavior of p; that holds in the limit of infinite dilution (namely, 
= 47 + RT In x;) holds for all values of x; and we take the limit as x; > 1; this 
gives a fictitious standard state with yn; = 1 and x; = 1. This fictitious state corre- 
sponds to pure solute i in which each i molecule experiences the same intermolec- 
ular forces it experiences when in an extremely dilute (ideally dilute) solution in the 
solvent A. 

The Convention II solute standard state is the same as that used for solutes in 
an ideally dilute solution (Sec. 9.7 and Fig. 9.12), so the Convention II standard-state 
thermodynamic properties are the same as for solutes in an ideally dilute solution. 
Thus, for each solute i, we have [Eqs. (9.73) and (9.74) 


Paz PP, Apis Ap, Sham Sat Rin x)” 


where the infinity superscript denotes the infinite-dilution limit. The equation for 
Siu is valid because in the infinite-dilution limit the solution becomes ideally dilute 
and S; = S; — R In x; [Eq. (9.74)] then holds. Convention II standard-state solute 
properties that don’t involve the entropy are equal to their infinite-dilution values. 

The Convention II solute and solvent standard states are the same as those used 
for ideally dilute solutions. Therefore (by the same reasoning used earlier for Con- 
at Land ideal solutions), in an ideally dilute solution, yn, = 1 and Yni = 1. The 
j PARDA of u,a and Yy, from 1 measure the deviations of the solution's behavior from 
ideally dilute behavior. 


The Concepts of activity and activity coefficient were introduced by the American chemist 
G. N. Lewis in the early 1900s. (Recall Lewis dot structures, the Lewis octet rule, Lewis 
a and bases.) Lewis spent the early part of his career at Harvard and M.LT. In 1912, 
k p head of the chemistry department at the University of California at Berkeley. 
de, 6 he Proposed that a chemical bond consists of a shared pair of electrons, a novel 
ay the time. He measured AG} for many compounds and cataloged the available 
pi nergy data, drawing the attention of chemists to the usefulness of such data. The 
ener of partial molar quantities is due to Lewis. His 1923 book Thermodynamics 
e pith Merle Randall) made thermodynamics accessible to chemists. Lewis was 
Sian that his early speculative ideas on chemical bonding and the nature of light 
Har not appreciated by Harvard chemists, and in 1929 he refused an honorary degree from 
vard. His later years were spent working on relativity and photochemistry. 
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CHAPTER 10 


Excess Functions. The thermodynamic properties of a solution of two liquids ar 
often expressed in terms of excess functions. The excess Gibbs energy G? ofa mixture 
of liquids is defined as the difference between the actual Gibbs energy G of the soly. 
tion and the Gibbs energy G' of a hypothetical ideal solution with the same T, p, 
and composition: GF = G — G'®. Similar definitions hold for other excess properties: 


GE = ge Gia HE HL B® sé =S-— sit ve =p yid (10.1) 


Subtraction of G'* = H'? — TS" from G = H — TS gives GE = HE — TSE, 

We have G =F; ny; = Yi nut + RT In y,;x;) [Eqs. (9.23), (10.6), and (10.7) 
and (since y;; = 1 in an ideal solution) G'¢ = Èi n(u¥ + RT In x;). Subtraction gives 
G — G" =G* = RT Yin; In yp so GË can be found from the activity coefficients, 

Excess functions are closely related to mixing quantities. We have GF =G- 
G — G —Gi4 + G* — G* = G — Gt = (Gt — G*) = AG mix — AGS. The same ar- 
gument holds for other excess properties, and (since AHi“., = 0 and Avid = 0) 

GF = AG mix — AGiix» SF = AS mix — ASi HF = AA miv veg AV 
(10.12) 


where AGi@ 


mix 


DETERMINATION OF ACTIVITIES AND ACTIVITY COEFFICIENTS 


The formalism of Sec. 10.1 leads nowhere unless we can determine activity coefficients. 
Once these are known, the chemical potentials 4; are known, since Hi = u? + RT In yyy; 
[Eq. (10.6)]. From the chemical potentials, the other thermodynamic properties can 
be found. 

Activity coefficients are usually found from data on phase equilibria, most com- 
monly from vapor-pressure measurements. The condition for phase equilibrium be- 
tween the solution and its vapor is that for each species i the chemical potential jų 
in the solution must equal the chemical potential y;,, of i in the vapor phase. We 
shall assume the vapor in equilibrium with the solution to be an ideal gas mixture. 
Departures from ideality in gases are ordinarily much smaller than are departures 
from ideal-solution behavior in liquids. (In precise work, gas nonideality is allowed 
for by replacing the partial pressures P; in the equations of this section by the fu- 
gacities f;; fugacities are defined in Sec. 10.9.) Since u; „ depends on the vapor partial 
pressure P; and yu; in the solution depends on »;, measurement of P; allows the activity 
coefficient y; to be found. 


and ASi4., are given by (9.44) and (9.46). 


Convention I. Suppose we want a solution’s activities a, and activity coefficien's 
Yni for the Convention I choice of standard states. Recall that for an ideal solution 
We started from 4; =u? + RT In x; and derived Raoult’s law P; = x;P¥ (Sec. 9.5) 
For a real solution, the activity replaces the mole fraction in 4; and we have {i= 
Hii + RT In a,,;. Also, the Convention I standard states are the same as the ideal- 
solution standard states, so that H has the same meaning in these two expressions 
for y1;. Therefore, exactly the same steps that gave Raoult’s law P; = x,P¥ in Sec. 95 
will give for a nonideal solution 


* 
Pi=a;Pf ideal vapor, P not very high (10.13) 


ra 


Thus q; = Pi/ PË, where P; is the equilibrium partial vapor pressure of i above the | 265 | 


solution and P* is the vapor pressure of pure i at the temperature of the solution. 

Ata given temperature, P* is a constant, so (10.13) shows that the activity a, ; 
n a solution is directly proportional to the vapor partial pressure P; 
of the solution. Therefore a plot of P; vs. x; is, except for a change in scale, the same 
asa plot of dy; VS. Xi. Figure 9.13a plots Pae and Pen VS. Xen for acetone—chloroform 
solutions at 35°C. To change these plots to activity plots, we divide Pae by Pe (which 
is a constant) and divide Poni by Pnp Since diac = Pyc/P3. and dien = Pom/PEn- 
Figure 10.1 shows the resulting activity curves, which have the same shapes as the 
yapor-pressure curves in Fig. 9.13a. The plots of Fig. 10.1 agree with the result that 
a must increase as X; increases (Sec. 10.1), The dashed lines in Fig. 10.1 show the 
hypothetical ideal-solution activities ai? =Xp 

Since a); = 7X1» Eq. (10.13) becomes 


P,=ixiPP or 


ofa substance i 


(10.14) 


where x; is the mole fraction of i in the liquid (or solid) solution, x;,, is its mole 
fraction in the vapor above the solution, and P is the vapor pressure of the solution. 
To find a; and yy; we measure the solution vapor pressure and analyze the vapor 
and liquid to find x;,,, and x,. For a two-component solution, the vapor composition 
can be found by condensing a portion of it, measuring the density or refractive index 
of the condensate, and comparing with values for solutions of known composition. 
See McGlashan, secs. 16.8 and 16.9, for experimental details. Equation (10.14) is 
Raoult’s law modified to allow for solution nonideality. 

Since the partial pressure Pi’ above an ideal solution is given by Raoult’s law 
as Pid = x,P¥, Eq. (10.14) can be written as yı; = P;/Pi*. The Convention I activity 
coefficient is the ratio of the actual partial vapor pressure to what the partial vapor 
pressure would be if the solution were ideal. If component i shows a positive deviation 
(Sec, 9.7) from ideality (P; > Pi“), then its activity coefficient yi, is greater than 1. A 
negative deviation from ideality (P; < Pi) means yı; < 1. In Fig. 9.134, 94 for acetone 
and Jı for chloroform are less than 1 for all solution compositions. In Fig. 9.13b, the 
8 are greater than 1, 

Note from (10.6) and (10,1) that having the yrs less than 1 means the chemical 
potentials are less than the corresponding ideal-solution chemical potentials pi, 
Therefore G (which equals F; nj) is less than G'*, and the solution is more stable 
than the corresponding ideal solution. Negative deviations mean that the components 
of ncaa feel friendly toward each other and have a smaller tendency to escape 
ae er's close company by vaporizing, where the comparison is with an ideal 
Sis vis which the components have the same feelings for each other as for mole- 
AE Ha own kind. Solutions with positive deviations are less stable than the 
the ee ing ideal solutions. If the positive deviations become large enough, G of 
TA ion may exceed G of the pure separated liquids, and the system will separate 

two liquid phases (see Sec. 12.7). 


for solutions of acetone (ac) plus chloroform (chl) at 35.2°C, vapor pressures P 
of te alg vapor-phase mole fractions Xe,» are given in Table 10.1 as functions 
e liquid-phase acetone mole fraction x,.. (These data are graphed in Fig: 
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Convention I activities vs. 
composition for ai 


chloroform solutions at 35°C. 
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TABLE 10.4 


VAPOR PRESSURES AND VAPOR COMPOSITIONS FOR 
ACETONE-CHLOROFORM SOLUTIONS AT 35.2°C 


io ates Phtorr ae A Phtorr 
0.0000 0,0000 293 | 0.6034 0.6868 267 
0.0821 0.0500 279.5 | 0.7090 0.8062 286 
0.2003 0.1434 262 | 0.8147 0.8961 307 
0.3365 0.3171 249 | 0.9397 0.9715 332 
0.4188 0.4368 248 | 1.0000 1.0000 344.5 
0.5061 0.5625 255 | 


9.13.) (a) Find the Convention I activity coeficients in these solutions. (b) Find 
AG mix When 0.200 mol of acetone and 0.800 mol of chloroform are mixed at 35,2'¢ 
and 1 bar. 

(a) For x,. = 0.0821, Eq. (10.14) gives 


XacwP _ 0.0500(279.5 torr) 


pete OH) i 
ae = PE  0.0821(344.5 tor) 7 94% 
„P 0.9500(279.5 
Yieni = Le aaa E) 0.987 


XenPf 091790293 tor) 


Similar treatment of the other data and use of (10.8) give: 


Aa O | 0082 | 0.200 0.336 0.506 0.709 0.815 0940 | 1 
Hac 0.494 0.544 0.682 0.824 0.943 0.981 0.997 l 
Hent 1 0.987 0.957 0.875 0.772 0649 | oss 0,536 

Kent 1 091s | 0800 0.664 0.494 T 0.291 0.185 0.060 | 0 
Figure 10.2a plots the activity coefficients 71 As functions of solution composition. 


(6) The mixing is at i bar, whereas at Xac = 0.200, the solution is under a 
pressure of 262 torr (its vapor Pressure), and the y's are for this pressure. However, 
for liquid solutions, the activity coefficients (like the chemical potentials) change 
very slowly with pressure, and the effect of this pressure change on the y's can be 
ignored, We have 


AGaix GT GS D nly, MYE S nfo, + RT In yx; ut) = È nRT lah 
7 i 
since pp; = u* [Eq. ( 10.7)]. Then 


AGmix = [8.314 J/(mol K)](308.4 K) 


x {(0.200 mol) In [(0.544)(0.200)] + (0.800 mol) In [(0.957)(0.800)]} 
= —1685J 


_ The large negative deviations of y, from 1 in this example (and the correspond 
ing large negative deviations in Fig. 9.13a from Raoult’ indicate large deviations 
aoult’s law) indicate larg 


yaa Ya 0 . 


Ẹ -200 > 
3 -1000 £ 
n 05 
-400 


(a) (b) 
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from ideal-solution behavior. This deviation is due to hydrogen bonding between 
acetone and chloroform according to Cly;C—H- «+ -O=C(CH3)2. [Nuclear- 
magnetic-resonance spectra of acetone—chloroform solutions give evidence for this 
hydrogen bonding; see C. M. Huggins et al., J. Chem. Phys., 23, 1244 (1955); A. 
Apelblat et al., Fluid Phase Equilibria, 4, 229 (1980).] The hydrogen bonding makes 
the acetone-chloroform intermolecular attraction stronger than the average of the 
acetone-acetone and chloroform—chloroform attractions. Therefore, AH mix iS nega- 
tive, compared with zero for formation of an ideal solution. The hydrogen bonding 
gives a significant degree of order in the mixture, making AS mix less than for formation 
ofan ideal solution. The enthalpy effect turns out to outweigh the entropy effect, and 
AGnix = AH mix — T AS mix is less than AG mix for formation ofan ideal solution. Figure 
102b shows HE/n, TS#/n, and GË/n for acetone-chloroform solutions at 35.2°C, 
Where the excess quantities are [Eq. (10.12)] HE =: AH ged = Dox T ASis,,, and 
SAG iy AG. 

_ Both energy effects (AH mix) and entropy effects (AS mix) contribute to the devia- 
tions of a solution's behavior from ideal behavior. Sometimes the entropy effect is 
more important than the energy effect. For example, for a solution of 0.5 mol of 
ethanol plus 0.5 mol of water at 25°C, HE = AH mix is negative (AH mix = —400 J/mol), 
but ns? is much more negative than H® (TS* = —1200 J/mol), so that GF = HE 
a ishighly positive. The solution is less stable than the corresponding ideal solution. 
“olor shows positive deviations from ideality, even though the mixing is 

ic, 


Convention II, Now suppose we want the Convention II activity coefficients. The 

standard statesin Convention II are the same as for an ideally dilute solution. Whereas 

“Hey j T RT In x; for an ideally dilute solution, we have 4; = Hii + RT In ay, ina 

ies solution. Hence exactly the same steps that led to Henry's law (9.69) for the 

lh s and Raoult’s law (9.70) for the solvent lead to modified forms of these laws 
Xi replaced by ay,; for nonideal solutions and Convention II. Therefore 


(10.15) 


Pi = Kian = Kin iXi for i # A, ideal vapor 
(10.16) 


Pa = an, AP$ = Yua Xa PA ideal vapor, P not very high 
ALA = Yu,a Xat A 


Properties of acetone-chloroform 
solutions at 35°C: (a) Convention 
I activity coefficients; (b) excess 
functions (n is the total number of 
moles). 
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EA 


Convention II activity coefficients 
vs. composition for acetone- 
chloroform solutions at 35°C, 


The solvent 
is acetone 
| 
0 1 


To apply (10.15), we need the Henry’s law constant K;. This can be determined by 
measurements on very dilute solutions where 7, ; = 1. Thus, vapor-pressure Measure. 
ments give the Convention H activities and activity coefficients. Equations (10.15 
and (10.16) give Mua = P,/Pi-sil and 71,4 = Pupo. where id-dil stands for ideally 
dilute. 


Find the Convention II activity coeficients at 35.2°C for acetone-chlorofom 
solutions, taking acetone as the solvent, Use Table 10.1. 

Ordinarily, one would use Convention I for acetone-chloroform solutions, but 
for illustrative purposes we use Convention II. Equation (10.16) for the solvent 
Convention II activity coeficient Yu,a IS the same as the Convention I equation 
(10.14), S0 77,4 = 71,4: Since acetone has been designated as the solvent, we have 
Vilac = Yr,ac TN Yi,ac Values were found in the previous example, 

For the solute chloroform, Eq. (10.15) gives Yireni = Peni /K cn1X en: We need the 
Henry's law constant Ken: In Fig. 9.13a, the Henry's law dotted line for Chloroform 
intersects the right-hand axis at 145 torr, and this is Ky IN acetone. (A more 
accurate value of Ken, can be found by plotting Poni/Xeni VS- Xeni ANG extrap- 
olating to x.4; = 0. See also Prob. 10.7.) The Table 10.1 data and Kep = 145 torr 
then allow calculation of 7ıenı: Time can be saved by noting that Yui = PilxiPh 
SO Yma = (P/K ix) + (P;/x;P¥) = P¥/K; = (293 torr)/(145 torr) = 2.02, Thus 
Yuet = 2-027), cni: Using the y; en Values from the last example and (10.10), we find: 


Ra O | 0082 | 0200 | 0336 | 0506 | 0709 | 081s | 0940 | | 

h EE EAA Ea | ee 
men | 202 | 19 I 193 | Am fois | asi | 119 | 108 ji 
Mac 0494 | 0.544 | 0.682 | 0824 | 0943 | 0981 | 0997 | 1 


The Yu's are plotted in Fig. 10.3. Both Yn's QO to 1 as the solvent mole fraction 
Xac > L whereas 4,24) > 1 aS xeni > 1 and Vac > 1 As x,. > 1 (Fig. 10.20). 


Note that yy,.n1 > 1 with acetone as the solvent, whereas 7,41 < 1 (Fig. 10.20, 
This corresponds to the fact that Poni in Fig. 9.13a is less than the corresponding 
Raoult’s law (ideal-solution) dashed-line partial pressure, and P,,, is greater than the 
corresponding Henry's law (ideally dilute solution) partial pressure. yı measures de- 
viations from ideal-solution behavior; yı measures deviations from ideally dilute 
solution behavior. 


Since Ymen > 1 and yy,4¢ <1 for acetone as solvent, Heni in Eq. (10.6) is greater 
than uim", the chloroform chemical potential in a hypothetical ideally dilute sol 
tion of the same composition, and jae < pitti In a hypothetical ideally dilute solu- 
tion, the chloroform molecules interact only with the solvent acetone, and this is & 
favorable interaction due to the hydrogen bonding discussed earlier. In the real 
solution, CHCl; molecules also interact with other CHCl, molecules, which is a i 
favorable interaction than with acetone molecules; this increases Hen above Heni * 
In an ideally dilute solution, the interaction of the solvent acetone with the solute 
chloroform has an insignificant effect on p&d! In the real solution, the acetone- 


chloroform interaction is significant, and since this interaction is favorable, y,, is less | 269 | 
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the Gibbs-Duhem Equation. Activity coefficients of nonvolatile solutes can be 
found from vapor-pressure data using the Gibbs-Duhem equation, which we now 
derive. Taking the total differential of G = J; nye; [Eq. (9.23)], we find as the change 
in G of the solution in any infinitesimal process (including processes that change the 
amounts of the components of the solution) 
dG =d Y nyu; = ¥ dinni) = ¥ (ndu; + udn) = Y nidu; + Y p; dn; 
7 i i i i 
The use of dG = —SdT + V dP + F; pdn; [Eq. (4.73)] gives 
—SdT + VdP +> pdn, = F mdu; +¥ udn; 
i i 


E mdu; + SdT—VaP =0 (10.17) 


This is the Gibbs—Duhem equation. Its most common application is to a constant- 
Tand-P process (dT = 0 = dP), where it becomes 


Z nidpi = È ndë, =0 const, T, P (10.18) 


Equation (10.18) can be generalized to any partial molar quantity as follows. 
T'Y is any extensive property of a solution, then Y = Y; n,¥, [Eq. (9.26)] and dY = 
Sind¥, + ¥;, Y,dn;. Equation (9.25) with dT = 0 = dP reads dY = J; Y;dn;. Equat- 
ing these two expressions for dY, we get 


Ynd¥,=0 or SY x,d¥=0 const. T, P (10.19) 
i i 


where the form involving the mole fractions x; was found by dividing by the total 
number of moles in the solution. The Gibbs-Duhem equation (10.19) shows that the 
Ws are not all independent. Knowing the values of r — 1 of the F's as functions of 
composition for a solution of r components, we can integrate (10.19) to find ¥,. 

For a two-component solution, Eq. (10.19) with Y =V (the volume) reads 
dh + xpd =0 or dV, = —(xp/x,)dV¥q at constant T and P. Thus, dV, and 
h must have opposite signs, as in Fig. 9.5. Similarly, dxa and døg must have 
Opposite signs when the solution’s composition changes at constant T and P. 


y ie cionis of Nonvolatile Solutes. For a solution of a solid in a liquid 
alias i vapor partial pressure of the solute over the solution is generally im- 
Surement hie and cannot be used to find the solute’s activity coefficient. Mea- 
solvent chy vapor pressure as a function of solution composition gives Pa, the 
cient y p ial pressure, and hence allows calculation of the solvent activity coeffi- 
equation k ae of composition. We then use the integrated Gibbs-Duhem 
Atte i ind solute activity coefficients yp- 7 
T division by ng +n, the Gibbs-Duhem equation (10.18) gives 


i Xadua + xgdyp=0 const: T, P (10.20) 
tom 
(10.6) we have ity = A(T, P) + RT In ya + RT In x4 and 


dua = RTd1n y4 +(RT/xa)dx, const. T, P 
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Similarly, dug = RTd In yg + (RT/xg)dxg at constant T and P., Substitution for 
duą and dpp in (10,20) gives after division by RT: 


XqdIn yy + dx, +xgdinjg3+dxg=0 const. T, P 
Since x4 + xg = 1, we have dx, + dxg = 0, and the last equation becomes 
din yg = —(X,/xp)d In y4 const. T, P 
Integrating between states 1 and 2, and choosing Convention IT, we get 


2 KK 


In Yu,8,2 — In Yup. = -f din yy, const. T,P (102) 


METXA 
Let state 1 be pure solvent A. Then yn,s,ı = 1 [Eq. (10.10)] and In Yu.B, ı = 0. We 
plot x4/(1 — xa) vs. In yy),,. The area under the curve from x, = | to Xa = Xa, gives 
—In yn,,2; Even though the integrand x4/(1 — Xa) becomes infinite as x, > 1, the 
area under the curve is finite. To avoid the waste of graph paper entailed with a 
curve that goes to infinity, one starts the integration not at Xa = l but at x, =1-¢ 
where c is small enough for 4,5 to be essentially 1 at Xa = 1 — c. [For better meth- 
ods of dealing with this infinity, see Denbigh, p. 285 and p. 289 (prob. 6).] 

Some activity coefficients for aqueous solutions of sucrose at 25°C calculated 
from vapor-pressure measurements and the Gibbs-Duhem equation are: 


x(H,0) 0.999 | 095 0.980 | 0.960 0.930 0.900 
yu(H20) 1.0000 0.9999 0.998 0.990 0.968 0.939 
Yn(C1 2H 20, ,) 1.009 uo | 1.231 uss | 231 | 323 


Note from the equation preceding (10.21) that 7y,cucrose Must increase when 
Yu,H.0 decreases at constant T and P. Because of the large size of a sucrose mole- 
cule (molecular weight 342) compared with a water molecule, the mole-fraction 
values can mislead one into thinking that a solution is more dilute than it actually 
is. For example, in an aqueous sucrose solution with x(sucrose) = 0.10, 62} percent 
of the atoms are in sucrose molecules, and the solution is extremely concentrated. 
Even though only 1 molecule in 10 is sucrose, the large size of sucrose molecules 
makes it highly likely for a given sucrose molecule to be close to several other 
Sucrose molecules, and Yy sucrose deviates greatly from 1. 

In aqueous solutions of sucrose, Yn Of the solute (sucrose) is greater than 1 and 
Yu of the solvent (water) is less than 1. This is the same situation we found earlier 
for yy values for solutions of chloroform in the solvent acetone. By the reasoning 
used for acetone—chloroform solutions, we conclude that sucrose—water interactions 
are more favorable than sucrose—sucrose interactions. 


Other Methods for Finding Activity Coefficients. Some other phase-equilibrium 
properties that can be used to find activity coefficients are freezing points of solutions 
(Sec. 12.3), osmotic pressures of solutions (Sec. 12.4), and gas-liquid chromatography 
data (see T. M. Letcher, Specialist Periodical Reports, Chemical Thermodynamics, vol. I, 
Chemical Society, London, 1978, P- 46). Activity coefficients of electrolytes in solution 
can be found from galvanic-cell data (Sec. 14.10). 


In industrial processes, liquid mixtures are often separated into their pure 
nents by distillation. The efficient design of distillation apparatus requires 
knowledge of the partial vapor pressures of the mixture’s components, which in turn 
requires knowledge of the activity coefficients in the mixture. Therefore, chemical 
engineers have devised several methods for estimating activity coefficients from limited 
data; see Reid, Prausnitz, and Sherwood, chap. 8. The accuracy of these methods, 
gh not high, is good enough to give useful results in most cases. 


compi 


althou 


ACTIVITY COEFFICIENTS ON THE MOLALITY 
AND MOLAR CONCENTRATION SCALES 


So far in this chapter, we have expressed solution compositions using mole fractions 
and have written the chemical potential of each solute i as 


Hi = Hini + RT In yy ix where yy; > las x, > 1 (10.22) 


where A is the solvent. However, for solutions of solids or gases in a liquid, the solute 
chemical potentials are usually expressed in terms of molalities. The molality of solute 
iis m =nm/nM ą [Eq. (9.3)]. Division of numerator and denominator by mo gives 
my = x/X,Mq and x; = m;XaM a. The u; expression becomes 


Hi = hii + RT In (Yn yemeX,~Mam’/m*) 
Hy = Hii + RT In (M qm?) + RT In (X4Yn,m;/m°) 


where, to keep subsequent equations dimensionally correct, the argument of the 
logarithm was multiplied and divided by m°, where m° is defined by m° = 1 mol/kg. 
We can take the log of a dimensionless number only. The quantity M,m” is dimen- 
sionless, For example, for H,O, M m° = (18 g/mol) x (1 mol/kg) = 0.018. 
We now define pp, ; and Ym; as 
Hmi = Hii + RT In (Mam), Ymi = XAT aE (10.23) 
With these definitions, u; becomes 


Hy = upi + RT In (Ym im;/m°), m° = 1 mol/kg, i#A — (10.24)* 


Ymi > 1asxa > 1 (10.25) 


ete the limiting behavior of Ym; follows from (10.23) and (10.10). The motivation 
a definitions in (10.23) is to produce an expression for p; in terms of m; that 
(102 same form as the expression for u; in terms of x;. Note the similarity between 
o 4) and (10.22), We call Ym i the molality-scale activity coefficient of solute i and 
TR molality-scale standard-state chemical potential of i. Since yñ, in (10.23) 
< es of T and P only, y°,; is a function of T and P only. 
tn is the molality-scale standard state? Setting x; in (10.24) equal to Hm,» We 
a m, = is standard state has y, m;/m° = 1. We shall take the standard-state molality 
we etie 1 mol/kg (as is already implied in the notation m° for 1 mol/kg), and 
state j en have Ymi = 1 in the standard state. The molality-scale solute standard 

'S thus the fictitious state (at the T and P of the solution) with m; = 1 mol/kg 
Imi = 1. This state involves an extrapolation of the behavior of the ideally dilute 


soluti 
ition (where y,,; = 1) to a molality of 1 mol/kg (see Fig. 10.4). 


_ Ea 


SECTION 10.3 


— Ea 


Chemical potential y; of a 
nonelectrolyte solute plotted vs. 
In (m;/m*), The dashed line 
extrapolates the ideally dilute 
solution behavior to higher 
molalities. The solute’s standard 
state corresponds to the point on 
the dashed line where m; = m” = 
1 mol/kg and In (m;/m”) = 0. 
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Yer Ym and Ym of the solute sucrose 
in water at 25°C and 1 atm plotted 
ys. solution composition, 


7p 


Using (10.23) and the expressions in Sec. 10.1 for Convention II standard-state Solute 
properties, one finds (Prob. 10.10) the following solute molality-scale Standard-stale 
properties: 


Paic Vr, Baic HP,  Sai= (Si+ Rin m/m), i xd (102% 


Although (10.24) is used for each solute, the mole-fraction scale is used for the 
solvent: 

Ha = HA + RT In yaxa, HA = LRT, P), Ya lasxy>l (1027 

Solute chemical potentials are sometimes expressed in terms of molar concentra- 

tions c; instead of molalities, as follows: 


Hy = we + RT In (y, ;¢;/c") for i # A (10.28) 
Yei > lasxa >l œ= 1 mol/dm? (10.29 


which have the same forms as (10.24) and (10.25). The relations between He, and ji) 
and between y, ; and 7; are worked out in Prob. 10.11. As always, the mole-fraction 
scale is used for the solvent. 

Equations (10.4), (10.24), and (10.28) give as the activities on the molality and 
concentration scales 


m,i = Ym iMi/M, dei = Ye ;C;/C° (10.30) 


which may be compared with a; = y;x; [Eq. (10.5)]. 

Some values of 7), Ym» and ye for sucrose in water at 25°C and 1 atm are plotted 
in Fig. 10.5. 

For solute i, one has the choice of expressing 4; using the mole-fraction scale 
(Convention II), the molality scale, or the molar concentration scale. None of these 
scales is more fundamental than the others (see Franks, vol. 4, pp. 4, 7-8), and which 
scale is used is simply a matter of convenience. In dilute solutions, Yir Ym» and y are 
nearly equal to one another, and each measures the deviation from ideally dilute 
behavior (no solute-solute interactions). In concentrated solutions, these activity 
coefficients differ from one another, and it is not meaningful to say which one is the 
best measure of such deviations. 

Table 11.1 in Sec. 11.7 summarizes the standard states used for solutions and 
pure substances. 


SOLUTIONS OF ELECTROLYTES 


Electrolyte Solutions. An electrolyte is a substance that yields ions in solution, 8 
evidenced by the solution’s showing electrical conductivity. A polyelectrolyte is 
electrolyte that is a polymer. For a given solvent, an electrolyte is classified as weak 0! 
strong, according to whether its solution is a poor or good conductor of electricity at 
moderate concentrations. For water as the solvent, some weak electrolytes are NH), 
CO2, and CH;COOH, and some strong electrolytes are NaCl, HCI, and MgSQ: 

An alternative classification, based on structure, is into true electrolytes 4” 
potential electrolytes. A true electrolyte consists of ions in the pure state. Most salts 
are true electrolytes. A crystal of NaCl, CuSO,, or Mg§ consists of positive and 


negative ions. When an ionic crystal dissolves in a solvent, the ions break off from 
the crystal and go into solution as solvated ions. The term solvated indicates that 
lution is surrounded by a sheath of a few solvent molecules bound to 


each ion in 50. ; h eo } 
the ion by electrostatic forces and traveling through the solution with the ion. When 


the solvent is water, solvation is called hydration (Fig. 10.6). o Ea 


Hydration of ions in solution. 


SECTION 10.4 


Some salts of certain transition metals and of Al, Sn, and Pb have largely covalent 


bonding and are not true electrolytes. Thus, for HgCl,, the interatomic distances in the () Œ) 
crystal show the presence of HgCl, molecules (rather than Hg?* and CI” ions), and 
HgCl, is largely molecular in aqueous solution (as evidenced by the low electrical con- 
ductivity). In contrast, HgSO,, Hg(NO3)2, and HgF, are ionic. © 
A potential electrolyte consists of uncharged molecules in the pure state, but when w D 
dissolved in a solvent, it reacts with the solvent to some extent to yield ions. Thus, 
acetic acid reacts with water according to HC,H30, + H20 = H,0* + C,H;0,, 
yielding hydronium and acetate ions. Hydrogen chloride reacts with water according Lo 
t0 HCI + H,0 = H,O0* + Cl. For the strong electrolyte HCI, the equilibrium lies 
far to the right. For the weak electrolyte acetic acid, the equilibrium lies far to the (-) 
left, except in very dilute solutions. MA 
In the pure liquid state, a true electrolyte is a good conductor of electricity. In (0) 


contrast, a potential electrolyte is a poor conductor in the pure state. 

Because of the strong long-range forces between ions in solution, the use of activity 
coefficients in dealing with electrolyte solutions is essential, even for quite dilute solu- 
tions, Positive and negative ions occur together in solutions, and we cannot readily 
make observations on the positive ions alone to determine their activity. Hence, a 
special development of electrolyte activity coefficients is necessary. Our aim is to derive 
an expression for the chemical potential of an electrolyte in solution in terms of experi- 
mentally measurable quantities. 

For simplicity, we consider a solution composed of a nonelectrolyte solvent A, 
for example, H7O or CH OH, and a single electrolyte that yields only two kinds of 
ions in solution, for example, NaySO4, MgClz, or HNO; but not KAI(SO4)2. Let 
the electrolyte i have the formula M,,X,_, where v, and v- are integers, and let 
iyield the ions M?* and X?~ in solution: ~ 


M, X, _(s) > v4M?*(sln) + v-X*"(sln) (10.31) 
Where sin indicates species in solution. For example, for Ba(NO3)2 and BaSOq: 
Oa: M=Ba, X=NOy 4 9S Rei on eet 
W860. M=Ba, X=SO,:  ,¥>= li a seam ae 


ly 1 and |z_| = 1, we have a 1:1 electrolyte. Ba(NO3)2 is a 2:1 electrolyte; 
204 is a 1:2 electrolyte; MgSO, is a 2:2 electrolyte. 
aa be intimidated by the notation. In the following discussion, the Zs are 
beter, sie (nu s) are numbers of ions in the chemical formula, the y’s (mu’s) are 
S potentials, and the y's (gamma’s) are activity coefficients. ; 
only h as CuSO, and MgCl, are often considered to exist in aqueous solution 
07 th e form of ions. Actually, this picture is inaccurate, and we shall see in Sec. 
iw Re (except for 1:1 electrolytes) there is a significant amount of association 
cen oppositely charged ions in solution to yield ion pairs. For a true electrolyte, 
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we start out with ions in the crystal, get solvated ions in solution as the crys) 
dissolves, and then get some degree of association of solvated ions to form ion pain 
in solution. The equilibrium for ion-pair formation is 


Mž* (sln) + X*-(sIn) = MX** *7-(sin) (103) 


For example, in an aqueous (aq) Ca(NO3), solution, (10.32) reads Ca?* (ag) 4 
NO, (aq) = Ca(NO3)* (aq). 


Chemical Potentials in Electrolyte Solutions. We shall restrict the treatment in 
this section to strong electrolytes. Let the solution be prepared by dissolving n; moles 
of electrolyte i in ną moles of solvent A. The species present in solution are Ą 
molecules, M** ions, X*> ions, and MX?* +7- ion pairs. Let Ma, Ny, n, and np be 
the numbers of moles of A, M?*, X?~, and MX?* *=- respectively, Let Has Has fey 
and urp be the chemical potentials of these species, 

The quantity u, is by definition [Eq. (4.72)] 


Hy =(66/0n4)r pn, , (1033) 


where G is the Gibbs energy of the solution. In (10.33), we must vary n, while holding 
fixed the amounts of all other species, including n_. However, the requirement of 
electrical neutrality of the solution prevents varying n while n_ is held fixed, We 
can’t readily vary n(Na*) in an NaC] solution while holding n(C1~) fixed. The same 
situation holds for _. There is thus no simple way to determine u, and H- experi- 
mentally. (Chemical potentials of single ions in solution can, however, be estimated 
theoretically using statistical mechanics; see Sec. 10.6.) 

Since u, and u_ are not measurable, we define y, the chemical potential of 
the electrolyte as a whole (in solution), by 


= (0G/0n))7, Ping (10.34) 


where G is G of the solution. The number of moles n; of dissolved electrolyte can 
readily be varied at constant Na, SO 4; can be experimentally measured, Definitions 
similar to (10.34) hold for other partial molar properties of the electrolyte as a whole, 
For example, Vj = (ôV/ôn;)r pn,» where V is the solution’s volume. V; for MgSO, 
in water was mentioned in Sec. 9.3, 

To relate u, and p_ to Hi, We use the Gibbs equation (4.73), which for the 
electrolyte solution is 


4G = —SdT + VAP + udn, + Ha dn, +p- dn- + pypdnzp — (1035) 


If no ion pairs were formed, the numbers of moles of cations and anions from the 
electrolyte M, ,X,_ would be n+ = Vin; and n_ = v_n; [Eq. (10.31)]. With ion-pait 
formation, the number of moles of cations and anions are each reduced by nyp [E4 
(10.32)}: 

TSU aae pia R= V_ ny nyp (10 
dG SES ATIV ARER AnA O fda dn 4 o_ dn; — dnyp) + by Mr 


The equilibrium condition for the ion-pair formation reaction (10.32) is 4p = H+ t 
u- [Eq. (4.98)]. Use of this equation simplifies dG to 


dG ESAT EAR ugdng EON Epa qos 


a 0, dP = 0, and dna = 0 in (10.37) and using u; =(@G/én))7,p,,, [Eq. 
ye get 
Hi = V4 Hy + VBR (10.38)* 
he chemical potential u; of the electrolyte as a whole to the chemical 
+ and p- of the cation and anion. For example, the chemical potential 
queous solution is (CaCl, aq) = u(Ca?*, aq) + 24(C17, aq). 

consider the explicit expressions for #4 and y;. The chemical potential 
jlvent can be expressed on the mole-fraction scale [Eq. (10.27)]: 


Ha = A(T, P) + RT In yyaXa, (Wx) = 1 (10.39) 
s the mole-fraction activity coefficient. 
ctrolyte chemical potentials 4;, 4+, and u- are usually expressed on the 
Let m, and m_ be the molalities of the ions M** and X*~, and let 
the molality-scale activity coefficients of these ions. The m subscript is 
m the y’s since in this section we shall use only the molality scale for solute 
ations (10.24) and (10.25) give as the chemical potentials of the ions: 


=p +RTIn(yymy/m’), po =p + RT In(y_m_/m*) (10.40) 

° = 1 mol/kg yP=y2=1 (10.41) 
nd xè are the ions’ molality-scale standard-state chemical potentials. 
ution of (10.40) for u, and p- into (10.38) gives 4; as 


Vy + Vue +¥4RT In (y}m4/m°) + v_RT In (y_m_/m°) 
a= Vy + vp + RT In [(y4)**Qy—) (m/m) (m-/m°) J] (10.42) 


e u, and j_ can’t be determined experimentally, the single-ion activity 
7+ and y_ in (10.40) can’t be measured. The combination (y)’*(y-)’~ 
in the experimentally measurable quantity 4; in (10.42) is measurable. 
o get a measurable activity coefficient, we define the molality-scale mean 
oefficient y, of the electrolyte M,,X,_ as 


vat = (10.43)* 
e, for BaCl, (y4)? = (y)(p_)? and y4 =(7+)"9-)?*. The definition 


also to solutions of several electrolytes. For example, for a solution 
KCI, there is a y, for the ions K* and CI” and a different y4 for Na 


aplify the appearance of (10.42) for u; we define u3(T, P) (the electrolyte’s 
ate chemical potential) and v (the total number of ions in the electrolyte’ 


He = vu, + Vee (10.44) 
væv, +v- (10.45)* 

definitions (10.43) to (10.45) of y +, uf, and v, Eq. (10.42) for the electrolyte’s 

tential u; becomes T 

li = po + RT An [(y 4) (n; /m m- /m°)] 

my =! 

nfinite-dilution behavior of y+ follows from (10.43) and (10.41), In Ba: 

hd the ionic molalities m, and m_ can be determined experimentally. 


(10.46) 
(10.47) 
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Therefore, by examining the limiting infinite-dilution behavior of (10.46), where j ! 
is 1, we can determine y?. Once H? is known, we can find Y4- ; g 


What is the relation between the ionic molalities m, and m_ in (10.46) an 
the electrolyte’s molality? The stoichiometric molality m; of electrolyte i iş defined ay 


M; = nj/Wy (10.48) 


where the solution is prepared by dissolving n; moles of electrolyte in a mass w 
of solvent. To express ju; in (10.46) as a function of mj, we shall relate m, and m 
to m;. 


No lon Pairing. We first consider the special case where ion pairing is negligible, 
The formula of the strong electrolyte M,,X,_ contains v4 cations and y_ anions, 
so the ionic molalities are m+ =v4m; and m_ = v_m;, where m; is the electrolytes 
stoichiometric molality (10.48). The molality factor in (10.46) is then 


(m4)"(m_)"~ = (vym) 0m) = (v) wm, (10.49) 


where v= v, +v_ [Eq. (10.45)]. It is traditional to define v, [analogous to Ya in 
(10.43)] as 
v) = (v) o) (10,50) 


For example, for Mg3(PO4)., v} = (33 x 2?)45 = 1081/5 = 2.551. For the comm 
case v, =v_ = 1, we have v, = 1. With the definition (10,50), Eq. (10.49) becomes 
(m,)"*(m_)"~ = (vm). The quantity in brackets in (10.46) and the expression (10.46) 
for u; become 
[0 +)" m/m)" (m_/m®?)"~] = (v 4y 4 mj/m°y" 
ki =u? +VRT In (vY +m;/m°) strong electrolyte, no ion pairs (10.51) 


where In x” = y In x was used. For the case of no ion pairing, Eq. (10.51) expresses 
the electrolyte’s chemical potential 4; in terms of its stoichiometric molality m; and 
other experimentally measurable quantities. 


Allowance for lon Pairing. Now let us allow for ion-pair formation [Eq. (10.32)} 
Let « be the fraction of the ions M?* that do not associate with X*~ ions to form 
ion pairs. If no ion pairing occurred, the number of moles of M?* in solution would 
be v4n;, where n; is the number of moles of M, ,X,_ used to prepare the solution 
With ion pairing, the number of moles of M?* in solution is given by ny = aVat 
There are a total of v4 n; moles of M in the solution, present partly as M** ions and 
partly in MX** *?~ ion pairs [Eq. (10.36)]. Hence the number of moles of the ion 
pair is 
"ıp = Vani — n4 = vin, — avin, = (1 — a)v 4 nj 


There is a total of v_n; moles of X present, partly as X*~ and partly in the ion paifs 
Hence the number of moles of X*> is 


n- =v n — np = [v_ ~=(1— aw Jn , 
Dividing the equations for n, and n_ by the solvent mass, we get as the molalities 


m+ =OV4M, — m. =[y_ = (1 —a)v,]m, 


substitution of these molalities into Eq. (10.46) for u; and the use of (10.45) and (10.50) |277 | 


ives (after a bit of algebra—Prob. 10.17) 


forvand V+ Bt 
Hy = HE + VRT In (v +y;m;/m°) (10.52)* 
wea — (1 —)vs es Pad (10.53) 
where the electrolyte’s molality-scale stoichiometric activity coefficient y; has been 


defined by (10.53). The infinite-dilution value of y; follows from its definition in (10.53) 
and from y% = 1 [Eq. ( 10.47)] and the fact that the extent of ion pairing goes to 
ero at infinite dilution (a = 1). 

Equation (10.52) is the desired expression for the electrolyte’s chemical potential 
in terms of experimentally measurable quantities. The expression (10.52) for 4; of an 
electrolyte differs from the expression (10.24) for 4; of a nonelectrolyte by the pres- 
ence of v, v+, and the complicated expression for y; Equation (10.52) differs from 
(10.51) for an electrolyte with no ion pairing by the replacement of y+ with y;. The 
stoichiometric activity coefficient y; differs from the mean ionic activity coefficient 
ya in that y; allows for ion-pair formation, Comparison of (10.51) and (10.52) shows 
that y; = 74 for no ion-pair formation. This result also follows by putting « = 1 in 
(10.53), Equation (10.52) is a bit too complicated to be memorized; the star has been 
used to indicate that (10.52) is a key result. 

The degree of association to form ion pairs is sometimes difficult to deter- 
mine, so æ in (10.53) may not be known. One therefore measures (see Sec. 10.5) 
and tabulates y;, rather than y+, for strong electrolytes. The stoichiometric activity 
coefficient y; deviates from 1 because of (a) deviations of the solution from ideally 
dilute behavior and (b) ion-pair formation, which makes « in (10.53) less than 1. 
Although it is actually y; that is tabulated for strong electrolytes, tables sometimes 
use the symbol y, for y,. Strictly speaking y+ =y; only for no ion-pair formation. 
j Setting 1; in (10.52) equal to p?, we see that the standard state of the electrolyte 
iasa whole has v,.)m;/m° = 1. The standard state of i as a whole is taken as the 
a state with y; = 1 and v4m,/m° = 1. For this standard state, m; = (1/v+) 
mol/kg, 


Gibbs Energy of an Electrolyte Solution. Equations (10.37) and (10.38) give 
dG = —SdT + VdP + padna + pidr; 


ne has the same form as (4.73). Hence, the same reasoning that gave (9.23) and 
.18) gives for an electrolyte solution 


G = nala + Mihi (10.54) 
nadya +n;du;=0 const. T, P (10.55) 


Equation (10.55) is the Gibbs-Duhem equation for an electrolyte solution. 


a mae For a solution of n; moles of the strong electrolyte M,,X,_ in the sol- 
(Gian defined the chemical potential 4; of the electrolyte as a ae by Hi Fi 
pens a Ook hate hn 
Was found ti a see and anion. The electrolyte’s c eae p n o 
us a be Hi = u? + VRT In (v4, y,m;/m°), where v= V+ +V- V+ is defined by 
+) = (v4)"*(v_)’-, and the stoichiometric activity coefficient y; is defined by (10.53). 
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If there is negligible ion pairing in solution, then Yi = 7+, Where the mean 
tivity coefficient y, is defined by (ys) = (74) *_)"". The activity ci 
and y, are on the molality scale. 


DETERMINATION OF ELECTROLYTE ACTIVITY COEFFICIENTS 


The Gibbs~Duhem equation was used in Sec. 10.2 to find the activity Coefficient of 
an involatile nonelectrolyte solute from known values of the solvent activity coeff. 
cient; see Eq. (10.21). A similar procedure applies to a solution of an involatile elte 
trolyte. We restrict the discussion to a solution of a single strong involatile electrolyte 
i with the formula M, ,X,_. — 
The solvent’s chemical potential can be written as Ha = UX + RT In ay, where 
the mole-fraction scale is used [Eq. (10.39)]. This expression for Hy is the same as 
(10.4) and (10.7). Therefore, the Vapor-pressure equation (10.13), which follows. 
(10.4) and (10.7), holds for the solvent in an electrolyte solution: ` 


— 


y 


Px=a,PX ideal vapor, P not very high (10.56) 


known solvent activity coefficient as a function of composition. Electrolyte activity 
coefficients can also be found from galvanic-cell data; Sec, 14.10. i 
Some experimental values of y; for aqueous electrolyte solutions at 25°C and 
1 atm (m° = 1 mol/kg) are given in Table 10.2 and plotted in Fig. 10.7. Even a 
m; = 0.001 mol/kg, the electrolyte activity coefficients in Table 10.2 deviate substan- 
tially from 1 because of the long-range interionic forces. For comparison, for th 
nonelectrolyte CH;(CH,),OH in water at 25°C and | atm, Ym; = 0.9999 at m= 
0.001 mol/kg, Ym; = 0.9988 at m, = 0.01 mol/kg, and ym; = 0.988 at m, = 0.1 mol/kg 
In concentrated solutions, both very large and very small values of 7; can occur, For 


TABLE 10.2 


STOICHIOMETRIC ACTIVITY COEFFICIENTS y, OF ELECTROLYTES 
IN WATER AT 25°C AND 4 ATM ‘ 


m,|m° LiBr HCI CaCl, Mg(NO,), Na,SO, CuSO, 


0.001 0.97 0.96 0.89 0.88 0.89 0.74 

0.01 0.91 0,90 0.73 0.71 0.71 0.44 

0.1 0.80 0.80 0.52 0.52 0.44 0.15 

0.5 0.75 0.76 0.45 0.47 0.27 0.06 X 
1 0.80 0.81 0.50 0.54 0.20 0.04 W 
5 27 24 59 e 


10 20. 10. 43. 


y 0.6 


Mg( NOs) 


0 1 2 
m/ (mol kg’) 
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example, in aqueous solution at 25°C and 1 atm, y[UO,(C1O4)2] = 1510 at m; = 
$5 mol/kg and y(CdI) = 0.017 for m; = 2.5 mol/kg. 


The practical osmotic coefficient. Although the solvent’s chemical potential ji, can be 
expressed using the mole-fraction scale [Eq. (10.39)], it is customary in work with elec- 
trolyte solutions to express y4 in terms of the (solvent) practical osmotic coefficient > (phi); 
the definition of # for a solution of a strong electrolyte is 


$ 
in aai’ U HAHA (10.57) 


where v=, + v~, m; is the electrolyte’s stoichiometric molality (10.48), and M, is the 
solvent’s molar mass. In (10.57), aq is the solvent’s Convention I activity. The equivalence 
of the two forms of ¢ in (10.57) follows from jt, = HA + RT In ag. Note that vm, would 
equal m, +m, the total molality of the ions, if there were no, association of ions to 
ion pairs. 

Since a, = P,/P% [Eq. (10.56)], we have 


1 f 
p= In PR ideal vapor, P not very high (10.58) 
Maym, Py 


and } can be found from vapor-pressure measurements. 

Rewriting (10.57), we have as the osmotic-coefficient expression for the solvent chemi- 
cal potential: x4 = p$ — RTM pvm. The use of this equation and of (10.52) for p; in 
the Gibbs~Duhem equation (10.55) allows the electrolyte activity coefficient y; to be related 
to the solvent osmotic coefficient . The derivation is similar to that of (10.21) and is 
left as an exercise (Prob, 10.22). One finds 


= “i 
In ym) = ġ(m) — 1 +f er) — de const. T, P (10.59) 
o m 


Values of ġ are available from (10.58). By plotting ( — 1)/m; vs. m and taking the area 
Under the curve, we can evaluate the integral in (10.59) and obtain y; at the electrolyte 
molality m, 

The reason for using @ instead of the solvent activity coefficient is that, in dilute elec- 
trolyte solutions, the solvent activity coefficient may be very close to 1 even though the 
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solute activity coefficient deviates substantially from 1 and the solution is far from ideally 
dilute. It is inconvenient to work with activity coefficients with values such as 1.000}, 

For a solution of a single nonelectrolyte i, the practical osmotic Coefficient bis a 
fined by an equation like (10.57), except that v is omitted. A nonelectrolyte solute can 
be viewed as a special case of an electrolyte solute for which v= 1 and V4 = l; note 
that (10.52) with v = 1 =v, reduces to (10.24). Therefore, Eq. (10.58) with v taken as | 
is valid for a nonelectrolyte solution; also, Eq. (10.59) is valid for a nonelectrolyte solution, 


THE DEBYE-HUCKEL THEORY OF ELECTROLYTE SOLUTIONS 


In 1923, Debye and Hiickel started from a highly simplified model of an electrolyte 
solution and used statistical mechanics to derive theoretical expressions for the ionic 
activity coefficients y, and )_. In their model, the ions are taken to be uniformly 
charged hard spheres of diameter a. The difference in size between the Positive and 
negative ions is ignored, and a is interpreted as the mean ionic diameter, The solvent 
A is treated as a structureless medium with dielectric constant £a (epsilon r, A). 
[If F is the force between two charges in vacuum and F4 is the net force between the 
same charges immersed in the dielectric medium A, then F,/F = 1/e,,4; see Eq, 
(14.89).] 

The Debye—Hiickel treatment assumes that the solution is very dilute. This re- 
striction allows several simplifying mathematical and physical approximations to be 
made. At high dilution, the main deviation from ideally dilute behavior comes from 
the long-range Coulomb's law attractions and repulsions between the ions, Debye 
and Hiickel assumed that all the deviation from ideally dilute behavior is due to 
interionic Coulombic forces. 

The Debye-Hiickel derivation of y, and y- requires extensive knowledge of 
electrostatics. Therefore, we shall just describe their derivation in words, omitting 
the mathematics. (For a full derivation, see Bockris and Reddy, sec. 3.3.) An ion in 
solution is surrounded by an atmosphere of solvent molecules and other ions. On 
the average, each positive ion will have more negative ions than positive ions in its 
immediate vicinity. Debye and Hiickel used the Boltzmann distribution law of statis- 
tical mechanics (Sec. 22.5) to find the average distribution of charges in the neigh 
borhood of an ion. 

They then calculated the activity coefficients as follows. Let the electrolyte solu- 
tion be held at constant T and P. Imagine that we have the magical ability to vary 
the charges on the ions in the solution. We first reduce the charges on all the ions 
to zero; the Coulombic interactions between the ions disappear, and the solution 
becomes ideally dilute. We now slowly and reversibly increase all the ionic charges 
from zero to their values in the actual electrolyte solution by bringing in amounts 
of charge from infinity. Let We be the electrical work done on the system in this 
constant-T-and-P charging process. Equation (4.24) shows that for a reversible pon 
stant-T-and-P process, AG = Wao,_p.y; in this case, Waon-py = We). Debye and Hückel 
calculated w,, from the electrostatic potential energy of interaction between each ion 
and the average distribution of charges in its neighborhood during the charging 
process. Since the charging process starts with an ideally dilute solution and ends 
with the actual electrolyte solution, AG is G — G'*4il_ where G is the actual Gibbs 


energy of the solution and G iy the Gibbs energy the solution would have if it 
vere ideally dilute. Therefore G = G = War: 

Git is known from G4! =}; nti! and G — G=! is known from cal- 
culation of Wer- Therefore G of the solution is known. Taking 6G/én, and dG/én_, 
one gets the ionic chemical potentials p 4 and u, so the activity coefficients y, and 
n (10.40) are known. 


Hii ; 
Debye and Hiickel’s final result is 


Iny, = ACI Iny -== z- CIM (10.60) 
Ye = -T4 Bai tT + Ball? i 


where C, B, and Im are defined as 


2 3/2 1/2 
1/2 e [2N aPa ) 
= 2(_____]}\ ,... BS 10. 
C= (21N apa) (a a) (2 a (10.61) 
1 2 
m 


I, y tM (10.62)* 
27 

In these equations (which are written in SI units), a is the mean ionic diameter, y+ 
andy- are the molality-scale activity coefficients for the ions M** and X*~, respec- 
tively, Ny is the Avogadro constant, k is Boltzmann's constant (Eq. (3.57)], e is the 
proton charge, £g is the permittivity of vacuum (£ọ occurs as a proportionality con- 
stant in Coulomb's law; see Sec. 14.1), pa is the solvent density, £a is the solvent 
dielectric constant, and T is the absolute temperature. 1 is called the (molality-scale) 
ionic strength; the sum in (10.62) goes over all ions in solution, mj being the molality 
of ion j with charge z;. 

Although the Debye-Hiickel theory gives y of each ion, we cannot measure y+ 
ory- individually. Hence, we express the Debye-Hückel result in terms of the mean 
ionic activity coefficient y + . Taking the log of (y4) +% = +)" t0- [Eq. (10.43)], 
we get 


y, Iny; +v- iny- 
Inys = nreti (10.63) 
tye 


Since the electrolyte M, ,X,_ is electrically neutral, we have 
(10.64) 


¥424 +v_2- =0 
tiliptication of (10.64) by z, yields v}z} = —v-z4z-5 multiplication of (10.64) 
Yz- yields v_z = — v,2,z_. Addition of these two equations gives 


vaz + vz? = —242_(vy + ¥_-) =24[2-|(+ + ¥-) (10.65) 


2. is negative. Substitution of the Debye-Hückel equations (10.60) into (10.63) 
‘Ollowed by use of (10.65) gives 


alte 
In ys = =z- ga (10.66) 


ane the SI values for N4, k, e, and é9, and & = 78.40, p = 997.05 kg/m? for 
2 at 25°C and 1 atm, we have for (10.61) 
C = 1.174 (kg/mol)'/?, B = 3.284 x 10° (kg/mol)!/? m~t 
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FIGURE 10.8 


Plots of log y; vs. square root of 
ionic strength for aqueous 
electrolytes at 25°C. The dashed 
lines show the predictions of the 
Debye-Hückel limiting law 
(10.68). 
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Substituting the numerical values for B and C into (10.66) and dividing C by 2.30% 
to convert to base 10 logs, we get 


(Zp,/m?)!!? 
1 + 0.328(a/A)(I,,/m°)1/? 
where 1 A = 107 1° m and m° = 1 mol/kg. I, in (10.62) has units of mol/kg, and the 
ionic diameter a has units of length, so log y+ is dimensionless, as it must be. 


For very dilute solutions, I „is very small, and the second term in the denominator 
in (10.67) can be neglected compared with 1. Therefore, 


log ys = —0.510z,|z_| dil. 25°C aq. soln, (10.4) 


LA 
Iny = —z,|z-|CI/? very dil. soln. (10.68) 
log y4 = —0.510z,|z_|(I,,/m°)'/? very dil. aq. soln., 25°C (10.69) 


Equation (10.68) is called the Debye—Hiickel limiting law, since it is valid only in 
the limit of infinite dilution. (Actually, most of the laws of science are limiting laws) 

How well does the Debye—Hiickel theory work? Experimental data show that 
Eq. (10.69) does give the correct limiting behavior for electrolyte solutions as J, +0 
(Fig. 10.8). Equation (10.69) is found to be generally accurate for solutions with In 
0.01 mol/kg. For a 2:2 electrolyte this corresponds to a molality of 0.01/4 æ 0,002, 
(It is sometimes unkindly said that the Debye—Hiickel theory applies to slightly 
contaminated distilled water.) The more complete equation (10.67) is reasonably 
accurate for aqueous solutions with Z» < 0.1 mol/kg if we choose the ionic diameter 
a to give a good fit to the data. Values of a so found typically range from 3 to 8A 
for common inorganic salts, which are reasonable values for hydrated ions, Ata 
given ionic strength, the theory works better as the value of z,|z_| decreases; for 
example, at Im = 0.1 mol/kg, the Debye—Hiickel theory is considerably more reliable 
for 1:1 electrolytes than for 2:2 electrolytes. Part of the reason for this lies in ionic 
association (Sec. 10.7). é" 

To eliminate the empirically determined ionic diameter a from (10.67), we note 
that, for a = 3 Å, we have 0.328(a/Å) ~ 1. Hence one often simplifies (10.67) to 


C 


T+ (ipm) dil aq. soln., 25°C (10.70) 


log y+ = —0.510z,|z_| 


The properties of very dilute electrolyte solutions frequently cannot be measured 
with the required accuracy. Hence, even though the range of validity of the Debye- 
Hückel theory is limited to quite dilute solutions, the theory is of great practical 
importance since it allows measured properties of electrolyte solutions to be reliably 
extrapolated into the region of very low concentrations. > 

Figure 10.7 shows that, as the electrolyte’s molality m; increases from zero, Ils 
activity coefficient y; first decreases from the ideally dilute value 1 and then increases. 
Consider a dilute solution of a 1:1 electrolyte such as NaC! or LiBr with y; < |. We 
shall see in Sec. 10.7 that ion pairing is negligible for 1:1 electrolytes, so y; = 4 and 
we need not worry about ion pairing. The fact that y; is less than 1 in dilute solutions 
of the electrolyte means that the electrolyte’s chemical potential ju; is less than 1 
would be in a hypothetical ideally dilute solution (no solute—solute interactions) with 
the same composition, and this means a lower solute contribution to G than for am 
ideally dilute solution [see Eqs. ( 10.52) and (10.54)]. Each ion in the solution tends t 
surround itself with ions of Opposite charge, and the electrostatic attractions betwee" 
the oppositely charged ions stabilize the solution and lower its G. 


The increase in the electrolyte’s y; at higher molalities may be due to hydration 
of ions. Hydration reduces the amount of free water molecules, thereby reducing the 
tration of water in the solution and increasing the effective molality 
ofthe electrolyte, an increase that is reflected in the increase in y;. For example, for 
NaCl, experimental evidence (Bockris and Reddy, sec. 2.4.5) indicates the Na* ion 
carries four H2O molecules along with itself as it moves through the solution and 
the CI” ion carries two H,O molecules as it moves. Thus, each mole of NaCl in 
solution ties up 6 moles of H,O. One kilogram of water contains 55.5 moles. In a 
([-mol/kg aqueous NaCl solution, there are 55.5 — 6(0.1) = 54.9 moles of free water 
perkilogram of solvent, so here the effect of hydration is slight. However, ina 3-mol/kg 
aqueous NaCl solution, there are only 55 — 18 = 37 moles of free water per kilogram 
ofsolvent, which is a very substantial reduction. 

Theories more rigorous (and more complex) than the Debye-Hiickel theory 
have been developed and applied to concentrated electrolyte solutions. See K. S. 
Pitzer, Ace. Chem. Res., 10, 317 (1977) for a discussion. 

Ithas been found empirically that addition of a term linear in I, to the Debye—, 
Hiickel equation (10.70) improves agreement with experiment in less dilute solutions. 
Davies proposed the following expression containing no adjustable parameters 


(Davies, pp. 39-43): 


([m/m°)'!? ’ 
log 74 = -osiem s osom”) | in H,O at 25°C (10.71) 


effective concen 


The Davies equation for log y, (or log y_) is obtained by replacement of z,|z_| in 
(1071) with z4 (or z>). The Davies modification of the Debye-Hiickel equation is 
typically in error by 14 percent at J,,/m° = 0.1. The linear term in (10.71) causes 7 
to go through a minimum and then increase as I, increases, in agreement with the 
behavior in Fig. 10.7. As J,,/m° increases above 0.1, agreement of the Davies equation 
with experiment decreases; at I„/m° = 0.5, the error is typically 5 to 10 percent. It is 
best to use experimental values of y + , especially for ionic strengths above 0.1 mol/kg, 
but in the absence of experimental data, the Davies equation can serve to estimate 
J+: The Davies equation predicts that y will have the same value at a given Im for 
any 1:1 electrolyte. In reality, y4 values for 1:1 electrolytes are equal only in the 
limit of high dilution. 

In using the Debye—Hiickel or the Davies equation in a solution containing 
veral electrolytes, note that all the ions in the solution contribute to I, in (10.62), 
a that z} and |z_| in (10.70) and (10.71) refer to the ionic charges of the particular 
Heetrolyte for which y, is being calculated. 

Sein the dilute-solution activity coefficients +, -> and y+ from the 
el or the Davies equation, we know the chemical potentials 1, H-» 
H; From these chemical potentials, we can derive limiting laws for all other ionic 


and electrolyte thermodynamic properties, for example, V, H;, and Si. 


cans f 


Use 
the Davies equation to estimate y, for aqueous CaCl, 


Molaities 0.001, 0.01, and 0.1 mol/kg. 


We have 1, =} F; 23m) = Hem, + z2m_) = Ham, + m_) [Eq (10.62)] For 


the ai a Tk 
€ dilute solutions of this problem it is a reasonably good approximation to 


solutions at 25°C with 
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neglect ion pairing for a 2:1 electrolyte. Therefore, m, = m; and m_ = 2m, wher 
m; is the CaCl, stoichiometric molality. The ionic strength is I, = Almi + 2m )= 
3m, The Davies equation (10.71) with z+ = 2 |z_|=1, and J,, = 3m, become; 


log y4 = —1.02(3m;/m°)*/?/[1 + (3m;/m°)"/?] + 0.92m,/m? 


Substitution of m;/m° = 0.001, 0.01, and 0.1, gives y, = 0.887, 0.722, and 0.538, 
respectively. With the assumption of no ion pairing, the activity coeficients Y+ and 
y; are equal (Sec. 10.4), so these calculated values can be compared with the 
experimental values 0.89, 0.73, 0.52 listed in Sec. 10.5. [For comparison, the 
Debye-Huckel equation (10.70) gives 0.885, 0.707, and 0.435.] 


| 10.7 


IONIC ASSOCIATION 


In many electrolyte solutions, ions associate to form ion pairs, Consider a salt that 
yields the ions M** and X*> in solution. For the Debye~Hiickel model of spherical 
ions in a medium of dielectric constant ¢,, the electrostatic potential energy of 
interaction between oppositely charged ions is 


(z4.e)(z_e)/4nege,r (10.72) 


where r is the distance between the centers of the ions; z,e and z_e are the charges 
of the ions in coulombs, e being the proton charge. Since z_ is negative, the energy 
(10.72) is negative. If the magnitude of the electrostatic attraction energy (10.72) is 
substantially greater than the thermal kinetic energy of species in the solution, then 
the pair of oppositely charged ions will form an entity with sufficient stability to 
exist over the course of several collisions with solvent molecules. We call such an 
entity an ion pair. Statistical mechanics (Chap, 22) shows that the average translational 
kinetic energy of a species is 3kT, where k is Boltzmann's constant and T is the abso- 
lute temperature. Hence, when the interionic distance r is small enough to make 
(10.72) substantially greater in magnitude than 3kT, we have an ion pair. 

The concept of ion pairs was introduced in 1926 by Bjerrum. He proposed 
(rather arbitrarily) that all pairs of ions in the solution for which the interionic dis- 
tance r is small enough to make the absolute value of (10.72) exceed 2kT be considered 
an ion pair. Bjerrum used a model similar to that of Debye and Hiickel to find a 
theoretical expression for the degree of association to ion pairs as a function of the 
electrolyte concentration, z4, z_, T, ê, and a. His theory indicated that in water, 
association to ion pairs is usually negligible for 1:1 electrolytes but can be quite 
substantial for electrolytes with higher z,|z_| values, even at low concentration’. 
As z, and |z_| increase, the magnitude of the electrostatic attraction (10.72) increases 
and ion pairing increases. 

The solvent H,O has a high dielectric constant (because of the polarity of he 
water molecule). In solvents with lower values of é,, the magnitude of the electrostatic 
attraction energy (10.72) is greater than in aqueous solutions. Hence, ion-pair for 
mation in these solvents is greater than in water. Even for 1:1 electrolytes, ion-pal! 
formation is important in solvents with low dielectric constants. 

Ionic association reduces the number of ions in solution and hence reduces the 
electrical conductivity of the solution. For example, in CaSO, solutions, Ca" an d 
SOZ~ associate to form neutral CaSO, ion pairs; in MgF, solutions, Mg” a 


-s 


F form MgF* ion pairs. The degree of association in an electrolyte solution can 
best be determined from conductivity measurements on the solution (Sec. 16.6). For 
example, one finds that MgSO, in water at 25°C is 10 percent associated at 
001 mol/kg; CuSO, in water at 25°C is 35 percent associated at 0.01 mol/kg and 
is 57 percent associated at 0.1 mol/kg. From conductivity data, one can calculate the 
equilibrium constant for the ionic association reaction M** + X7- = MX****-. 
Conductivity data indicate that for 1:1 electrolytes ionic association is unimportant 
in dilute aqueous solutions but can be significant in concentrated aqueous solutions; 
for most electrolytes with higher z+ |z_| values, ionic association is important in both 
dilute and concentrated aqueous solutions. In the limit of infinite dilution, the degree 
of association goes to zero. 

Conductivity measurements have shown that the qualitative conclusions of the 
Bjerrum theory are generally correct, but quantitative agreement with experiment 
i sometimes lacking. Many improved theories of ionic association have been pro- 
posed since the Bjerrum theory. Fuoss published a treatment in which only ions in 
contact are regarded as forming an ion pair. (See Prob. 11.14.) 

Taking ionic association into account improves the accuracy of the Debye- 
Hiickel equation. Formation of ion pairs reduces the number of ions in the solution. 
In calculating the ionic strength, one does not include ions that are associated to 
form neutral ion pairs, Also, one uses (10,53) to relate the mean ionic activity coeffi- 
tient y4 calculated by the Debye—Hiickel theory to the experimentally observed 
stoichiometric activity coefficient };. 

Formation of ion pairs in salt solutions should be distinguished from the disso- 
cation equilibrium of an acid in solution. For CHCOOH (or HCI), the ions H,0* 
and CH;COO~ (or H}O* and CI”) react to give a compound with a polar covalent 
bond; the CH,COOH and HCI molecules do not have ionic bonds. In contrast, an 
ion pair consists of two associated ions. 

y lon pairs should also be distinguished from complex ions. Complex-ion forma- 
tion is common in aqueous solutions of transition-metal halides. For example, an 
aqueous solution of CdBr, that is not highly dilute contains significant amounts of 
the species Cd?*, CdBr*, CdBr,, CdBr3, and CdBrz~. In these complex ions, 
the Br” ions are in direct contact with the central Cd?* ion, and each Cd—Br bond 
has a substantial amount of covalent character. In contrast, the positive and negative 
bons of an ion pair usually retain at least part of their solvent sheaths and are held 
os by ionic (electrostatic) forces. The absorption spectrum of the solution can 
“ajo be used to distinguish between ion-pair and complex-ion formation. In 
larin alae both ion pairs and complex ions are present. The Bjerrum and Fuoss 
o not apply to complex-ion formation. 
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STANDARD-STATE THERMODYNAMIC PROPERTIES OF SOLUTION COMPONENTS 


To ; 3 
deal with chemical equilibrium in solution, we want to tabulate standard-state 


then i 5 i 5 
d mod ynamic properties of substances in solution. How are such properties 
termined? 


Nonelectr d 
the * d Olyte Solutions. For nonelectrolyte solutions where Convention I is used, 
andard states are the pure substances, and we know how to determine standard- 


State ` 
Properties of pure substances (see Chap. 5). 
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For solid and gaseous solutes, the molality scale is most commonly used, The 
standard Gibbs energy of formation and standard enthalpy of formation of substance 
i in solution at temperature T are defined by 


AG, rli, sin) = p(T, P°) = Getem(T) a07) 
AH;. qli, sin) = Hy,(T, P°) — Hetem(T) (1074 


where i, sin indicates substance i in solution in some particular solvent, ys, ; and i, 
are the molality-scale standard-state partial molar Gibbs energy and enthalpy ofi 
in solution, and Gejem and Herem are the standard-state Gibbs energy and enthalpy 
of the pure, separated elements needed to form 1 mole of i. One way to determine 
standard-state molality-scale thermodynamic properties is from solubility data—the 
fact that 4; in a saturated solution equals u* allows us to relate properties in solution 
to pure-substance properties. The following example shows how this is done. 


The molality of a saturated solution of sucrose in water at 25°C and | bar 
6.05 mol/kg. Vapor-pressure measurements and the Gibbs—Duhem equation 
give Ym(C12H22011) = 2.87 in the saturated solution. For pure sucrose at 25°C, 
AG; = —1544 kJ/mol, AH} = —2221 kJ/mol, and S° = 360 J/(mol K). At 25°C and 
1 bar, the differential heat of solution of sucrose in water at infinite dilution is 
5.9 kJ/mol. Find AGF 59g, AH% 298, ANd S39 for C, 3H 20, ,(aq). 

Using the phase equilibrium condition of equality of chemical potentials 
we equate u of pure sucrose to p of sucrose in the saturated solution. u of sucrose 
in solution Is given by 4; = Hmi + RT In (ym m;/m°) [Eq. (10.24)], and we have 


GHT, P°) = palT, P°) + RT In (m isatMisar/™°) (1075) 


Where Ym,isat ONG Mi sa are the sucrose activity coeficient and molality in the 
saturated solution, m° = 1 mol/kg and G¥ is for pure sucrose. Subtraction of 
Geiem( T, P°) from each side of (10.75) gives 

G? — Getem = Hmi — Gerem + RT In (Ym, isai, sar/M°) 
The left side of this equation is by definition AG}, Of pure SUCTOSE; Hm,i — Gerem 0 
the right side is AG} of sucrose(aq) [Eq. (10,73)}. Therefore 


AGHi*) = AGH, sla) + RT In (yp isa0isar/™) (1070) 
—1544 kJ/mol = AG}(sucrose, aq) + [8.314 J/(mol K)](298 K) In (2.87 x 6.05) 
AG¥-,29g(Suctose, aq) = — 1551 kJ/mol 


To find AH; of sucrose(ag), we start with AH; of sucrose, which is the dl 
ference at 1 bar between the partial molar enthalpy of sucrose in water at infinite 
dilution and the molar enthalpy of pure sucrose: AA £r = A? — Hf [Ea (9.38). 
But A? = Ae, [Eq. (10.26)] so 

Aferi = AP — AF = Hy, — AP = (A; — Horem) — (At — Hetem) 
AA Gite, = AH (i, sin) — AHG{i*) (10.77) 
5.9 kJ/mol = AH{(sucrose, aq) — (—2221 kJ/mol) 
AH/(sucrose, aq) = —2215 kJ/mol 


To find 5° of sucrose(aq), we start with the partial molar relation pj = APTS? 
£a,(9.28)) Subtraction Of Gem from the left side and of Hstem — TSciem ftom the 
fight side converts this equation to 

AGii, sln) = AH i, sin) — T ASHI, sin) (10.78) 
_ 1551 kJ/mol = —2215 kJ/mol — (298.1 K) AS}{sucrose, aq) 
AS;{sucrose, aq) = —2227 J/(mol K) = S*(sucrose, eee 
Seem = 125eigrapnitey + 115o + 5-550210) = 2635 J/(mol K) 
Feog(sucrose, aq) = — 2227 J/(mol K) + 2635 J/(mol K) = 408 J/(mol K) 


where Appendix entropy data were used. 


flectrolyte Solutions. Standard-state thermodynamic properties for electrolyte 
solutes can be found by the same method as used for sucrose(aq) in the preceding 
example. For an electrolyte in solution, 4; = Hm; + YRT In (v +y;m;/m°) [Eq. (10.52)]; 
equating 4; in a saturated solution to 4 of the pure solid electrolyte leads to the 
following equation [analogous to (10.76)] for electrolyte i: 


AG}i*) = AGH, sln) + vRT In (V4 Yi, saMi,sat/M°) (10.79) 


From Eqs. (10.77) and (10.78), we can find AH} and S° of electrolyte i in solution, 
_ For electrolyte solutions, we can work with thermodynamic properties (H; Hi, 
Š, etc.) of the electrolyte as a whole, and these properties are experimentally deter- 
minable. Suppose we have 30 common cations and 30 common anions. This means 
we must measure thermodynamic properties for 900 electrolytes in water. If we could 
determine single-ion chemical potentials p, and p, we would then need to measure 
values for only 60 ions, since p; for an electrolyte can be determined from p4; = 
YH} +v_p— [Eq. (10.38)]. Unfortunately, single-ion chemical potentials cannot 
readily be measured. What is done is to assign arbitrary values for thermodynamic 
Properties to the aqueous H* ion. Thermodynamic properties of other aqueous ions 
are then tabulated relative to H+ (aq). 
The convention adopted is that AG}, of the aqueous H* ion is zero at every 
temperature: 
AG r[H*(aqj]=0 by convention (10.80) 


The reaction of formation of H* (aq) in its standard state at temperature T and 
Pressure 1 bar = P° from H, gas in its standard state is 
}H(ideal gas, P°) > H+ (aq, m = m°, Ym = 1) + € (83) (10.81) 
Where e™(ss) indicates 1 mole of electrons in some particular standard state, which 
We shall leave unspecified. Whatever the value of AG° for (10.81) actually is, this 
Value will cancel in calculating thermodynamic-property changes for ionic reactions 
k aqueous solutions. The value of AG? for (10.81) will not cancel in calculations on 
aen that involve transport of ions from one phase to another, for example, 
ary H*(g) > H* (aq), or on half-reactions, for example, (10.81). Hence, the 
‘Senn (10.80) cannot be used to calculate thermodynamic quantities for ion- 
Rane reactions or half-reactions. Such reactions are not readily studied experi- 
i but can be discussed theoretically using statistical mechanics. 
tem è have dAG°/dT = —AS°. Since AG? for (10.81) is taken as zero at every 
Perature, dAG°/dT for (10.81) equals zero and AS® for the H+ (aq) formation 
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reaction (10.81) is zero at every temperature: 


AS;,,[H*(aq)]=0 by convention (10.8) 
We also have for the reaction (10.81), AH® = AG° + TAS° =0+0= 0. Hence 
AH;,;[H*(aq)]=0 by convention (10.83) | 


From (10.82) and (10.81) it follows that S;[e~(ss)] + 5}[H *(aq)] = 45% [H, (9) 
In tables of thermodynamic properties of ions, the standard-state entropy of H* (ay 
at any temperature is set equal to zero: 


S;[H *(aq)] = 0 by convention (10,89 


Therefore, by convention, S;[e~(ss)] = 45;[H,(g)]. 
Also, Cp of H+ (aq) is taken as zero by convention: 


Cp,r[H *(aq)]=0 by convention (10.85 


Having adopted conventions for H*(aq), we can determine thermodynamic 
Properties of aqueous ions relative to those of H+ (aq), as follows. Equation (10.44 
gives for the electrolyte i with formula M,,X,_ in solution: 4? = v} p3, + vy, 
where the molality scale is used. Subtraction of Gojem from each side of this equation 
and the use of (10.73) and corresponding equations for the ions gives 


AG;Li(ag)] = v4 AG} + + v- AG? (10.86 


where AG}, and AG; _ are AG of the cation and anion. For example, 
AG*.-[ BaCl,(aq)] = AG} r[Ba?* (aq)] + 2AG7 [Cl (aq)]. 
Similar relations are readily derived from (10.44) for 5° and AH} (Prob. 10.31}; 


S°[i(aq)] gd ob WS. (10.87) 
AH S[ilaq)] = v; AH}, + + v- AH,- (10.88) 


The relation V? =v, 7$ + v_V% (equivalent to Vi =v, V9, +v- V) was used 
in Prob. 9.18. In these equations, the standard state for an ion is the fictitious state 
with m/m° and y,, of that ion equal to 1. 

The properties of the electrolyte i on the left sides of Eqs. (10.86) to (10.88) can 
be found experimentally. Observations on the electrolyte H, , X, _(aq) together with 
the H* (aq) conventions give the thermodynamic properties of X7- (aq) relative t0 
those of H *(aq). Observations on M, ,X,_(aq) then give the properties of M** (aq). 
For examples, see Probs. 10.34 and 10.35. : 

Values of standard-state conventional thermodynamic properties of some ions in 
water at 25°C are listed in the Appendix. 

Some standard-state partial molar entropies Sọ (relative to H*) in J/(molK) 
of ions in aqueous solution at 25°C are: 


Ph (SR MEE [APY [ore ) or | one 


134 1590 | 1025. | —1381. | 531 | H3207 | 3159 j —138 | s65 | 8% 


Note that 5? decreases as the absolute value of the charge increases and as the iont 
size decreases. The magnitude of the electric field at the surface of an ion of charg 
z and radius r is proportional to |2\/r [see Eq: (14.5)]. The strong electric field of? 
small ion with a high charge produces a high degree of hydration. The greater he 


hydration, the greater is the order in the water surrounding the ion and the lower the 
entropy of the solution. This discussion of Sè illustrates the fact that partial molar 
properties reflect interactions between constituents of the solution and are not really 
perties of a single substance. 

Because of the strong ordering produced by hydration of ions, AS° for dissolving 
asalt in water is sometimes negative, even though a highly ordered low-entropy crys- 
tal is destroyed and a mixture produced from two pure substances. 


NONIDEAL GAS MIXTURES 


Nonideal Gas Mixtures. The standard state of component i of a nonideal gas mix- 
ture is taken as pure gas i at the temperature T of the mixture, at 1 bar pressure, 
and such that i exhibits ideal-gas behavior. This is the same choice of standard state 
as that made in Sec. 5.1 for a pure nonideal gas and in Sec, 6.1 for a component 
ofan ideal gas mixture. Thermodynamic properties of this fictitious standard state 
can be calculated once the behavior of the real gas is known. 

The activity a; of a component of a nonideal gas mixture is defined as in (10.3): 


a; = exp [(4; — #7)/RT] (10.89) 


pro} 


where p; is the chemical potential of gas i in the mixture and yj is the chemical 
potential of i in its standard state. Taking logs, we have, similar to (10.4), 


Li = A(T) + RT Ina; (10.90) 
The choice of standard state (with P = 1 bar) makes u? depend only on T for a 


Component of a nonideal gas mixture. 
The fugacity f; of a component of any gas mixture is defined as f; = a; x 1 bar: 


RIE? =a; where P° = 1 bar (10.91) 
Since a; is dimensionless, fi has units of pressure. Since 4; in (10.89) is an intensive 


Property that depends on T, P, and the mixture’s mole fractions, f; is an intensive 
function of these variables: fi = SAT. P, X1, X2, -- ) Equation (10.90) becomes 


uy = KIT) + RT In (f/P°) eae 
For an ideal gas mixture, (6.4) reads 
ui? = u? + RT In (P;/P°) 


Comparison with (10.92) shows that the fugacity f; plays the same role in a nonideal 
ca mixture as the partial pressure P; in an ideal gas mixture. Statistical mechanics 
i A that, in the limit of zero pressure, 4, approaches yi¢. Moreover, u? in (10.92) 
Pi © same as u? in an ideal gas mixture. Therefore f; in (10.92) must approach 

il the limit as the mixture’s pressure P goes to zero: 
fia P,asP +0 or lim (f/P) =1 (10.93) 

P>0 

a yaa Partial pressure P, of gas i in a nonideal (or ideal) gas mixture is defined 
oie [Eq. (1.23)]. The deviation of the fugacity f; of i from the partial pres- 
iia gas mixture is measured by the fugacity coefficient ; (phi i) of gas i; the 
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Si = OP: = PiXiP (10.94)¢ 


Like fi, ġ; is a function of T, P, and the mole fractions. (There is no Connection 
between the fugacity coefficient ġ; and the osmotic coefficient # of Sec, 10.5,) 
For an ideal gas mixture, f; = P; and @; = 1 for each component. 


Subtraction of pi? = u? + RT In (P;/P°) from (10.92) gives In (f;/P;) = (u; — 165)/RT or 
Se = P; exp [(u; — uiS/RT]. The standard pressure P° does not appear in this equation, 
so f; and $; (= f;/P;) are independent of the choice of standard-state pressure P°, 


The formalism of fugacities and fugacity coefficients is of no value unless the 
Js and $;’s can be found from experimental data. We now show how to do this 
Equation (9.31) reads (0;/0P)7,,, = V; hence du; = V,dP at constant T and nj, Where 
constant n; means that all mole numbers including n; are held fixed. Equation (10.92) 
gives du; = RTd In f; at constant T and nj. Equating these two expressions for dy, 
we have RTd In f; = V,dP and 


din f,=(V/RT)dP const. T, nj (10.95) 


Since fi = ;x;P [Eq. (10.94)], we have In f; = In ; + In x;+In P and dinf= 
dino; + dln P = d In ¢; + (1/P)dP, since x; is constant at constant composition, 
Thus (10.95) becomes 


P2 
aden l f LA 
Qia Jr, 
where we integrated from state 1 to 2. In the limit P, > 0, we have ¢;,, > ! [Eq 
(10.93)], and our final result is 


P2 VA 1 
In $j. = ji (x -= >) dP const. T, nj (10.96) 


const. T, nj 


To determine the fugacity coefficient of gas i in a mixture at temperature T, (total) 
pressure P3, and a certain composition, we measure the partial molar volume V 
in the mixture as a function of pressure; we then plot V;/RT — 1/P vs. P and measure 
the area under the curve from P = 0 to P = P3. Once ġ; z is known, fi, is known 
from (10.94). Once the fugacities fi have been found for a range of T, P, and com 
position, the chemical potentials H; in Eq. (10.92) are known for this range. From 
the j4;'s, we can calculate all the thermodynamic properties of the mixture. 


Pure Nonideal Gas. For the special case of a one-component nonideal gas mixture 
that is, a pure nonideal gas, the partial molar volume V, becomes the molar volume 


V of the gas, and Eqs. (10.92), (10.93), (10.94), and (10.96) become 


H= p(T) + RT In(f/P’) u 
J=4P. f—+PasP+0 (10.98) 
P / ọ 1 
= ae ae (10.99) 
Ing, f (= p)ar const. T 


where f is a function of T and P; f = f(T, P). 


The integral in (10.99) can be evaluated from measured values of V vs. P 
rob. 10.40) or from an equation of state. Use of the virial equation (8.5) in (10.99) 
T the simple result (Prob. 10.36) SECTION 10.9 
In @ = BYT)P + 3C'(T)P? + 4D(T)P? +> 
jnaccord with the law of corresponding states (Sec, 8.5), different gases at the same 


reduced temperature and reduced pressure have approximately the same fugacity co- 
ficient. Plots of (averaged over several gases) vs. Pp at various Tp values are 


available, [See R. H. Newton, Ind. Eng. Chem., 27, 302 (1935); R. H. Perry and o F1cURe 10.9 | 


C. H. Chilton, Chemical Engineers’ Handbook, 5th ed., McGraw-Hill, 1973, p. 4-52.] 
Fugacity coefficient h and 


Figure 10.9 shows plots of ġ and f vs. P for CH4 at 50°C. When ¢ is less than tai P for CH, al 30°C. 
1, the gas’s G = u = p° + RT ln (ġP/P°) is less than the corresponding ideal-gas ie ys tie, a onii ta 


Gi = pl = p? + RT In (P/P°); the gas is more stable than the corresponding ideal ideal-gas behavior with f = P and 
ġ=1. 


gas, due to intermolecular attractions. 
The concept of fugacity is sometimes extended to liquid and solid phases, but 
this is an unnecessary duplication of the activity concept. ele 


Delermination of Mixture Fugacities. Equation (10.92) gives p; for each compo- 
nent of a nonideal gas mixture in terms of the fugacity f; of i. Since all thermody- CH, at 
namic properties follow from u; we have in principle solved the problem of the | 
thermodynamics of a nonideal gas mixture. The only hitch is that experimental 2 
evaluation of the fugacity coefficients from (10.96) requires a tremendous amount of 

work, since the partial molar volume V; of each component must be determined as 

a function of P; moreover, the fugacities so obtained apply to only one particular 
mixture composition. Usually, we want the /f;'s for various mixture compositions, and i 
for each such composition, the ¥;'s must be measured as a function of P and the 
integrations performed. 

The fugacity coefficients in a gas mixture can be roughly estimated from the 
fugacity coefficients of the pure gases (which are comparatively easy to measure) using 
the Lewis~Randall rule: ġ; = ġ¥(T, P), where ġ; is the fugacity coefficient of gas i o 1000 
in the mixture and @#(T, P) is the fugacity coefficient of pure gas i at the tempera- Patm 
lure T and (total) pressure P of the mixture. For example, for air at 1 bar and 0°C, 
the fugacity coefficient of N, would be estimated by the fugacity coefficient of pure 
Np at 0°C and 1 bar. 

Taking @; in the mixture at T and P equal to $#(T, P) amounts to assuming 
that the intermolecular interactions in the gas mixture are the same as those in the 
pure gas, so the i molecules aren't aware of any difference in environment between 
the Mixture and the pure gas. With the same intermolecular interactions between 
m TE met we have an ideal solution (Sec. 9.5). In an ideal solution, VÁT, P) = 
wt P) [Eq. (9.55)] and comparison of (10.96) and (10.99) shows that $j in the 

Ixture at T and P equals @¥(T, P). The Lewis—Randall rule clearly works best in 
mixtures where the molecules have similar size and similar intermolecular forces. 
te the intermolecular forces for different pairs of molecules differ substantially 
ar ch happens quite frequently), the rule can be greatly in error. Despite its inac- 

‘acy, the Lewis—Randall rule is often used because it is easy to apply. 
for n ee better approach than the Lewis—Randall rule is to find an expression 

M tom a reliable equation of state for the mixture (for example, the Redlich- 
an 8 equation of Sec. 8.2) and use this expression in (10.96) to find ġ;. To apply 

equation of state to a mixture, one uses rules to express the parameters in the 
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mixture’s equation of state in terms of the parameters of the pure gases; see Sec, 8) 
Explicit equations for In ġ; for several accurate equations of state are given in Reig 

, 
Prausnitz, and Sherwood, sec. 5-9. 


Liquid—Vapor Equilibrium. The expression for 4; in a nonideal gas mixture iş 
obtained by replacing P; in the ideal-gas-mixture u; with f;. Therefore, to take gas 
nonideality into account, all the pressures and partial pressures in the liquid-vapor 
equilibrium equations of Sec. 10.2 are replaced by fugacities. For example, the partial 
vapor pressures of a solution are given by P; = y, ;x;P* [Eq. (10.14)] if the vapor 
is ideal; for nonideal vapor, this equation becomes 


f= nS 


where f# is the fugacity of the vapor in equilibrium with pure liquid i at the tem. 
perature in the solution, x; and Vii are the mole-fraction and Convention T activity 
coefficient of i in the solution, and f; is the fugacity of i in the nonideal gas mix- 
ture in equilibrium with the solution. For the pressure range of zero to a few atmo- 
spheres, the truncated virial equation V = RT/P + B (Eq. (8.7)] is widely used to 
correct for gas nonideality in liquid—vapor studies. 


SUMMARY 


The all-important chemical potentials y; of components of a nonideal solid or liquid 
solution are expressed in terms of activities and activity coefficients. One defines a 
standard state for each component i and then defines its activity a; so that p;= 
Hj + RT In a;, where p? is the standard-state chemical potential of i. 

All standard states are at the T and P of the solution. If the mole-fraction scale 
is used, the activity a; is expressed as a; = 7iX;, Where y; is the mole-fraction activity 
Coefficient. Two different choices of mole-fraction standard states give Convention! 
and Convention II. Convention I (used for mixtures of two liquids) takes the standard 
state of each component as the pure component. Convention II (used for solutions 
of a solid or gas solute in a liquid solvent) takes the solvent standard state as the 
pure solvent and takes each solute standard state as the fictitious state of pure solute 
with solute molecules experiencing the same intermolecular forces they experience 
in the infinitely dilute solution. If the molality scale is used, each solute activity 8 
mi = Ym iM;/m°, where Jp; is the molality-scale activity coefficient; the solvent at- 
tivity is a4 = yąx4; the solute standard state is the fictitious state with Ym, = 1 até 
m; = 1 mol/kg; the solvent standard state is the pure solvent. The molar concentra- 
tion scale is similar to the molality scale, but with c; used instead of mj. 

For Convention I, the activity coefficient Diy Of substance i goes to 1 as the 
solution becomes pure i. For Convention II, the molality scale, and the molar cot 
centration scale, all activity coefficients go to 1 in the infinite-dilution limit of putt 
solvent. Deviations of the 7S from 1 measure deviations from ideal-solution oe 
havior, whereas Yiri, Ymi and y,; measure deviations from ideally dilute solution 
behavior. 

Electrolyte solutions Tequire special treatment. For the strong electroly 
M, ,X,_, the electrolyte chemical potential in solution is given by 4;= Fi $ 


RTO pimi/m°), where the meanings of the quantities in this equation are sum- 
marized at the end of Sec. 10.4. Electrolyte activity coefficients in very dilute solu- 
tions can be found from the Debye—Hiickel theory. 

From measurements of activity coefficients, solubilities, and heats of solution, 
can find standard-state partial molar properties of solution components. Ther- 
modynamics tables take the standard state of solute i in aqueous solution to be the 
fictitious molality-scale standard state with m; = 1 mol/kg and Ym, = 1 for nonelec- 
trolytes and for single ions. Single-ion properties in thermodynamics tables are based 
on the conventions of taking S°, AG}, AH}, and Cp of H * (aq) as zero. 

In a nonideal gas mixture, the fugacities f; and fugacity coefficients ġ; are de- 
fined so that the chemical potentials have the form 4; = 4? + RT In (f;/P°) = He + 
RT In (ġ;P;/P°), where. P; = x;P and the standard state of each component is the 
hypothetical pure ideal gas at 1 bar and the temperature of the mixture. Fugacity 
coefficients in a mixture can be found from P-V-T data for the mixture or can be 
estimated from an equation of state for the mixture. 

Important kinds of calculations discussed in this chapter include: 


one 


+ Calculation of activity coefficients from vapor-pressure data using P; = ),;x;P? 
or P; = KiyiX; and Pa = Yua Xa PX. 

* Calculation of activity coefficients of a nonvolatile solute from solvent vapor- 
pressure data and the Gibbs-Duhem equation. 

* Calculation of electrolyte activity coefficients from the Debye-Hiickel equation 
or the Davies equation. 

* Calculation of fugacity coefficients from experimental data or an equation of state. 


FURTHER READING AND DATA SOURCES 


Denbigh, chaps. 7, 9, 10; McGlashan, chaps. 16, 18, 20; Prigogine and Defay, chaps. 
20, 21, 27; Eyring, Henderson, and Jost, vol. I, pp. 320-352; Lewis and Randall, 
chaps. 20, 21, 22; Robinson and Stokes, chaps. 1, 2, 12 to 15; Bockris and Reddy, 
chap. 3; Davies. 

Excess quantities: M. L. McGlashan (ed.), Specialist Periodical Reports, Chemical 
Thermodynamics, vol. 2, Chemical Society, 1978, pp. 247-538. 

Electrolyte-solution activity coefficients and osmotic coefficients: Robinson and 
igs iad R. Parsons, Handbook of Electrochemical Constants, Academic 

S, k 

Fugacities of gases: Landolt-Börnstein, vol. II, part 1, pp. 310-327; TRC Ther- 
modynamic Tables (see Sec. 5.8 for the full reference). 


PROBLEMS 


— á Ea 


PROBLEMS 


Sec, | 101 | 10.2 | 10.3 | 10.4 | 10.5 

Mobs. | to, | 102-108 | 109-1011 | 1012-1019 | 1020-1022 

< | 10.6 | 107 10.8 l 109 | general 
Pros, | 1023-1026 | 1027 1 10.28-10.35 1036-1042 | 10.43-10.50 


10.1 For each of the following quantities, state whether its 
value depends on the choice of standard state for i: (a) p; 


(b) 1473 (c) Yi; (d) a; 


10.2 At 35°C, the vapor pressure of chloroform is 295.1 torr, 
and that of ethanol (eth) is 102.8 torr. A chloroform-ethanol 
solution at 35°C with X.a = 0.200 has a vapor pressure of 
304.2 torr and a vapor composition of Xen,» = 0.138. (a) Cal- 
culate y, and a, for chloroform and for ethanol in this solution. 
(b) Calculate u; — ft for each component of this solution. 
(c) Calculate AG for the mixing of 0.200 mol of liquid ethanol 
and 0.800 mol of liquid chloroform at 35°C. (d) Calculate AG mix 
for the corresponding ideal solution. 


10.3 For solutions of benzene (ben) and toluene (tol) at 120°C, 
some liquid and vapor (v) compositions and (total) vapor pres- 
sures are: 


Xia 0.136 | 0.262 0.587 0.850 0.927 
Sia 0.200 | 0.363 0.711 0912 0.961 
i l a l aa 2.70 285 


P/atm 


The pure-liquid 120°C vapor pressures are Phen = 2.98 atm and 
Pi = 1.34 atm. For a solution at 120°C with Xben = 0.262, 
calculate (a) y and a, of benzene and of toluene; (b) yy and 
ay, of benzene and of toluene if the solvent is taken as toluene; 
(c) AGmix to form 125 g of this solution from the pure com- 
ponents at 120°C. 


10.4 Activity coefficients of Zn in solutions of Zn in Hg at 
25°C were determined by measurements on electrochemical 
cells. Hg is taken as the solvent. The data are fitted by Yn,Zn = 
1 ~3.92xz, for solutions up to saturation, (a) Show that 


In Pug = (2.92) *[3.92 In (1 — xz,) — In (1 — 3.92x2,)] 


for this composition range, If you have forgotten the method 
of partial fractions, use a table of integrals. (b) Calculate Vuze» 
41,2» Ygs ANd ayy for xz, = 0.0400. 


10.5 For a fair number of solutions of two liquids, the Con- 
vention I activity coefficient of component 1 is well approxi- 
mated by y;,ı = exp bx, where b is a function of T and Pand 
Xz is the mole fraction of component 2. Such a solution is called 
a simple solution. Show that for a simple solution: (a) py = 
ut + RT In x, + bRTx,?; (b) 71,2 = exp bx”. (c) Assume that 
acetone and chloroform form simple solutions at 35.2°C. Use 
the value of yy(CHCI3) at x(CHCI,) = 0 in Fig. 10.2 to evaluate 
b. Then calculate y; for each component at x(CHCI,) = 0.494 
and compare with the experimental values, 


10.6 Use activity-coefficient data in Sec. 10.2 to calculate G*in 
vs. composition for acetone-chloroform solutions at 35.2°C, 


where n is the total number of moles. Compare the results with, 
Fig. 10.2b. 


10.7 (a) Show that yy,; = 71,:/7f4- (b) Use the result for (a) and 
Fig. 10.2a to find the relation between yy and y; for Chloroform 
in the solvent acetone at 35.2°C. 


10.8 (a) A certain aqueous solution of sucrose at 25°C hasa 
vapor pressure of 23.34 torr. The vapor pressure of water at 
25°C is 23.76 torr. Find the activity of the solvent water in this 
sucrose solution. (b) A 2.00-mol/kg aqueous sucrose Solution 
has a vapor pressure of 22.75 torr at 25°C. Find the activity 
and activity coefficient of the solvent water in this solutidn, 


10.9 For a 1.50-mol/kg 25°C sucrose solution in water, hE 
1.292 for the solute sucrose. For this solution, find Yı Am and 
am for sucrose. 


10.10 Derive the equations (10.26) for molality-scale standard- 
state partial molar properties. 


10.11 Equate the concentration-scale expression (10.28) for j 
to (10.22). Then take the limit as x, — 1 to show that p= 
Hii + RT In Vkc°, where Ñ% is the solvent’s molar volume, 
Use this result to show that ye; = (x;/VXc,)) 4 = (Pamifeini 
where p4 is the density of the pure solvent. Then show that 
ae i = (Pam? /c°)am i For H,O at 25°C and 1 bar, p= 
0.997 kg/dm?, so here ag į = 0.997 am, i. 


10.12 For each of these electrolytes, give the values of v4, Y- 
Z4, and z_: (a) KCI; (b) MgCl,; (c) MgSO4; (d) Ca3(PO;)y 
(e) Which of the electrolytes (a) to (d) are 1:1 electrolytes? 


10.13 Write the expression for y4 in terms of y4, and y- for 
each of the electrolytes in Prob. 10.12. 


10.14 
10.15 
10.16 


Express u; for ZnCl, in terms of u, and p-. 
Calculate v, for each electrolyte in Prob. 10.12, 
Verify from (10.53) that y; = xy, if v} =v- =L 
10.17 Verify Eqs, (10.52) and (10.53) for yi; and yi 


10.18 Verify that y; = (m; /m9)"*"(m_/m2)" "y, whet 
m$ = vm; and m? = y_m, are the maximum possible mola 
ities of the cation and anion and occur in the limit of infinite 
dilution, where there is no ion pairing and « = 1. (From this 
result, it follows that y; < y4.) 


10.19 Starting from G=nayy + nyu, +n-H- + Mpi 
derive Eq. (10.54) for an electrolyte solution. 


10.20 At 25°C, the vapor pressure of a 4.800-mol/kg solha 
of KCI in water is 20.02 torr. The vapor pressure of pure wate 
at 25°C is 23.76 torr. For the solvent in this KCI solution, fin 
(2) $5 (b) 74 and ag if x, is calculated using HzO, K * (a9) i 
Cl (aq) as the solution constituents; (c) ya and a, if Xa s ad 
culated using HO and KC\(aq) as the solution constituen 


1021 Robinson and Stokes used vapor-pressure data to find 
ractical osmotic coefficients in aqueous solutions of sucrose 
(upplied by the Colonial Sugar Refining Company) at 25°C. 
The following expression reproduces their results: 

ġ=1+am/m° + b(m/m°)? + e(m/m®)> + dim/m°)* 
where a = 0.07028, b = 0.01847, c = — 0.004045, d = 0.000228, 
mis the sucrose molality, and m° = 1 mol/kg. (a) Use (10.59) 
to show that for sucrose 


In py = 2am/m° + 3b(m/m 2 + So(m/m J? + $d(m/m*)* 
(b) Calculate Ym and yy for sucrose in a 6.00-mol/kg aqueous 
solution at 25°C. 
10,22 (a) Use (10.57) and (10.52) in the Gibbs—Duhem equation 
(10,55) to show that 
din y; = de + [(b — 1)/m;] dm, 


(b) Use (10.57), (10.39), (8.30), and (10.48) to show that @ > 1 
as x4 > L. (c) Show that integration of the result from (a) gives 
Eq. (10.59). 

1023 Calculate the ionic strength /,, in a solution that con- 
tains 0.0100 mol KCI, 0.0050 mol MgCl, 0.0020 mol MgSO4, 
and 100 g H,O. Neglect ion pairing. 


const. T, P 


124 For a solution of a single strong electrolyte with no ion 
pairing, show that J, = $z |z—|vmj. 


1025 Use the Davies equation to estimate (a) y+ for a 0.01- 
mol/kg aqueous solution of CuSO, at 25°C; (b) y for CuSO, 
in an aqueous solution at 25°C that has CuSO, molality 
00I mol/kg, MgCl, molality 0.01 mol/kg, and Al(NO3)3 mo- 
lality 0.01 mol/kg. Neglect ion pairing. 


a Calculate y, in a 0.0200-mol/kg HCI solution in 
i 30H at 25°C and | atm. For CH;OH at 25°C and 1 atm, 

e dielectric constant is 32.6 and the density is 0.787 g/m’. 
Assume a = 3 A. j 


Fea PENO; the fraction of Pb?* ions that associate 

tao = ions to form ion pairs is known to be 1 — a= 0.43 

of this 5 fone aqueous solution at 25°C. (a) Calculate Im 

Davies fs lution. Note that the ion pair is charged. (b) Use the 

iis uation to calculate y, for this solution. Then calcu- 
Yi: The experimental y; is 0.395. 


ee The solubility of Ox(g) in water at 25°C and 1 bar 

ot Water T 2 above the solution is 1.26 mmol per kilogram 

andará von AG},9g for O, in water. The molality-scale 

cen ay is used for the solute O3. (b) Use a Henry's law 
of C)Hg in Sec. 9.7 to find AG},298 for C,H¢(aq)- 


10.29 i 
E Si the following equations for partial molar prop- 
a solute in a nonelectrolyte solution: 


— R In (jq,2;/m°) — RT(ô In Ym.i/ OT )Piny 
i+ RT(@ In _i/2P) rng 


A, = Bpi — RT? In jm,i/6T)P,ny 


10.30 Use data in the Appendix to find AG3os. AH 3g, and 
AS3o8 for (a) H* (aq) + OH (aq) > H20(!); (b) CO37 laq) + 
2H * (ag) + H2O(!) + CO2(g). 


10.31 Derive Eqs. (10.87) and (10.88). 


10.32 Find the conventional value of Š} of HO * (aq) at 25°C. 
Hint: Consider the two equivalent ways of writing the ioniza- 
tion of water; HJO=H* +OH™ and 2H,0=> H,O* + 
OH’. ` 

10.33 (a) Use Appendix data to find AG}, AH}, and S° at 
25°C for Cu(NO3)2(aq). (b) Use Appendix data to find AH398 
for NaCl(s) + NaCl(aq). 


10.34 Measurements on electrochemical cells (Sec. 14.10) give 
for HCl(aq) that AG7,293 = — 131.23 kJ/mol and AH},208 = 
— 167.16 kJ/mol. Use these data, Appendix entropy data for 
H,(g) and Cl,(g), and the H+ (aq) conventions to find AG},298> 
AH;.29g, and 539g of Cl” (ag). Start with Eq. (10.86). 


10.35 At 25°C and 1 bar, the differential heat of solution of 
KCI in water at infinite dilution is 17.22 kJ/mol. A saturated 
25°C aqueous KCI solution has KCI molality 4.82 mol/kg and 
a stoichiometric activity coefficient y; = 0.588. For pure KCI(s) 
at 25°C, AG} = — 409.14 kJ/mol, AH} = — 436.75 kJ/mol, and 
§ = 82.59 J/(mol K). Find AGĵ,298> AHĵ,298» and S398 for 
K + (aq) using these data and the results found for Cl” (aq) in 
Prob. 10.34. 

10.36 (a) For a pure gas that obeys the virial equation (8.5), 
derive the equation for In @ after Eq. (10.99). (b) Use (8.6) and 
(8.9) to show that for a van der Waals gas 


bRT-a  2abRT — a° 


2 PE P+ 
nġ=- par? 2R*T* 


10.37 (a) For CO3, the critical temperature and pressure are 
304.2 K and 72.8 atm. Assume CO, obeys the van der Waals 
equation and use the result from Prob. 10.36b to estimate ġ 
for CO, at 1.00 atm and 75°C and at 25.0 atm and 75°C. 
Compare with the experimental values 0.9969 at 1 atm and 
0.92 at 25 atm. (b) Use the Lewis—Randall rule to estimate the 
fugacity and fugacity coefficient of CO, ina mixture of 1.00 mol 
CO, and 9,00 mol O2 at 75°C and 25.0 atm. 


10.38 For a pure gas, show that In ¢ = (G- G'*)/RT, where 
G'4 is the molar Gibbs energy of the corresponding ideal gas 
at the same T and P. 


10.39 (a) Calculate AG when 1.000 mol of an ideal gas at 0°C 
is isothermally compressed from 1.000 to 1000 atm. (b) For 
Nz at 0°C, ġ = 1.84 at 1000 atm and ġ = 0.9996 at 1 atm. 
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Calculate AG when 1.000 mol of N, is isothermally compressed 
from 1.000 to 1000 atm at 0°C. 


10.40 For CH, at — 50°C, measured V values as a function 
of P are 


V/(cm*/mol) 18224 | 1743 | 828 | 366 
Pfam p TE Woe oul a 
P/icm?/mol) 207 | 1287 | 94 j| 763 
P/atm o | s | 10 | 12 


(a) Find the fugacity and fugacity coefficient of CH, at —50°C 
and 120 atm. See Probs. 5.21 and 5.23. Note from Prob. 8.29 
that V — RT/P does not go to zero as the gas pressure goes 
to zero. (b) Give the value of the second virial coefficient B for 
CH4 at — 50°C, 


10.41 (a) Use the law-of-corresponding-states equation (8,26) 
and Table 8.1 to estimate the second virial coefficient B for N, 
at 0°C. (b) Use the equation after (10.99) with terms after BP 
omitted to estimate @ at 0°C of N, for P = 1.00 atm and for 
P = 25 atm. Compare with the experimental values 0.99955 at 
1 atm and 0.9895 at 25 atm. 


10.42 A liquid mixture of carbon tetrachloride (car) and chlo- 
roform (chl) at 40.0°C with xem, = 0.5242 has a vapor pressure 
of 301.84 torr and has vapor-phase composition Xeni, = 0.6456. 
The pure-liquid 40°C vapor pressures are P.n = 360.51 torr 
and Pear = 213.34 torr. The 40°C second virial coefficients of 
the pure gases are By, = —1040cm3/mol and Boa, = 
~1464 cm*/mol. (a) Use the Lewis~Randall rule and the equa- 
tion after (10.99) with terms after B'P omitted to estimate the 
fugacity coefficients em and Øear in the saturated vapor mix- 
ture and in the pure saturated vapors. (b) Calculate the activity 
coefficients Yen and Yiear in the liquid mixture using the fu- 
gacity coefficients found in (a), (c) Calculate the activity coeffi- 
cients Yieni ANd Yi car Assuming the vapor mixture and the pure 
vapors are ideal. 


10.43 Use Eqs. (10.6) and (10.14) to derive the AGmiy equa- 
tion found in Prob, 9,52c. 


10.44 Verify that the expressions for the ideal-solution cheng, 
cal potentials in (9.42) obey the Gibbs- Duhem equation (108 


10.45 For a 1.0-mol/dm? NaCl(aq) solution, Pretend that the 
ions are uniformly distributed in space and calculate the ave. 
age distance between centers of nearest-neighbor ions. (See 
Prob. 2.41.) 


10.46 Fora solution of ethanol (E) in water (W), state whether 
each of the following activity coefficients is equal to 1 if water 
is considered the solvent whenever a solvent is to be specific, 
(a) Yi,w> V1.8 Yu,w» Yue) Ym,e> ach evaluated in the limit xy + | 
(b) the activity coefficients of (a) evaluated in the limit xp + | 


10.47 Suppose that A and B molecules have similar sizes and 
shapes and that A-A and B-B intermolecular attractions a 
stronger than A-B attractions. -State whether each of the fob 
lowing quantities for a solution of A + B is likely to be large 
or smaller than the corresponding quantity for an ideal solv- 
tion. (a) AH mix; (b) AS mixi (€) AG nix 


10.48 Answer the following without looking up any formulas 
For a dilute electrolyte solution with y, < 1, would you expat 
Y+ to increase or to decrease (a) if the ionic charge z, it- 
creases; (b) if the ionic diameter a increases; (c) if the ionit 
strength /,, increases; (d) if the solvent’s dielectric constant im 
creases; (e) if the temperature increases. Explain each of your 
answers. 


10.49 True or false? (a) When a solution component is in il 
standard state, its activity is 1. (b) If a solution component bas 
its activity equal to 1, the component must be in its standard 
state, (c) The activity a; is never negative, (d) Activity coeff: 
cients are never negative. (e) a; and y; are intensive propertits 


10.50 (a) Use (10.52) for p; to show that for an electrolyte 
solute i in a solution in equilibrium with vapor (assumed idealh 
the equation corresponding to Henry’s law (9.69) is 


P; = Kávy +ym;/m°)" 


where K; is defined as in (9.68) except that yj is replaced b) 
Hai Show that for HCI(aq), this equation becomes P;* 
K dyım;/m°)?. (b) Use data in Table 10.2 and in the Appendlt 
to find the HCI partial pressure in equilibrium with a 0! 

mol/kg 25°C HC\(aq) solution. 
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THE EQUILIBRIUM CONSTANT 


CATET 
REACTION EQUILIBRIUM 
IN NONIDEAL SYSTEMS 


We previously studied reaction equilibrium in ideal gas mixtures (Chap. 6) and in 
ideally dilute solutions (Sec. 9.7). This chapter deals with reaction equilibrium in non- 
ideal systems, For the chemical reaction yp yi vA; with stoichiometric coefficients 
p the reaction equilibrium condition is J; Vittijea = 9 (Eq. (4.98)], where Hi,eq is the 
equilibrium value of the chemical potential of the ith species. 

To obtain a convenient expression for 4i, We choose a standard state for each 
species i and define the activity a; of i by 


ay = et HDIRE (11.1) 


where u is the chemical potential of i in the reaction mixture and jj; is its standard- 
D aama] potential. The activity a; depends on the choice of standard state and 
a unless the standard state has been specified. From (11.1), a; depends 

the same variables as ui the activity 4; is a dimensionless intensive property. 


ison of (11.1) with (10.3) and (10.89) shows that a; in(11.1)is what we previously 
to be the activity of a species in a solid, liquid, or gasco 


us mixture. Table 11.1 


in See. 11.7 summarizes the choices of standard states. Taking logs of (11.1), we get 


Hy = B+ RT Ina; (11.2)* 


itution of (11.2) into the equilibrium condition Yi Viblieg = 0 BiVES 


vi + RT Y, Vi In dieg = 9 ara), _ = mm 297 | 
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where a; eq is the equilibrium value of the activity a;. The first sum in this equatiog 
is defined to be AG®, the standard Gibbs energy change for the reaction (reactany 
and products each in standard states). We have v; In ai eq = In (a; eq)"; also, the sum 
of logarithms equals the logarithm of the product. Equation (11.3) therefore become 
AG’ + RT Inf]; (i eq)" = 0. Defining K° to be the product in this last equation, wg 
have 


AG° = —RT In K° (ia 
AG = 2 viki asy 
K? = [ ] icq)” ae 


K? is called the standard equilibrium constant, the activity equilibrium constan, 
or simply the equilibrium constant. We always choose the standard states so that i 
depends at most on T and P. (For gases, Hi depends on T only.) Hence AG° depends 
at most on T and P, and K°, which equals exp (—AG°/RT), depends at most on T 
and P, and not on the mole fractions. We have thus “solved” the problem of chemical 
equilibrium in an arbitrary system. The equilibrium position occurs when the activitis 
are such that Th (a))" equals the equilibrium constant K°®, where K° is found from 
(11.4) as exp (—AG°/RT). To solve the problem in a practical sense, we must expres 
the activities in terms of experimentally observable quantities. 


14.2 


REACTION EQUILIBRIUM IN NONELECTROLYTE SOLUTIONS 


To apply the results of the last section to solutions of nonelectrolytes, we choose ont 
of the conventions of Chap. 10 and introduce the appropriate expressions for the 
activities a; into the equilibrium constant K° of (11.6). 

Most commonly, one component of the solution is designated the solvent, For 
the solvent, we use the mole-fraction scale (Eq. (10.27)]. For the solutes, one can us 
the mole-fraction scale, the molality scale, or the molar concentration scale. 

If the mole-fraction scale is used for the solutes, the activity a, of species | is 
axi = Yn iX; [Eq. (10.5)], where Yu denotes the Convention II activity coefficient (See 
10.1), which goes to 1 at infinite dilution. The subscript x on a reminds us that the 
activity depends on which scale is used, The equilibrium constant K° in Eq, (11 
then becomes K, = Tli Onix)", where the subscript on K denotes use of the mole 
fraction scale and where the eq subscript has been omitted for simplicity. Equè 
tions (11.4) and (11.5) become AG = Yi Viti = —RT In K,. 

Thermodynamic data for Species in aqueous solutions are usually tabulated for 
the molality-scale standard state. Therefore, one most commonly uses the molality 
scale for solutes. From (10.30), the activity am; of solute i on the molality scale # 
Am,i = Ym iMmi/m° (i # A, where A is the solvent), where the standard molality m° equals 
1 mol/kg. The equilibrium constant (11.6) becomes 


Km = (x,aXa)"® TI Om im;/m°)" ua 
1i#A 


The degree superscript on K indicates a dimensionless equilibrium constant; T 
mole-fraction scale is retained for the solvent A, so the solvent activity in (Il. 


derent in form from the solute activities. The solvent stoichiometric coefficient v, 
equals zero if the solvent does not appear in the net chemical reaction. If the solution ere 
- igdilu both x, and yx,, are quite close to 1 and it is a good approximation to ‘ 
omit the factor ()x,aXa)'* from K. For the molality scale, Eqs. (11.4) and (11.5) 
‘a È t 
tome 
AG?, = —RT In Ke, (11.8) 
AGa = Yaha + DL, Vilmi (11.9) 
ave IFA 
Note that 4° of the solvent cannot be omitted from AG; (unless v4 = 0) even if the 
solution is very dilute. 
The molar concentration scale is occasionally used for solute activities. Here, 
= yy” (Eq. (10.30)]. The equations for K? and AG; are the same as (11.7) to 
that the letter m is replaced by c everywhere. For example, AG? = 


K°. 
. Ki, and Ki have different values for the same reaction. Likewise, AG, AG?, 
and AG}, differ for the same reaction, since the value of the standard-state quantity 
nds on the choice of standard state for species i. Thus, in using Gibbs free-energy 
data to calculate equilibrium compositions, one must be clear what the choice of 
standard state is for the tabulated data. 

To apply the above expressions to calculate equilibrium compositions, we use 
the procedures discussed in Chap. 10 to determine activity coefficients. If the non- 
dlectrolyte solution is dilute, we can approximate each activity coefficient as 1; the 
equilibrium constant K, then reduces to the expression (9.75) for ideally dilute 


Since Hmi for solute i depends on what the solvent is, the equilibrium con- 
slant Kj, for a given reaction is different in different solvents; also, the activity 
coeficients are different in different solvents because of different intermolecular 

teractions. Thus the equilibrium amounts differ in different solvents. For example, 
HyCOCH,COCH , is 92 percent enolized to CH,C(OH)=CHCOCH; in hexane 
but is only 15 percent enolized in water at room temperature. 


REACTION EQUILIBRIUM IN ELECTROLYTE SOLUTIONS 
The most commonly studied solution equilibria are ionic equilibria in aqueous solu- 
‘ AS well as being important in inorganic chemistry, ionic equilibria are signifi- 
Sant in biochemistry. For the majority of biologically important reactions, at least 
> el Species involved are ions. Examples include the organic phosphates (such 
fevelved.j triphosphate, ATP) and the anions of certain acids (such as citric acid) 
Meio in metabolic energy transformations; inorganic ions such as H,0* and 
participate in many biochemical reactions. 
wale- thermodynamic data for ionic species are usually tabulated for the molality- 
iq. Standard state, we shall use the molality-scale equilibrium constant Ka of 
(11.7) for electrolytes. 
any ionic reactions in solution are acid-base reactions. We adopt the Bronsted 
of an acid as a proton donor and a base as a proton acceptor. 
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Ionization constants of acids in 
water at 25°C and 1 atm. The 
values for strong acids are 
approximate. For consistency 
with Eq. (11.15), K, for H30 is 
y%.m(H 0 * (OH ” )/m(H0), 
which differs from K,,. The scale 
is logarithmic. (Data from J, March, 
Advanced Organic Chemistry, 3d 
ed., Wiley, 1985, pp. 220-222.) 


HCIO, 
HBr 


HCI 


H50, 


HNO, 


HC,H,0, 


The water molecule is amphoteric, meaning that water can act as either an acid 
or a base. In pure liquid water and in aqueous solutions, the following ionization 
reaction occurs to a slight extent: 


H20 + H20 = H30* + OH- (119 


For (11.10), the activity equilibrium constant (11.6) is 
a(H,0*)a(OH ~) 
jet at ne sae ata 

w [a(H,0)/° (11.11) 


where the subscript w (for water) is traditional. Since the standard state of the solvent 
H30 is pure HO, we have a(H30) = 1 for pure HO [Eq. (11.1)]. In aqueous solu. 
tions, a(H20) = y,(H20)x(H,0). For dilute aqueous solutions, the mole fraction 
x(H0) is close to 1, and (since H,O is an uncharged species) Yx(H20) is close to |, 
Therefore we usually approximate a(H,O) as 1 in dilute aqueous solutions, K, 
becomes 


Kj, = a(H30*)a(OH) = [y(H30 +)m(H 30 +)/m°][{OH7 )mM(OH”)/m°] 


where m° = 1 mol/kg and where the subscript m was omitted from y. All unsubscripted 
activity coefficients in this section are on the molality scale. The above expression 
differs from (11.7) by the omission of the solvent’s activity. The mean molal ionic 
activity coefficient y+ is defined by (»4)"* **= = (y4)"*(y_)”> [Eq. (10.43)]. For the 
H,0 ionization, v, = 1 =v_, yį = y4y-, and Ky, becomes 


K$, = yi.m(H30*)m(OH™)/(m’)? dil. aq. soln. a112 


Experiment (Chap. 14) gives the value 1.00 x 10714 for K9, at 25°C. Approxi- 
mating y+ as 1 in pure water, we get m(H;0*) = m(OH~) = 1.00 x 1077 mol/kgin 
pure water at 25°C. This gives an ionic strength I„ = 1.00 x 1077 mol/kg; the Davies 
equation (10.71) then gives y, = 0.9996 in pure water, which is essentially equal to 
1. Hence the H;0* and OH” molalities are accurately equal to 1,00 x 10-7 mol/kg 
in pure water at 25°C. In an aqueous solution that is not extremely dilute, y4 in 
(11.12) will probably not be close to 1. 

Since p° for each species in solution depends on pressure, the quantity AG’ for 
the reaction depends on pressure and the equilibrium constant for a reaction in solu 
tion depends on pressure. However, this dependence is weak. Ordinarily, equilibrium 
constants in solution are determined for P at or near 1 bar, and this value of P i$ 
assumed throughout this section. 

Next, consider the ionization“of the weak acid HX in aqueous solution. The 
ionization reaction and the molality-scale equilibrium constant (11.7) are 


HX + H,0=H,;0* + X~ (1113) 
Ke = DEO MH O*)/m JX m(X~)/m°] (114 
IHX)m(HX)/m° 


where the subscript.a (for acid) is traditional and where the activity of the solvent 
H20 is approximated as 1 in dilute solutions. Figure 11.1 plots K3 at 25°C and | tat 
for some acids in water. In most applications, the HX molality is rather low, and i 
is a good approximation to take y = 1 for the uncharged species HX. However, evel 


though the X~ and H,O* molalities are usually much less than the HX molality, 
ve cannot set y = I for these ions. As noted in Sec. 10.5, y for an ion deviates signifi- 
cantly from 1 even in quite dilute solutions. Using (10.43) to introduce y+, we have 


2 + A 

yim(H30*)mXT) 3 
= a j 8 
a m(HX) il. soln. (11.15) 
where 74 is for the pair of ions H,O* and X` and differs from y4 in (11.12). In 
(11.15) we have omitted dividing each molality by the standard molality m° 
(=1 mol/kg), so that K, has the dimensions of molality (mol/kg); correspondingly, 
the degree superscript on K, is omitted. 


K, = 1.75 x 1075 mol/kg for acetic acid (HC,H30,) in water at 25°C. Find the 
H,0* molality in a 0.100-mol/kg 25°C aqueous solution of acetic acid. 

To solve (11.15) for m(H0 *), we need y+. To use the Davies equation (10.71) 
to estimate y+, we need the ionic strength Im which can't be calculated until 
nH,0*) is known. The solution to this dilemma is to first estimate m(H ,0*) and 
mX”) by setting y+ = 1 in (11.15) and solving for the ionic molalities. With these 
approximate molalities, we calculate an approximate I, and then use the Davies 
equation to find an approximate y+. which we use in (11.15) to find a more 
accurate value for the molalities. If necessary, we can then use these more accu- 
fate molalities to find a more accurate I,,, and so on. 

let _m(X~) =x. Equation (11.13) gives m(HX) = 0.100 mol/kg —x and 
nH,;0*) = x, since the H,O* formed by the water ionization (11.10) is neg- 
see compared with that from the acetic acid. Setting y+ = 1 in (11.15), we 

ave 


2 


x 
1.75 ms x 11.16 
al 0.100 mol/kg — x ( ) 


Ne Can solve (11.16) using the quadratic formula, but a faster method is an 
terative solution, as follows. Since K, is much less than the acid’s stoichiometric 
molality (0.100 mol/kg), the degree of ionization will be slight and 0.100 mol/kg — x 
ne be well approximated by 0.100 mol/kg. (In extremely dilute solutions the 
ees of ionization is substantial, and this approximation cannot be made.) 
Wh the x?/(0.100 mol/kg) = 1.75 x 1075 mol/kg and x 1.32 x 10° * mol/kg. 
0001 is value of x, the denominator in (11.16) becomes 0.100 mol/kg — 
a mol/kg = 0.099 mol/kg. Hence x?/(0.099 mol/kg) ~ 1.75 x 107 * mol/kg and 
Again get x = 1.32 x 10-3 mol/kg. 
he with y, taken as 1, we find m(H,0*) = m(X~) = 1.32 x 107° mol/kg 
wars nm zjm; © 1.32 x 107° mol/kg [Eq. (10.62)]. The Davies equation 
“") then gives y, = 0.960. Equation (11.15) becomes 


m (0.960)?x? 
1.75 5 1 a NOSS 
x 10°" mol/kg = 0700 mol/kg — x 


— Ea 
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Solving iteratively, as above, we get x = 1.37 x 107°? mol/kg = m(H30*), hy 
value is close to our initial estimate of 1.32 x 107? mol/kg so there is little point 
in redoing the calculation with further improved J, and y+ values, 

In this example, 1, is quite low, so it doesnt make much difference whether 
we include y+. This is not true in the next example. | 


| ExamPLe Bil 


Find m(H,0*) in a 25°C aqueous solution with the stoichiometric Molalities 
[Eq. (10.48)] m(HC,H302) = 0.100 mol/kg and m(NaC,H,0,) = 0.100 mol/kg 
(a buffer solution). 

The salt NaC,H30, (which is a 1:1 electrolyte) exists virtually entirely in the 
form of positive and negative ions in solution; also, the ionization of HC,H,0, 
will contribute little to I, in comparison with the contribution from the NaC,H,0;. 
Therefore Im = 3(0.100 + 0.100) mol/kg = 0.100 mol/kg. The Davies equation (10,71) 
then gives y+ = 0.781. Substitution into (11.15) gives 


Y (0.781)?m(H0 * )(0.100 mol/kg) 
EISINO S kg = 
te 0.100 mol/kg 


where m(C,H30;) is well approximated by considering only the acetate ion 
from the sodium acetate and where we set m(HC,H,0,) equal to 0.100 mol/kg 
since the degree of ionization of acetic acid is far less than in the previous e 
ample, because of the added sodium acetate (common-ion effect), Solving, we 
find m(H,0*) = 2.87 x 1075 mol/kg. Note that. if y+ were omitted in this example 
we would get 1.75 x 1075 mol/kg for m(H30*), which is in error by a whopping 
39 percent. Except for solutions of quite low ionic strength, ionic equilibrium ca- 
culations that omit activity coeficients are likely to give only qualitatively conect 
answers. Many of the ionic equilibrium calculations you did in first-year chemist 
are correct only in the exponent of 10, because of neglect of activity coeficients 
(and neglect of ionic association in salt solutions). 


ae 
For HOI, K, = 2.3 x 107 ** mol/kg in water at 25°C. Find m(H,0*) in a 1.0 x 10 
mol/kg 25°C aqueous solution of HOI. 

We have 


(14.47) 
(11.18) 
where (HOI) and a(H,0) have each been taken as 1, Because of the extrem 
low value of K,, the ionic strength is extremely low, and we can take Y+ = x d 
we proceed as we did with HC,H,0,, we have m(H,0*) = m(OT”) =X 0 
m(HO) = 0.00010 mol/kg — x. Since K, is far less than the stoichiometric Ms 
lality, we can set 0.00010 mol/kg — x equal to 0.00010 mol/kg. We then h0 


HOI + H,0 = H,0* + OIT 
K, = ym(H30*)m(OI~)/m(HOT) 


13x 1071! mol/kg = x?/(0.00010 mol/kg). which gives x = 4.8 x 107§ mol/kg = 
nH30*): However, this answer cannot possibly be correct. We know that 
n(H;0*) equals 1.0 x 1077 mol/kg in pure water. A solution with m(H,0*) = 
48x 1078 mol/kg would have a lower H,0* molality than pure water and would 
be basic; however, HOI is an acid. The error here is failure to consider the con- 
tibution to m(H 30 *) from the ionization (11.10) of water. In previous examples, 
the H,0* from the weak-acid ionization far exceeded that from the ionization 
ofwater, but this is not true here. We must consider the two simultaneous equilibria 
(11,17) and (11.10). 

The ionization of water can be allowed for as follows. Let m be the stoichio- 
mettic HOI molality, which is 1.0 x 1074 mol/kg in this problem. As above, we 
can approximate m(HOI) as m and y+ as 1. Equation (11.18) becomes K, = 
nH,0*)m(OI~)/m. The electroneutrality condition is 


m(H,0*) = m(OH~) + m(OI~) = K,/m(H30*) + m(OI~) 


so mOI~) = m™(H;0~) — K,/m(H,07). Substitution of this m(OI~) expression 
info K,=m(H,0*)m(OI~)/m gives K, = m(H30*)?/m— K,/m, so m(H30*) = 
(K, + mK,)!/2, Substitution of numerical values gives m(H,0*) = 1.1 x 1077 
mol/kg. The solution is slightly acidic, as expected. 

Asystematic procedure for dealing with simultaneous equilibria is outlined 
in Prob, 11.12. 


For an aqueous solution of the weak acid HX with stoichiometric molality m, 
the degree of dissociation a is defined as 


m(X~) m(X~) 1 1 


Where (11.15) was used. As m goes to zero, y+ goes to 1. Also, as m goes to zero, the 
contribution of the ionization of HX to m(H,O*) becomes negligible and all the 
H,0* comes from the ionization of water. Hence in the limit of infinite dilution, 
nH30*) becomes K1/? and the degree of dissociation of HX approaches 


a2 1 1 


i Ane = = = at 25°C (11.19) 
1+ KI?/K, 1+(1077 mol kg“ ')/K, 


4 25°C, an acid with K, = 1075 mol/kg is 99 percent dissociated at infinite dilution; 
ha an acid with K, = 10~7 mol/kg is only 50 percent dissociated at infinite 
Nution. The H}O* from water partially suppresses the ionization of the weak acid 
êt infinite dilution, 
1 ce types of aqueous ionic equilibria include reactions of cationic and anionic 
Pieter bases (for example, NH{, CH30z, CO3) with water (Prob. 11.9} 
Pica equilibria (Sec. 11.4); association equilibria involving complex ions [the 
ce constants for the reactions Ag* + NH3 = Ag(NH3)* and Ag(NH3)" + 
tities are called association or stability constants, and those for the 
pairs (Ge ctions are called dissociation constants]; association equilibria to form ion 
often gi ©. 10.7). See Fig. 11.2. Instead of listing the equilibrium constant K, tables 
give pK, where pK = —log K. 
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Equilibrium constants for 
association of ions to form ion 
pairs in water at 25°C and 1 atm. 
The scale is logarithmic. 
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Perhaps the reader has been a bit disturbed by the use of molalities, since ity 
traditional to use molar concentrations in first-year-chemistry equilibrium calcula. 
tions. It turns out (Prob. 11.13) that, in dilute aqueous solutions, the molality-scae 
and the concentration-scale equilibrium constants are nearly equal numerically, ang 
the equilibrium molar concentrations and molalities are nearly equal numerically 
It therefore makes little difference whether the molar-concentration scale or the mo 
lality scale is used for dilute aqueous solutions. 


REACTION EQUILIBRIA INVOLVING PURE SOLIDS OR PURE LIQUIDS 


So far in this chapter, we have considered only reactions that occur in a single phase, 
However, many reactions involve one or more pure solids or pure liquids. An example 
is CaCO4(s) = CaO(s) + CO,(g). The equilibrium condition J; Vikti,eq = 0 applies 
whether or not all species are in the same phase. To apply the equilibrium relation 
K°=]]; (Gi eq)", We want an expression for the activity of a pure solid or liquid, The 
activity a; satisfies 4; = u? + RT In a; [Eq. (11.2)], so 


RT In a; = p; — p? pure sol. or liq. (11.20) 


As in Sec. 5.1, we choose the standard state of a pure solid or liquid to be the state 
with P = 1 bar = P° and T equal to the temperature of the reaction mixture. There- 
fore yj is a function of T only. To find In a; in (11.20), we need u; — yj. For a pure, 
substance, u; — u? = u¥(T, P) — už(T, P®), since the standard state is at the same 
temperature as the system. The pressure dependence of j for a pure substance is 
found from du = dG = —SdT + V dP as dy; = V,dP at constant T. Integration from 
the standard pressure P° to an arbitrary pressure P gives 
P 
BAT, P) — (T) = f V,dP’ const. T, pure sol. or liq. (11.21) 
Pp 
where the prime was added to the dummy integration variable to avoid the use of 
P with two different meanings in the same equation. Substitution of (11.21) into 
(11.20) gives ire 
In a; = af J: VdP’ pure sol. or liq., T const. (11.22) 
where V; is the molar volume of pure i. Since solids and liquids are rather incom: 
pressible, it is a good approximation to take V; independent of P and remove it from 
the integral to give 
Ina;=(P—P°)V/RT pure sol. or liq. (1123) 
At the standard pressure of 1 bar, the activity of a pure solid or liquid is 1 (sine 
the substance is in its standard state). As noted in earlier chapters, G is relatively ha 
sensitive to pressure for condensed phases. Hence we expect a; to be rather insensiti’ 
to pressure for solids and liquids. For example, a solid with molecular weight P 
and density 2.00 g/cm? has Vj = 100 cm3/mol. From (11.23), we find at P = 20 baran 
T = 300 K that In a; = 0.076 and a; = 1.08. This value is pretty close to 1. Provi i 
P remains moderate (below, say, 20 bar), we can reasonably approximate the av 
of most pure solids and liquids as 1. For a substance with a large V, for example 
polymer, this approximation is invalid, 


As an example, consider the equilibrium 
CaCO,(s) = CaO(s) + CO3(g) (11.24) 


fquation (11.6) gives K° = a[CaO(s)Ja[CO,(g)]/a[CaCO,(s)]. Provided P is not 
high, we can take the activity of each solid as | and the activity of the gas (assumed 
ideal) as P(CO2)/P [Eq. (10.91) with fugacity replaced by pressure]. Therefore 


° x a[CO,(g)] = P(CO2)/P' where P° = 1 bar (11.25) 


Thus, at a given T, the CO, pressure above CaCO,(s) is constant. Note, however, 
that in the calculation of AG® using AG° = Ñ; vin}, it would be wrong to omit G for 
the solids CaCO; and CaO. The fact that a for each solid is nearly 1 means that 
u-u? (=RT Ina) of each solid is nearly 0; however, „° for each solid is nowhere 
near zero and must be included in calculating AG’. 

Now consider the equilibrium between a solid salt M,,X,_ and a saturated 
aqueous solution of the salt, The reaction is 


M, ,X,_(s) = v4.M**(aq) + v-X7- (aq) (11.26) 


where z} and z_ are the charges on the ions and v, and v_ are the numbers of 
positive and negative ions. Choosing the molality scale for the solute species, we have 
as the activity equilibrium constant for (11.26) 
vo _ (a4) *(a-)"- _ (yey /m?)** (y -m-/m°)"- 
a[M, ,X,_(s)] a[M, ,Xy_(3)] 


where a,,74,and m, are the activity, molality-scale activity coefficient, and molality 
of the ion M?*(aq). Provided the system is not at high pressure, we can take a = 1 
for the pure solid salt. Dropping m° from K® and using the definition (y+)"* pidda 
b4) 0-)*- [Eq. (10.43)], we have as the solubility product (sp) equilibrium constant 


Ksp = a)* Omg aie (11.27)* 


Equation (11.27) is valid for any salt, but its main application is to salts only slightly 
soluble in water. For a highly soluble salt, the ionic strength of a saturated solution 
is high, the mean ionic activity coefficient y, differs substantially from 1, and we 
have no good way of estimating y+. Moreover, ion-pair formation may be substantial 
M concentrated solutions of a salt. 


eave i 


es for AgCI in water is 1.78 x 107 !° mol?/kg? at 25°C. Find the solubility of AgCI 
5°C in (a) pure water, (b) a 0.100-mol/kg KNO; solution; (c) a 0.100-mol/kg 
KCI solution, 


(0) For AgCi(s) = Ag* (aq) + Cl- (aq), we have 
É Ksp = yįm(Ag* )m(CI) 
ieee of the very small value of K,,, the ionic strength of a saturated AgCI 
a ae Is extremely low and y, can be taken as 1. Since m(Ag*) = m(CI_) in 
gies Containing only dissolved AgCI, we have 1.78 x 10” '° mol”/kg? = 
Nicer JP. Hence m(Ag*) = 1.33 x 1075 mol/kg. The solubility of AgCI in pure 
Tat 25°C is 1.33 x 1075 mole per kilogram of solvent. 
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(b) The ionic strength of a 0.100-mol/kg KNO, solution is 0.100 mol/kg. The 
Davies equation (10.71) gives y+ = 0.78. Setting m(Ag*) = m(Cl-), we have 
1.78 x 107 1° mol?/kg? = (0.78)?[m(Ag*)]?. Hence. m(Ag*) = 1.71 x 10° moli 
Note the 29 percent increase in solubility compared with that iN pure water, The 
added KNO, reduces y, and increases the solubility, a Phenomenon Called 
the salt effect. 

(C) In 0.100 mol/kg KCI, the ionic strength is 0.100 mol/kg and the Dayies 
equation gives y+ = 0.78. The Cl” from AgCI is negligible compared with that 
from the KCI. Setting m(Cl~) = 0.100 mol/kg we have 


1.78 x 107 '° mol?/kg? = (0.78)?m(Ag *)(0.100 mol/kg) 


Therefore m(Ag*) = 2.9 x 107° mol/kg. Note the sharp decrease in solubility com- 
pared with either pure water or the KNO 3 solution (common-ion effect), 


In the example just given, we ignored the possibility of ion-pair formation and 
assumed that all the silver chloride in solution existed as Ag” and Cl ions. Thisis 
a reasonable assumption for dilute solutions of a 1:1 electrolyte. However, in working 
with K,, for other than 1:1 electrolytes, substantial error can frequently result if 
ion-pair formation is not taken into account. Calculations that allow for ion-pair 
formation are complicated; see Prob. 11.22 and L. Meites, J. S. F. Pode, and H.C. 
Thomas, J. Chem. Educ., 43, 667 (1966). 

Although ion-pair formation can be neglected in the above example, complex 
ion formation often cannot be neglected in AgCI solutions. The ions Ag* and CI 
react in aqueous solution to form a series of four complex ions: Ag* + Cl = 
AgCl(aq), AgCl(aq) + Cl” = AgCly, AgCl; + Cl” = AgCI", AgCl} + C2 
AgCl3~. Inclusion of complex-ion formation shows that, although the results for (a) 
and (b) in the above example are correct, the result for (c) is in error, 

For a homogeneous reaction such as N,(g) + 3H2(g) = 2NH 3(y) or HCN(aq) + 
H20 = H,O + (aq) + CN (aq), there will always be some of each species present at 
equilibrium. In contrast, reactions involving pure solids have the possibility of going 
to completion. For example, the equilibrium constant for CaCO3(s) = Ca0(s)+ 
CO,(9) is given by (11.25) as K° = P(CO})/P°. At 800°C, experiment gives K° = 0.4 
for this reaction. Suppose we have CaO(s) in an evacuated container at 800°C, and 
we introduce some CO). If the initial pressure of the CO, is below 0.24 bar, then 
no CaCO} (s) will be formed. If the initial Pressure of the CO, is above 0.24 bar, then 
CaO will combine with CO, until the CO, pressure drops to 0.24 bar; if sufficient 
CO, is present, all the CaO may be used up before the CO, pressure falls to 0.24 bar, 
Conversely, if we start with CaCO at 800°C in a closed container, the CaCO; will 
decompose until P(CO,) reaches 0.24 bar; if the container volume is large enough 
all the CaCO, may decompose before this equilibrium pressure can be attained. Sim 
larly, if a crystal of AgCI is added to a sufficiently large volume of water, all the A\ 
can dissolve without having y} m(Ag* )m(Cl ~) reach K,,,. 


The AG}, 29g Values for Ag,SO,(9), Ag+ (aq), and SO2-(aq) are — 618.41, 7.110% 
— 744.53 kJ/mol, respectively. Find Ksp for Ag,SO, in water at 25°C. 


tne reaction is Ag,SO,(s) = 2Ag* (aq) + SOZ (aq). We calculate AG3og = 
s10kI/mol. Use of AG’ = —RT In K° gives 


Kp=12x1075 and K,,= 1.2.x 1075 mol*/kg? 


REACTION EQUILIBRIUM IN NONIDEAL GAS MIXTURES 
The activity a; of component i of a nonideal gas mixture is [Eqs. (10.91) and (10.94)] 
a; = f,/P° = $;P;/P° = $;x:P/P° where P° = 1 bar (11.28) 


where fi, Qi Pi and x; are the fugacity, fugacity coefficient, partial pressure, and 
mole fraction of gas i, and P is the pressure of the mixture. Substitution into K° = 
[]:(@)"" [Eq. (11.6)] gives at equilibrium in a gas-phase reaction with stoichiometric 


coefficients v; 
o HN aj $x;P\" 
K= I] (£) = ni( P ) (11.29) 


i 


The standard state for each gas has the pressure fixed at 1 bar, so AG° depends only 
on T. Hence the equilibrium constant K°, which equals exp (—AG°/RT) [Eq. (11.4)], 
depends only on T. Using the identity []; (a;b;) = [|i a []; bi we rewrite (11.29) as 


ny 
ner- Ml) Narr 


_ Tocalculate the equilibrium composition at a given T and P of a reacting non- 
ideal gas mixture, the following approximate procedure is often used. Tables of AG}, 
for the reacting gases are used to calculate AG? for the reaction. The equilibrium 
constant K° is then calculated from AG. The fugacity coefficients $7(T, P) of the 
pure gases are found using either law-of-corresponding-states charts of ġ¥ as a func- 
tion of reduced temperature and pressure (Sec. 10.9) or tabulations of ġ¥(T, P) for 
the individual gases. The Lewis-Randall rule ġ; ~ $#(T, P) (Sec. 10.9) is then used 
t0 estimate $; for each gas in the mixture. The quantity on the left side of (11.30) is 
calculated, and (11.30) is then used to find the equilibrium composition by the proce- 
dures of Sec, 6.4, 

_ A better, but more complicated, procedure is to use an equation of state for the 
eee For an example of such a calculation, see H. F. Gibbard and M. R. Emptage, 

' Chem. Educ., 53, 218 (1976). 


u 


TEMPERATURE AND PRESSURE DEPENDENCES OF THE EQUILIBRIUM CONSTANT 
F ` 
tom AG° = —RT In K° [Eq. (11.4)], we have 
In K° = —AG°/RT (11.31) 


— Ea 
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standard states). For gases and for pure liquids and solids, we chose a 

standard state (P° = 1 bar), so that here AG° and hence K° are inde; 

sure and depend only on T. For liquid and solid solutions, we chose a v; 

standard state, with standard-state pressure equal to the actual pres 
tion, so that here AG° and K” are functions of both T and P. 

[roves A Differentiation of (11.31) with respect to T gives 

Tonization constant 

Ky, = yà m,m. /(m°)? for ô in K° 

saturated liquid water vs, i oT 

temperature. The vertical scale is P 


=RT RT RRT 


AG? _(0AG°/ðT)p AG" AS? _ AG + TAS® 


claer d. Chim, Bsc 48,21 oe <) a 
ei A uC, A = 
(1968). sae ( oT Jp» RT? 
K In deriving (11.32), we used (0AG‘/0T)p = (3/0T)p F; vu? = Yy 
10an —Li v8? = —AS®, since (ôu;/3T)p = — S; [Eq. (9.30)]. When liquid or 
are not involved, the partial derivative in (11.32) becomes an ordin 
TE AH” is equal to 3; vH}, where the v;’s are the stoichiometric coef 
H;’s are the standard-state molar (or partial molar) enthalpies. For the ap 
1943 f of (11.32) to reactions in solution, see Prob. 11.31, i 
Figure 11.3 plots the molality-scale ionization constant K w Of sa 
‘ents water (water in equilibrium with water vapor) versus temperature, The p 
not constant for this plot, but below 250°C the effect of the pressure 
i K% is slight. At the 220°C maximum in Kẹ, ô In K$,/AT is zero and AH® 


is zero [Eq. (11.32)]. The strong temperature dependence of AH? of wat 

l i (which goes from +60 kJ/mol at 0°C to —100 kJ/mol at 300°C) is an excep 

0 100 200 300 the rule that AH® does not change greatly with temperature, Similar to 
ie ionization, the K, values of most weak acids in water go through a maximi 
increases. 


Consider a reaction in which all the reactants and products are in a li 


x solid solution, Differentiation of (1 1.31) with respect to P gives 


Water ionization constant K% ôln K° = ZAN ôAG? = aali i) viki = uf 
vs. pressure at 25°C, [Data from oP T RT \ oP T RT \OP /r 3 R 
D. A. Lown et al., Trans. Faraday 

Soc., 64, 2073 (1968).) 


where (04;/0P)~ = V; [Eq. (9.31)] was used. If a reaction involves species 

10K or solid solution and species not in a liquid or solid solution (for example, a 80 
product), then in calculating AV? we consider only species in the solutio 

2 not in solution have Pressure-independent standard states and make no 

to 0AG*/OP. (However, we must allow for the effect of pressure on the acti 

such species in K°.) Therefore for any reaction 


(° In m) AV etn 

1 OP Jr RT 
where the subscript is a reminder to include only species in solution in ¢ 
AVeoin: Usually AVSon is small, and the pressure dependence of K° is $ 


F high pressures are involved, 
0 500 i000 Figure 11.4 plots the ionization constant Ky, (Eq. (11.12)] for water ats 
Pibar a function of pressure. An increase in P from 1 to 200 bar increases K$, by 18% 


an increase from 1 to 1000 bar roughly doubles K®.. 


Although K° depends only weakly on pressure, it usually depends strongly on 
ture, since AH” in (1 1.32) is usually large. For example, the reaction N3(g) + 
sH) = 2NH3(9) has AH’ = —25 kcal/mol, and its equilibrium constant K° de- 
aeases from 3 x 10!3 at 200 K to 3 x 10°” at 1000 K (Fig. 6.4). Another example 
s the denaturation of a protein (Sec. 6.2), which involves an equilibrium between the 
sative and denatured forms of the protein, Denaturation has AH” large in the tem- 
peralure range in which denaturation occurs (typical values are 200 to 600 kJ/mol). 
Although each hydrogen bond broken has a low energy, many hydrogen bonds are 
woken during denaturation. Because of the large AH”, denaturation occurs over a 
small temperature range. For example, the digestive enzyme chymotrypsin in aqueous 
olution at pH 2 is 97 percent in its native form at 37°C and is 96 percent denatured 
a 9°C. An exception to the rapid temperature variation of K° is an equilibrium 
between two isomers whose energies differ only slightly, 
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SUMMARY OF STANDARD STATES 


The equilibrium constant for a reaction is K° = Ti (aiea) LEa. (1 1.6)]. The activity 
of species i is a; = exp [u — uî)/RT] [Eq. (11.1)], where u? is the standard-state 
chemical potential of i, The choice of standard state therefore determines a; and deter- 
mines the form of the equilibrium constant. 

Table 11.1 summarizes the choices of standard states made in earlier sections 
and lists the forms of the chemical potentials. 


Cm 


WMMARY OF STANDARD STATES AND CHEMICAL POTENTIALS* 


Setstance Standard state My = + RT Ina, 
(as pure or in Pure ideal gas pu = GUT) + RT In (SP) 
pa mixture) at | bar and T 
P 
Pore liquid or Pure substance m = ÑT) + fe yar’ 
pure solid atl bar and T 
Šanio component, Pure i at T and pi = HAT, P) + RT In (y) 
@avention 1 P of solution 
Sehat A Pure A at T and ua = UXT, P) + RT In (yaxa) 
P of solution 
Konelectrolyte solute: 
vention II Fictitious state with Hy = Hind, P) + RT In (fuai) 
x= l= Yi 
ality scale Fictitious state with Hy ™ Wa AT. P) + RT In Cy el) 
m/m” = 1 = Ymi 
Soncentration scale Fictitious state with my = WAT, P) + RT In (ye) 
ofc =1 = 7%, 
Bectolyte solute: t i 
molality scale Fictitious state with p= WAT, P) + RT n (vayam im) 


5 
het # behaviors: Qi = 1 as P; = 0, where fy = $P; ha ~ 1 as > 
ERUS ym m 1; y a = 


Ey 
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COUPLED REACTIONS 


Suppose two chemical reactions are occurring in a system, and there is a chemical 
species that takes part in both reactions. The reactions are then coupled, since one 
reaction will influence the equilibrium position of the second reaction. Thus, Suppose 
species M is a product of reaction 1 and is a reactant in reaction 2: 


Reaction 1: A+B=M+D 


Reaction 2: M+R2S+T (134) 
If reaction 1 has AG° > 0 and equilibrium constant K < 1, then at ordinary con- 
centrations very little A and B will react to produce M and D in the absence of 
reaction 2. If reaction 2 has AG° < 0 and K > 1, then if both reactions occur, reac 
tion 2 will use up large amounts of M, thereby allowing reaction 1 to proceed toa 
substantial degree. 

An example of coupled reactions is the observation that most phosphate salts 
are virtually insoluble in water but quite sotuble in aqueous solutions of strong acids, 
In acidic solutions, the rather strong Bronsted base POT reacts to a very great extent 
with H,0* to yield the extremely weak acid HPO3~ (which reacts further with 
HO* to yield H,POj;), thereby greatly reducing the PO}~ concentration in solu- 
tion and shifting the solubility-product equilibrium (11.26) of the phosphate salt to 
the right. 

Coupled reactions are very important in biology. The hydrolysis of adenosine 
triphosphate (ATP) to adenosine diphosphate (ADP) plus inorganic phosphate (P) 
has AG° < 0 and is thermodynamically favored. In living organisms, this hydrolysis 
is coupled to such thermodynamically unfavored processes as the synthesis of large 
biochemicals (for example, amino acids, proteins, RNA, and DNA) from small mole- 
cules, the transport of chemical species from regions of low to regions of high chemical 
potential (active transport—Sec. 12.4), and muscle contraction to perform mechanical 
work. The thermodynamically unfavored resynthesis of ATP from ADP is made to 
occur by being coupled with the oxidation of glucose, for which AG’ < 0. See Fig. 
11.5. As an example of a biochemical coupling scheme, the thermodynamically une 
favored synthesis B + C= D + H,O can be brought about by coupling it with ATP 
hydrolysis according to the enzyme-catalyzed reactions B + ATP = BP + ADP fol- 
lowed by BP + C = D + P;, where the species BP (phosphorylated B) is common t0 
the two reactions. The net reaction is B + C + ATP = D + ADP + P;, which isthe 
sum of B+ CD + H,O and ATP + H,O = ADP + P,. In this scheme, Ĝ' of 
BP + H30 is significantly greater than G° of B + P, so the equilibrium constant of 
BP + C&D + P; is much greater than that of the uncoupled reaction B + cè 
D + H,O. (All species in these reactions are in aqueous solution.) 


Biochemical coupling. 


C6H)20¢ + 603 ATP +H,0 Large molecules 
b I 
6CO, +6H,0 ADP +P; Small molecules 


One must use caution in applying thermodynamics to living organisms. Organisms and 
the cells that compose them are open (rather than closed) systems and are not at equilib- 
rium, The rates of the chemical reactions may thus be more relevant than the values of 
the equilibrium constants. For discussion on these and related points, see B. E. C. Banks, 
Chem. Brit., 5, 514 (1969); L. Pauling, ibid., 6, 468 (1970); D. Wilkie, ibid., 6, 472; A. F. 
Huxley, ibid., 6, 477; R. A. Ross and C. A. Vernon, ibid., 6, 541; B. E. C. Banks and C. A. 
Vernon, J. Theor. Biol., 29, 301 (1970). 


GIBBS ENERGY CHANGE FOR A REACTION 


The term Gibbs energy change for a reaction has at least three different meanings, 
which we now discuss. 


1. AG’, The standard molar Gibbs energy change AG? for a reaction is defined by 
(I1.5)as AG? = F; vii, Where yi; is the value of the chemical potential of substance 
iin its standard state, Since yi; is an intensive quantity and v; is a dimensionless 
number, AG’ is an intensive quantity with units cal/mol or J/mol. For a gas-phase 
reaction, the standard state of each gas is the hypothetical pure ideal gas at 1 bar. 
For a reaction in liquid solution with use of the molality scale, the standard state 
of each solute is the hypothetical state with m; = 1 mol/kg and Ym = 1. These 
standard states do not correspond to the states of the reactants in the reaction 
mixture. Therefore, AG° (and AH”, AS°, etc.) refer not to the actual change in the 
reaction mixture but to a hypothetical change from standard states of the separated 
reactants to standard states of the separated products. 

2, (0G/d8)p.p. Equation (4.99) reads dG/dé = J; vist; at constant T and P, where č 
is the extent of reaction, the x's are the actual chemical potentials in the reaction 
mixture at some particular value of č, and dG is the infinitesimal change in Gibbs 
energy of the reaction mixture due to a change in the extent of reaction from č 


to č + dé: 
aG 
aA =P vii (11.35) 
eae yom 


The sum on the right side of (11.35) is frequently denoted by AG, but this notation 
is misleading in that Y; vii; is not the change in G of the system as the reaction 
occurs but is the instantaneous rate of change in G with respect to é. If the reaction 
mixture were of infinite mass, so that a finite change in ¢ would not change the 
As in the mixture, then Y; vu; x 1 mol would be AG for a change Ač = 1 mol. 
Note that (0G/dé),.p is the slope of the G-vs.-¢ curve (Fig. 4.6). 

AG: From Eq. (9.23), the Gibbs energy G of a homogeneous reaction mixture at 
a given instant is equal to Y; n4; where n; (not to be confused with the stoichio- 
metric coefficient v;) is the number of moles of i in the mixture and pi; is its chemical 
Potential in the mixture. If at times t; and tz these quantities are j,1. Hi,1 and 
Nia» Mia, respectively, then the actual change AG in the Gibbs energy of the re- 
acting system from time t; to time tz is AG = Ĵi Mi,2H4i,2 — Yi niahi 


pry S  Wuantities AG? and (@G/éé)y,p are related. Substitution of p; = Hi + 
n a; into (11.35) leads to (Prob. 11.34) 


(@G/ðë)r.p = AG°+RTInQ, Q= Ta" (11.36) 
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where Q is the reaction quotient (first used in Sec. 6.5). The activities of the reaction 
products appear in the numerator of Q. At the start of the reaction when no Products 
are present, Q = 0 and (0G/0¢)7 p = — o% (Fig. 4.6). When the system reaches equilib. 
rium, the activities are equal to the equilibrium activities, Q equals K°, and Gig mini- 
mized with (G/ôč)r p = 0; Eq. (11.36) becomes AG? = —RT In K°. If only products 
and no reactants are present, then Q= œ and (3G/ðč)r, p = 00; the reaction will 
proceed in reverse until (G/ôč)r p has been reduced to zero. A given reaction a 
fixed T and P has a single value of AG°, but (0G/0€)p,p in the system can have any 
value from — œ to +00. 
Instead of using AG’, biochemists often use the quantity AG”, defined as 
AG” = 2 vil? + (H +)u” (H+) (11.37) 
i#Ht 
where y°"(H*) is the chemical potential of H* at an H+ activity of 1077. Because 
biological fluids have H* molalities close to 1077 mol/kg, AG” values are more 
relevant to reactions in living organisms than are AG° values, which have a 1-mol/kg 
standard-state molality. 


SUMMARY 
The activity a; of species i in a system is defined to satisfy 4; = u? + RT In a; Substitu- 
tion into the reaction-equilibrium condition Di vty = 0 leads to AG? = —RT Ink’, 


which relates the standard Gibbs energy change AG* to the equilibrium constant 
K° = J; (@jeq)". For reactions in solution, the mole-fraction scale is used for the 
solvent (A) and the molality scale is most commonly used for each solute (i): = 
?x,aXa and a; = Ym im;/m°, where the y’s are activity coefficients. In dilute solutions, 
it is reasonable to approximate a, as | and },,; as 1 for nonelectrolytes; for ions, 
the Davies equation can be used to estimate Ym: The activity of a pure solid or pure 
liquid not at high pressure can be approximated as 1. Calculations for ionization of 
weak acids and for solubility-product equilibria of salts were discussed. For gases, 
a; = f;/P° = $;x;P/P°. The Lewis—Randall rule $i = O*(T, P) is often used to esti 
mate fugacity coefficients in gas mixtures, The temperature and pressure dependences 
of K° are given by (11.32) and (11.33). 
Important kinds of calculations discussed in this chapter include: 


e Calculation of equilibrium constants for nonideal systems from AG; data using 
AG’ = —RT In K°. ae 

* Calculation of equilibrium molalities in electrolyte equilibria (e.g., weak-acid von 
ization, solubility product) with use of the Davies equation to estimate activity 
coefficients. 

+ Calculation of nonideal-gas equilibria. 

* Calculation of changes in K° with temperature and pressure changes. 
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Gi 113 | 11.5 | 


11.6 


| 11.9 | general 


Probs. 14.14-11.14 11.15-11.23 11.24-11.26 | 


11.27-11.31 


| 11.32-11.34 | 11.35-11.36 


Where appropriate, use the Davies equation to estimate activity coefficients. 


11.1 For formic acid, HCOOH, K, = 1.80 x 1074 mol/kg in 
waterat 25°C and 1 bar. (a) For a solution of 4.603 g of HCOOH 
in $00.0 g of H3O at 25°C and 1 bar, find the H* molality as 
accurately as possible. (b) Repeat the calculation if 0.1000 mol 
of KCl is added to the solution of (a). (c) Find the H* molality 
ina solution at 25°C and 1 bar prepared by adding 0.1000 mol 
of formic acid and 0.2000 mol of potassium formate to 500.0 g 
of water. 


112 Given the following AG’, 59g/(kJ/mol) values from the 

NBS tables (Sec. 5.8); — 27.83 for un-ionized H S(aq), 12.08 for 

HS" (aq), and 85.8 for S*~ (aq), calculate the ionization con- 

slants K; for the acids HS and HS~ in water at 25°C and 

1 bar. Compare with the experimental values (Prob. 11.10), If 

i oo surprises you, reread the next-to-last paragraph 
c. 6.4, 


113 Find the H* molality in a 1.00 x 107 5 mol/kg aqueous 
HEN solution at 25°C and 1 bar, given that K, = 6.2 x 
10°" mol/kg for HCN at 25°C. 


11.4 Calculate m(H,0O*) i i 
) in a 0.20-mol/k, lution 
HNGlai 25°C. 3 a mol/kg aqueous soluti 


115 The human body is typically at 98.6°F = 37.0°C. Use the 


(xpression given in Prob. 11.28 to calculate m(H,0*) in pure 
Water at 37°C, 


16 Find m(H,0*) in a -8 
tohution at ae ) in a 1.00 x 1078 mol/kg aqueous HCl 


Ny A 
a fala solution of the acid HX is found to have 
30°) = 1.00 x 107? mol/kg. Find K, for this acid. 


118 Estimate a(H,0) i 
i a(H,0 a j- / g 
tion: take WH, — in a 0.50-mol/kg aqueous NaCl solu: 


19 fi 

i fete") in a 0.10-mol/kg solution of NaC,H302 

HCHO. at > C, given that Ką = 1.75 x 1075 mol/kg for 

with e 25°C. Hint: The acetate ion is a base and reacts 

~ Sh as follows: C H30,” + H,0=HC;H;0; + 
Ow that the equilibrium constant for this reaction is 


Kp = Ky/K,. Neglect the OH™ coming from the ionization of 
water, 


11.10 For H,S, the ionization constant is 1.0 x 1077 mol/kg 
in water at 25°C. For HS~ in water at 25°C, the ionization 
constant is 1 x 107 }7 mol/kg. [Reported values for this con- 
stant range from 1071? to 107!° mol/kg. The value given 
here is from B. Meyer et al., Inorg. Chem., 22, 2345 (1983).] 
(a) Ignoring activity coefficients, calculate the H,0*, HS7, and 
§2> molalities in a 0.100-mol/kg aqueous H,S solution at 25°C; 
making reasonable approximations to simplify the calculation. 
(b) The same as (a), except that activity coefficients are to be 
included in the calculations. For the ionization of HS~, use the 
form of the Davies equation that corresponds to (10.60). 


11.11 For CuSO,, the equilibrium constant for association 
to form CuSO, ion pairs has been found from conductivity 
measurements to be 230 kg/mol in aqueous solution at 25°C; 
Use the Davies equation (10.71) to calculate the Cu** molality, 
y+, and y; [Eq. (10.53)] in a 0,0500-mol/kg aqueous CuSO, 
solution at 25°C. Hint: First estimate y4 by neglecting ion as- 
sociation; then use this estimated y4 to calculate an approxi- 
mate Cu2* molality; then calculate improved J,, and y+ values; 
and then recalculate the Cu? * molality. Repeat as many times 
as necessary to obtain convergence. 


11.12 When two or more simultaneous ionic equilibria occur, 
the following systematic procedure can be used. 1. Write down 
the equilibrium-constant expression for each reaction. 2, Write 
down the condition for electrical neutrality of the solution. 
3, Write down relations that express the conservation of matter 
for substances added to the solution. 4. Solve the resulting set 
of simultaneous equations, making judicious approximations 
where possible. For a dilute aqueous solution of the weak acid 
HX with stoichiometric molality m: (a) perform steps | and 2, 
assuming that a(H,0) = 1 and y = 1 for each ion (do not ne- 
glect the ionization of water), (b) perform step 3 for the X group 
of atoms (which occurs in HX and in X`); (c) manipulate the 
resulting set of four simultaneous equations in four unknowns 


to eliminate all molalities except m(H O*) to show that 
I? + Kay? — (Ky + mK,)y — KaK w =0 


where y = m(H30 *), This is a cubic equation that can be solved 
to give m(H30*). 


11.13 Let Kea and Kma be the concentration-scale and the 
molality-scale equilibrium constants for ionization of the acid 
HX. (a) Use the relation ¥,,;¢; = PAYm im; (proved in Prob. 10.11) 
to show that K.a/Kma=Pa- Since pa = 0.997 kg/dm? for 
water at 25°C, Kẹ, and Kha have essentially the same numeri- 
cal values for aqueous solutions. (b) Show that in a dilute solu- 
tion, c;/m; = pa. Therefore, the molality in mol/kg and the 
concentration in mol/dm? are nearly equal numerically for each 
solute in dilute aqueous solutions. (c) Show that y. © Ym, in 
dilute aqueous solutions. 


11.14 Fuoss’ theory of ion-pair formation (Sec. 10.7) gives the 
following expression (in SI units) for the concentration-scale 
equilibrium constant for the ion-association reaction M** + 
X7- = MX?" *#> in solution: 

K, = $ra?N; exp b (11.38) 
where N4 is the Avogadro constant, a is the mean ionic diam- 
eter (as in the Debye-Hückel theory), and b is defined as 

b= z, |z- |e?/4neot, aakT (11.39) 
where the symbols in (11.39) are defined following (10.62). [For 
the derivation of (11.38), see R. M. Fuoss, J. Am. Chem. Soc., 80, 
5059 (1958) or Bockris and Reddy, sec. 3.8.6.] For the value a = 
4.5 A, use the Fuoss equation to calculate the ion-association 
equilibrium constant K, in aqueous solution at 25°C for (a) 1:1 
electrolytes; (b) 2:1 electrolytes; (c) 2:2 electrolytes; (d) 3:2 elec- 
trolytes. Hint: Be careful with the units of a. Note that the tradi- 
tional units of K, are dm*/mol. Conductivity measurements 
show that in aqueous solutions at 25°C, the ion-association 
equilibrium constant is typically of the order of magnitude 
0.5 dm*/mol for 1:1 electrolytes, 5 dm*/mol for 2:1 electrolytes, 
200 dm4/mol for 2:2 electrolytes, and 4000 dm3/mol for 3:2 
electrolytes. How well does the Fuoss equation agree with these 

experimental values? 


11.15 Calculate the activity at 25°C of NaC\s) at 1, 10, 100, 
and 1000 bar. The density of NaCl at 25°C and 1 bar is 
2.16 g/cm?. 


11.16 For AgBrO, in water at 25°C and 1 bar, K,, = 5.38 x 
1075 mol?/kg?. Calculate the solubility of AgBrO, in water at 
25°C. Neglect ion pairing. 


11.17 For CaF, in water at 25°C and 1 bar, Ky, = 3.2 x 
107 +t, Calculate the solubility of CaF, in water at 25°C and 
1 bar. In this dilute solution, ion pairing can be neglected. 


11.18 Find K,, for BaF, in water at 25°C and 1 bar, giit 
these AG} 298/(kJ/mol) values: — 560.77 for Ba? *(aq), -MY 
for F (aq), — 1156.8 for BaF 3(s). 


11.19 (a) Use AG} data in the Appendix to calculate K, i 
KCI in water at 25°C. (b) A saturated solution of KCI in ‘ne 
at 25°C has a molality 4.82 mol/kg. Calculate 4 (Eq. (1053) 
of KCI in a saturated aqueous solution at 25°C. 


11.20 Use data in the Appendix to calculate the equilibrium 
pressure of CO, above CaCO, (calcite) at 25°C, 


11.21 The equilibrium constant for the reaction Fe,0,()+ 
CO(g) = 3FeO(s) + CO2(g) is 1.15 at 600°C. If a mixture of 
2.00 mol Fe,O4, 3.00 mol CO, 4,00 mol FeO, and 5.00 mol CO, 
is brought to equilibrium at 600°C, find the equilibrium com. 
position. Assume the pressure is low enough for the gases jo 
behave ideally. 


11.22 For CaSO, in water at 25°C, the equilibrium constant 
for the formation of ion pairs is 190 kg/mol. The solubility 
CaSO, in water at 25°C is 2.08 g per kilogram of water. Cal- 
culate K, for CaSO, in water at 25°C. Hint: Get an initial es 
mate of the ion-pair molality and the ion molalities by ignoring 
activity coefficients. Get an initial estimate of J, and use this 
to get an initial estimate of y +. Then recalculate the ionic molil- 
ities. Then calculate an improved y, value and recalculate the 
ionic molalities. Keep repeating the calculations until conver 
gence is obtained. Then calculate Kp- 


11.23. (a) If 5.0 g of CaCO,(s) is placed in a 4000-cm? cor 
tainer at 1073 K, give the final amounts of CaCO,(s), CaQ(, 
and CO,(g) present. See Prob. 11.27 for K°. (b) The samme a 
(a), except that 0.50 g of CaCO, is placed in the container 


11.24 Use Appendix data to find K39g for the nonidealgs 
reaction 2HCl(g) = H(g) + Cla(g). 


11.25 At 450°C and 300 bar, fugacity coefficients estimated 
from law-of-corresponding-states graphs are py, = 1-14, 0m" 
1.09, and dy, = 0.91. The equilibrium constant for Nag) + 
3H2(g) = 2NH3(g) at 450°C is K° = 4.6 x 1075. Using tht 
Lewis-Randall rule to estimate mixture fugacity coefficient 
calculate the equilibrium composition of a system that initially 
consists of 1.00 mol of NH; and 3.00 mol of Hz and that # 
held at 450°C and 300 bar. Hint: The quartic equation that e 
sults can be solved by trial and error. 


11.26 For NH, N3, and H3, the critical temperatures Y 
405.6, 126.2, and 33.3 K, respectively, and the critical pe 
sures are 111.3, 33.5, and 12.8 atm, respectively. AG}, 700 
NH; is 6.49 kcal/mol, Use the Lewis-Randall rule and “i 
corresponding-states graphs of fugacity coefficients (Sec. sd 
to calculate the equilibrium composition at 700 K ofa Ta 
that initially consists of 1.00 mol of NH; if the system $ ae d 
is held fixed at 500 atm. Note: For Hp, to improve the 


| 


ed fugacity coefficients to the law-of-corresponding- 
uses T/(T, + 8K) and P/(P, + 8 atm) in 
expressions for reduced temperature and 
quartic equation obtained in solving this 
uced to a quadratic equation by taking the 


the observi 
sates graphs, one 
of the usual 
ure, Hint: The 
problem can be red 
square root of both sides. 


1127 Measured CO. pressures above mixtures of CaCO3(s) 
and CaO(s) at yarious temperatures are 


23.0 70 183 381 716 


P 
= EE 


TK i} 


974 | 1021 1125 1167 


a) At 800°C (1073 K), find AG°, AH®, and AS° for CaCO3(s) = 


CuO(s) + CO,(g). (b) Estimate the CO, pressure above a 
(aCOy-CaO mixture at 1000°C. 


1128 Ackermann found that the molality-scale ionization 
constant of water can be represented as the following function 
of temperature: 


log Ke, = 948.8760 — 24746.26(K/T) — 405.8639 log (T/K) 
+ 0.48796(T/K) — 0.0002371(T/K)? 


[See H. L. Clever, J. Chem. Educ., 45, 231 (1968) for a review 
of experimental work on K,,.] Calculate AG?®, AS®, and AH® 
for the ionization of water at 25°C. 


11,29 Use the 25°C estimated Ñ values —5.4 and 1.4 cm?/ 
mol for H* (aq) and OH ~ (aq), respectively, and the H30 den- 
sity 0.997 g/cm? to estimate K4, for HO = H * (aq) + OH (aq) 
at25°C and 200 bar. Take HO as a species in solution, so that 
HO contributes to AV2,,,. State any approximations made. 


soln’ 


Compare with the experimental value 1.18 x 107 '*. 


130 For acetic acid in water at 25°C, the ionization-constant 
p K{(400 bar)/K2(1 bar) is 1.191 [D. A. Lown et al., Trans. 
iraday Soc, 64, 2073 (1968)], (a) Find AV” for the CHCOOH 
ionization. State any approximations made. (b) Estimate the 
Pressure needed to double K3. 


M31 (a) Use (11.32) to show that 


( In =) _ valk + Dien vile _ AH” 
F 


RT? 


ôT RT? 


where A is the solvent, (b) Show that K,/K», = pa®, where 
b= Dea yj. (Use a result from Prob. 10.11.) (c) Use the results 
for (a), (b), and Prob. 1.41 to show that 


( In a) _ AH® 

anaes RT? tae 

(d) Use (11.32) and the result for (c) to show that Fẹ; 
A? — RT Pa, for i # A. 


11.32 Show that AG” = AG’ — 16.118(H*)RT, where AG” 
is defined by (11.37). 


11.33 For NH3, AGj,so0 is 4.83 kJ/mol. For a mixture of 
4,00 mol H, 2.00 mol Nz, and 1.00 mo! NH, held at 500 K 
and 3.00 bar, find (2G/0¢),. p for the reaction N3(g) + 3H2(9) = 
2NH,(g). Assume ideal gases. For this mixture, will the reaction 
proceed spontaneously to the right or to the left? 


11.34 Verify (11.36) for (6G/0¢)r, p- 


11.35 We saw in Sec. 6.5 that the constant-T-and-P addition 
of a reactant to a gas-phase equilibrium might shift the equi- 
librium so as to produce more of the added species. For a re- 
action in a dilute liquid solution, could the addition of a solute 
shift the equilibrium to produce more of that solute? (Assume 
that activity coefficients can be approximated as | and use the 
result for Prob. 6.27.) 


11.36 True or false? (a) The addition at constant T and V of 
a chemically inert gas (for example, He) to a gas-phase mixture 
in reaction equilibrium will never shift the equilibrium, (b) For 
a closed-system reaction mixture held at constant T and P, the 
sign of (0G/0E)7,p determines in which direction the reaction 
proceeds; if(0G/0¢)7,p < 0, the reaction proceeds in the forward 
direction, whereas if (0G/0§)7,p > 9, the reaction proceeds in 
the reverse direction. (c) A weak acid is completely dissociated 
in the limit of infinite dilution in aqueous solution, (d) If AG" 
for a reaction is positive, no reaction whatever will occur when 
reactants are mixed and held at constant T and P. (e) The stan- 
dard state of a species is always chosen as a pure substance. 
(f) AG always refers to a transition from pure standard-state 
reactants to pure standard-state products. 


v 
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COLLIGATIVE PROPERTIES 


One-component phase equilibrium was discussed in Chap. 7. We now consider multi- 
component phase equilibrium. 

We begin with a group of interrelated properties of solutions that historically 
have been called colligative Properties (from the Latin colligatus, meaning “bound 
together”). When a solute is added to a pure solvent A, the A mole fraction decreases. 
The relation (614 /0X4)7-,p.n,4.« > 0 [Eq. (4.90)] shows that a decrease in x, (dx, <0 
must decrease the chemical potential of A (du, < 0). Therefore, addition of a solute 
at constant T and P lowers the solvent chemical potential u, below yX. This change 
in solvent chemical potential changes the vapor pressure, the normal boiling point, 
and the normal freezing point and causes the phenomenon of osmotic pressure. These 
four properties are the colligative properties. Each involves an equilibrium between 
phases. 

The chemical potential Ha is a measure of the escaping tendency of A from the 
solution, so the decrease in x, means the vapor partial pressure P4 of the solution 
is less than the vapor pressure PX of pure A. The next section discusses this vapo 
pressure lowering. 


VAPOR-PRESSURE LOWERING 


: z 7 s a x ` “invol: 
In this section, we consider a solution of an involatile solute in a solvent. By nae 
atile” we mean that the contribution of the solute to the vapor pressure of the solu 


i 


is negligible. This condition will hold for nearly all solid solutes but not for liquid 
or gaseous solutes. Even though a solid solute might have a nonnegligible vapor 
ressure at the solution's temperature (for example, naphthalene has a vapor pressure 
af {torr at 53°C), its mole fraction in the solution will generally be small enough to 
allow us to ignore its contribution to the solution’s vapor pressure. The solution’s 
vapor pressure P is then due to the solvent A alone. For simplicity, we shall assume 
pressures are low enough to treat all gases as ideal. If this is not so, pressures are to 
be replaced by fugacities. 

From Eq. (10.16) for nonelectrolyte solutions and Eq. (10.56) for electrolyte solu- 
tions, the solution's vapor pressure is 


P= P= YAAA involatile solute (12.1) 
where the mole-fraction scale is used for the solvent activity coefficient y4. The change 


in vapor pressure AP compared with pure A is AP = P — P%. Use of (12.1) gives 


AP = (Yaxa — UPR invol, solute (12.2) 


Asnoted in Sec. 10.2, accurate measurement of solution vapor pressures allows deter- 
mination of y4; use of the Gibbs—Duhem equation then gives the solute activity 
coefficient. 
If the solution is dilute enough to be considered essentially ideally dilute, then 
Ja can be set equal to 1 and 
AP = (x, — 1)P% 


ideally dil. soln., invol. solute (12.3) 


For a single nondissociating solute, 1 — x, equals the solute mole fraction xg and 
AP = —xgP%; under these conditions, AP is independent of the nature of B and 
depends only on its mole fraction in solution. 


REEZING-POINT DEPRESSION AND BOILING-POINT ELEVATION 


The normal boiling point (Chap. 7) of a liquid or solution is the temperature at which 
Is Vapor pressure equals 1 atm. An involatile solute lowers the vapor pressure (Sec. 
122) Hence it requires a higher temperature for the solution’s vapor pressure to 
Tach 1 atm, and the normal boiling point of the solution is elevated above that of 
the pure solvent. 

‘ol nea of a solute to A lowers the freezing point. Figure 12.1 plots 44 for pure 
tl atr Pure liquid A, and A in solution (sin) versus temperature at a fixed pressure 
and Hie At the normal freezing point T# of pure A, A(s) and A(/) are in equilibrium 
is od chemical potentials are equal: už) = hq. Below TF, pure solid A is 
than A able than pure liquid A, and UX < Hq Above TF, A()) is more stable 
lowers (9), and Hwy < Už Addition of solute to A(I) at constant T and P always 
Takes ie (Sec, 12.1), so Havsiny < HX at any given T, as shown in the figure. This 
intersect intersection of the A(sin) and A(s) curves occur at a lower T than the 
When y ton of the A(I) and A(s) curves. The solution's freezing point Ty (which occurs 
freezin ‘AGin) = acs), provided pure A freezes out of the solution) is thus less than the 
the Sam T of pure A(I). The lowering of u; stabilizes the solution and decreases 

ncy of A to escape from the solution by freezing out. 


— Ea 
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Chemical potential of A as a 
function of temperature for pure 
solid A, pure liquid A, and A in 

solution (the dashed line). The 
lowering of u4 by addition of 
solute to A(l) lowers the freezing 
point from T} to T,. 
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The freezing-point depression is an entropy effect. In a very dilute Solution, the | 
ideally dilute solution equation p, = 4X + RT In x, can be used for u4. Since Xe <I 1 
In x, is negative and pt, < yk. In an ideally dilute solution, Hy = H% and ian 
5x — R In x, [Eq. (9.72)], so the RT In x, term that lowers u4 (=H, — TS,) is due 
to the increase of S, that occurs when the solvent A is mixed with the solute, 

We now calculate the freezing-point depression due to solute B in solvent A, We 
shall assume that only pure solid A freezes out of the solution when it is Cooled to 
its freezing point. This is the most common situation; for other cases, see Sec, 128 
The equilibrium condition at the normal freezing point is that the chemical potentials 
of pure solid A and of A in the solution must be equal. y4 in the solution is jig,y,)= 
Haw + RT In ay = uža + RT In ay [Eqs. (10.4) and (10.9)], where pk is the 
chemical potential of pure liquid A and ay is the activity of A in the solution, Equating 
His) and Hacsi) at the solution’s normal freezing point Tp, we have 


HA (Trs P) = wka(Ty, P) + RT; In ay (124) 


where P is 1 atm. The chemical potential u* of a pure substance. equals its molar 
Gibbs energy G* [Eq. (4.86)], and (12.4) gives 

a GZ (T) | Giw(Ty) > _ AGrus.al T) ad 
aq RT, x RT, 

where AGrus,a = Gh) — Gžo) is AG for fusion of A. Since P is fixed at 1 atm, the 
pressure dependence of G* is omitted. 

The solution’s freezing point T} is a function of the activity a, of A in solution 
Alternatively, we can consider Ty to be the independent variable and view a, asa 
function of Tp. We now differentiate (12.5) with respect to T; at constant P. Since 
(6G*/0T)p = —S* [Eq. (4.38)], we have (@AG;y,,4/0T pp = AG — Ghot 
—Skw + Ski) = —AStus,a- Thus 


k In w) — AStus.a(T) , AGrus,a(Ty) T; AStus + (AFrus — Tp AStus) 
P 


In ay (125) 


aT, RT, RT? RT, 
C In sa) _ Afus alTo) 
IT Jp RT 
din a, = (Arus a/RTp?) dT; P const. (126 


AFyys,q(Ty) is the molar enthalpy of fusion of pure A at temperature Ty (and Is 
sure P). Note the resemblance of (12.6) to the van’t Hoff equation (ô In K°/0T)p= 
AH°/RT? [Eq. (11.32)]. Integration of (12.6) from state 1 to state 2 gives 


piaz a i AHrusalT p) aT, 

Gay 1 

Let state 1 be pure A. Then Ty, = T%, the freezing point of pure A, and da f 
since 44 = uÅ + RT ln ay becomes equal to u% when a, equals 1. Let state 2 io 
general state with activity a, , =a, and Ty,2 = Ty. Using aa = YAXA [Eq. (t 4 
where xq and y4 are the solvent mole fraction and mole-fraction-scale activity © 
efficient in the solution whose freezing point is Tp, we have 


TS APs a(T 1 
In yaxa = f tena) dT  Pconst. bs 
T} > 


where the dummy integration variable (Sec. 1.8) was changed from Ty to T. 


aah 


If there is only one solute B in the solution, and if B is neither associated nor dis- | 319 | 


sociated, then x4 = | — Xp and 
In yaxa = In ya + In x4 = ln y4 + In (1 — xp) a 


The Taylor series for In x is [Eq. (8.30)]: In x = (x — 1) — (x — 1)?/2 +--+; with x = 
1- xp, this Taylor series becomes 


In (1 — Xp) = xe mX 2 mai 


Statistical-mechanical theories of solutions and experimental data show that In y4 
can be expanded in the following series (Kirkwood and Oppenheim, pp. 176-177): 


In ya = B2Xp? + B3xp? +U (12.9) 


where the coefficients Bz, B3,... are functions of T and P. Substitution of these two 
series into (12.8) gives 
In yaxa = = xp + (By = Dy? H (12.10) 


We now specialize to ideally dilute solutions. Here xg is very small, and terms 
in xp’ and higher powers in (12.10) are negligible compared with the —xg term. (If 
ty= 1072, then xg? = 1074.) Thus 


In yaxa = — Xp ideally dil. soln. (12.11) 


For a very dilute solution, the freezing-point change Tp — T will be very small 
and T will vary only slightly in the integral in (12.7). The quantity Afus A(T) will thus 
vary only slightly, and it is an excellent approximation to take it as constant and equal 
to Ay. at T}. Substituting (12.11) into (12.7), taking AĦpus,a/R outside the 
integral, and using f O/T?) AT = —1/T, we get for (12.7) 


—_ Boalt Lad )- AFltus.a (5 n) ais 
R T} T; R \ THT; 
The quantity T — Tf is the freezing-point depression AT p: 
AT, = T,—T? = (12.13) 


Since Ty is close to T*, the quantity T#T, in (12.12) can be replaced with (TH? 
With negligible error for ideally dilute solutions (see also Prob. 12.6). Equation (12.12) 
omes 


AT, = —xpR(T9)?/Aeun.a eee 
h We have xp = ng/(ng + np) ¥ np/na, since ng < na. The solute molality is mg = 
aMMa, where M4 is the solvent molar mass. Hence for this very dilute solution, we 
Ve X = M amp, and (12.14) becomes 
MaR(T#) 
aa; Sica 
AHtus,a 
AT; = —kymg ideally dil. soln., pure A freezes out qz 


AT p= s 


WI . 
here the Solvent’s molal Sreezing-point-depression constant ky is defined by 


ky = MaR(T})?/AF tus, (12.16) 
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For water, AH;,, at 0°C is 6007 J/mol and 


(18.015 x 107° kg/mol)(8.3145 J mol” K~')(273.15 K)? 
af 6007 J mol”! 


= 1.860 K kg/mol 


Some other ky values in K kg/mol are benzene, 5.1; acetic acid, 3.8; camphor, 40, 

Equation (12.7) with the approximation of constant AH;,._4 allows the solven 
activity coefficient y4 to be found from the measured freezing-point depression, Ap 
other application of freezing-point-depression measurements is to find molecular 
weights of nonelectrolytes. To determine the molecular weight of B, one measury 
AT, fora dilute solution of B in solvent A and calculates the B molality mg from (1215, 
Use of mg = ng/w, [Eq. (9.3)], where w4 is the solvent mass, then gives ng, the number 
of moles of B in solution. The molar mass My is then found from My = wp/ng [Eq, 
(1.4)], where wp is the known mass of B in solution. Since (12.15) applies only inan 
ideally dilute solution, an accurate determination of molecular weight requires that 
AT, be found for a few molalities; one then plots the calculated Mp values vs. mg and 
extrapolates to zero molality. 


The molal freezing-point-depression constant of benzene is 5.07 K kg/mol. A 
0.450% solution of monoclinic sulfur in benzene freezes 0.088 K below the freezing 
point of pure benzene. Find the molecular formula of the sulfur in benzene, 

The solution is very dilute, and we shall assume it to be ideally dilute. We 
consider 100.000 g of solution, which contains 0.450 g of sulfur and 99.5%0¢ 
of benzene. From AT, =—kympg, the sulfur molality is mg = —ATy/ky= 
—(—0.088 K)/(5.07 K kg/mol) = 0.0174 mol/kg. But mp = ng/wa [Eq. (9.3)} so the 
number of moles of sulfur is ng =mgw, = (0.0174 mol/kg)(0.09955 kẹ) = 
0.00173 mol. The sulfur molar mass is Mp=wp/ng= (0.450 g)/(0.00173 mol) = 
260 g/mol. The atomic weight of S is 32.06. Since 260/32.06 = 8.1 ~ 8, the molec- 
ular formula is Sg. 


As a pure substance freezes at fixed pressure, the temperature of the system! 
mains constant until all the liquid has frozen. As a dilute solution of B in solvent A 
freezes at fixed pressure, the freezing point keeps dropping, since as pure A freezes ol 
the molality of B in the liquid phase keeps increasing. To determine the freezing point 
of a solution, one can use the method of cooling curves (Sec. 12.8). z 

Freezing points are usually measured with the system open to the air. The dis 
solved air slightly lowers the freezing points of both pure A and the solution, but! i 
depression due to the dissolved air will be virtually the same for pure À and for! 
solution and will cancel in the calculation of AT,. 

If there are several species in solution, then xq in (12.8) equals 1 ~ Dea 
where the sum goes over all solute species. Equation (12.11) becomes In a 
—Yj+4 xX; For a dilute solution, we have x; = Mam; and Eq. (12.15) becomes 
several solute species 


1) 
AT; = —ky p2 m; ideally dil. soln., pure A freezes out (2 
i 


Note that AT, is independent of the nature of the species in solution and depends 
only on the total molality, provided the solution is dilute enough to be considered 
ideally dilute. ; 

For electrolyte solutions, one cannot use (12.17), since an electrolyte solution 
only becomes ideally dilute at molalities too low to produce a measurable AT;. One 
must retain Ya in (12.7) for electrolyte solutions. (See Prob. 12.9.) In the crudest 
approximation with y, = 1, we would expect from (12.17) that an electrolyte like 
NaCl that yields two ions in solution would give roughly twice the freezing-point 
depression as a nonelectrolyte at the same molality. 

Calculation of the boiling-point elevation proceeds in exactly the same manner 
as for the freezing-point depression. We start with an equation like (12.4) except that 
iy is replaced by HŽ (where v is for vapor) and Tp is replaced by T,, the solution’s 
boiling point, Equation (12.5) for freezing-point depression reads RT, In a, = 
—AGiys,a(Ty) Whereas the analog of (12.5) for boiling-point elevation reads 
RT, In a4 = AGyap,a( Tp); note the absence of the minus sign. Going through the same 
steps as above, one derives equations that correspond to (12.15) and (12.16): 


AT, = kpmg ideally dil. soln., invol. solute (12.18)* 
ky = MaR(TH)?/AA vapa (12.19) 


where AT, = T, — T} is the boiling-point elevation for the ideally dilute solution 
and T is the boiling point of pure solvent A. The assumption in (12.15) that only 
pure A freezes out of the solution corresponds to the assumption in (12.18) that only 
pure A vaporizes out of the solution, which means that the solute is involatile. For 
water, k, = 0.513 °C kg/mol. Boiling-point elevation can be used to determine mo- 
lecular weights but is less accurate than freezing-point depression. (Currently, molec- 
ular weights of nonpolymers are most often determined using mass spectrometry; 
the molecular weight is the mass number of the parent peak.) 


OSMOTIC PRESSURE 


Osmotic Pressure. There exist semipermeable membranes that allow only certain 
chemical species to pass through them. Imagine a box divided into two chambers by 
arigid, thermally conducting, semipermeable membrane that allows solvent A to pass 
through it but does not allow the passage of solute B. In the left chamber, we put pure 
A,and in the right, a solution of B in A (Fig. 12.2). We restrict A to be a nonelectrolyte. 
ihe toe that we initially fill the chambers so that the heights of the liquids in 
P ‘Wo capillary tubes are equal. The chambers are thus initially at equal pressures: 
aa P R where the subscripts stand for left and right. Since the membrane is thermally 
pote lucting, thermal equilibrium is always maintained: T; = Tg = T. The chemical 
HEA of A on the left is u¥. With equal T and P in the two liquids, the presence 
Sharan, B in the solution on the right makes jt, on the right less than jf (Sec. 12.1). 
i ‘ances flow from high to low chemical potential (Sec. 4.8), and we have HK = 
Tho Ha,g: Therefore substance A will flow through the membrane from left to right. 
e — in the right tube rises, thereby increasing the pressure n the right chamber. 
kutan (Ôua/ôP)r = Va [Eq. (9.31)]. Since Va is generally positive in a dilute 
> n, the increase in pressure increases Ha,g until eventually equilibrium is reached 
Ha, = Ha q. Since the membrane is impermeable to B, there is no equilibrium 
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relation for up. If the membrane were permeable to both A and B, the equilibrium 
condition would have equal concentrations of B and equal pressures in the two 
chambers. 

Let the equilibrium pressures in the left and right chambers be P and PAN, 
respectively. We call TI the osmotic pressure. It is the extra pressure that must be applied 
to the solution to make #4 in the solution equal to u% so as to achieve membrane 
equilibrium for species A between the solution and pure A. In the solution, we have 
Ha = HÀ + RT In yaxa [Eqs. (10.6) and (10.9)], and at equilibrium 


Hat = Har (12.20) 
HA(P, T) = uġ(P + Tl, T) + RT In yaxa (12.2) 


where we do not assume an ideally dilute solution. Note that y4 in (12.21) is the 
value at the pressure P + TI of the solution. From duX = dG% = — 5% dT + V4 dP, 
we have duX = VX dP at constant T. Integration from P to P + T gives 


P+N 
HA(P + TI, T) — u$(P, T) = Í VidP’ const. T (122) 
P 


where a prime was added to the dummy integration variable to avoid the use of the 
symbol P with two different meanings. Substitution of (12.22) into (12.21) gives 
P+ 
RT In yaxa = -| VidP’ const. T (12.23) 
P 


< Liquids are rather incompressible, so V varies little with pressure, and we 
can take V% as constant unless very high osmotic pressures are involved. The right 
side of (12.23) then becomes —V%(P + II — P) = —VI1, and (12.23) becomes 
RT In yaxa = —V4II or 


T= ~(RT/V%) In yaxa (12.24) 
For an ideally dilute solution, y4 is 1 and In yyx, + — xp [Eq. (12.11)]. Hene 
Il =(RT/V%)xg ideally dil. soln. (1225 
Since the solution is quite dilute, we have Xp = Np/(n, + ng) ~ ng/na and 


Ee Bice bidealiy aL soln; (12% 
VÄ na 

where nq and ng are the numbers of moles of solvent and solute in the solution that 

in membrane equilibrium with pure solvent A. Since the solution is very dilute, ie 

solution’s volume V is very nearly equal to ngV%, and (12.26) becomes I= 

RTnpg/V, or 


+ 
I=cRT_ ideally dil. soln. (12.27) 


where the molar concentration cg equals ng/V. Note the formal resemblance t0 a 
equation of state for an ideal gas, P = cRT, where c = n/V. Equation (12.27), whe 
is called van't Hoff’s law, is valid in the limit of infinite dilution. 

Since solute molality, molar concentration, and mole fraction are proport 
to one another in an ideally dilute solution (Prob. 9.4), dilute-solution collig 
properties can be expressed using any of these composition measures. Equation (12. 
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uses mole fraction, (12.26) uses molality (since ng/n, = M amp), and (12.27) uses molar 
concentration. 

For solutions that are not ideally dilute, Eq. (12.24) holds. However, a different 
(but equivalent) expression for IT in nonideally dilute solutions is often more con- 
venient than (12.24). In 1945, McMillan and Mayer developed a statistical-mechanical 
theory for nonelectrolyte solutions. (For the McMillan—Mayer theory, see Hill, chap. 
19) One result of their theory was a proof that the osmotic pressure in a nonideally 
dilute two-component solution is given by 


Tl =RT(Mg! py + A2Pp + Asha tiii) (12.28) 


where My is the solute molar mass and pg is the solute mass concentration: pg = 
w/V (Eq. (9.2)], where wg is the mass of solute B. The quantities A, A3,... are 
related to the solute—solute intermolecular forces in solvent A and are functions of 
T(and weakly of P). Note the formal resemblance of (12.28) to the virial equation 
(84) for gases. In the limit of infinite dilution, pg goes to zero and (12.28) becomes 
T= RTpy/My = RTWp/MyV = RTng/V = caRT, which is the van't Hoff law. 

The concept of osmotic pressure is sometimes misunderstood. Consider a 0.01- 
mol/kg solution of glucose in water at 25°C and 1 atm. When we say the freezing 
point of this solution is —0.02°C, we do not imply that the solution’s temperature 
is actually —0,02°C. The freezing point is that temperature at which the solution 
would be in equilibrium with pure solid water at 1 atm. Likewise, when we say that 
the Osmotic pressure of this solution is 0.24 atm (see the example below), we do not 
imply that the pressure in the solution is 0.24 atm (or 1.24 atm). Instead the osmotic 
Pressure is the extra pressure that would have to be applied to the solution so that, 
ifit were placed in contact with a membrane permeable to water but not glucose, it 
Would be in membrane equilibrium with pure water, as in Fig. 12.3. 


LEMP | 


Find the osmotic pressure at 25°C and 1 atm of a 0.0100-mol/kg solution of 
Glucose (C,H, 0.) in water. 

_ttis a good approximation to consider this very dilute nonelectrolyte solution 
98 ideally dilute, Almost all the contribution to the solution's mass and volume 
Come from the water, and the density of water is nearly 1.00 g/cm?. Therefore an 
amount of this solution that contains 1 kg of water will have a volume very close to 
001 cm? = 1 L, and the glucose molar concentration is well approximated as 
0100 mol/dm3, (See also Prob. 11.136.) Substitution in (12.27) gives 


TI = (0.0100 mol/dm?)(82.06 x 107? dm? atm mol~! K7+)(298.1 K) 
TI = 0.245 atm = 186 torr 


Pure water in equilibrium with 
water in a glucose solution. 
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where the volume unit in R was converted to dm? to match that in Cp. Alter 
Eq. (12.25) or (12.26) can be used to find IT; these equations give answers vey 
close to that found from (12.27). 


Note the substantial value of II for the very dilute 0.01-mol/kg glucose soly 
tion in this example. Since the density of water is 1/13.6 times that of mercury, ay 
osmotic pressure of 186 torr (186 mmHg) corresponds to a height of 18.6 cm x 136= 
250 cm = 2.5 m = 8.2 ft of liquid in the right-hand tube in Fig. 12.2. In contrast, an 
aqueous 0.01-mol/kg solution will show a freezing-point depression of only 0.02°¢, 
The large value of II results from the fact (noted many times previously) that the 
chemical potential of a component of a condensed phase is rather insensitive tg 
pressure. Hence it takes a large value of FI to change the chemical potential of A in 
the solution so that it equals the chemical potential of pure A at pressure P, 


Polymer Molecular Weights. The substantial value of TI given by dilute solutions 
makes osmotic-pressure measurements valuable in determining molecular weights of 
high-molecular-weight substances such as polymers. For such substances, the freezing- 
point depression is too small to be useful, For example, if Mg = 10* g/mol, a solution 
of 1.0 g of B in 100 g of water has AT, = —0.002 °C and has TI = 19 torr at 25°C, 

Polymer solutions show large deviations from ideally dilute behavior even at 
very low molalities. The large size of the molecules causes substantial solute-solute 
interactions in dilute polymer solutions. Hence for a polymer solution, it is essential 
to measure TI at several dilute concentrations and extrapolate to infinite dilution to 
obtain the true molecular weight. II is given by the McMillan—Mayer expression 
(12.28). In dilute solutions it is frequently adequate to terminate the series after the 
A, term. Thus, II/RT = py/My + Azpx, or 


I/P = RT/Mg+RTAzpg dil. soln. (12.29) 


A plot of TI/pp vs. pg gives a straight line with intercept RT/Mp at pg = 0. In some 
cases, the A, term is not negligible in dilute solutions, which makes the IT/pp-¥8-?s 
plot nonlinear; for the procedure used here, see Prob. 12.17. : 

A synthetic polymer usually consists of molecules of varying chain length, sine 
chain termination in a polymerization reaction is a random process. We now find 
the expression for the apparent molecular weight of such a solute as determined by 
Osmotic-pressure measurements, If there are several solute species in the solution, the 
solvent mole fraction x, equals 1 — Yiea Xp where’ the sum goes over the various 
solute species. Use of the Taylor series (8.30) gives 


Inxq=1n(1 J x)= TET (12. 


i#A i#A Ny i#A 


Hence in place of TI = cgRT [Eq. (12.27)], we get 


RT 

M=RT Y a= F n ideally dil. soln. (1231) 
iFA VEIFA 

If we pretended that there was only one solute species B, with molar mass Mee 

would use data extrapolated to infinite dilution to calculate M p from I = csk 


wR T/M (Eq. (12.27)] as Mg = RTw,/IIV, where wp is the solute mass. Sub- | 325 | 


stitution of (12.31) for IT gives 
M “B _ Lies Wi _ Lien nM; 
g> = z 
Biran Disati Lien mi 


where wj n, and M; are the mass, the number of moles, and the molar mass of solute 
i The quantity on the right side of (12.32) is the number average molar mass. The 
number of moles n; is proportional to the number of molecules of species i; hence 
each value of M; in (12.32) is weighted according to the number of molecules having 
that molecular weight. The same result is found for the molecular weight calculated 
from the other colligative properties. 

If we consider the collection of solute molecules only, the denominator on the 
right side of (12.32) is Mors the total number of moles of solute, and n;/n,q is the mole 
fraction x; of solute species i in the collection of solute-molecules. (Of course, x; is 
not the mole fraction of species i in the solution. We are now considering the solute 
species apart from the solvent.) Introducing the symbol M,, for the number average 
molar mass, we rewrite (12.32) as 


(12.32) 


M, => %M; =— (12.33) 


t tot 


where the sum goes over all solute species and where Wyo, and Mx are the total mass 
and total number of moles of solute species. 

The mechanism of osmotic flow is not the business of thermodynamics, but we 
shall mention three commonly cited mechanisms: (1) The pores of the membrane 
may be of such size as to allow small solvent molecules to pass through but not 
allow large solute molecules to pass. (2) The volatile solvent may vaporize into the 
pores of the membrane and condense out on the other side, but the involatile solute 
does not do so. (3) The solvent may dissolve in the membrane. 

A commonly used membrane for osmotic studies on polymers is cellulose in the 
form of cellophane film mounted on a rigid support. The pore diameter in cellophane 
has been estimated to be 30 to 70 A. 


Osmosis. In Fig. 12.3, the additional externally applied pressure TI produces mem- 
brane equilibrium between the solution and the pure solvent. If the pressure on the 
Solution were less than P + TI, then pt a would be less in the solution than in the pure 
solvent and there would be a net flow of solvent from the pure solvent on the left to 
the solution on the right, a process called osmosis. If, however, the pressure on the 
re is increased above P + TI, then jl, in the solution becomes greater than [a 
et a solvent and there is a net flow of solvent from the solution to the pure 
‘ain a phenomenon called reverse osmosis. Reverse osmosis is used to desalinate 
a ms Here, one requires a membrane that is substantially impermeable to salt 
A E enough to withstand the pressure difference, and permeable enough to 
nylon ee a reasonably rapid flow. Membranes of cellulose acetate or hollow 
0 Ts are used in desalination plants. 
rs rai is of fundamental importance in biology. Cell membranes are permeable 
acids a to CO), O2, and N3, and to small organic molecules (for example, amino 
» glucose) and are impermeable to large polymer molecules (for example, proteins, 
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polysaccharides). Inorganic ions and disaccharides (for example, sucrose) gen 
pass quite slowly through cell membranes. The cells of an organism are bathed by 
body fluids (for example, blood, lymph, sap) containing various solutes. The Situation | 
is more complex than in Fig. 12.2 since solutes are present on both sides of ty 
membrane, which is permeable to water and some solutes (which we symbolize by 
B,C, . . .) but impermeable to others (which we symbolize by L, M, . ..). In the absene 
of active transport (discussed below), water and solutes B, C,. .. will move through 
the cell membrane until the chemical potentials of H,O, of B, of C,... are equalize 
on each side of the membrane. If the fluid surrounding a cell is more concentrate} 
in solutes L, M,... than the cell fluid is, the cell will lose water by osmosis; thy 
surrounding fluid is said to be hypertonic with respect to the cell. If the Surrounding 
fluid is less concentrated in L, M,... than the cell, the cell gains water from the 
surrounding hypotonic fluid. When there is no net transfer of water between cell and 
surroundings, the two are isotonic. 

Blood and lymph are approximately isotonic to the cells of an organism. Intr- 
venous feeding and injections use a salt solution that is isotonic with blood. If water 
were injected, the red blood cells would gain water by osmosis and might burst. Plant 
roots absorb water from the surrounding hypotonic soil fluids by osmosis. 


The thermodynamic equation for osmotic pressure is indisputable, but the molecular 
explanation of the forces responsible for osmotic flow has been the subject of much cor 
troversy. A forum presenting conflicting views is Am. J. Physiol., 237, R93-R125 (199 
see also F. C. Andrews, Science, 194, 567 (1976); K.J. My: J. Chem, Educ, 55, 
(1978); P. O. Scheie, J. Theor. Biol., 77, 47 (1979); J. Ferrier, ibid., 106, 449 (1984). 


Living cells are able to transport a chemical species through a cell membrane 
from a region of low chemical potential of that solute to a region of high chemical 
potential, a direction opposite that of spontaneous flow. Such transport (called actine 
transport) is accomplished by coupling the transport with a process for which AG i 
negative (Sec. 11.8). For example, a certain enzyme in cell membranes simultaneous 
(a) actively transports K* ions into cells from surrounding fluids having lower K 
concentrations, (b) actively transports Na * ions out of cells, and (c) hydrolyzes ATP 
to ADP (a reaction for which G decreases—Fig. 11.5); the details of how this enzym 
accomplishes this coupling are not fully known. About one-third of the ATP cot 
sumed by a resting animal is used for active transport (“pumping”) of Na’ and K 
across membranes. A resting human consumes about 40 kg of ATP in 24 hr, and this 
ATP must be continually resynthesized from ADP. The active transport of Na” oll 
of cells makes possible the spontaneous, passive flow of Na* into cells, and ke 
spontaneous inward flow of Na* is coupled to and drives the active transport 0 
glucose and amino acids into cells. 


There is a logical gap in our derivation of the osmotic pressure. In Sec. 4.8, we ae 
Ha? = Uy" (the equality of chemical potentials in different phases in equilibrium) 0n P 
the suppositions that T* = T? and P* = PË, However, in osmotic equilibrium, F 7 
(where æ and are the phases separated by the semipermeable membrane). Hence 
must show that 44" = u4’ at equilibrium even when the phases are at different pressi 
The proofis outlined in Prob. 12.22. [In a steady-state system with a temperature we 
(for example, Fig. 16.1), the chemical potential of a species differs in regions at di 

T. Thus u4" = j14 only if T is uniform.] 


TWO-COMPONENT PHASE DIAGRAMS 


Phase diagrams for one-component systems were discussed in Chap. 7. We discuss 
phase diagrams for two-component systems in Secs. 12.5 to 12.10 and for three- 
component systems in Sec. 12.11. 

With cing = 2, the phase rule f = Cina — P + 2 becomes f = 4 — p. For a one- 
phase, two-component system, f = 3. The three independent intensive variables are 
P, T, and one mole fraction. For convenience, we usually keep P or T constant and 
plot a two-dimensional phase diagram, which is a cross section of a three-dimensional 
plot. A two-component system is called a binary system. 

Multicomponent phase equilibria have important applications in chemistry, 
geology, and materials science. Materials science studies the structure, properties, 
and applications of scientific and industrial materials. The main classes of materials 
are metals, semiconductors, polymers, ceramics, and composites. Traditionally, the term 
“ceramic” referred to materials produced by baking moist clay to form hard solids. 
Nowadays, the term is broadened to include all inorganic, nonmetallic materials 
processed or consolidated at high temperature. Most ceramics are compounds of one 
or more metals with a nonmetal (commonly oxygen) and are mechanically strong 
and resistant to heat and chemicals. Some examples of ceramics are sand, porce- 
lain, cement, glass, bricks, diamond, SiC, SiN, Al,O3, MgO, and MgSiO,4; many 
ceramics are silicates. A composite material is made of two or more materials and 
may possess properties not present in any one component. Bone is a composite of the 
soft, strong, polymeric protein collagen and the hard, brittle mineral hydroxyapatite 
[approximate formula 3Ca3(PO4), * Ca(OH),]. Fiber glass is a composite containing 
aplastic strengthened by the addition of glass fibers. 3 


sas 


TWO-COMPONENT LIQUID-VAPOR EQUILIBRIUM 


Instead of plotting complete phase diagrams, we shall usually consider only one por- 
tion of the phase diagram at a time. This section deals with the liquid—vapor part 
of the phase diagram of a two-component system. 


deal Solution at Fixed Temperature. Consider two liquids A and B that form 
ideal solution. We hold the temperature fixed at some value T that is above the 
reezing points of A and B. We shall plot the system’s pressure P against x,, the mole 


ae of one component. Note that x, will be the overall mole fraction of A in the 
stem: 


Nat t+ Naw (12.34) 


Al Ae 


naa + Maw + "B, + Bw 


pate Ma, and nq, are the number of moles of A in the liquid and vapor phases, 
spectively. For a closed system, x, is fixed, although na, and na, may vary. 
Pa the system be enclosed in a cylinder fitted with a piston and immersed ina 
like e patie bath (Fig. 12.4a). To see what the P-vs-x phase diagram looks 
to se Us initially set the external pressure on the piston high enough for the system 
entirely liquid (point C in Fig. 12.4b). As the pressure is lowered below C, we 
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(a) A system held at constant T. 
(b) Points on the P-vs.-x, phase ye all : i 
diagram of the system in (a). eventually reach a pressure where the liquid just begins to vaporize (point D). At 


point D, the liquid has composition x, }, where x, , at D is equal to the overall mole 
fraction x, since only an infinitesimal amount of liquid has vaporized. What is the 
composition of the first vapor that comes off? Raoult’s law, Eq. (9.52), relates the 
vapor-phase mole fractions to the liquid composition as follows: 


Xa =XayPK/P and xg, = Xp P/P (1235) 


where P% and P% are the vapor pressures of pure A and pure B at T, where the systems 
pressure P equals P4 + Pp, and where the vapor is assumed ideal. 
From (12,35) we have 


Xp,o/Xpv = (Xa,/%p,)(PR/P#) ideal soln. (1236) 


Let A be the more volatile component, meaning that P4 > P$. Equation (12.36) then 
shows that x4 »/Xp,y > X,,i/Xp,- The vapor above an ideal solution is richer than the 
liquid in the more volatile component. Of course, Eqs. (12.35) and (12.36) apply at 
any pressure where liquid—vapor equilibrium exists, not just at point D. ’ 

Now let us isothermally lower the pressure below point D, causing more liquid 
to vaporize. Eventually, we reach point F in Fig. 12.4b, where the last drop of liquid 
vaporizes. Below F, we have only vapor. For any point on the line between D and F, 
liquid and vapor phases coexist in equilibrium. 

We can repeat this experiment many times, each time starting with a differen 
composition for the closed system. For composition x',, we get points D' and F sor 
composition xx, we get points D” and F”; and so on. We then plot the points D,D, 
D”,... and join them, and do the same for F, F', F”, .. . (Fig. 12.5). s 

What is the equation of the curve DD'D’? For each of these points, liquid of 
composition xq, (or x4 n etc.) is just beginning to vaporize. The vapor pressure 
this liquid is P= P, + Py = x4 P$ + xp P$ = xq P$ + (1 — xa) PH OF 
(1237) 
This is the same as Eq. (9.54) and is the equation of a straight line that starts ath 
for xa, = 0 and ends at PX for x4; = 1. All along the line DD’D", the liquid is JM 
beginning to vaporize, so the overall mole fraction x, is equal to the mole fractio 
of A in the liquid, Xa, DD'D” is thus a plot of the total vapor pressure P vs, Xa 
___ Whatis the equation of the curve FF'F”? Along this curve, the last drop of liu 
is vaporizing, so the overall Xa (which is what is plotted on the abscissa) will no 


P = P$ + (Pł — P$)xąı ideal soln. 
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equal x4 n the mole fraction of A in the vapor. FF'F” is then a plot of the total vapor 
pressure P vs. Xa, TO obtain P as a function of X4 ,„, We must express X4,1 in (12.37) 
asa function of xq,,- Raoult’s law (12.35) gives x4.» = XauP&/P, and substitution of 
(12.37) for P gives 


XauPh (12.38) 
%, = —— mm hi 
Aw Pg + (PX — PBXAu 


Solving (12.38) for X4, we find 


Xa PE (1239) 
xa = —— m x 
Al Xa APR — PR) + PA 


Substitution of (12.39) into (12.37) gives, after simplification, 


PXP% 


= AB ____®_ sideal soln, (12.40) 
Xa, (PS — P3) + PR 


F 


This is the desired equation for P ys. XA, and is the FF'F”curve. 
We now redraw the phase diagram in Fig. 12.6. From the preceding discussion, 
the upper line is the P-vs.-X4 ı curve and the lower line is the P-vs.-X,,y Curve. 
Consider again the process of starting at point C (where P is high enough for 
only liquid to be present) and isothermally lowering the pressure. The system is closed, 
so (even though the composition of the liquid and vapor phases may vary) the overall 
mole fraction of A remains fixed at x, throughout the process. Hence the process is 
Tepresented by a vertical line on the P-vs.-Xa diagram. At point D with system pres- 
Sure Pp, the liquid just begins to vaporize. What is the composition of the first vapor 
that comes off? What we want is the value of xq,, when liquid-vapor equilibrium 
eg and when the system’s pressure P (which is also the total vapor pressure) equals 
ea lower curve on the phase diagram is a plot of Eq. (12.40) and gives P as a 
ofp E of x4 „; alternatively, we can view the lower curve as giving Xq,y 4S à function 
- Hence, to find x4, when P equals Pp, We find the point on the lower curve that 
shes to pressure Pp. This is point G and gives the composition (labeled Xa) 
the first vapor that comes off. 
dig As the pressure is lowered further, it reaches Pg. For point E on the phase 
gram (which lies between points D and F), the system consists of two phases, a 
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Liquid (1) 


Pressure-vs.-composition liquid- 
vapor phase diagram for an ideal 
solution at fixed T. The lower 
line is the P-vs.-x, „ curve, and 
the upper line is the P-vs.-x, 
curve. 


liquid and a vapor in equilibrium. What are the compositions of these phases? The 
upper curve in Fig. 12.6 relates P to x, ), and the lower curve relates P to Xa v Hence 
at point E with pressure Pg, we have XA,» = Xq,2 (point I) and x4; = xq, (point H). 
Finally, at point F with pressure Pp, the last liquid vaporizes; here, x4, =x, and 
Xa = Xa,4 (point J). Below F, we have vapor of composition x,. Hence, as the pres: 
sure is lowered and the liquid vaporizes in the closed system, x4, falls from D to), 
that is, from x, to x, 4. This is because compound A is more volatile than B, Also, 
as the liquid vaporizes, x, , falls from G to F, that is, from x4; tO X4. This is because 
liquid vaporized later is richer in component B. For states where both liquid and 
vapor phases are present, the system’s pressure P equals the vapor pressure of the 
liquid. 

A line of constant overall composition, for example, CDEF, is an isopleth. 

The P-vs.-x4 liquid-vapor phase diagram at constant T of two liquids that form 
an ideal solution thus has three regions. At any point above both curves in Fig. 126 
only liquid is present. At any point below both curves, only vapor is present. Ala 
typical point E between the two curves, two Phases are present: a liquid whose com 
Position is given by point H (xq, = Xq,3) and a vapor whose composition is given by 
point I (X4 = X4,2). The overall composition of the two-phase system is La 
by the x, value at point E. The overall X4 Value at E is given by Eq. (12.34) and differs 
from the mole fractions of A in the two phases in equilibrium. Confusion about this 
point is a frequent source of student error, 

The horizontal line HEI is called a tie line. The two-phase region between the 
liquid and vapor curves is a gap in the phase diagram in which a single homogeneots 
phase cannot exist. A point in such a two-phase region gives the overall ceni 
and the compositions of the two phases in equilibrium are given by the points at the ent 
of the tie line. 

In a two-phase region, a two-component system has f = 2 — 2 + 2 = 2 degre 
of freedom. The fact that T is fixed reduces f to 1 for a point in the two-phase reg! ri 
Hence, once P is fixed, f is 0 in the two-phase region. For a fixed P, both Xa, ef 
Xa, are thus fixed. For example, at pressure Pg in Fig. 12.6, Xa. 8 me 
as X4,3 and x, |, is fixed as X,,2- Of course, the overall Xa depends on the eat 
amounts of the liquid and vapor phases that are present in equilibrium. Recall 


the masses of the phases, which are extensive variables, are not considered in calcu- 
lating f- : mat 

Different relative amounts of liquid and vapor phases at the pressure Pg corre- 
spond to different points along the tie line HEI with different values of the overall mole 
fraction x, but the same value of xq, and the same value of x,,,- We now derive a 
relation between the location of point E on the tie line and the relative amounts of 
the liquid and vapor phases. For the two-phase, two-component system, let ng, np 
and n, be the total number of moles of A, the total number of moles in the liquid 
phase, and the total number of moles in the vapor phase, respectively. The overall 
mole fraction of A is xa = Na/(my + Me), SO Ny = Xanı + Xay: Also, na = Ma + Maye 
= xa Mi + XA „My: Equating these two expressions for na, we get 


Xanı + Xay = Xa Mi + XA, oo 
(Xa — Xa.) = MolXa,v — Xa) (12.41) 
nEH =n, EI (12.42) 


where EH and EI are the lengths of the lines from E to the liquid and vapor curves 
in Fig. 12.6. Equation (12.42) is the ever rule. Note its resemblance to the lever law of 
physics: m1, =m /2, where m, and m, are masses that balance each other on a seesaw 
with fulcrum a distance 7, from mass m, and l; from m2. When point E in Fig. 12.6 
is close to point H on the liquid line, EH is less than EI and (12.42) tells us that n, 
isgreater than n,. When E coincides with H, then EH is zero and n, must be zero; there 
is only liquid present. 

The above derivation of the lever rule clearly applies to any two-phase, two- 
component system, not just to liquid-vapor equilibrium. Therefore, if « and £ are the 
two phases present, n, and ng are the total numbers of moles in phase æ and in 
phase 2, respectively, and l, and ly are the lengths of the lines from a point in a two- 
phase region of the phase diagram to the phase « and phase B lines, then, by analogy 
to (12.42) we have 

nala = Nglp (12.43)* 
_ Frequently, the overall weight fraction of A or the overall weight percent of A 
(instead of x4) is used as the abscissa of the phase diagram. In this case, the masses 


replace the numbers of moles in the above derivation, and the lever rule becomes 
Mala = Mglp (12.44) 


Where m, and mg are the masses of phases æ and p, respectively. 


(pamu 


letthe two-component system of Fig. 12.6 contain 10 moles of A. Find the number 
Ha 2 A in the vapor phase at the pressure and composition represented 
nt E. 

Using a ruler, we find EI/EH = 0.8. Hence (12.42) or (12.43) gives n/n, = 0.8. 
me using a ruler, we find that for point E, the overall mole fraction of A iS x, = 0.6. 
prcore 06 = na/( + ne) = 10molfn + m), Ond 4 me AT Te nens 
hae .8 = (17 mol — n,)/n,. Solving, we find n, = 9.4 mol. The value of x4, is 

Ax and Use of a ruler gives Xp,» = 0.7. Therefore, Ma.» = Xa,ullo = 6.6 mol. 
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Ideal Solution at Fixed Pressure. Now consider the fixed-pressure liquid- 
vapor phase diagram of two liquids that form an ideal solution. The explanation is 
quite similar to the fixed-temperature case just discussed in great and somewhat rep 
etitious detail, so we can be brief here. We plot T vs. x,, the overall mole fraction 
of one component. The phase diagram is Fig. 12.7. 

T$ and TX are the normal boiling points of pure B and pure A, assuming the 
fixed pressure is 1 atm. The lower curve gives T as a function of x, , (or vice versa) fora 
system with liquid and vapor phases in equilibrium and is the boiling-point curve of 
the ideal solution. The upper curve gives T as a function of x4, (or vice versa) for 
a system with liquid-vapor equilibrium. The vapor curve lies above the liquid curve 
ona T-vs.-x, diagram but lies below the liquid curve on a P-vs.-x4 diagram (Fig. 126) 
This is obvious from the fact that the vapor phase is favored by high T and by low 
Ps 

If we isobarically heat a closed system of composition x4, vapor will first appear 
at point L. As we raise the temperature and vaporize more of the liquid, the liquid will 
become richer in the less volatile, higher-boiling component B. Eventually, we reach 
point N, where the last drop of liquid vaporizes. 

The first vapor that comes off when a solution of composition x, is boiled has 
a value of x4 , given by point Q. If we remove this vapor from the system and cot- 
dense it, we get liquid of composition x4 ,. Vaporization of this liquid gives vapor 
of initial composition 4,2 (point R). Thus by successively condensing and revaporit 
ing the mixture, we can ultimately separate A from B. This procedure is called frat 
tional distillation. We get the maximum enrichment in A by taking just the first bite! 
vapor that comes off. This maximum degree of enrichment for any one distillation 
step is said to represent one theoretical plate. By packing the distillation cole 
in effect get many successive condensations and revaporizations, giving a column wit 
several theoretical plates. Industrial distillation columns are up to 75 m (250 ft) high 
and may have hundreds of theoretical plates. “(T) 

How do we plot the two curves in Fig. 12.7? We start with P4(T) and Pi iv 4 
the known vapor pressures of pure A and pure B as functions of temperature. Let k 
fixed pressure be P“. We have P* = P, + Pp, where P, and Pp are the partial m 
sures of A and B in the vapor. Raoult’s law gives P“ = x, ,PX(T) + (1 — xa DPR) 


P* — Px(T) 1249) 


= ideal soln. 
PRT) — PŠ(T) 


XA 


P% are known functions of temperature, we can use (12.45) to find x, 
and thereby plot the lower (liquid) curve. To plot the vapor curve, we 
# = x, ,P%/P*; substitution of (12.45) gives 
PHT) P = PRD) 
P” PXT) =a) 
which is the desired equation for X4,» as a function of T. Note that (12.45) and (12.46) 
are the same equations as (12.37) and (12.40), except that P is now fixed at P* and 
Tis regarded as a variable. 


since P$ and 
atany given T 
vse Xap = PalP 


ideal soln. (12.46) 


Xa = 


Nonideal Solutions. Having dealt with liquid—vapor equilibrium for ideal solu- 
tions, we now consider nonideal solutions. Liquid—vapor phase diagrams for non- 
ideal systems are obtained by measurement of the pressure and composition of the 
vapor in equilibrium with liquid of known composition. If the solution is only slightly 
nonideal, the curves resemble those for ideal solutions and nothing is significantly 
changed. If, however, the solution has a great enough deviation from ideality to give 
4maximum or minimum in the P-vs.-xX4, curve (as in Fig. 9.13), a new phenomenon 
appears. 

Suppose we have a positive deviation from Raoult’s law of sufficient magnitude 
to give a maximum in the P-vs.-x,,, curve, which is the upper curve on the P-vs.-x, 
phase diagram. What does the lower curve (the vapor curve) look like? Suppose we 
imagine the phase diagram to look like Fig. 12.8. Let point D in Fig. 12.8 be the maxi- 
mum on the liquid curve. If we start at point C in a closed system and isothermally 
reduce the pressure, we shall reach point D, where the liquid just begins to vaporize. 
What is the composition of the first vapor that comes off? To answer this, we want 
the value of x4 „ that corresponds to the pressure (designated Pmax in Fig. 12.8) at 
point D. However, there is no point on the vapor curve (the lower curve) in Fig. 12.8 
with pressure Pmax- Hence, the phase diagram cannot look like Fig. 12.8. The only 
way (consistent with the requirement that the vapor phase be favored by low pressure 
and therefore always lie below the liquid phase) we can draw the phase diagram so 
that there is a point on the vapor curve with pressure Pmax 1s to have the vapor curve 
touch the liquid curve at Pmax, as in Fig. 12.9a. 

What does the fixed-pressure T-vs.-x, phase diagram that corresponds to Fig. 
129a look like? Let T” be the temperature for which Fig. 12.9 is drawn, and let xq; 
pie value of Xa that corresponds to Pmax: If P is fixed at Pmax liquid with x4, equal 
© Xa, Will boil at temperature T’. However, liquid with x4, less than or greater 
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than x, ; will not have sufficient vapor pressure to boil at T’ and will boil at high 
temperatures. Therefore, a maximum on the P-x, phase diagram will correspond ty 
a minimum in the T-x, diagram. The T-ys.-x, phase diagram will then look like 
Fig. 12.95. 

Let the minimum in Fig. 12.9b occur at composition x’. (If the fixed value of p 
for Fig. 12.9b equals Pmax in Fig. 12.9a, then x, in Fig. 12.9b equals Xa, in Fig, 129, 
Usually, P is fixed at 1 atm, so x4 and x, ; usually differ.) A liquid of Composition x, 
when boiled will yield vapor with the same composition as the liquid, Since vapor: 
ization does not change the liquid’s composition, the entire sample of liquid will boi 
at a constant temperature. Such a constant-boiling solution is called an azeotrope, 
The boiling behavior of an azeotropic solution resembles that of a pure compound and 
contrasts with that of most solutions of two liquids, which boil over a temperature 
range. However, since the azeotrope’s composition depends on the pressure, a mixture 
that exhibits azeotropic behavior at one pressure will boil over a temperature range f 
the pressure is changed. Thus, an azeotrope can readily be distinguished froma 
compound. 

Drawing lines in Fig. 12.9b similar to those in Fig. 12.7, we see that fractional 
distillation of a solution of two substances that form an azeotrope leads to separation 
into either pure A and azeotrope (if Xa, > Xa) or pure B and azeotrope (if x4 < x)) 
A liquid-vapor phase diagram with an azeotrope resembles two nonazeotropic liquid- 
vapor diagrams placed side by side. 

The most famous azeotrope is that formed by water and ethanol. At 1 atm, the 
azeotropic composition is 96 percent C,H;OH by weight (192 proof); the boiling 
point is 78.2°C, which is below the boiling points of water and ethanol. Absolute 
(100%) ethanol cannot be prepared by distillation at 1 atm of a dilute aqueous solt- 
tion of ethanol. 

A tabulation of known azeotropes is L. H. Horsley, Azeotropic Data HI, Adv. 
Chem. Ser. 116, American Chemical Society, 1973. About half of the binary systems 
examined show azeotropes. } 

Figure 12.7 shows that, when no azeotrope is formed, the vapor in equilibrium 
with a liquid is always richer in the lower-boiling (more volatile) component than 
the liquid. When, however, a minimum-boiling azeotrope is formed, Fig. 12.9b shows 
that for some liquid compositions the vapor is richer in the higher-boiling component, 

For a negative deviation from Raoult’s law of sufficient magnitude to give a mil 
mum in the P-vs.-x4 , curve, we get a maximum in the T-x, phase diagram and 
maximum-boiling azeotrope. 

If the positive deviation from ideality is large enough, the two liquids may become 
only partially miscible with each other. Liquid-liquid equilibrium for partially ii 
cible liquids is discussed in Sec. 12.7; liquid-vapor equilibrium for this case is consi 
ered in Prob. 12.48. 
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; nel 
When any amounts of ethanol and water are shaken together in a separatory E 
at room temperature, one always obtains a single-phase liquid system. Ethano oy 
water are soluble in each other to unlimited extents and are said to be comple 
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miscible. When roughly equal amounts of CH;(CH)30H and water are shaken to- 
gether at room temperature, one obtains a system consisting of two liquid phases: 
one phase is water containing a small amount of dissolved CH,(CH,)3OH, and the 
» other is CH,(CH,),OH containing a small amount of dissolved water. These two 
liquids are partially miscible, meaning that each is soluble in the other to a limited 
extent, 

With P held fixed (typically at 1 atm), the most common form of the T-vs.-X, 
liquid-liquid phase diagram for two partially miscible liquids A and B looks like 
Fig. 12.10. To understand this diagram, imagine that we start with pure B and grad- 
ually add A while keeping the temperature fixed at T,. The system starts at point F 
(pure B) and moves horizontally to the right. Along FC we have one phase, a dilute 
solution of solute A in solvent B. At point C we have reached the maximum solubility 
ofliquid A in liquid B at T}. Addition of more A then produces a two-phase system 
(all points between C and E): Phase 1 is a dilute saturated solution of A in B and has 
composition x4 ,; phase 2 is a dilute saturated solution of B in A and has composition 
Xa,2. The overall composition of the two-phase system at a typical point D is x,_3- The 
relative amounts of the two phases present in equilibrium are given by the lever rule. 
AtD, there is more of phase | than phase 2. As we continue to add more A, the overall 
composition eventually reaches point E. At E, there is just enough A present to allow 
all the B to dissolve in A to form a saturated solution of B in A. The system there- 
fore again becomes a single phase at E. From E to H we are just diluting the solution 
oB in A. To actually reach H requires the addition of an infinite amount of A. 

With two components and two phases present in equilibrium, the number of 
degrees of freedom is 2. However, since both P and T are fixed along line CE, f is 0 
on CE. Two points on CE have the same value for each of the intensive variables P, 

XAty XB, 1 Xa,25 Xp.2- 
oes the temperature is raised, the region of liquid-liquid immiscibility decreases, 
5 at T, (the critical solution temperature) it shrinks to zero. Above Te the liquids 
© completely miscible. The critical point at the top of the two-phase region in Fig. 
“te y meee to the liquid—vapor critical point of a pure substance, discussed in 
cs a n both cases, as the critical point is approached, the properties of two phases 
a librium become more and more alike, until at the critical point the two phases 
me identical, yielding a one-phase system. 
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Temperature-vs.-composition 
liquid-liquid phase diagrams for 
(a) water-triethylamine; 

(b) water-nicotine. The horizontal 
axis is the weight fraction of the 
organic liquid. In (b), the pressure 
on the system equals the vapor 
pressure of the solution(s) and so 
is not fixed. 


For certain pairs of liquids, decreasing temperature leads to greater miscibility, 
and the liquid-liquid diagram resembles Fig. 12.11a. An example is water-triethyl 
amine. Occasionally, a system shows a combination of the behaviors in Figs, 12,10 and 
12.11a, and the phase diagram resembles Fig. 12.11). Such systems have lower and 
upper critical solution temperatures. Examples are nicotine-water and m-toluidine- 
glycerol. The lower critical solution temperatures in Fig. 12.11 are due to an increas 
in the hydrogen bonding between water and the amine as T decreases; see J. S. Walker 
and C. A. Vause, Scientific American, May 1987, p. 98. 

The two-phase regions in Figs. 12.10 and 12.11 are called miscibility gaps. 

Although it is often stated that gases are miscible in all proportions, in fact 
several cases of gas-gas miscibility gaps are known. Examples include CO,-H,0, 
NH3-CH,, and He-Xe. These gaps occur at temperatures above the critical tem- 
peratures of both components and hence by the conventional terminology of Ses 
8.3 involve two gases. Most such gaps occur at rather high pressures and liquidlke 
densities; however, n-butane-helium shows a miscibility gap at pressures as low 4 
40 atm. See R. P. Gordon, J. Chem. Educ., 49, 249 (1972). 


TWO-COMPONENT SOLID-LIQUID EQUILIBRIUM 


We now discuss binary solid—liquid diagrams. The effect of pressure on solids m 
liquids is slight, and unless one is interested in high-pressure phenomena, onè hee 
P fixed at 1 atm and examines the T-x, solid-liquid phase diagram. 


Liquid-Phase Miscibility and Solid-Phase Immiscibility. Let substances A and B 
be miscible in all proportions in the liquid phase and completely immiscible int 
solid phase. Mixing any amounts of liquids A and B will produce a singlopha 
system that is a solution of A plus B. Since solids A and B are completely insolu 
in each other, cooling a liquid solution of A and B will cause either pure A 0! P 
B to freeze out of the solution. 


Liquid solution (1.s.) 
of A+B 


— Ea 
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The typical appearance of the solid-liquid phase diagram for this case is shown 
in Fig. 12.12. TX and T# are the freezing points of pure A and pure B. 

The origin of the various regions on this diagram is as follows. In the low- 
temperature limit, we have a two-phase mixture of pure solid A plus pure solid B, 
since the solids are immiscible. In the high-temperature limit, we have a one-phase 
liquid solution of A plus B, since the liquids are miscible. Now consider cooling a 
solution of A and B that has xq, close to 1 (the right side of the diagram). Eventually, 
weshall reach a temperature where the solvent A begins to freeze out, giving a two- 
phase region with solid A in equilibrium with a liquid solution of A and B. The curve 
DE thus gives the depression of the freezing point of A due to solute B. Likewise, if 
We cool a liquid solution of A plus B that has xp, close to 1 (the left side of the 
diagram), we eventually get pure B freezing out and CFGE is the freezing-point- 
depression curve of B due to solute A. If we cool a two-phase mixture of solution 
plus either solid, the solution will eventually all freeze, giving a mixture of solid A 
plus solid B, 

The two freezing-point curves intersect at point E. For a solution with x4, to 
the left of E, solid B will freeze out as T is lowered; for xa, to the right of E, solid 
A will freeze out. At the values of T and x4, corresponding to point E, the chemical 
potentials of A and B in the solution equal ‘the chemical potentials of pure A and B, 
spectively, and both A and B freeze out when a solution with the eutectic composi- 
bec is cooled. Point E is the eutectic point (from the Greek eutektos, “easily 

er 

_ The portion of line DE with xq very close to 1 can be calculated from Eq. (12.14), 
es is valid for a very dilute solution. Likewise, the portion of line CFGE with Xa 
a Mi to 0 (and hence xp very close to 1) can be calculated from (12.14) with A 
Sheet Away from the ends of these lines, Eq. (12.7) or (12.7) with A 
vee z B applies. This exact equation is difficult to use to- find the freezing point 
W ade unction of x4. To get a rough idea of the shape of the curves DE and CE, 
n Aei the temperature dependences of AHrus,4 and AHfus,p- Also, we approxi- 
asu Ya and Yn as 1 over the entire range of solution composition; this amounts to 

ming an ideal solution, an assumption that is usually quite poor. Thus the very 
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Plotting these equations, we get curves with the general appearance of those in Fg 
12.12. 

Now consider in detail what happens when we start at point R in Fig 121 
and isobarically cool a solution of A and B with composition x‘. As usual, the ge 
tem is closed, so the overall composition remains constant at x4, and we proce] 
vertically down from R. When T reaches T}, solid B starts to freeze out. As B frees 
out, the value of x, , increases and (since A is the solute here) the freezing pointis 
depressed further. To freeze out more of the solvent (B), we therefore must lover 
the temperature further. At a typical temperature T3, there is an equilibrium be. 
tween a solution whose composition is given by point G as x‘ and solid B, whos 
composition is given by point I as x, = 0. As usual, the points at the ends of the tit 
line (GHI) give the compositions of the two phases in equilibrium. The lever mult 
gives ng sHI = (n,, + ny,)HG, where np., is the number of moles of solid B in equi 
librium with a solution of ng, moles of A plus ng , moles of B. At point F, the lever 
rule gives ng, =0. As the temperature drops along the line FHK, the horizontal 
distance to the line CFGE increases, indicating an increase in np,s- 

As T is lowered further, we finally reach the eutectic temperature T; at point 
K. Here, the solution has composition xx’ (point E), and now both solid B and solid 
A freeze out, since both solids freeze out when a solution with the eutectic compos 
tion is cooled. The relative amounts of A and B that freeze out at E correspond t0 
the eutectic composition x;’, and the entire remaining solution freezes at T withn 
further change in composition. At K, there are three phases in equilibrium (solution 
solid A, and solid B), so the lever rule (12.43) does not apply. With three phases, Wt 
have f = 2 — 3 + 2 = 1 degree of freedom; this degree of freedom has been eliminated 
by the specification that P is fixed at 1 atm. Hence there are no degrees of freedom 
for the three-phase system, and the temperature must remain constant at T3 until 
all the solution has frozen and the number of phases has dropped to 2. Below Ty 
we are simply cooling a mixture of solid A plus solid B. The endpoints of a horizontl 
tie line drawn through point S lie at x, = 0 and x, = 1, and these are the compo 
tions of the phases [pure B(s) and pure A(s)] present at S. 

If we reverse the process and start at point S with solid A plus solid B, the n 
liquid formed will have the eutectic composition x’. The system will remain at pol 
K until all the A has melted, along with enough B to give a solution with eutecti 
composition. Then the remaining solid B will melt over the temperature range “i 
to T1. (Sharpness of melting point is one test organic chemists use for the est! i 
a compound.) A solid mixture that has the eutectic composition will melt eaim 
one temperature (T3). A solution of A and B that has the eutectic composition 
freeze entirely at temperature T, to produce a eutectic mixture of solids ee 
However, a eutectic mixture is not a compound. Microscopic examination will si 
the eutectic solid to be an intimate mixture of crystals of A and crystals of B. lt 

Systems with the solid—liquid phase diagram of Fig. 12.12 are called n i 
eutectic systems. Examples include Pb-Sb, benzene-naphthalene, Si-Al, KCHAP 
Bi-Cd, CeH6-CH,CIl, and chloroform-aniline. 


solid Solutions. Certain pairs of substances form solid solutions. In a solid solution 
of A and B, there are no individual crystals of A or B. Instead, the molecules or 
atoms or ions are mixed together at the molecular level, and the composition of the 
solution can be varied continuously over a certain range. Solid solutions can be pre- 
pared by condensing a vapor of A plus B or by cooling a liquid solution of A and 
B. We can have complete miscibility, partial miscibility, or complete immiscibility of 
solids A and B. 

Solid solutions are classified as interstitial or substitutional. In an interstitial 
solid solution, the B molecules or atoms (which must be small) occupy interstices 
(holes) in the crystal structure of substance A. For example, steel is a solution in 
which carbon atoms occupy interstices in the Fe crystal structure. In a substitutional 
solid solution, molecules or atoms or ions of B substitute for those of A at random 
locations in the crystal structure. Examples include Cu-Ni, Cu-Zn, Na,CO,-K,CO3, 
and p-dichlorobenzene-p-dibromobenzene. Substitutional solids are formed by sub- 
stances with atoms, molecules, or ions of similar size and structure. 

Analysis of a transition-metal oxide or sulfide frequently shows an apparent 
Violation of the law of definite proportions. For example, ZnO usually has a Zn/O 
mole ratio slightly greater than 1. The explanation is that the “zinc oxide” is actually 
an interstitial solid solution of Zn in ZnO. 


liquid-Phase Miscibility and Solid-Phase Miscibility. Some pairs of substances are 
completely miscible in the solid state. Examples include Cu-Ni, Sb-Bi, Pd-Ni, 
KNO3-NaNO,, and d-carvoxime-I-carvoxime. With complete miscibility in both 
the liquid and the solid phases, the T-x, binary phase diagram may look like Fig. 
12.13, which is for Cu-Ni. 

Ifa melt of Cu and Ni with any composition is cooled, a solid solution begins 
to freeze out; this solid solution is richer in Ni than the liquid solution. As the two- 
phase system of solid plus melt is cooled further, the mole fraction of Ni decreases 
in both the solid solution and the liquid melt. Eventually, a solid solution is formed 
that has the same composition as the liquid melt we started with. 

Note that the freezing point of Cu is raised by the presence of a small amount 
of Ni, In discussing freezing-point depression in Sec. 12.3, we assumed solid-phase 
immiscibility, so that only pure solid solvent froze out. When the solids are miscible, 
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FIGURE 12.14 
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the freezing point of the lower-melting component may be raised by the presence of 
the second component. An analogous situation is boiling-point elevation. When the 
solute is involatile, the solvent boiling point is elevated; however, if the solute is 
more volatile than the solvent, the solvent boiling point may be depressed. Note the 
resemblance between Figs. 12.13 and 12.7. 

When the two miscible solids form an approximately ideal solid solution, the 
solid—liquid phase diagram resembles Fig. 12.13. However, when there are large de- 
viations from ideality, the solid—liquid phase diagram may show a minimum or 4 
maximum. Figure 12.14a for Cu-Au shows a minimum, Figure 12.14b for the optical 
isomers d-carvoxime-I-carvoxime (C,)H,4,NOH) shows a maximum; here, the freer 
ing point of each compound is elevated by the presence of the other. The strong 
negative deviation from ideality indicates that in the solid state, d-carvoxime molè- 
cules prefer to associate with /-carvoxime molecules rather than with their own kind. 


Liquid-Phase Miscibility and Solid-Phase Partial Miscibility. When A and B are 
completely miscible in the liquid phase ai partly miscible in the solid phase, the 
T-x, diagram looks like Fig. 12.15, which is for Cu-Ag. 

If a liquid melt (solution) of Cu and Ag with Xcu = 0.2 is cooled, at point Sa 
solid phase (called the æ phase) that is a saturated solution of Cu in Ag begins to 


1000°C 


rate out. The initial composition of this solid solution is given by point Y at the 
qd of the SY tie line. As the two-phase mixture of liquid solution plus solid solution 
is cooled further, the percentage of Cu in the solid solution that is in equilibrium 
with the melt increases. At point U, the melt has the eutectic composition, and two 
solid phases now freeze out—the a phase (solid Ag saturated with Cu) and the $ 

ase (solid Cu saturated with Ag). Examination of the solid at V will show large 
crystals of phase a (which formed before point U was reached) and tiny crystals of 

phases « and B (which formed at U). 

One complication is that diffusion of molecules, atoms, and ions through solids 
i quite slow, and it takes a long time for equilibrium to be reached in a solid phase. 
At point T, the solid in equilibrium with the melt has a composition given by point 
7, whereas the first solid frozen out had a composition given by Y. It may be neces- 
sary to hold the system at point T for a long time before the solid phase becomes 
homogeneous with composition Z throughout. 

The rate of diffusion in solids depends on the temperature. At elevated tem- 
peratures not greatly below the melting points of the solids, solid-state diffusion is 
generally rapid enough to allow equilibrium to be attained in a few days. At room 
temperature, diffusion is so slow that many years may be required to reach equilibrium 
ina solid, In a Manhattan park there stands the sculpture 3000 A.D. Aluminum/ 
Magnesium by Terry Fugate-Wilcox. This artwork is a spire of alternating pieces of 
Aland Mg, Supposedly by the year 3000, solid-state diffusion will have transformed 
the sculpture into a homogeneous alloy of the two metals. 

The two-phase region labeled « + f in Fig. 12.15 is a miscibility gap (Sec. 12.7). 
The two-phase regions æ + liquid solution and $ + liquid solution make up a phase- 
transition loop. The two-phase regions in Figs. 12.6 and 12.13 illustrate the simplest 
kind of phase-transition loop. Figures 12.15 and 12.95 each show a phase-transition 
loop with a minimum. Figure 12.15 shows the intersection of a miscibility gap with 
iphase-transition loop that has a minimum. Figure 12.16 shows how we can imagine 
a phase diagram like Fig. 12.15 to arise by having a solid-phase miscibility gap 
approach and ultimately intersect a solid-liquid phase-transition loop that has a 
minimum, The condensed-phase diagram of Ni-Au resembles Fig. 12.16b. 

Í Certain solid-liquid phase diagrams result from the intersection of a solid-phase 
miscibility gap with a simple solid-liquid phase-transition loop like the one in Fig. 
1213. This gives a phase diagram like Fig. 12.17. The æ phase is a solid solution of 
Ain the B crystal structure; the 8 phase is a solid solution of B in A. If solid æ of 
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FIGURE 12.47 
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A solid-liquid phase diagram 
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composition F is heated, it starts to melt at point G, forming a two-phase mixture 
of « and liquid solution of initial composition N. However, when point H is reached, 
the remaining portion of phase « “melts” to form liquid of composition M plus solid 
phase £ of composition R; als) => B(s) + liquid solution. During this transition, the 
three phases «, 8, and liquid are present, and the number of degrees of freedom is 
f=2-342=1; however, since P is held fixed at 1 atm, the system has 0 degrees 
of freedom, and the transition from « to B + liquid must occur at a fixed temperature 
(called the peritectic temperature). Further heating after the transition at H brings 
first into a two-phase region of plus liquid solution and finally into a one-phat 
region of liquid solution. A peritectic phase transition (for example, the transition al 
H) is one where heating transforms a solid phase to a liquid phase plus a second 
solid phase: solid, + liquid + solid. In contrast, a eutectic phase transition has the 
pattern on heating: solid, + solid, > liquid. 


Compound Formation—Liquid-Phase Miscibility and Solid-Phase Immiscibilly. 
Fairly commonly, substances A and B form a solid compound that can exist It 
equilibrium with the liquid, Figure 12.18 shows the solid liquid phase diagram for 
phenol (P) plus aniline (A), which form the compound C,H;OH : CgH;NH, (PM. 
The aniline mole fraction x4 on the abscissa is calculated pretending that only a- 
line and phenol (and no addition compound) are present. Although the system P 
c = 3 (instead of 2), the number of degrees of freedom is unchanged by compoun 
formation, since we now have the equilibrium restriction lp + Ha = pai thus, C- 
r — a = Cing in Eq. (7.10) is still 2, and the system is binary. w 
Figure 12.18 can be understood qualitatively by imagining it to consist pe 
ple eutectic diagram for phenol-PA adjacent to a simple eutectic diagram for i 
aniline. The liquid solution at the top of the diagram is an equilibrium mixture : 
P, A, and PA. Depending on the solution’s composition, solid phenol, solid PA; 
solid aniline will separate out on cooling, until one of the two eutectic temperatur 
is reached, at which time a second solid also freezes out. If a solution with xa = i 
is cooled, only pure solid PA separates out and the solution freezes entirely at a 
temperature (31°C), the melting point of PA. Although the freezing-point-depress! 
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curves for P and for A each start off with nonzero slope, the freezing-point-depression 
curve of PA has zero slope at the PA melting point. The thermodynamic proof of 
this is given in Haase and Schénert, p. 101. 

Some systems exhibit formation of several compounds. If n compounds are 
formed, the solid-liquid phase diagram can be viewed as consisting of n + 1 adjacent 
simple-eutectic phase diagrams (provided there are no peritectic points—see below). 
For an example, see Prob. 12.38. 


Compound Formation with Incongruent Melting—Liquid-Phase Miscibility and 
Solid-Phase Immiscibility. Figure 12.194 shows a phase diagram with formation 
of the solid compound A,B. Now let the melting point of A be increased to give 
Fig, 12.19b. A further increase in the A melting point will yield Fig. 12.19c. In Fig. 
12.19¢, the freezing-point-depression curve of A no longer intersects the right-hand 
freezing-point-depression curve of A,B (curve CE in Fig. 12.19a and b), so the eutectic 


Phenol-aniline solid-liquid phase 
diagram. The symbols P(s), PA(s), 
and A(s) denote solid phenol, solid 
addition compound, and solid 
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point between the compound A,B and A is eliminated. Instead, the intersection y 
point P produces the phase diagram of Fig. 12.19c. (The system K—Na has the pi 
diagram of Fig. 12.19c; the compound formed is Na2K.) 

Line MN is pure solid AB. If solid A,B is heated, it melts sharply at tempera 
ture Tp to give a liquid solution (whose composition is given by point P) in equilib. 
rium with pure solid A; A,B(s) > A(s) + solution. Thus, at least some decomposition 
of the compound occurs on melting. Since the liquid solution formed has a differen 
X, value than the compound, the compound is said to melt incongruently. (The con. 
pound in Fig. 12.18 melts congruently to give a liquid with the same Xa as the solid 
compound.) Point P is called a peritectic point. When several compounds are formed, 
there is the possibility of more than one peritectic point. In the system Cu-La, th 
compounds LaCu and LaCu, melt incongruently, and the compounds LaCu, anf 
LaCug melt congruently. 


Experimental Methods. One way to determine a solid-liquid phase diagram en 
perimentally is by thermal analysis, Here, one allows a liquid solution (melt) of the 
two components to cool and measures the system’s temperature as a function of 
time; this is repeated for several different liquid compositions to give a set of cooling 
curves. The time variable £ is approximately proportional to the amount of heat q 
lost from the system, so the slope dT/dt of a cooling curve is approximately pro: 
portional to the reciprocal of the system's heat capacity Cp = dqp/dT. Typical cook 
ing curves for the simple eutectic system of Fig. 12.12 are shown in Fig. 12,20. 
When pure B is cooled (curve 1), the temperature remains constant at the freex 
ing point T§ while the entire sample freezes. The heat capacity of the system B(s) + 
B(!) at T$ is infinite (Sec. 7.5). The slight dip below the freezing point is due to super 
cooling. After the sample is frozen, the temperature drops as solid B is cooled. Curve 
2 is for a liquid mixture with the composition of point R in Fig. 12.12. Here, when 
solid B begins to freeze out at T}, the slope of the cooling curve changes. This slope 
change is called a break. The break occurs because the heat capacity of the system 
B(s) + liq. soln. is greater than that of the system consisting of liquid solution only, 
since a large fraction of the heat removed from the former system serves to convert 
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B to solid B rather than to decrease the system’s temperature. When the sys- 
tem reaches the eutectic temperature T3, the entire remaining liquid freezes at a 
constant temperature and the cooling curve becomes horizontal, exhibiting what is 
called a eutectic halt. By plotting the temperatures of the observed cooling-curve 
breaks against Xa, We generate the freezing-point-depression curves CE and DE of 
Fig 12.12. 

Another way to determine phase diagrams is to hold a system of known over- 
all composition at a fixed temperature long enough for equilibrium to be attained. 
The phases present are then separated and analyzed chemically. This is repeated for 
many different compositions and temperatures to generate the phase diagram. 

Solid-liquid equilibria are commonly studied with the system open to the at- 
mosphere. The solubility of air in the solid and liquid phases is generally slight 
enough to be ignored, and the atmosphere simply acts as a piston that provides a 
constant external pressure of 1 atm. The atmosphere is not part of the system, and 
in applying the phase rule to the system, one therefore does not count the atmo- 
sphere as one of the phases or include O, and N, as components of the system. 
Also, since the pressure is fixed, the number of degrees of freedom is reduced by 1. 


STRUCTURE OF PHASE DIAGRAMS 


The one-component (unary) P-T phase diagrams of Chap. 7 contain one-phase areas 
separated by two-phase lines; the two-phase lines intersect in three-phase points (triple 
points), A phase transition (for example, solid to liquid) corresponds to moving from 
One one-phase area to another. During the course of the transition, the system con- 
tains two phases in equilibrium, and its state is represented by a point on a two- 
phase line. At a triple point, three phases coexist in equilibrium. 

The binary T-x, phase diagrams of Secs. 12.6 to 12.8 consist of one-phase areas, 
two-phase areas, one-phase vertical lines, and three-phase horizontal lines. 

The two-phase areas are either miscibility gaps or phase-transition loops. 
Examples of miscibility gaps are the two-phase areas in Figs. 12.10 and 12.11, the 
1+ f regions in Figs. 12.15 and 12.17, the solid A + solid B region of Fig. 12.12, and 
the regions at the bottom left and bottom right of Fig. 12.18. Examples of phase- 
pation loops are the I + v regions in Figs. 12.7 and 129b, the 1. s. + solid B and 
|. + solid A regions of Fig. 12.12, and the l. s. + æ and l. s. + B regions of Fig. 12.15. 
Two-phase areas are shown shaded in the figures. 

When the system consists of one phase, this phase is either a pure substance or 
ain Ifthe phase is a pure substance, it has a fixed value of x, and so corresponds 
in ry line on the T-x, diagram. Examples are the lines at x4 = 0 and xl 

“igs. 12.12 and 12.18 and the line at x, = 0.5 in Fig. 12.18. If the phase is a solution 
falig, liquid, or gaseous), x a can be varied continuously over a certain range, as can 
Aa perature, so we get a one-phase area. Examples are the liquid regions at the 
‘oid Figs. 12.12, 12.13, and 12.15, the vapor region at the top of Fig. 12.7, the 
p oe at the bottoms of Figs. 12.13 and 12.14, and the « phase and the $ 
ie at the left and right in Fig. 12.15. To repeat, a vertical one-phase line corresponds 

Pure substance; a one-phase area corresponds to a solution. 
“ily a binary system has three phases in equilibrium, f=e—pt2=2- 

= 1, but since P is fixed, f is reduced to 0. Therefore T is fixed, and the existence 
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of three phases in equilibrium in a binary system must correspond to a horizon 
(that is, isothermal) line on the T-x, diagram. Examples are the horizontal Lines jg 
Figs. 12.12, 12.15, and 12.18. 

The curved lines CE and DE in Fig. 12.12 are boundary lines marking the en 
of one region and the beginning of another, rather than lines corresponding to stats 
of the system. On the isopleth RFHKS, the instant before the first crystal of B forms, 
the system is in the one-phase area of liquid; when the first tiny crystal of B has 
formed, the system is in the two-phase area of l. s. + B(s). In contrast, when point K 
on the horizontal line is reached, the three phases I. s., A(s), and B(s) are present in 
equilibrium and remain present for a considerable time (the eutectic halt) as the 
remaining liquid is gradually converted to A(s) + B(s). 

The compositions of the three phases in equilibrium on a three-phase linean 
given by the two points at the ends of the line and a third point that occurs at the 
intersection of a vertical line or phase boundary lines with the three-phase line, 

When the system crosses the boundary between a one-phase area and a two: 
phase area, the cooling curve shows a break. The cooling curve shows a halt ata 
three-phase line and at the transition from a one-phase region (line or area) to another 
one-phase region (for example, at the freezing points of pure substances such as P, 
A, and PA in Fig. 12.18). 


SOLUBILITY 


At 25°C, naphthalene is a solid and benzene is a liquid. A saturated solution of 
naphthalene in benzene is found to contain 0.4 mole of naphthalene per mole of 
benzene at 25°C. (Throughout, we assume a constant pressure of 1 atm.) Suppose wè 
add an infinitesimal bit more than 0.4 mole of naphthalene to 1.0 mole of benzene at 
25°C. We get a system at 25°C that consists of an infinitesimal amount of solid 
naphthalene in equilibrium with a saturated solution of 0.4 mole of naphthalene m 
1.0 mole of benzene. We call this system I. 

The melting point of naphthalene is 80°C and that of benzene is 5°C. The 
naphthalene~benzene T-x, solid—liquid phase diagram is Fig. 12.21. 

Suppose we take an infinitesimal amount more than 0.4 mole of naphthalent 
heat it to 80°C to melt it, and to the molten naphthalene add 1.0 mole of benzen: 
The system is then at point R on the phase diagram. We now cool the liquid mel 
(solution) to 25°C. When 25°C is reached (point S), naphthalene will start to freeze 
out and the system will consist of an infinitesimal amount of solid naphthalene 
equilibrium with a solution (melt) containing 0.4 mole of naphthalene and 1.0 mole 
of benzene. We call this system II. of 

How does system II compare with system 1? Despite their different methods 
preparation, the two systems are identical in all respects (temperature, pressure, a 
composition). The method of preparation of system I suggests that we have fou A 
that the solubility of naphthalene in benzene at 25°C is 0.4 mole of naphthalene F 
mole of benzene. Since CE in Fig. 12.21 is the freezing-point-depression curve ; 
naphthalene due to added benzene, the method of preparation of system I “a 
that we have found that the freezing point of naphthalene is lowered to 25 Chy 
addition of 1.0 mole of benzene to 0.4 mole of naphthalene. 
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Thus, “solubility” and “freezing-point depression” are really different words for 
the same thing. In both cases, we have solid X in equilibrium with a liquid solution 
od X +Y. The solubility of X (considered as the solute) in Y can just as well be 
interpreted as the freezing-point depression of X (considered as the solvent) due to 
added Y. The curve CE in Fig. 12.21 can be interpreted as giving the freezing- 
point depression of naphthalene due to added benzene or as giving the solubility of 
naphthalene in benzene as a function of temperature. For example, CE tells us that 
asaturated solution of naphthalene in benzene at 60°C has naphthalene mole fraction 
equal to 0.7. Likewise, curve DE can be interpreted as the freezing-point depression 
of benzene due to added naphthalene or as the solubility of benzene in supercooled 
liquid naphthalene. The second interpretation sounds strange since naphthalene is a 
solid at room temperature. Note from curve CE that the solubility of naphthalene 
inbenzene goes to infinity as the solution’s temperature approaches the melting point 
(80°C) of naphthalene. (The liquids are miscible in all proportions.) 

System II above was prepared by starting with liquid naphthalene, and the 
addition of benzene kept the naphthalene from freezing out as the temperature was 
lowered to 25°C. Thus, in a solution of naphthalene in benzene at 25°C, the solute 
naphthalene is best considered to be in the liquid state, Note also that in the expression 
h =h i: RT In y,x; for naphthalene in the solution (where Convention I is used), 
Hi = př is the chemical potential of pure (supercooled) liquid naphthalene at the T 
ind P of the solution. 

a AEN about the solubility of a salt in water? Figure 12.22 shows the T-X diagram 
i o O3-H,0. Figure 12.22 cheats a bit, since above 100°C the system’s pressure 
Syste eld constant but is set at the vapor pressure of the solution by keeping the 
A a sealed container. If the system were kept open to the atmosphere, it 
ofs boil away above 100°C. Since the effect of pressure on the chemical potentials 
F Pecies in condensed phases is slight, the fact that P varies in part of the phase 

agram is of little consequence. 
ee CE in Fig. 12.22 gives the freezing-point depression of water due to added 
3: Alternatively, we can interpret CE as giving the solubility of solid water 
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in supercooled liquid NaNO. This second interpretation sounds bizarre but is quite 
valid. Curve DE gives the freezing-point depression of liquid NaNO due to addi 
water. Alternatively, we can interpret DE as giving the solubility of solid NaNO, 
water at various temperatures. The second interpretation sounds more natural, sing 
we ordinarily prepare a liquid solution by adding solid NaNO, to liquid water 
(instead of cooling molten NaNO, + H,O); also, the curve DE is ordinarily not 
investigated above 100°C. 

Suppose we start with an equilibrium mixture of liquid water and a large amount 
of ice at 0°C (point C in Fig. 12.22) in a thermally insulated container. Let somt 
solid NaNO, be added to the system. The NaNO, dissolves in the liquid water and 
lowers the freezing point of the water to some temperature Ty that is below 0C. 
The solution and the ice at 0°C are no longer in equilibrium, and the ice starts to 
melt. Since the system is adiabatically enclosed, its internal energy U must remain 
constant and the energy to melt the ice must come at the expense of the kinetic 
energy of the molecules of the system. The decrease in molecular kinetic energy means 
that the system’s temperature falls. The temperature will fall until it reaches the 
freezing point Tp of the solution and equilibrium is attained. The lowest temper 
ture attainable by addition of NaNO, to ice plus water is the eutectic temperatur 
— 18°C (point E), where ice, solid NaNO, and a saturated aqueous NaNO, solutiot 
exist in equilibrium; such a system will remain at — 18°C until heat leaking into tt 
system melts all the ice and the system moves into the region between the eutectt 
line and DE. Eutectic mixtures are used to provide a cold constant-tempera> 
bath. For NaCl-H,0, the eutectic temperature is —21°C; for CaCl, * 6H,0-4: 
it is — 50°C. 

Line ED in Fig. 12.22 shows the solubility of NaNO, in water to increa 
tinually with increasing temperature. This behavior is commonly observed for 
in water, but there are exceptions. For example, the solubility of Li,SO4 in “nf 
decreases with increasing temperature for temperatures up to 160°C. The appeal 
of the phase diagram is considered in Prob. 12.41. can 

Since freezing-point depression and solubility are the same phenomenon, Mis 
apply the freezing-point-depression equations to solubility. Equation (12.7) es 
mole fraction x4 of A to the temperature Tọ at which solid A is in equilibrium 
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solution of A + B. Since A is usually used to refer to the solvent, we replace A 
py B in (12.7). If we make the crude approximations of assuming an ideal solution 
p=) and neglecting the temperature dependence of AH fus s, (12.7) becomes 
. 1 1 
R In xg © AH, == 
B ima 5) (12.48) 
for the mole-fraction solubility of B at temperature T in a solvent with which it 
forms an ideal solution. Equation (12.48) is a reasonable approximation for solutions 
ofnaphthalene in benzene but is worthless for most aqueous solutions. 


THREE-COMPONENT SYSTEMS 


Fora three-component (or ternary) system, we have f =3— p+2=5- p. For p= 
|, there are 4 degrees of freedom. To make a two-dimensional plot, we must hold 
two variables fixed (instead of one, as with binary systems). We shall hold both T 
and P fixed. For a one-phase system, the two variables will be taken as x, and xp, 
the mole fractions of components A and B. For multiphase systems, xa and xg will 
be taken as the overall mole fractions of A and B in the system. Once x, and xg 
are fixed, xç is fixed. We could use a rectangular plot with x4 and xp as the variables 
on the two axes (Prob. 12.42). However, Gibbs suggested the use of an equilateral- 
triangle plot, and this has become standard for ternary systems. The triangular plot 
allows all three values x4, Xp, and xc to be read off easily. 

The triangular coordinate system is based on the following theorem. Let D be 
an arbitrary point inside an equilateral triangle. If perpendiculars are drawn from D 
to the sides of the triangle (Fig. 12.23a), the sum of the lengths of these three lines is 
constant equal to the triangle’s height h; DE + DF + DG = h. Plane-geometry fans 
Will find suggestions for a proof of this in Prob. 12.43. We take the height h to be 
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1 and take the lengths DE, DF, and DG equal to the mole fractions of components 
A, B, and C, respectively. If more convenient, we can use weight fractions instead. 

Thus, the perpendicular distance from point D to the side of the triangle op 
posite the A vertex is the mole fraction Xa of component A at point D; similarly for 
components B and C. Any overall composition of the system can be represented by 
a point in or on the triangle, and we get Fig. 12.23b. In this figure, equally spaced 
lines have been drawn parallel to each side. On a line parallel to side BC (which 
is opposite to vertex A), the overall mole fraction of A is constant. The point marked 
with a dot represents 50 mole percent C, 25 mole percent A, 25 mole percent B 
Along edge AC, the percentage of B present is zero; points on AC correspond to the 
binary system A + C. At vertex A, we have 100 percent A. At this point, the distance 
to the side opposite vertex A is a maximum. Note that, once x, and xg are fixed, the 
location of the point in the triangle is fixed as the intersection of the two lines cor 
responding to the given values of xa and xp. 

Instead of giving a comprehensive discussion of ternary phase diagrams, we shil 
consider only ternary liquid-liquid equilibrium. Consider the system acetone-walet- 
diethyl ether (“ether”) at 1 atm and 30°C. Under these conditions, water and acetone 
are completely miscible with each other, ether and acetone are completely miscible 
with each other, and water and ether are partly miscible. Addition of sufficient a 
tone to a two-phase mixture of water and ether will produce a one-phase solution 
The ternary phase diagram is Fig. 12.24. i 

The region above curve CFKHD is a one-phase area. For a point in the region 
below this curve, the system consists of two liquid phases in equilibrium. The fine 
in this region are tie lines whose endpoints give the compositions of the twop 
in equilibrium. For a binary system, the tie lines on a T-x, or P-xą diagram 
horizontal, since the two phases in equilibrium have the same T and P. Ona og 
Xa-Xg-Xc triangular phase diagram, there is clearly no need for tie lines to'be a 
zontal, and the phase diagram is incomplete unless tie lines are drawn in the! 
phase regions. The locations of the tie lines are determined by chemical att 
pairs of phases in equilibrium. In Fig. 12.24, a system of overall composition atch 
sists of a water-rich, ether-poor phase « of composition F and an ether-rich, W 


poor phase B of composition H. The slope of the tie line FGH shows that phase « 
has less acetone than phase £. Point K, the limiting point approached by the tie lines 
as the two phases in equilibrium become more and more alike, is called the plait 
int or the isothermal critical point. 
What about the lever rule in ternary systems? The derivation of Eq. (12.41) is 
readily seen to be valid for any two-phase system; the number of components and 
the nature of the phases (solid, liquid, gas) are irrelevant. Rewriting (12.41) in a gen- 


eral form, we have 
nXa — XA,a) = NplXa,p — Xa) two-phase syst. (12.49) 


when n, and ny are the total number of moles of all species in phases « and f, and 
where Xa» Xa» and xag are the overall mole fraction of A, the mole fraction of A in 
phase q, and the mole fraction of A in phase £. Starting from (12.49) and using some 
trigonometry, one can show (Prob. 12.46) that |,n, = Ipng, where |, and I, are the 
tie-line lengths to the points that give the compositions of phases « and f. For ex- 
ample, in Fig. 12.24, this equation becomes FGn, = GHny, where np and ny are the 
total numbers of moles in the phases whose compositions are given by points F and 
H, respectively. The lever rule thus applies in two-phase regions of ternary (as well 
as binary) systems. 


SUMMARY 


The four colligative properties, vapor-pressure lowering, freezing-point depression, 
boiling-point elevation, and osmotic pressure, all result from the decrease in solvent 
chemical potential produced by the addition of a solute. Colligative properties are 
used to determine molecular weights and activity coefficients. In an ideally dilute 
solution, the freezing-point depression is proportional to the total molality of the 
solutes: AT, = —ky iz, m; if only pure solvent freezes out. Osmotic pressure is 
especially useful in finding polymer molecular weights. 
? Two-component phase diagrams are plotted as T (or P) vs. overall mole frac- 
tion x4 of one component, where P (or T) is held constant. In a two-component 
phase diagram, areas are either one-phase or two-phase regions, and horizontal lines 
contain three phases, A two-phase area is either a miscibility gap or a phase-transi- 
tion loop. In a two-phase area, the compositions of the two phases in equilibrium 
are given by the points at the ends of a horizontal tie line, and the overall com- 
position is given by a point on the tie line. The following kinds of phase diagrams 
poe discussed: liquid—vapor P-vs.-x, and T-vs.-x, diagrams for completely miscible 
liquids; liquid-liquid T-vs.-x, diagrams for partially miscible liquids; solid-liquid 
Tvs-x4 diagrams with liquid-phase miscibility and solid-phase immiscibility, partial 
miscibility, and miscibility, including the complications introduced by compound 
formation. 
t Three-component phase diagrams are plotted on a triangular-coordinate sys- 
cm with T and P held constant. 

Important kinds of calculations discussed in this chapter include: 


* Calculation of freezing-point depression and boiling-point elevation from AT; = 
=k smg and AT, = kmp. 


SECTION 12.12 


| 352 =ç * Calculation of molecular weights from freezing-point-depression data. 
e Calculation of osmotic pressure from the van’t Hoff equation TT = cpRT in ideal 
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dilute solutions. 

e Calculation of molecular weights from osmotic-pressure data using the van't Hoff 
equation or the McMillan—Mayer equation. 

* Calculation of the amounts of components present in each of two phases in equi 
librium using the lever rule n,/, = nglp. 


FURTHER READING AND DATA SOURCES 


Ricci; Dickerson, chap. 6; de Heer, chap. 22; Denbigh, secs. 8.8-8.13; Kirkwood ani 
Oppenheim, sec. 11-7; Haase and Schénert; A. M. Alper fed.), Phase Diagrams, vols, I-V, 
Academic Press, 1970-1978. 

Freezing-point-depression, boiling-point-elevation, and osmotic-pressure data 
Landolt-Bornstein, 6th ed., vol. II, pt. 2a, pp. 844-974. 

Phase diagrams: Landolt-Bornstein, 6th ed., vol. II, pts. 2a, 2b, 2c, 3; M. Hansen, 
Constitution of Binary Alloys, 2d ed., McGraw-Hill, 1958; R. P. Elliot, Constitution 
of Binary Alloys, first supplement, McGraw-Hill, 1965; E. M. Levin et al. (eds,), Phase 
Diagrams for Ceramists, vols. 1-5, American Ceramic Society, 1964-1983; J.M. 
Sorensen and W. Arlt, Liquid-Liquid Equilibrium Data Collection, pts, 1-3 [vol V 
of D. Behrens and R. Eckermann (eds.), DECHEMA Chemistry Data Series}, 


DECHEMA, 1979-1980. 


PROBLEMS 


Sec. | 12.2 | 123 | 124 12.5 | 12.6 | 12.7 

| Probs. | 12.1 12.2-12.12 | 12.13-12.22 12.23 12.24-12.27 12.28- 1230 
Sec. | 12.8 | 12.10 | 12.11 | general 
Probs. | 12.31-12.38 1239-1241 l 12.42-12.46 | 12.47-12.55 


12.1 The vapor pressure of water at 110°C is 1074.6 torr. Find 
_ the vapor pressure at 110°C ofa 2.00 wt % sucrose (C12H320;1) 
solution in water. State any approximations made. 


12.2 For cyclohexane, C6H;3, the normal melting point is 
6.47°C and the heat of fusion at this temperature is 7.47 cal/g. 
Find the freezing point of a solution of 226 mg of pentane, 
CsHj2, in 16.45 g of cyclohexane. State any assumptions or 
approximations made. 


12.3 Given that AH,,, = 40.66 kJ/mol for water at 100°C, 
calculate k, of H30. 


12.4 The freezing point of a solution of 2.00 g of maltose in 
98.0 g of water is —0.112°C. Estimate the molecular weight of 
maltose. See Prob. 12.5 for a more accurate result. 


12.5 Let W be the weight percent of maltose in an aqueous 
solution. The following freezing-point depressions in °C are 


observed for maltose(aq) solutions: 


w 3.00 6.00 so | BN 
A aii | -= | 
AT, | -ote =0.352 | -0550 | -0.765 
n s: Mı s 
(a) Show that the equation AT, = —k,mp gives “B 
) eq f S’ ses of Band A 


—kwy/(AT wa), where wg and wa are the masses € kie 
in the solution. (b) Plot the calculated molecular weig! m 
and extrapolate to zero concentration to find the true mo! 
weight. 


126 In deriving AT, = —kymg, we replaced un y 
IATH. Use the 1/(1 — x) Taylor series (8.8) to show ta! 


‘erate Mag ay (ey 
T#T, (TP)? Tt Tt 


viere AT, = Ty = T¥. If AT, <T7, terms after the 1 in the 
series can be neglected. 


127 When 1.00 g of urea [CO(NH,) ] is dissolved in 200 g 
ofsolvent A, the A freezing point is lowered by 0.250°C. When 
150g of Y is dissolved in 125 g of the same solvent A, the A 
freezing point is lowered by 0.200°C. (a) Find the molecular 
weight of Y. (b) The freezing point of A is 12°C, and its molec- 
ular weight is 200. Find AHgus of A. 


128 The boiling point of CHCl; is 61.7°C. For a solution of 
0.402 g of naphthalene (CyoHg) in 26.6 g of chloroform, the 
boiling point is elevated by 0.455°C. Find AĤ ap of CHCI}. 


129 (a) Use (10.57) and (12.16) to verify that, for a solution 
of an electrolyte, Eq. (12.7) with Afsus assumed constant 
becomes 
AT, = —khvm; 

where m is the electrolyte’s stoichiometric molality. Note the 
resemblance to (12.17), except for the presence of ġ to correct 
fornonideality. For historical reasons, the quantity dv is called 
the van't Hoff i factor: i = pv. (b) The freezing-point depression 
ofan aqueous 4.00 wt % K SO, solution is —0.950°C. Caleu- 
late the osmotic coefficient ¢ in this solution at — 1°C. 


1210 Phenol (C6H5OH) is partially dimerized in the solvent 
bromoform, When 2.58 g of phenol is dissolved in 100 g of 
bromoform, the bromoform freezing point is lowered by 2.37°C. 
Pure bromoform freezes at 8.3°C and has ky = 14.1°C kg 
mol”, Calculate the equilibrium constant K,, for the dimeri- 
zation reaction of phenol in bromoform at 6°C, assuming an 
ideally dilute solution. 


1211 Suppose that 6.0 g of a mixture of naphthalene (C;oHs) 
and anthracene (C; 4H ; 9) is dissolved in 300 g of benzene. When 
thesolution is cooled, it begins to freeze at a temperature 0.70°C 
below the freezing point (5.5°C) of pure benzene. Find the com- 


Position of the mixture, given that kp for benzene is 5.1 °C 
kgmol™ t, 


zA A For an 8.000 wt % aqueous sucrose solution, calcu- 

Si e reezing point using AT, = —kymg. (b) The observed 

Use H point of this solution is 0.485°C below that of water. 

wi q. (12.7) with AHtus,a assumed constant to calculate ay,0 

ran Tyo in this solution. (c) Use (10.57) with v = I to find the 
Motic coefficient @ in this solution. 


on rs a 0.300-mol/kg aqueous solution of sucrose, the 
ast ray molarity is 0.282 mol/dm? at 20°C and 1 atm. The 
tl ape Water is 0.998 g/cm? at 20°C and 1 atm. (a) Estimate 
tion, o Es orale of this solution using the van’t Hoff equa- 
61 atm, ec observed osmotic pressure of this solution is 
ote: y, i se Eq. (12.24) to find ay,o and 7,0 in this solution. 
lepender in (12.24) is at the pressure P + TI, but the pressure 
ence of y4 is slight and can be neglected here. 


12.14 The osmotic pressure of an aqueous solution of bovine 
serum albumin with pp = 0.0200 g/cm? is 6.1 torr at 0°C. Esti- 
mate the molecular weight of this protein. Explain why your 
answer is only an estimate. 


12.15 Let the left chamber in Fig. 12.2 contain pure water 
and the right chamber 1.0 g of C,2H220,, plus 100 g of water 
at 25°C. Estimate the height of the liquid in the right capillary 
tube at equilibrium. Assume that the volume of liquid in the 
capillary tube is negligible compared with that in the right 
chamber. 


12.16 For a certain sample of a synthetic poly(amino acid) in 
water at 30°C (density 0.996 g/cm*), osmotic-pressure determi- 
nations gave the following values for the difference in height 
Ah between the liquids in the capillary tubes in Fig. 12.2: 


Ah/cm ] 9.22 


PE eerie 


218 | 3.58 | 


| 


6.13 | 


5.56 8.34 | 11.12 
Convert the height readings to pressures and find the number 


average molecular weight of the polymer. 


12.17 Sometimes a polymer-solution IT/pp-vs.-Pp plot shows 
significant nonlinearity due to a nonnegligible contribution of 
the A, term in (12.28). In this case, polymer-solution theories 
and experimental data indicate that A, can usually be approx- 
imated by A3 ~ 4M A2?. With this approximation, show 
that (12.28) with terms after A, neglected gives (T/p,)!? = 
(RT/My)!!2 + $4,(RTMy) "pp. Therefore a plot of (T1/pp)'!? 
VS. pp is linear with intercept (RT/M,)! at pp = 0. When the 
TI/pp-YS.-Pg curve is nonlinear, a more accurate molecular 
weight can be obtained from a (11/p,)'/?-vs.-pp curve. 


12.18 (a) The osmotic pressure of human blood is 7 atm at 
37°C. Pretend that NaCl forms ideally dilute solutions in water 
and use (12.31) to estimate the molarity of a saline (NaCl) solu- 
tion that is isotonic to blood at 37°C. Compare with the value 
0.15 mol/dm? actually used for intravenous injections. (b) The 
principal solute molalities (in mol/kg) in seawater are NaCl, 
0.460; MgClz, 0.034; MgSOq, 0.019; CaSO4, 0.009. Pretend 
that seawater is an ideally dilute solution, ignore ion pairing, 
and estimate the osmotic pressure of seawater at 20°C. 


12.19 Dry air at sea level has the following composition by 
volume: 78 percent N3, 21 percent O,, 1 percent Ar. Calculate 
the number average molecular weight of air. 


12.20 Use (12.24) and (10.57) to show that for an electrolyte 
solution the osmotic pressure is given by 


TI = RT vn;/na V$ 


where ¢ is for the solution at P + Tl. Comparison with Eq. 
(12.26) explains the name (practical) osmotic coefficient for Q. 


12.21 (a) Solution 1 contains solvent A at mole fraction x, 
plus solute B. Solution 2 contains A at mole fraction x4 > (where 
Xa,2 < X4,1) plus B. A membrane permeable only to species A 
separates the two solutions. The solutions are assumed ideally 
dilute. Show that to achieve equilibrium an osmotic pressure 


TI = RT(xg,2 — Xp,1)/V&__ ideally dil. solns. 


must be applied to solution 2. Verify that this equation reduces 
to (12.25) when solution 1 is pure solvent. (b) Suppose a 0.100- 
mol/kg aqueous sucrose solution is separated from a 0.0200- 
mol/kg aqueous sucrose solution by a membrane permeable 
only to water. Find the value of TI needed to achieve equilib- 
rium at 25°C. 


12.22 Use Eq. (4.21) with dT =0, dw = —P*dV* — P’ dav”, 
and dA = dA* + dA? and substitute (4.77) at constant T for 
dA* and for dA’ to show that the phase equilibrium con- 
dition y1;% = 4? holds even when P* # P’. 


12.23 What is the maximum number of phases that can coexist 
in a binary system? 


12.24 From the data in Table 10.1, plot the acetone- 
chloroform liquid—vapor P-x, phase diagram at 35°C. 


12.25 For the system of Fig. 12.7, suppose that a liquid solu- 
tion with A mole fraction 0.30 is distilled at the pressure of the 
diagram using a column with an efficiency of two theoretical 
plates. Give the composition of the first drop of distillate. 


12.26 Benzene (ben) and toluene (tol) form nearly ideal solu- 
tions. The 20°C vapor pressures are Phen = 74.7 torr and 
Phi = 22.3 torr. Plot the P-vs.-Xpen liquid~vapor phase dia- 
gram for benzene-toluene solutions at 20°C. 


12.27 For the system of Fig. 12.7, suppose that a liquid solu- 
tion with A mole fraction 0,30 is heated in a closed system 
held at the constant pressure of the diagram. (a) Give the com- 
position of the first vapor formed. (b) Give the composition 
of the last drop of liquid vaporized. (c) Give the composition 
of each phase present when half the moles of liquid have been 
vaporized, 


12.28 Use Fig. 12.11b to find the masses of water and nicotine 
present in each phase if 10 g of nicotine and 10 g of water are 
mixed at 80°C and 1 atm, 


12.29 For a certain liquid mixture of equal weights of water 
and nicotine at 80°C, the mass of the water-rich phase is 20 g 
Use Fig. 12.11b to find the mass of water and the mass of nico- 
tine in the water-poor phase. 


12.30 Water and phenol are partially miscible at 50°C. When 
these two liquids are mixed at 50°C and 1 atm, at equilibrium 
one phase is 89 percent water by weight and the other is 374 
percent water by weight. If 6.00 g of phenol and 4.00 g of water 


i 


are mixed at 50°C and 1 atm, find the mass of water and the 
mass of phenol in each phase at equilibrium by Using (a) thy 
lever rule; (b) conservation of matter (without using the lever 
tule). 


12.31 Given the following melting points and heats of fusion, 
benzene, 5.5°C, 30.4 cal/g; cyclohexane (C5H, 2), 66°C, 14) 
cal/g. Plot the T-x, phase diagram for these two compounds 
and find the eutectic temperature and the eutectic composition, 
Assume that the liquid solutions are ideal and that no solid 
solutions are formed; neglect the temperature dependence of 
AHrys- Compare your values with the experimental eutecic 
values —424°C and 734 mole percent cyclohexane, 


12.32 When melts of Zn + Mg are cooled, breaks and halts 
are observed at the following temperatures in °C, where Wh, 
is the wt % of zinc: 


Wan 0 10 20 30 
Break e 623° 566° 530° 443° 
Halt 651° 344 343 347° we 
Win 50 60 70 80 $43 
Break 356 437 517 577 K 
Halt 346° 346 347 343° sos 
Way 90 95 97 97.5 100 
Break 557 456 “ 379° ka 
Halt 368 367 368 368° 419 


Because of experimental errors, the temperature of the eutectic 
halt varies slightly from run to run. Plot the phase diagram 
of T vs. weight percent Zn and label all areas. 


12.33 (a) Use the following facts to sketch the H,0-NaCl 
T-vs.-weight percent NaC! solid-liquid phase diagram up 10 
100°C; label all areas as to the phases present. The component 
form the compound NaCl : 2H,0, which melts incongruent} 
at the peritectic temperature of 0.1°C. The melting point 0 
ice is (surprise!) 0.0°C. The eutectic temperature for ligt 
H,O(s) + NaCl -2H,O(s) is —21°C, and the eutectic P 
occurs at 23 wt % NaCl. The freezing point of a 13 wt % Nat 
aqueous solution is —9°C, The solubility of NaCl in kE 5 
26 g NaCl per 74 g H,O at 0.1°C and increases to 288 di 
per 72 g H,O at 100°C. (b) If an aqueous solution of Nal J 
evaporated to dryness at 20°C, what solid(s) is (are) obim 
(c) Describe what happens when a system at 20°C with ns i 
composition of 80 wt % NaCl is slowly cooled to ~ 10°C 
any ice present at — 10°C? 


-Ag 
12.34 Sketch several cooling curves for the system i H 
Fig. 12.15 showing the different types of behavior obs 


f Fig 
12.35 Sketch several cooling curves for the pee 
12.19¢ showing the different types of behavior observed. 


Biand Te form the solid compound Bi,Te3, which melts 
congruently at about 600°C. Bi and Ti melt at about 300 and 
sac, respectively. Solid BizTes is partially miscible at all 
temperatures with solid Bi and is partially miscible at all tem- 

atures with solid Te. Sketch the appearance of the Bi-Te 
TX, solid-liquid phase diagram; label all regions. 


1237 The Fe-Au solid-liquid T-x, phase diagram can be 
viewed as the intersection of a solid-phase miscibility gap with 
a solidtiquid phase-transition loop having a minimum at 
Yw = 08. The miscibility gap intersects the phase-transition 
loop at Xqu = 0.1 and at xq, = 0.3. Fe has a higher melting 
point than Au. Sketch the phase diagram and label all areas. 


1238 The solid—liquid phase diagram of water-nitric acid 
shows formation of the congruently melting compounds (melt- 
ing points in parentheses) HNO 3 ° 3H,O (— 18°C) and HNO; ° 
H,0 (-38°C), The melting point of HNO; is — 41°C. As one 
goes across the phase diagram from H,O to HNOs, the eu- 
tectic temperatures are —43, —42, and — 66°C. Draw the solid- 
liquid phase diagram. 


1239 (a) The heat of fusion of naphthalene is 35.1 cal/g, and 
its melting point is 80°C, Estimate the mole-fraction solubility 
of naphthalene in benzene at 25°C and compare with the ex- 
perimental value 0.296. (b) Estimate the mole-fraction solubility 
ofnaphthalene in toluene at 25°C and compare with the experi- 
mental value x(C, oH) = 0.286. (c) For anthracene (C14H10)} 
AH,, = 38.7 cal/g and the melting point is 216°C. Estimate the 
solubility of anthracene in benzene at 60°C. 


124 Use Fig. 12.21 to find how many moles of naphthalene 
Will dissolve in 1.00 kg of benzene at 524°C. 


Heal The eutectic temperature for water plus Li,SO4 is 
-3 C. The solubility of Li,SO, in water decreases as £ 
increases from —23°C to 160°C and increases above 160°C. 


Ee the portion of the solid-liquid phase diagram below 


me r the ternary system of Fig. 12.24, set up rectangular 

Bemi A with x(ether) on the y axis and x(H2O) on these 

in these ie im the general appearance of the phase diagram 

rather th ordinates. Chemical engineers often use rectangular 
an triangular coordinates for ternary systems. 


| 7S RE. AA 

‘a tea that DE + DF + DG = h in Fig. 12.23a. Hint: 

trian ess DA, DB, and DC and recall that the area of a 
gle equals half the product of the base and altitude. 


re From Fig, 12.24, use a ruler to estimate the mole 

ternary s; mjthe phases present at point G. (b) Suppose the 

the nu et at point G has a total of 40 moles present. Find 
mber of moles of each component in each phase. 


12.45 
fone vee the system water (1) plus ethyl acetate (2) plus ace- 
at 30°C and 1 atm, mole-fraction compositions of pairs 


of liquid phases in equilibrium are: 


Water-rich phase Water-poor phase 
Xz X3 X X3 
0.016 0.000 0.849 0.000 
0.018 0.011 0.766 0.061 
0.020 0.034 0.618 0.157 
0.026 0.068 0.496 0.241 
0.044 0.117 0.320 0.292 
0.103 0.206 0.103 0.206 


where the last set of data gives the isothermal critical solution 
point. (a) Plot the ternary phase diagram including tie lines; 
use commercially available triangular coordinate paper. (b) 
Suppose 0.10 mole of acetone, 0.20 mole of ethyl acetate, and 
0.20 mole of water are mixed at 30°C and 1 atm. Find the mass 
of each component present in each phase at equilibrium. 


12.46 In Fig. 12.24, draw vertical lines from F, G, and H, and 
horizontal lines from F and G; then use (12.49) to show that 
FGnp = GHny. 


12.47 (a) Beaker A contains 20 cm? of pure H30; beaker B 
contains 20 cm? of a 5 wt % NaCl solution. The beakers each 
have volumes of 400 cm? and are in a sealed thermally con- 
ducting box. Describe the equilibrium state of this system. (b) 
Beaker A contains 0.0100 mol of sucrose dissolved in 100 g of 
water. Beaker B contains 0.0300 mol of sucrose in 100g of 
water. Give the contents of each beaker at equilibrium if the 
beakers each have volumes of 400 cm? and are in a sealed 
thermally conducting box. 


12.48 Binary liquid-state partial miscibility corresponds to 
very large positive deviations from ideality, so the liquid—vapor 
phase-transition loop has a maximum on the P-x, diagram 
and a minimum on the T-x, diagram. The T-x, liquid-vapor 
phase diagram when the liquids are partially miscible therefore 
shows the intersection of a miscibility gap with a phase-transi- 
tion loop that has a minimum. This liquid—vapor phase dia- 
gram resembles Fig. 12.15, which also shows the intersection 
ofa miscibility gap and a minimum-containing phase-transition 
loop. Sketch the appearance of a binary liquid-vapor T-x, 
diagram for liquid-phase partial miscibility; label all areas and 
three-phase lines. 


12.49 Systems A and B are each at the same temperature T. 
The two systems are mixed in an adiabatically enclosed con- 
tainer. Is it possible for the final temperature to be less than 
T,? If so, give one or more examples. 


12.50 Give the number of degrees of freedom (a) in the liquid 
region of Fig. 12.7; (b) in the two-phase region of Fig. 12.10; (c) 


along the horizontal line in Fig. 12.15. In each case, state which 
intensive variables constitute the degrees of freedom. 


12.51 The liquid—vapor T-vs.-x, phase diagram of ethanol 
plus ethyl acetate at P = 1.00 atm shows an azeotrope that 
boils at 71.8°C. Find the Convention I activity coefficients of 
ethanol and ethyl acetate in this azeotropic liquid mixture, 
given that the pure-component vapor pressures at 71.8°C are 
581 torr for ethanol and 631 torr for ethyl acetate. 


12.52 For the liquid-liquid system of water (w) plus benzene 
(ben) at 25°C and 1 atm, the benzene mole fractions in the two 
liquid phases « and £ in equilibrium with each other are x4, = 
0.000405 and x$,» = 0.99700. (a) Using reasonable approxima- 
tions, estimate the Convention I activity coefficients of water 
and benzene in each liquid phase in equilibrium at 25°C and 
1 atm. Hint: Certain activity coefficients can be approximated 
as 1. (b) Find the vapor pressure of a saturated solution of water 
in benzene at 25°C, given that the pure-component vapor pres- 
sures at 25°C are P$ = 23.8 torr and P¥.,, = 95.2 torr. (c) Find 
the vapor pressure of a saturated solution of benzene in water 
at 25°C. 


12.53 When water is shaken with benzene, one obtains two 
liquid phases in equilibrium: a saturated solution of a small 


356 


amount of benzene in water and a saturated solution ofa 
amount of water in benzene. Show that the partial vapor 
sure of benzene in equilibrium with a saturated Solution of hep, 
zene in water is equal to the partial vapor pressure of benzene 
in equilibrium with a saturated solution of water in benzene 
the same temperature, provided the vapors are assumed idea) 
Hint: Think in terms of chemical potentials. 


12.54 A certain aqueous solution of a low-molecular-weigh 
solid nonelectrolyte freezes at —0.64°C. For this Solution, est. 
mate (a) the normal boiling point; (b) the vapor pressure a 
25°C; (c) the osmotic pressure at 20°C. The vapor pressure of 
pure water is 23.76 torr at 25°C. 


12.55 True or false? (a) Addition of a tiny amount of a soluble 
impurity to a pure liquid always lowers the freezing point, (| 
Addition of a tiny amount of a soluble impurity to a pure liquid 
must lower the freezing point if only pure solvent freezes out 
(c) A liquid solution of two substances will always freeze entirely 
at one temperature. (d) A liquid solution of two substances will 
never freeze entirely at one temperature. (e) The partial pressure 
P4 of A vapor (assumed ideal) in equilibrium with a nonidedl 
solution of A plus B must always increase when the A mole 
fraction in the solution is increased at constant temperature 


SURFACE CHEMISTRY 


THE INTERPHASE REGION 


So far in this book, each phase of a thermodynamic system has been considered to 
be strictly homogeneous, with its intensive properties constant throughout the phase. 
However, when surface effects are considered, it is clear that a phase is not strictly 
homogeneous throughout. For example, in a system composed of the phases « and 
A (Fig, 13.14), molecules at or very near the region of contact of phases « and f 
dearly have a different molecular environment than molecules in the interior of either 
phase, The three-dimensional region of contact between phases « and £ in which 
molecules interact with molecules of both phases is called the interfacial layer, surface 
layer, or interphase region. This region is a few molecules thick if ions are not present. 
(Intermolecular forces between neutral molecules are negligible beyond about 3 mo- 
kecular diameters; see Sec. 2.11.) The term interface refers to the apparent two- 
dimensional geometrical boundary surface separating the two phases. 

__ Figure 13.1b is a schematic drawing of a cross section of a two-phase system 
With a planar interface. All molecules between the planes VW and AB have the same 


(a) A two-phase system. (b) The 
interfacial layer between two bulk 
phases. 
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environment and are part of the bulk phase a; all molecules between planes cD 

RS have the same environment and are part of the bulk phase 8. The interfacial 
layer (whose thickness is grossly exaggerated in the figure) consists of the molecules 
between planes AB and CD. | 

Since the interfacial layer is only a few molecular diameters thick, usually o 
an extremely small fraction of the system’s molecules are in this layer and the influengy | 
of surface effects on the system’s properties is essentially negligible. This chapter cop. 
siders systems where surface effects are significant; for example, colloidal system, 
where the surface-to-volume ratio is high, and gas—solid systems, where substantial 
amounts of gas can be adsorbed at the solid’s surface. 

Surface effects are of tremendous industrial and biological importance, Many 
reactions occur most readily on the surfaces of catalysts, and heterogeneous catalysis 
is important in the synthesis of industrial chemicals. Such subjects as lubrication, 
corrosion, adhesion, detergency, and reactions in electrochemical cells involve surf 
effects. Many industrial products are colloids (Sec. 13.6). The problem of how biolog 
ical cell membranes function belongs to surface science. 

The interfacial layer is a transition region between the bulk phases « and p and 
is not homogeneous. Instead, its properties vary from those characteristic of the bulk 
phase « to those characteristic of the bulk phase f. For example, if $ is a liquid 
solution and « is the vapor in equilibrium with the solution, approximate statistical 
mechanical calculations and physical arguments indicate that the concentration ga 
component i may vary with z (the vertical coordinate in Fig. 13.15) in one of the 
ways shown in Fig. 13.2. The dashed lines mark the boundaries of the interfacial 
layer and correspond to planes AB and CD in Fig. 13.1. Statistical-mechanicil 
calculations and study of light reflected from interfaces indicate that the interfacial 
layer between a pure liquid and its vapor is typically about three molecular diametet 
thick (see Prob. 13.6). For solid-solid, solid—liquid, and solid—gas interfaces, tht 
transition between the bulk phases is usually more abrupt than for the liquid-vapo! 
interface of Fig. 13.2. 

Because of differences in intermolecular interactions, molecules in the interphase 
region have a different average intermolecular interaction energy than molecules it 
either bulk phase. An adiabatic change in the area of the interface between 4 and 
will therefore change the system’s internal energy U. 

For example, consider a liquid in equilibrium with its vapor (Fig. 13.3). Recall 
from the arrow in Fig. 4.4 that intermolecular interactions in a liquid lower th 
internal energy. Molecules at the surface of the liquid experience fewer attractions 


Change in concentration of a 
component on going from the 
bulk liquid phase to the bulk 
vapor phase. 
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from other liquid-phase molecules compared with molecules in the bulk liquid phase 
and so have a higher average energy than molecules in the bulk liquid phase. The 
concentration of molecules in the vapor phase is so low that we can ignore interac- 
tions between vapor-phase molecules and molecules at the surface of the liquid. It 
requires work to increase the area of the liquid—vapor interface in Fig. 13.3, since 
such an increase means fewer molecules in the bulk liquid phase and more in the 
surface layer. It is generally true that positive work is required to increase the area 
ofan interface between two phases. For this reason, systems tend to assume a con- 
guration of minimum surface area. Thus an isolated drop of liquid is spherical, since 
a sphere is the three-dimensional shape with a minimum ratio of surface area to 
yolume. 

Let sf be the area of the interface between phases « and £. The number of 
molecules in the interphase region is proportional to «/. Suppose we carry out a 
mechanically reversible process that increases the area of the interface by d.o/. The 
increase in the number of molecules in the interphase region is proportional to dd, 
and so the work needed to increase the interfacial area is proportional to dof. Let 
the proportionality constant be symbolized by y7’, where the superscripts indicate 
that the value of this constant depends on the nature of the phases in contact. The 
reversible work needed to increase the interfacial area is then y” dZ. The quantity 
is called the interfacial tension or the surface tension. When one phase is a gas, 
the term “surface tension” is more commonly used. Since it requires positive work 
to increase sZ, the quantity y” is positive. The stronger the intermolecular attractions 
ina liquid, the greater the work needed to bring molecules from the bulk liquid to 
the surface and therefore the greater the value of y”. 

In addition to the work 7" d.s% required to change the interfacial area, there is 
the work —P dV associated with any volume change, where P is the pressure in each 
bulk phase and V is the system’s total volume. Thus the work done on the closed 
system of phases « and £ is 


dw, = —PdV + yds plane interface (13.1)* 


We shall take (13.1) as the definition of y** for a closed two-phase system with a 
planar interface. The reason for the restriction to a planar interface will become clear 
in the next section. From (13.1), if the piston in Fig. 13.4 is slowly moved an infini- 
tesimal distance, work — P dV + 7%" d.of is done on the system. 

The “surface tension of liquid «” refers to the interfacial tension y% for the system 
of liquid œ in equilibrium with its vapor f. Surface tensions of liquids are often 
measured against air. When phase £ is an inert gas at low or moderate pressure, the 
Value of 7” is nearly independent of the composition of $. 

_ Since we shall be considering systems with only one interface, from here on, 7 
will be symbolized simply by 7. 
i The surface tension y has units of work (or energy) divided by area. The ces unit 
4 7 is ergs/em?, which equals dyn/cm, since 1 erg = 1 dyn cm. The SI unit of y is 
m” = N/m. The reader can verify that 


l erg/em? = 1 dyn/om = 1073 J/m? = 107° N/m = 1 mN/m = 1 mJ/m? (13.2) 


ap 


to ae r most organic and inorganic liquids, y at room temperature ranges from 15 
stron yn/cm. For water, y has the high value of 73 dyn/cm at 20 C, because of the 
my 8 Intermolecular forces associated with hydrogen bonding. Liquid metals have 

ty high surface tensions; that of Hg at 20°C is 490 dyn/cm. For a liquid-liquid 
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interface with each liquid saturated with the other, y is generally less than the su 
tension of the pure liquid with the higher surface tension. Measurement Of y is die 
cussed in the next section. 
Consider a liquid in equilibrium with its vapor. As the temperature is rais, 
the two phases become more and more alike until at the critical temperature T thy 
liquid—vapor interface disappears and only one phase is present. At Te, the value 
y must therefore become 0, and we expect that y of a liquid will Continually decreay. 
as T is raised to the critical temperature. The following empirical equation (due 
Katayama and Guggenheim) reproduces the y(T) behavior of many liquids: 


? = oll — T/T)" (133 


where yọ is an empirical parameter characteristic of the liquid. Since 11/9 is close 
to 1, we have y = Yo — )97/T,, and y decreases approximately linearly as T increase, 

The quantity P in (13.1) is the pressure in each of the bulk phases « and f of 
the system. However, because of the surface tension, P is not equal to the pressu 
exerted by the piston in Fig. 13.4 when the system and piston are in equilibrium. Le 
the system be contained in a rectangular box of dimensions lx, ly, and l,, where the 
X, Y, and z axes are shown in Fig. 13.4. Let the piston move a distance dl, in the 
process of doing work dw,.y on the system, and let the piston exert a force Fry ON 
the system. The work done by the piston is dw,e, = Fist dl, [Eq. (2.10)]. Use o 
(13.1) gives Fpis dl, = —PdV + yd. The system's volume is V = lylylz, and dV = 
I,1. dl,. The area of the interface between phases « and $ is .o/ = ily, and dof = ydh, 
Therefore Fy i..dl, = — Pll. dl, + yl, dl, and 


Fin = —Plale + ls iM 


The pressure P isı exerted by the piston is — F, pist/“ pist = —F pist/Ix!2, where A pg 
the piston’s area. F pis is in the negative y direction and so is negative; pressure is 4 
positive quantity, so the minus sign has been added, Division of (13.4) by A piss = hh 
gives 

Ppi = P — y/l; n 
The term y/l, is ordinarily very small compared with P. For the typical values |; = 
10 cm and y = 50 dyn/cm, one finds y/l; = 5 x 1076 atm (Prob. 13.5). 

Since the force exerted by body A on body B is the negative of the force of 
on A (Newton’s third law), Eq. (13.4) shows that the system exerts a force Pl, = th 
on the piston. The presence of the interface causes a force yl, to be exerted by the 
system on the piston, and this force is in a direction opposite that associated with 
the system’s pressure P. The quantity l, is the length of the line of contact of the 
interface and the piston, so y is the force per unit length exerted on the piston a4 
result of the existence of the interphase region. Mechanically, the system acts 4 
the two bulk phases were separated by a thin membrane under tension. This i$ the 
origin of the name “surface tension” for y. Insects that skim over a water surface tale 
advantage of surface tension, ; d 

In the bulk phases « and £ in Figs. 13.1 and 13.4, the pressure is uniform E 
equal to P in all directions. In the interphase region, the pressure in the z iem 
equals P, but the pressure in the x and y directions is not equal to P. Taie 
fact that the pressure (13.5) on the piston is less than the pressure P in the is 
phases tells us that P, (the system’s pressure in the y direction) in the mo 
region is less than P. By symmetry, P, = P, in the interphase region. The eer 
region is not homogeneous, and the pressures P, and P, in this region are ma 


he z coordinate. Because the interphase region is extremely thin, it is an approxi- 
on to talk of a macroscopic property like pressure for this region. 

The relations to be developed in this chapter apply in principle to any kind of 
interface in equilibrium. However, measurement of the surface tension of a solid is 


extremely difficult. 


CURVED INTERFACES 


When the interface between phases x and f is curved, the surface tension causes the 
equilibrium pressures in the bulk phases « and £ to differ. This can be seen from Fig. 
13.a. If the lower piston is reversibly pushed in to force more of phase « into the 
conical region (while some of phase f is pushed out of the conical region through 
the top channel), the curved interface moves upward, thereby increasing the area .o/ 
ofthe interface between « and $. Since it requires work to increase .o/, it requires a 
greater force to push in the lower piston than to push in the upper piston (which would 
decrease /), We have shown that P* > P?, where a is the phase on the concave side 
of the curved interface, (Alternatively, if we imagine phases « and £ to be separated 
bya thin membrane under tension, this hypothetical membrane would exert a net 
downward force on phase «, making P* exceed P?.) 
To allow for this pressure difference, we rewrite the definition (13.1) of y as 


dw, = —P*dV* — P’ dV? + yd (13.6)* 
v=ve+ve 


of tl 
mati 


In this equation, — P* dV? is the P-V work done on the bulk phase a; V* and V’ are 
the volumes of phases g and £, and V is the total volume of the system. Since the vol- 
ume of the interphase region is negligible compared with that of a bulk phase, we have 
taken V2 + V’ = y, 

To derive the relation between P* and P”, consider the slightly modified set- 
up of Fig. 13.5b. We shall assume the interface to be a segment of a sphere. Let the 
piston be reversibly pushed in slightly, changing the system’s total volume by dV. 
From the definition of work as the product of force and displacement, which equals 
(lotce/area)(displacement x area) = pressure x volume change, the work done on 
the system by the piston is — Pt dV, where P* is the pressure at the interface between 
stem and surroundings, where the force is being exerted. Since Pt = P”, we have 


dwy = — P’ dV = — P’ av? + V’) = — P’ dv* — P dv” (13.7) 


— Ea 
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(b) 


—PP av? — P’ dV’ = — P*a v" — PP dV? + ydet 
P* — PP = y(d4 /A V°) ay 


Let R be the distance from the apex of the cone to the interface between g and fin 
Fig. 13.5b, and let the solid angle at the cone’s apex be Q. The total solid angle aroni 
a point in space is 4x steradians. Hence, V* equals Q/4z times the volume frk 
a sphere of radius R, and sf equals Q/4z times the area 474R? of a sphere. (In Fig. 135), 
all of phase « is within the cone.) We have | 
V7 = OR?/3, of = QR? 
dV*=QR7dR, dÆ =2QRdR 


Hence d.o//dV* = 2/R and (13.8) for the pressure difference between two bulk phass 
separated by a spherical interface becomes 


P* — P? = 2y/R spherical interface (139) 


Equation (13.9) was derived independently by Young and by Laplace about 1805, 
As R > œ in (13.9), the pressure difference goes to zero, as it should for a planar inter 
face. The pressure difference (13.9) is substantial only when R is small. For exampk, 
for a water-air interface at 20°C, P* — P’ is 0.1 torr for R = 1 cm and is 10 tort fr 
R = 0.01 cm. The pressure-difference equation for a nonspherical curved interface’s 
more complicated than (13.9) and is omitted. 

One consequence of (13.9) is that the pressure inside a bubble of gas in a liquid 
is greater than the pressure of the liquid. Another consequence is that the vapor pres 
sure of a tiny drop of liquid is slightly higher than the vapor pressure of the bulk liquid, 
see Prob. 13.33. 

Equation (13.9) is the basis for the capillary-rise method of measuring the surlat 
tension of liquid-vapor and liquid-liquid interfaces. Here, a capillary tube is insert 
in the liquid, and measurement of the height to which the liquid rises in the tube allow 
calculation of y. You have probably observed that the water-air interface of an aqu 
ous solution in a glass tube is curved rather than flat. The shape of the interface de 
pends on the relative magnitudes of the adhesive forces between the liquid and tht 
glass and the internal cohesive forces in the liquid. Let the liquid make a contact ant 
4 with the glass (Fig. 13.6). When the adhesive forces exceed the cohesive forces, l 
lies in the range 0° < @ < 90° (F. ig. 13.6a); when the cohesive forces exceed the ad 
hesive forces, then 90° < @ < 180°. 

« Suppose that 0° < 6 < 90°, Figure 13.7a shows the situation immediately ve 
a capillary tube has been inserted into a wide dish of liquid £. Points 1 and 6 aret 
the same height in phase « (which is commonly either air or vapor of liquid Ae 
P, = P6. Points 2 and 5 are located an equal distance below points 1 and 6in ye 
% so P, = Ps. Points 2 and 3 are just above and just below the planar inte! i 
outside the capillary tube, so P, = P;. Hence, P, = P3. Because the interface " 
capillary tube is curved, we know from (13.9) that P4 < Ps = P3- Since Pa <} 
phase £ is not in equilibrium, and fluid will flow from the high-pressure region aro 
point 3 into the low-pressure region around point 4, causing fluid f to rise ne 
capillary tube. y ints 

The equilibrium condition is shown in Fig. 13.7b. Here, P, = Pe, and sine Pt 
8 and 5 are an equal distance below points 1 and 6, respectively, Ps = Ps- Also, Th 
P4, since phase f is now in equilibrium. Subtraction gives Pg — P3 = Ps ~** 


(a) (b) 
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pressures P and P, are equal, so 
Pg — Pz = Ps — Pg = (P5 — P7) + (P7 — Pa) (13.10) 


where P; was added and subtracted. Equation (1.9) gives Pz — Pg = p,gh and P4 — 
P, = pagh, where p, and py are the densities of phases æ and $ and A is the capillary 
tise, Provided the capillary tube is narrow, the interface can be considered to be a 
segment of a sphere, and (13.9) gives Ps — P4 = 2)/R, where R is the sphere’s radius. 
Substitution in (13.10) gives —p,gh = 2y/R — pggh and 


) = (Pp — paghR (13.11) 


When phases f and « are a liquid and a gas, the contact angle on clean glass is 
usually 0 (liquid Hg is an exception). For @ = 0, the liquid is said to wet the glass 
completely. With a zero contact angle and with a spherically shaped interface, the 
interface is a hemisphere, and the radius R becomes equal to the radius r of the 
apillary tube (Fig, 13.8b). Here, 


y=, —paghr for =0 (13.12) 


(For a slightly more accurate equation, see Prob. 13.11.) For 0 40, we see from 
Fig. 13.84 that r = R cos 0, so y = }(Pp — padghr/cos 0. Since contact angles are dif- 
ficult to measure accurately, the capillary-rise method is only accurate when 0 = 0. 
_ For liquid mercury on glass, the liquid-vapor interface looks like Fig. 13.6b 

with 0 œ 140°, Here, we get a capillary depression instead of a capillary rise. 

_ Inthe determination of osmotic pressure in Fig. 12.2, a correction for capillary 

nse must be made, 

i Capillary action is familiar to all of us from such things as the spreading.of a 

am dropped onto cloth. The spaces between the fibers of the cloth act as capillary 

s into which the liquid is drawn. When fabrics are made water-repellent, a 

chemical (for example, a silicone polymer) is applied that makes the contact angle 
exceed 90°, so that water is not drawn into the fabric. 


owns 


iora water-air interface at 25°C and 1 atm, calculate the capillary rise in a cap- 
IY tube with inside diameter 0.200 mm. The surface tension of water at 25°C is 


20 dyn/em. The densities of air and water at 25°C and | atm are 0.001 g/em® 
Nd 0,997 g/cm3, 


Capillary rise. 


a7 


Contact angles: (a) 0 # 0; (b) 0 = 0. 
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Substitution in (13.12) gives 


72.0 dyn/em = 4(0.997 — 0.001)(g/cm°)(981 cm/s”)h(0.0100 cm) 
h = 14.7 cm 


since 1 dyn = 1 g cm/s”. The large value of h is due to the tiny diameter of thy 
capillary tube. 


oo 


THERMODYNAMICS OF SURFACES 


There are two different approaches to the thermodynamics of systems in which sup 
face effects are significant. Guggenheim in 1940 treated the interfacial layer asa 
three-dimensional thermodynamic phase having a certain volume, internal energy, 
entropy, etc. Gibbs in 1878 replaced the actual system by a hypothetical one in 
which the presence of the interphase region is allowed for by a two-dimensional sur- 
face phase that has zero volume but nonzero values of other thermodynamic prop: 
erties. Compared with the Gibbs model, the Guggenheim method is easier to visualize 
and more closely corresponds to the actual physical situation. However, the Gibbs 
method is more widely used and is the one we shall adopt. 

In the Gibbs approach, the actual system of Fig. 13.9a (which consists of the 
bulk phases « and £ plus the interphase region) is replaced by the hypothetical model 
system of Fig. 13.9b. In the model system, phases « and f are separated by a sur 
face of zero thickness, the Gibbs dividing surface. Phases « and f on either side of 
this dividing surface are defined to have the same intensive properties as the bulk 
phases « and , respectively, in the actual system. The location of the dividing sur- 
face in the model system is somewhat arbitrary but generally corresponds to a loc 
tion within or very close to the interphase region of the actual system. Experimentally 
measurable quantities must be independent of the choice of location of the dividing 
surface, which is just a mental construct, We restrict the treatment to a planar inter 
face. The thermodynamics of curved interfaces is the subject of controversy; se L 
Boruvka et al., J. Phys. Chem., 89, 2714 (1985); 90, 125 (1986). 

The Gibbs model ascribes to the dividing surface whatever values of thermo: 
dynamic properties are necessary to make the model system have the same total 
volume, internal energy, entropy, and amounts of components that the actual system 
has. We shall use a superscript ø (sigma) to denote a thermodynamic property ofthe 
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(a) A two-phase system. (b) The 
corresponding Gibbs model 
system. 
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dividing surface. The dividing surface has zero thickness and zero volume: V” = 0. If 
y is the volume of the actual system, and V* and V’ are the volumes of phases g 
and pin the model system, we require that V = V* + V’ + V7, so 


vV=v74+vVe (13.13) 


Let Uža and Viurx be the energy and volume of the bulk phase « in the actual 
system. The intensive quantity Ufu/Vbutk 1S the energy per unit volume (the energy 
density) in the bulk phase «. By definition, the energy density in phase « of the model 
system equals the energy density U% uix/V fur in the bulk phase « of the actual system. 
Since phase of the model system has volume V%, the energy U* of the model phase 


a 
U= (ix) ve (13.14) 
bulk 


with a similar equation for the energy Uf of the model phase $. The total internal 
energy of the model system is U* + UP + UY, where U” (the surface excess internal 
energy) is the internal energy ascribed to the dividing surface. By definition, this 
total energy must equal the total internal energy U of the actual system: 


U =U%+U!+U% or U7=U-U*—UP (13.15) 


ais 


Exactly the same arguments hold for entropy, so 
S = (Shurk/Voun)V*. s = (Sbue/VbandV*, Ss? =S—S*—S? (13.16) 


where S is the total entropy of the actual system and S”, S’, and S7 are the entropies 
of the model phases « and £ and the dividing surface. 
The same arguments hold for the amount of component i, so 


nf =ctvt, nb = efv" (13.17) 
nanttnf tng or n snn — nf (13.18) 


where c/* is the molar concentration of component i in the bulk phase æ of the actual 
system (and, by definition, in phase æ of the model system), n;* and nf are the num- 
bers of moles of component i in phases « and B of the model system, nj’ is the 
mmber of moles of component i in the dividing surface, and n; is the total number 
ofmoles of i in the actual system (and in the model system). The quantity n, called 
the surface excess amount of component i, can be positive, negative, or zero (see 
below), The definition 


nf =n, — (nf + nf) =n; — (Ci ia cP V’) (13.19) 


states that the surface excess amount n; is the difference between the amount of i in 
* actual system and the amount of i that would be in the system if the homoge- 
teity of the bulk phases « and £ persisted right up to the dividing surface. 
Let P e value of nj depends on the location of the dividing surface, as we now show. 
diate concentration c; of component i in the actual system vary with the z coor- 
4 as shown by the c((z) curve of Fig. 13.10. The interphase region is between 
1 and z>, and the dividing surface has been placed at Zo: 
fo agine the system (which starts at z = 0 and extends to z = b) to be cut into 
tain a anliy thin slices taken parallel to the planar interface. Let a given slice con- 
n moles of component i and have thickness dz, cross-sectional area £, and 
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volume dV = of dz. Then c; = dnj/dV = dnj/(.o/ dz), and dn; = c,of dz. The total num. 
ber of moles n; of i in the system is obtained by summing up the infinitesimal amounts 
dn, for the infinite number of slices into which the system is cut. This sum is by 
definition the definite integral from 0 to b of dn; = c,0/ dz, and n; = sf fh cdz, The 
integral B cdz is the area under the solid-line curve in Fig. 13.10. 

If the homogeneity of the bulk phases « and £ persisted up to the dividing sur 
face at zo, the concentration of i would be given by the upper horizontal line to the 
left of zy and the lower horizontal line to the right of zo. By the same argument used 
to show that n; = b c; dz, it follows that the model-system amounts n;* and n'in 
(13.19) are equal to of times the areas under the upper and lower horizontal lines 
respectively. 

Therefore, the surface excess amount n; in (13.19) is equal to .of times the dit 
ference between the area under the c;(z) curve and the areas under the horizontal 
lines c;* and c;’. This area difference equals the shaded area to the right of zo in Fig 
13.10 minus the shaded area to the left of zọ. In Fig. 13.10, the positive and negative 
areas are roughly equal, so n,’ is approximately zero for this choice of dividing sit 
face. If the dividing surface in Fig. 13.10 is moved to the right, then the negative are 
will exceed the positive area and n;” becomes negative; if the dividing surface is movel 
to the left, then n,7 becomes positive. h 

Similar arguments show that U” and S” also depend on the location of the di 
viding surface. Since n,’, U”, and S” depend on the location of the dividing surfat, 
these quantities are not in general physically measurable. It should also be clear th! 
the dividing surface is a hypothetical entity and is not intended to represent the actual 
interphase region. 

The first law of thermodynamics is dU = dq + dw for a closed system. For a1 
versible process, dq = T dS. In a two-phase system, Eq. (13.1) gives dWrey = ahi 
yda. Therefore 


dU =TdS—PdV+ dof rev. proc., closed syst., planar interface (1320) 
For an open system, the arguments of Sec. 4.7 require that the terms 


2) 
» Hë dn? + Ži uf dnf? + >Y p? dnf (132) 


be added to (13.20), where 4%, ;", and y,* are the chemical potentials of iin ae 
a, phase £, and the surface phase of the model system, At equilibrium, 4; = Hi `, 


i 
ion (132!) 
Let u; denote the chemical potential of i anywhere in the system. Expression (8 


becomes at equilibrium 
F mdni? + x udn? + ¥ wan? = È pidin” + nf + nf) = È mdni 
n 7 7 7 7 
where (13.18) was used. Hence for an open two-phase system in equilibrium 
qU=TdS —PdV +yd +} pdn; rev. proc., planar interface (13.22) 


The presence of the interface leads to the additional term yd in dU. 
For phases a and f in the Gibbs model, Eq. (4.75) gives 


qut=Tdst—PdV7+ > mdnř, dU’ = Tas? — PAV? +F udn? (13.23) 
i i 


Equation (13.15) gives dU? = dU — dU* — dU. The use of (13.22) and (13.23) to- 
gether with dS’ = dS — ds* — dS’, dV = dV? + dV®, and dnf = dn; — dn? — dn? 


gives 
dU? = TdS" + yd +Y pdn” rev. proc. (13.24) 
i 


Equation (13.24) is now integrated for a process in which the size of the model 
system is increased at constant T, P, and concentrations in the phases, starting from 
state 1 and ending at state 2. Under these conditions, the intensive variables T, y, 
and the y1;’s are constant and can be taken outside the integral sign. Therefore 


2 2 2 2 
| dU’ = | dS? +y f df +F nf dnf const. T, P, conc. 
1 1 1 i 1 
U — Uy? = T(S: — S1) HAS — 4) + È ulna nia) 

i 


Let state 1 be the limiting state obtained as the size of the model system goes to 
xro. All extensive properties are zero in this state, so the terms with the subscript 
1 drop out. State 2 is a general state, and omitting the subscript 2, we have 


Ut = TS? + pol + Sun’ (13.25) 
7 
Equation (13.25) is valid for any state of the system, 
The total differential of (13.25) is 
dU" = Tas" + S*dT + ydd + oh dy +Y dne + Y nied, (1320) 
T i 


Equating the right sides of (13.24) and (13.26), we get 
S°dT + of dy +Y n? du; = 9 (13.27) 


Fan (13.27) is the analog of the Gibbs-Duhem equation (10.17) for the hypo- 

tical surface phase in the Gibbs model system. 

th At constant temperature, (13.27) becomes .«f d = — Y; n? du, which is called 
c Gibbs adsorption isotherm. The surface (excess) concentration T;° (capital 

tamma) of component i is defined as 


PELEA (13.28) 
The Gibbs adsorption isotherm becomes 


dy= -5 T du; const. T (13.29) 
t 
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As noted earlier, the n;”’s (and hence the T;”’s) depend on the Choice of dividi 
surface and are not experimentally observable quantities. To obtain Physically mea, 
ingful quantities, we choose one particular dividing surface and refer the T; to thy 
surface. The dividing surface chosen is the one that makes n,” (and hence rq 
where component 1 is a particular component of the system, usually the Solvent, Ly 
Tia) (called the relative adsorption of component i with respect to component |j 
denote the value of I,’ = n,’/o/ for the dividing surface that makes ny” =0, Om 
finds (Prob. 13.18) that Tiq) is a function of cf, cf, ¢4%, c”, nj, ny, of, and VAi 
these quantities are experimentally measurable properties of the actual system and 
are independent of the location of the hypothetical dividing surface. Therefore Ty 
is experimentally measurable. 

For the dividing surface that makes n,” and T,” zero, the Gibbs adsorption 
isotherm (13.29) becomes 


dy = — Ý Tandu; const. T (1330) 
if. 


All quantities in this equation are experimentally measurable. 

The most common applications of the Gibbs adsorption isotherm are to two: 
phase systems in which the concentrations of components 1 and i in phase ĝar 
much smaller than those in phase æ; c, < c," and c/f < c,?. Examples of such systems 
include (a) a liquid~vapor system in which the vapor pressure is low or moderate, 
so that the vapor-phase concentrations are much less than the corresponding liquid- 
phase concentrations; (b) a liquid-liquid system in which solvent 1 and solute iol 
phase « are virtually insoluble in phase P: (c) a solid-liquid system in which solvent 
1 and solute i of the liquid are insoluble in the solid (this case is important in cle 
trochemistry). For such systems, one finds that (Prob, 13.19) 
ny (ni nz 
1 a ($ iy st) when ¢7 > cf, c> cf (1331) 
TA n” n wuk E i 
where n;* and n,“ are the numbers of moles of substances i and 1 in the interphase 
region of the actual system (not the model system) and n? yyy and Mf pun are the 
numbers of moles of i and 1 in the bulk phase « of the actual system (Fig. 1390). 
When the relative adsorption T ia) Of solute i is positive, the ratio of the amount of 
solute to the amount of solvent n,'/n,* in the interphase region of the system is greater 
than the corresponding ratio M, bulk/" buik in bulk phase « and component i is said 
to be (positively) adsorbed at the interface (see Fig. 13.2b). When Ti) is negative | 
is negatively adsorbed at the interface. Adsorption is the enrichment of a componttl 
in the interphase region compared with a bulk region. , 

Having considered the meaning of Ti), we now return to the Gibbs adsorption 


isotherm. For a two-component system, (13.30) reads 


dy = —Ty4)du. const. T, binary syst. (1332) 


At least one of the two bulk phases must be a solid or liquid; let us call this pi 
a. For this phase, xy = 43¥(T, P) + RT In a," [Eq. (10.4)]. The pressure dependen 
of u3” is slight for a condensed phase; moreover, the surface tension is often meas we 
in the presence of air at the constant pressure of 1 atm. Hence, at constant T, 
can take du, = RT d In a,%, and (13.32) becomes 


1 ôy : (13.3) 
T. = —— | — t 
201) RT (; in =), binary sys 


ifthe molar concentration scale is used for solute 2, its activity in phase a is a,* = 
farle (Eq. (10.30)]. If phase æ is dilute enough to be considered ideally dilute, 
i 


thon ag = ¢z7/c° (where c° = 1 mol/dm°), and (13.33) becomes 


1 ô 
Mam -T (nea), binary syst., ideally dil. soln. (13.34) 
The slope of a plot of the solution’s surface tension y vs. In (c2%/c°) at a given tem- 

rature equals —RTT x4) and allows calculation of Ta). If the solution is not 
ideally dilute, activity-coefficient data are needed to find P',1). 

Equation (13.34) states that Taq) is positive if the surface tension decreases with 
increasing solute concentration and is negative if y increases with increasing c3”. The 
observed behavior of solutes in dilute aqueous solutions can be classified into three 
types (Fig. 13.11). Type I solutes produce a small rate of increase in with increasing 
concentration; examples include most inorganic salts and sucrose. The increase in y 
for salt solutions can be explained by saying that the increased opportunity for attrac- 
tions between oppositely charged ions in the bulk phase compared with the surface 
layer (Fig. 13.3) reduces the number of ions in the surface layer and the negative 
adsorption increases y. 

Type II solutes give a substantial and steady rate of decrease in y with increasing 
concentration; examples include the majority of organic compounds that have some 
water solubility. Water-soluble organic compounds usually contain a polar part (for 
example, an OH or COOH group) and a nonpolar hydrocarbon part. Such molecules 
tend to accumulate in the surface layer, where they are oriented with their polar parts 
pointing toward, and interacting with, the polar water molecules of the bulk solution 
ind their nonpolar parts pointing away from the bulk solution (see Sec. 13.4 and 
Fig. 13.13). The resulting positive adsorption decreases y. 

For type III solutes, y shows a very rapid drop followed by a sudden leveling 
off as the concentration is increased. Examples include salts of medium-chain-length 
organic acids (soaps, RCOO” Na*), alkyl sulfate salts (ROSO,O7 Na”), quaternary 
amine salts [(CH3),;RN* Cl], alkyl sulfonate salts (RSO,O Na*), and polyoxy- 
thylene compounds [R(OCH ,CH,),OH, where n is 5 to 15]. Type ITI solutes are 
strongly adsorbed at the interface. (The leveling off of y occurs at the critical micelle 
Concentration; see Sec. 13.6.) 

A solute that significantly lowers the surface tension is said to be a surface-active 
agent or surfactant. Type ITI solutes act as detergents and are outstanding surfactants; 
for example, y is lowered from 72 to 39 dyn/cm in a 0.008-mol/dm* aqueous solu- 
tion of CH3(CH,),,OSO,0~ Na* at 25°€. The lowering of y helps remove oily dirt 
Particles from solid surfaces. 


SURFACE FILMS ON LIQUIDS 


ri Benjamin Franklin read a paper to the Royal Society describing the result 
ie olive oil on the surface of a London pond: “The oil, though not more 
tia Dih produced an instant calm over a space several yards square, which 
that amazingly, and extended itself gradually till it reached the leeside, making all 
cal oes of the pond, perhaps half an acre, as smooth as a looking-glass.” A 

ulation from Franklin's data gives the thickness of the oil film as 24 A (Prob. 
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13.21), which is the order of magnitude of the length of an olive-oil molecule 
indicates a one-molecule-thick surface film. 

Many water-insoluble organic compounds that contain a medium-length hy i 
carbon chain with a polar group at one end are found to spread Spontaneously oyy 
a water surface to give a surface film. Typical examples are CH (CH), COOH 
(stearic acid), CH3(CH), ;OH (lauryl alcohol), and CH3(CH2), 4COOCA, (chy, 
palmitate). Evidence (cited below) shows these films to be generally one molec 
thick; such surface films are called spread monolayers. 

The rather long hydrocarbon chain makes the solubility of these compounds jy 
water extremely low. At room temperature, these compounds are solids or high 
boiling liquids with very low vapor pressures. Therefore the amounts of solute present 
in the bulk phases (water and air) are negligible compared with the amount ofi 
present in the interphase region as a monolayer. With n,* = 0 = n;’, Eqs, (13.18) and 
(13.28) become n; = n; and [7 = nj/.o/, where n; is (to a good approximation) the 
total number of moles of i in the system. For such systems, T," is independent of th 
location of the Gibbs dividing surface and has a direct physical significance. It follow 
that the relative adsorption Ty) equals I,’ and is positive. Therefore (Sec. 13,3) the 
surface tension is lowered by the presence of the film. 

Surface films are studied with a surface balance (Fig. 13.12a); a floating barrier 
(float) separates a clean water surface from a water surface containing the mono 
layer. The force on the float is measured by a torsion wire attached to it. 

Let y* and y be the surface tensions of pure water and of water covered with 
the monolayer, respectively. The discussion after Eq. (13.5) shows that the surfo 
tension of the pure water produces a force y* per unit length that pulls the float 
toward the right in Fig. 13.12a, and the surface tension of the monolayer-covertd 
water produces a force y per unit length that pulls the float toward the left. Sino 
7. is less than 7*, there is a net force per unit length on the float of y* — y toward the 
right; this force is called the surface pressure x; thus x = y* — y. The surface pressut 
has units of force per length, 

Suppose the adjustable barrier in Fig. 13.12a is moved to the right. This decreases 
the area s available to the monolayer molecules and increases their adsorption 
I? = n,/.o/. The increased adsorption of these surface-active molecules further loves 
y and increases the surface pressure x. A typical x-vs.-.o/ curve at a fixed temperalut 
is shown in Fig. 13.12b. ae: 

In Fig. 13.12b, z increases very gradually with decreasing area until point Cs 
reached, after which further decrease in Z sharply increases z. At point C, the fin 


(a) Schematic diagram of a surface 
balance. (b) Typical curve of 
surface pressure vs. area for a 
surface film. 


Adjustable 
barrier B 


Clean 


surface 


(a) (b) 


has been compressed sufficiently to bring its molecules almost in contact with one 
another, and the film now strongly resists further compression. If the area Zo at 

int C (called the Pockels point) is divided by the number of molecules N; of i present 
in the monolayer, we get an estimate of the cross-sectional area per molecule. [Agnes 
Pockels was an amateur scientist who did much of her work in her kitchen. See 
M. E. Derrick, J. Chem. Educ., 59, 1030 (1982).] 

For each of the acids CH,(CH,),COOH with n= 14, 16, and 24, Langmuir 
found that /o/N; is 21 A>. This value agrees with that obtained by x-ray diffraction 
ot crystals for the cross-sectional area per molecule. The independence of ./9/N; of 
the chain length shows that at the Pockels point the monolayer molecules are oriented 
vertically; the polar COOH end points toward the water phase (and thus can interact 
with the polar water molecules), and the nonpolar hydrocarbon part points toward 
the vapor phase (Fig. 13.13). The polar part of the molecule is said to be hydrophilic 
(‘water-loving”) and the hydrocarbon part hydrophobic (“water-hating”). Molecules 
with both hydrophilic and hydrophobic groups are called amphipathic or amphiphilic 
(from the Greek amphi, “dual,” pathos, “feeling,” philos, “loving”). The polar part likes 
apolar solvent, and the nonpolar part likes a nonpolar solvent. The surfactant 
molecules mentioned in Sec. 13.3 are amphipathic. 

For the portion DE of the isotherm (Fig. 13.12b) at low surface pressures, the 
acid molecules in the monolayer are reasonably far apart from one another, and there 
islittle interaction between them. The state of the monolayer acid molecules along DE 
is analogous to that of a two-dimensional gas. At high surface pressures, along CB, 
the acid molecules are quite close together, and their state is analogous to that of a 
two-dimensional liquid. The approximately horizontal portion CD of the isotherm 
can be interpreted as states where some of the acid molecules are in a two-dimensional 
liquid state and the remainder in a two-dimensional gaseous state. Note the resem- 
blance of the curve BCDE to the isotherms of a three-dimensional fluid below its criti- 
cal point (Fig. 8.3). Along CD, substantial numbers of water molecules separate acid 
molecules from one another, and the monolayer can be viewed as a two-dimensional 
Solution of water and acid. 

A practical application of monolayers is to reduce the rate of evaporation of 
water from reservoirs. Cetyl alcohol [CH 3(CH,), 50H] is commonly used. 


ADSORPTION OF GASES ON SOLIDS ~ 


In this section, the interphase region of an essentially involatile solid (A) in contact 
With a gas (B) is considered. The industrially important catalytic activity of such solids 
3 finely divided Pt, Pd, and Ni results from adsorption of gases. Commonly used 
ei in adsorption studies include He, Hz, Nz, O2, CO, CO), CH4, C2H6, C2H4, 
Hy, and SO,; commonly used solids include metals, metal oxides, silica gel (SiO3), 
and carbon in the form of charcoal. The solid on whose surface adsorption occurs is 
called the adsorbent or substrate, The adsorbed gas is the adsorbate. Adsorption occurs 
{t the solid-gas interface and is to be distinguished from absorption, in which the 
“a Penetrates throughout the bulk solid phase. An example of absorption is the reac- 
n of water vapor with anhydrous CaCl, to form a hydrate compound. 
A complication in gas-solid studies is that the surfaces of solids are rough, and 
difficult to determine the surface area of a solid reliably. 
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Chemisorption and Physical Adsorption. Adsorption on solids is classified in 

Physical adsorption (or physisorption) and chemical adsorption (or chemisorption 
dividing line between the two is not always sharp. In physical adsorption, the p 
molecules are held to the solid’s surface by relatively weak intermolecular van der 
Waals forces. In chemisorption, a chemical reaction occurs at the solid’s surface, and 
the gas is held to the surface by relatively strong chemical bonds. : 

Physical adsorption is nonspecific. For example, N, will be Physically adsorb 
on any solid provided the temperature is low enough. Chemisorption js similar tp 
ordinary chemical reactions in that it is highly specific. For example, N, is chemi 
sorbed at room temperature on Fe, W, Ca, and Ti but not on Ni, Zn, Ag, Cu, or Ph, 
Solid Au chemisorbs O,, C,H, and CO but not H3, CO,, or Np. 

The enthalpy changes for chemisorption are usually substantially greater in 
magnitude than those for physical adsorption. Typically AH for chemisorption lit 
in the range —40 to — 800 kJ/mol (—10 to —200 kcal/mol), whereas AH for physical 
adsorption is usually from —4 to —40 kJ/mol (—1 to —10 kcal/mol), similar to en 
thalpies of gas condensation. Chemical bonds may be broken as well as formed in 
chemisorption (for example, H3 is chemisorbed on metals as H atoms), so one might 
expect AH to show both positive and negative values for chemisorption, similar to 
AH for ordinary chemical reactions. However, we expect that AS for chemisorption 
of a gas onto a solid will be quite negative, so AH of chemisorption must be signif: 
icantly negative to produce a significant amount of chemisorption. An exception i 
the chemisorption of H 2(9) onto Fe contaminated with sulfide and onto glass, Here, 
the two moles of adsorbed H atoms formed from one mole of H,(g) have substantial 
mobility on the solid’s surface and have a greater entropy than the H,(g), and AH 
of chemisorption is slightly positive; see J. H, de Boer, Adv. Catal., 9, 472 (1957), 

For chemisorption, once a monolayer of adsorbed gas covers the solid’s surface, 
no further chemical reaction between the gas (species B) and the solid (species A) can 
occur. For physical adsorption, once a monolayer has formed, intermolecular inter- 
actions between adsorbed B molecules in the monolayer and gas-phase B molecules 
can lead to formation of a second layer of adsorbed gas. The enthalpy change for 
formation of the first layer of physically adsorbed molecules is determined by solid- 
gas (A-B) intermolecular forces, whereas the enthalpy change for formation of the 
second, third, .. . physically adsorbed layers is determined by B-B intermolecular 
forces and is about the same as the AH of condensation of gas B to a liquid. Although 
only one layer can be chemically adsorbed, physical adsorption of further layers 0t 
top of a chemisorbed monolayer sometimes occurs. 

Substantial physical adsorption usually occurs only at temperatures near of be 
low the boiling point of the gas. ined 

The chemical reactions that occur with chemisorption have been EE 
for several systems. When H3 is chemisorbed on metals, H atoms are formed pe 
surface and bond to metal atoms, as evidenced by the fact that metals that chemist 
H, will catalyze the exchange reaction H, + D, > 2HD. Chemisorption of Cx y 
on metals occurs mainly by breakage of a C—H bond, and to a lesser extent by er 
age of the C—C bond; evidence for this is from a comparison of the rates of the me 
catalyzed exchange and cracking reactions C 2H, + D, > C,HsD + HD 
C,H, +H, > 2CHg; the chemisorbed structures are 

H_ CH,CH, H3C CH, 
| | and ie 
— ee 

| i 


4 


where M is a surface metal atom. Chemisorption of CO, on metal oxides probably 
occurs with formation of carbonate ions: CO, + (os CO3~. Comparison of the 
infrared spectra of CO chemisorbed on metals with those of metal carbonyl com- 
pounds suggests that one or both of the kinds of bonding shown in Fig. 13.14 occur, 
depending on which metal is used. In some cases, the carbon of a chemisorbed CO 
molecule bonds to three M atoms simultaneously. 

Species like CO, NH3, and C,H, that have unshared electron pairs or multiple 
bonds can be chemisorbed without dissociating (nondissociative or molecular adsorp- 
tion), In contrast, species like Hj, CH4, and C,H, usually dissociate when chemi- 
sorbed (dissociative adsorption); for exceptions, see Sec. 20.6. Some gases (for example, 
N,) undergo both dissociative and nondissociative adsorption, depending on the 


adsorbent used. 


Adsorption Isotherms. Under ordinary conditions, the surface of a solid is covered 
with adsorbed species (such as carbon, hydrocarbons, oxygen, sulfur, and water) 
derived mainly from atmospheric gases. A solid-gas adsorption study requires an 
initially clean solid surface. To produce a clean surface, one may heat the solid strongly 
inhigh vacuum, a procedure called outgassing. However, such heating may not desorb 
all the surface contamination. A better procedure is to vaporize the solid in vacuum 
and condense it as a thin film on a solid surface. Another cleaning method is to bom- 
bard the surface with Ar* ions. Alternatively, a crystal may be cleaved in vacuum to 
produce a clean surface. 

Inadsorption studies, the amount of gas adsorbed at a given temperature is mea- 
sured as a function of the gas pressure P in equilibrium with the solid. The container 
holding the adsorbent is in a constant-temperature bath and is separated by a stop- 
cock from the adsorbate gas. The number of moles n of gas adsorbed by a solid sample 
can be calculated (using the ideal-gas law) from the observed gas-pressure change 
when the sample is exposed to the gas. Alternatively, n may be found by observing 
the stretching of a spring from which the adsorbent container is suspended. 

By repeating the experiment with different initial pressures, one generates a series 
of values of moles adsorbed n vs. equilibrium gas pressure P at fixed adsorbent tem- 
perature, If m is the adsorbent mass, a plot of n/m (the moles of gas adsorbed per gram 
ofadsorbent) vs, P at fixed T is an adsorption isotherm. For no good reason, it has 
been traditional to plot adsorption isotherms with the amount adsorbed expressed as 
the gas volume v (corrected to 0°C and 1 atm) adsorbed per gram of adsorbent. v is 
directly proportional to n/m. Figure 13.15 shows two typical isotherms. 

p For 0, on charcoal at 90 K (Fig. 13.15a), the amount adsorbed increases with 
until a limiting value is reached. This isotherm is said to be of type I, and its inter- 
ion is that at the adsorption limit the solid’s surface is covered by a monolayer 
i se molecules, after which no further O3 is adsorbed. Type I isotherms are typical 
ofa rt aheags The isotherm in Fig. 13.15b is of Type I. Here, after formation 
et onolayer of adsorbed gas is substantially complete, further increases in gas 
ie re cause formation of a second layer of adsorbed molecules, then a third layer, 
“tc, so that we have multilayer adsorption. Type II isotherms are typical forsphys- 
kal adsorption, 
Erle Langmuir used a simple model of the solid surface to derive an equa- 
i "Ae hele He assumed that the solid has a uniform surface, that there is 
cules ction between one adsorbed molecule and another, that the adsorbed mole- 
are localized at specific sites, and that only a monolayer can be adsorbed. 
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(a) Adsorption of O, on charcoal 
at 90 K. (b) Adsorption of N, on pay x , : 
silica gel at 77 K. At equilibrium, the rates of adsorption and desorption of molecules from the 


surface are equal. Let N be the number of adsorption sites on the bare solid surfe, 
(For example, for chemisorption of CO, on a metal oxide to produce C02", Nis 
the number of oxide ions at the surface.) Let @ be the fraction of adsorption sites 
occupied by adsorbate at equilibrium. The rate of desorption is proportional to th 
number ON of adsorbed molecules and equals k,0N, where ky is a constant at fil 
temperature. The adsorption rate is proportional to the rate of collisions of ga 
phase molecules with unoccupied adsorption sites, since only a monolayer can b 
formed; the rate of collisions of gas molecules with the surface is proportional to the 
gas pressure P [Eq. (15.56)], and the number of unoccupied sites is (1 — 0N; the 
adsorption rate is therefore k,P(1 — 0)N, where ka is a certain constant. Equating 
the desorption and adsorption rates, we get k4ðN = k,P(1 — 0)N, and 


ga keP 2 kalky)P bP E 


kg tkgP 1+(ka/k)P 1+ bP 

where b = k,/k,. (b depends on temperature.) The fraction 0 of sites occupied at prt 
sure P equals v/v,,, where v is the volume adsorbed at P (as defined above) and ty 
is the volume adsorbed in the high-pressure limit when a monolayer covers the entit 
surface. Equation (13.35) becomes 


cl 1330 
meee a eee =v b (13: 
v i jä where c On! 


The shape of the Langmuir isotherm (13.36) resembles Fig. 13.15a. In the ie 
bP in the denominator in (13.35) can be neglected and 0 increases linearly with 
according to 6 = bP. In the high-P limit, @ > 1. ch 

To test whether (13.36) fits a given set of data, we take the reciprocal of tt 
side to give 1/v = 1/v,bP + 1/v,,. A plot of 1/v vs. 1/P ought to give a straight n 
if the Langmuir isotherm is obeyed. The Langmuir isotherm is found to work f 
sonably well for many (but far from all) cases of chemisorption. seh 

In deriving the Langmuir isotherm, we assumed that only one gas is ¢ rg 
sorbed and that this adsorption is nondissociative. If two gases A and B um vt 
nondissociative adsorption on the same surface, the Langmuir assumptions # 
(Prob. 13.27) 


baPa v baPa + bpPp (1331 


Soa Wigan On saa» b+ Ba Pat Doh 


A 


where Oa is the fraction of adsorption sites occupied by A molecules and b, and bg 


are constants. ; bt A 
Ifa single gas undergoes dissociative adsorption according to A3(g) = 2A(ads) EENG 


(where ads stands for adsorbed), the Langmuir isotherm becomes (Prob. 17.71) 


pi/2 p"? 


go 14 bp 


(13.38) 


Most of the assumptions Langmuir used in his derivation are false. The surfaces 
of most solids are not uniform, and the desorption rate depends on the location of 
the adsorbed molecule. The force between adjacent adsorbed molecules is frequently 
substantial, as evidenced by changes in the heat of adsorption with increasing 0. 
There is substantial experimental and theoretical evidence that adsorbed molecules 
can move about on the surface; this mobility is much greater for physically adsorbed 
molecules than for chemisorbed ones and increases as T increases. Multilayer adsorp- 
tion is quite common in physical adsorption. Thus Langmuir’s derivation of (13.36) 
cannot be taken too seriously. Statistical-mechanical derivations of the Langmuir 
isotherm have been given, and these require fewer assumptions than Langmuir's 
derivation. 


The Freundlich isotherm 
v=kP* (13.39) 


where k and a are constants (with 0 < a < 1), was suggested on empirical grounds 
inthe nineteenth century. Equation (13.39) gives log v = log k + a log P; the intercept 
and slope of a plot of log v vs. log P give log k and a. Halsey and others showed 
that the Freundlich isotherm can be derived by modifying the Langmuir assumptions 
to allow for several kinds of adsorption sites on the solid, each kind having a dif- 
ferent heat of adsorption. The Freundlich isotherm is not valid at very high pressures 
butis frequently more accurate than the Langmuir isotherm for intermediate pressures. 

The Freundlich equation is often applied to adsorption of solutes from liquid 
solutions onto solids. Here, the solute’s concentration ¢ replaces P, and the mass 
adsorbed per unit mass of adsorbent replaces v. 

The Langmuir and Freundlich isotherms apply to type I isotherms only. In 1938, 
Brunauer, Emmett, and Teller modified Langmuir’s assumptions to give an isotherm 


for multilayer physical adsorption (type II). Their result is o F100%« 13.16 | 


Adsorption isotherms of NH3 on 


P a 1 iige G ua (13.40) charcoal, 
AP*— P) ùe Dpt P* aent 


here vis defined above, v,, is the v corresponding to a monolayer, ¢ is a constant, isd °C 
iA i is the vapor pressure of the adsorbate at the temperature of the experiment. 
A > P*, the gas condenses to a liquid.) The constants ¢ and Vp can be obtained 
im the slope and intercept of a plot of P/u(P* — P) vs. P/P*. The Brunauer- oy 
i ade (BET) isotherm fits many type II isotherms well, especially for inter- 
of T pressures, Once v, has been obtained from the BET isotherm, the number 
hil olecules needed to form a monolayer is known and the surface area of the solid 6 
Sorbent can be estimated by using an estimated value for the surface area occupied 
Y one adsorbed molecule. 
am Adsorption is nearly always exothermic, and as the temperature increases, the P 
hount adsorbed at a given P nearly always decreases, in accord with Le Chatelier’s 0 200 
Principle. See Fig, 13.16. From a set of isotherms, one can read off the pressure on Phor 
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each isotherm that corresponds to a fixed value of v and hence Corresponds to q 
surface coverage 0. This tells us how the pressure P of gas in equilibrium with the 
solid surface varies with T at fixed @. Provided the gas is ideal, a thermodynanc 
analysis gives the following relation between these variables (for a derivation, y 
Defay, Prigogine, Bellemans, and Everett, pp. 48-50): 


ôln P AH, 
aT}, RT? asa 


where AH, the differential molar enthalpy of adsorption, equals dH/dn, where dit 
the infinitesimal enthalpy change when dn moles are adsorbed at Coverage 0, Just y 
the differential heat of solution (Sec. 9.3) depends on the concentration of the Solution, 
AH, depends on the fraction @ of surface coverage. Note the resemblance of (1341) 
to the Clausius-Clapeyron equation d In P/dT = AÑ ,ap/RT? for the vapor pressu 
of a solid or liquid in equilibrium with an ideal gas. 

The quantity — AH, is the isosteric heat of adsorption, where “isosteric” refersto 
the constancy of @. A plot of In P vs. 1/T at fixed 0 has a slope of AH,/R, sinc 
d(1/T) = —(1/T?)aT. One finds that |AH,| usually decreases significantly as 0 in 
creases; this occurs because the strongest binding sites tend to be filled first and b 
cause repulsions between adsorbed species increase as 0 increases. 

Besides studying adsorption isotherms, one can obtain information on adsorption 
by heating an adsorbate-covered solid and monitoring the pressure of the desorbed 
gas as the temperature rises, a process called thermal desorption; see Sec. 17,11. 

There is currently an explosive growth in research on the surface structure of 
solids and substances adsorbed on solids, topics important to heterogeneous catalysis 
and microelectronics. For discussion on techniques and results, see Secs. 17.17, 219, 
and 24.10. 


COLLOIDS 


When an aqueous solution containing Cl~ ion is added to one containing Ag* te 
under certain conditions the solid AgCI precipitate may form as extremely tin) 
crystals that remain suspended in the liquid instead of settling out as a filterabk 
precipitate. This is an example of a colloidal system. 


Colloidal Systems. A colloidal system consists of particles that have in at ie 
one direction a dimension lying in the approximate range 30 to 10* A anda me 
in which the particles are dispersed. The particles are called colloidal particles 0 
the dispersed phase; the medium is called the dispersion medium or the bk 
Phase. The colloidal particles may be in the solid, liquid, or gaseous state, or they M 
be individual molecules. The dispersion medium may be solid, liquid, or 84°. | 
term colloid can mean either the colloidal system of particles plus dispersion mı 
or just the colloidal Particles, When 
A sol is a colloidal system whose dispersion medium is a liquid or gås- j wth 
the dispersion medium is a gas, the sol is called an aerosol. Fog is an aeo ele 
liquid particles. Smoke is an aerosol with liquid or solid particles. Tobacco SY 
has liquid particles. A sol that consists of a liquid dispersed in a liquid is an y 


A sol that consists of solid particles suspended in a liquid is a colloidal suspension. 
An example is the aqueous AgCI system mentioned above. 

A foam is a colloidal system in which gas bubbles are dispersed in a liquid or 
solid. Although the diameters of the bubbles usually exceed 104 A, the distance be- 
ween bubbles is usually less than 104 Å, so foams are classified as colloidal systems; 
infoams, the dispersion medium is in the colloidal state. Foams are familiar to anyone 
who uses soap, drinks beer, or goes to the beach. Pumice stone is a foam with air 
bubbles dispersed in rock of volcanic origin. 

Colloidal systems can be classified into those in which the dispersed particles are 
single molecules (monomolecular particles) and those in which the particles are ag- 
gregates of many molecules (polymolecular particles). Colloidal dispersions of AgCI, 
As;S3, and Au in water contain polymolecular particles, and the system has two 
phases: water and the dispersed particles. The tiny size of the particles results in a 
very large interfacial area, and surface effects (for example, adsorption on the colloidal 
particles) are of paramount importance in determining the system’s properties. On the 
other hand, in a polymer solution (for example, a solution of a protein in water) the 
colloidal particle is a single molecule, and the system has one phase; here, there are 
no interfaces, but solvation of the polymer molecules is significant. The large size of 
the solute molecules causes a polymer solution to resemble a colloidal dispersion of 
polymolecular particles in such properties as scattering of light and sedimentation in 
a centrifuge, so polymer solutions are classified as colloidal systems. 


lyophilic Colloids. When a protein crystal is dropped into water, the polymer 
molecules spontaneously dissolve to produce a colloidal dispersion. Colloidal disper- 
sions that can be formed by spontaneous dispersion of the dry bulk material of the 
colloidal particles in the dispersion medium are called Lyophilic (“solvent-loving”). A 
lyophilic sol is thermodynamically more stable than the two-phase system of disper- 
sion medium and bulk colloid material. 

Certain compounds in solution yield lyophilic colloidal systems as a result of 
spontaneous association of their molecules to form colloidal particles. If one plots 
the osmotic pressure of an aqueous solution of a soap (a compound with the formula 
RCOOTM +, where R is a straight chain containing 10 to 20 carbons, and M is Na 
or K) as a function of the solute’s stoichiometric concentration, one finds that at a 
ertain concentration (called the critical micelle concentration, cmc) the solution 
shows a sharp drop in the slope of the I-vs.-c curve. Starting at the cme, the solution’s 
light-scattering ability (turbidity) rises sharply. These facts indicate that above the 
cme a substantial portion of the solute ions are aggregated to form units of colloidal 
size such aggregates are called micelles. Dilution of the solution below the cme elimi- 
nates the micelles, so micelle formation is reversible. Light-scattering data show that 
aà micelle is approximately spherical and contains from 20 to a few hundred monomer 
‘nits, depending on the compound. Figure 13.17a shows the structure of.a soap 
ee in aqueous solution. The hydrocarbon part of each monomer anion is directed 
of m the center, and the polar COO7 group is on the outside. A substantial fraction 
S ae COO” groups have solvated Na~ ions bound to them (ion pairing, 
itis though a micelle-containing system is sometimes treated as having two phases, 

est considered as a one-phase solution in which the reversible equilibrium nL = 
esa where L is the monomer and L, the micelle. That micelle formation does 

otrespond to separation of a second phase is shown by the fact that the cme 
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(a) A soap micelle in aqueous 

solution. (b) Monomer (L) and 
micelle (L,) concentrations vs. 
stoichiometric concentration c. 


does not have a precisely defined value but corresponds to a narrow range of con 
centrations. Figure 13.17b shows the variation of monomer and micelle concentra: 
tions with the solute stoichiometric concentration. The rather sudden rise in micelle 
concentration at the cmc results from the large value of n; see Prob. 13.31. The limit 
n — œ would correspond to a phase change occurring at a precisely defined concen: 
tration to give a two-phase system. 


Lyophobic Colloids. When solid AgCI is brought in contact with water, it dos 
not spontaneously disperse to form a colloidal system. Sols that cannot be formed 
by spontaneous dispersion are called Lyophobic (“solvent-hating”). Lyophobic sob 
are thermodynamically unstable with respect to separation into two unmixed bulk 
phases (recall that the stable state of a system is one of minimum interfacial area), 
but the rate of separation may be extremely small. Gold sols prepared by Faraday 
are on exhibit in the British Museum. f 

The long life of lyophobic sols is commonly due to adsorbed ions on the colloidal 
particles; repulsion between like charges keeps the particles from aggregating. The 
presence of adsorbed ions can be shown by the migration of the colloidal parti 
in an applied electric field (a phenomenon called electrophoresis). 

Another way a lyophobic sol can be stabilized is by the presence of a polymet 
(for example, the protein gelatin) in the solution. The large polymer molecules becont 
adsorbed on and surround each colloidal particle, thereby preventing coagulation 
the particles. be 

Many lyophobic colloids can be prepared by precipitation reactions. Precipl 
tion in either very dilute or very concentrated solutions tends to produce ee 
Lyophobic sols can also be produced by mechanically breaking down a bulk pi 
stance into tiny particles and dispersing them in a medium. For example, anes 
can be prepared by vigorous shaking of two essentially immiscible liquids 1 
presence of an emulsifying agent (defined below). 


Sedimentation. The particles in a noncolloidal suspension of a solid in aliquid 
eventually settle out under the influence of gravity, a process called sediment jion 
For colloidal particles whose size is well below 10° Å, accidental thermal conve 
currents and the random collisions between the colloidal particles and molec 


the dispersion medium prevent sedimentation. A sol with larger colloidal particles 
will show sedimentation with time. 


fmulsions. The liquids in most emulsions are water and an oil, where “oil” denotes 
an organic liquid essentially immiscible with water. Such emulsions are classified as 
either oil-in-water (O/W) emulsions, in which water is the continuous phase and the 
oil is present as tiny droplets, or water-in-oil (W/O) emulsions, in which the oil is 
the continuous phase. Emulsions are lyophobic colloids. They are stabilized by the 
presence of an emulsifying agent, which is commonly an amphipathic species that 
forms a surface film at the interface between each colloidal droplet and the dispersion 
medium, thereby lowering the interfacial tension and preventing coagulation. The 
cleansing action of soaps and other detergents results in part from their acting as 
emulsifying agents to keep tiny droplets of grease suspended in water. 

Milk is an O/W emulsion of butterfat in water; the emulsifying agent is the 
protein casein. The diameter of the colloidal droplets is about 10° A in unhomoge- 
nized milk and 10° A in homogenized milk. Many pharmaceutical preparations and 
cosmetics (salves, ointments, cold cream) are emulsions. 


Gels. A gel is a semirigid colloidal system of at least two components in which both 
components extend continuously throughout the system. An inorganic gel typically 
consists of water trapped within a three-dimensional network of tiny crystals of an 
inorganic solid. The crystals are held together by van der Waals forces, and the water 
isboth adsorbed on the crystals and mechanically enclosed by them. Recall the white 
gelatinous precipitate of A(OH), obtained in the qualitative-analysis scheme. In 
contrast to a gel, the solid particles in a colloidal suspension are well separated from 
one another and move about freely in the liquid. 

When an aqueous solution of the protein gelatin is cooled, a polymer gel is 
formed. Here, water is trapped within a network formed by the long-chain polymer 
molecules, In this network, polymer chains are entangled with one another and are 
held together by van der Waals forces, by hydrogen bonds, and perhaps by some 
covalent bonds, (Include lots of sugar and some artificial flavor and color with the 
gelatin, and you've got Jell-O.) The polysaccharide agar forms a polymer gel with 
Water which is used as a culture medium for bacteria. 


u 


SUMMARY 


pias in the interphase region experience different forces and have different av- 
to ‘a energies than molecules in either bulk phase. It therefore requires work yd 
the na) change the area of the interface between two phases by d.o/, where y is 
urface tension, 
i a spherically shaped interface, the existence of surface tension leads to a 
Gan between the two bulk phases given by AP = 2y/R, where R is the 
the hi 3 the spherical interface; the phase on the concave side of the interface is at 
this x er pressure. Since the liquid-vapor interface ina capillary tube is curved, 
be Tass difference will produce a capillary rise of the liquid, given by Eq. (13.12) 
© contact angle. 


— Ea 


SECTION 13.7 


The thermodynamics of systems where surface effects are significant is 
| 380 | replacement of the actual system by a model system consisting of two hom, 
CHAPTER 13 phases « and f separated by a zero-thickness surface ø (the Gibbs dividing 
Extensive thermodynamic properties are assigned to the dividing surface 
to n; = n— në — nf, U” = U — U* — UP, etc., where n; and U are the 
and the internal energy of the entire system. The thermodynamic properties 
hypothetical dividing surface ø depend on the location of o and therefore are 
general experimentally observable. The relative adsorption I’, of component) 
respect to component 1 is defined as Tiq) = n;7/./, where n;” is for the parti 
dividing surface that makes n,” = 0 and . is the area of the planar interface, 
relative adsorption Tig) is experimentally observable and is related to the rate 
change in the surface tension y with respect to the activity of i, according jo, 
Gibbs adsorption isotherm (13.33) and (13.34). | 
Certain amphipathic molecules (containing both hydrophilic and hydrophahe 
parts) can form one-molecule-thick spread monolayers on water. 2 

Gases can be chemisorbed or physically adsorbed on solids. A gas-solid adsorp 
tion isotherm plots v (the gas volume, corrected to 0°C and 1 atm, adsorbed per gaa 
of solid) vs. gas pressure P. The Langmuir isotherm (13.36) works fairly well 
chemisorption. ) 

A colloidal system contains particles whose dimension in at least one directio 

is in the range 30 to 10* A. 
Important kinds of calculations discussed in this chapter include: 


* Calculation of the pressure difference across a spherical interface from AP = yh 
* Calculation of the surface tension from the capillary rise using Eq. (13.12). 
* Calculation of the relative adsorption T3) from the Gibbs adsorption isothem 


(13.34). 
* Calculation of constants in the Langmuir isotherm (13.36) from a plot of !//% 
1/P. ; 
* Calculation of surface areas of solids using the BET isotherm (13.40) and adsorp 
tion data. 


* Calculation of isosteric heats of adsorption from Eq. (13.41). 
<_< 
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Vold; Gasser. 

Surface and interfacial tensions: J. J. Jasper, J. Phys. Chem. Ref. Data, LM 
(1972); Landolt-Börnstein, vol. II, pt. 3, pp. 420-468. 


PROBLEMS a 


Sec, | 13.1 | 13.2 | 13.3 13.4 | 13.5 | 13.6 general 


Probe il 131-136 | 13.7-13.12 | 13.13-13.19 1320-1321 | 13.22-13.30 1331 | 13.32-13.33 
13.1 (a) Calculate the surface area of a 1.0-cm° sphere of gold. 13.2 Calculate the minimum work needed to increase wewa 
(b) Calculate the surface area of a colloidal dispersion of of the surface of water from 2.0 to 5.0 cm? at 20°C. The 


1.0 cm? of gold in which each gold particle is a sphere of radius tension of water is 73 dyn/cm at 20°C. 
300 A. 


The surface tension of ethyl acetate at 0°C is 26.5 mN/m, 
sd its critical temperature is 523.2 K. Estimate its surface ten- 
gon at 50°C. The experimental value is 20.2 mN/m. 


14 J.R. Brock and R. B. Bird [Am. Inst. Chem. Eng. J., 1, 
134 (1955)] found that for liquids that are not highly polar or 
„bonded the constant yo in (13.3) is usually well ap- 


proximated by 
yo = (P./atm)?!>(T,/K)'/°(0.432/Z, — 0.951) dyn/cm 


where Pe Te and Ze are the critical pressure, temperature, and 
compressibility factor. For ethyl acetate, P, = 37.8 atm, T, = 
2K, and Z, = 0.252. Calculate the percent error of the 
Brock-Bird predicted value of y for ethyl acetate at 0°C, The 
experimental value is 26.5 dyn/cm. 


145 Calculate y/I, in Eq. (13.5) for the typical values |, = 10cm 
and y = 50 dyn/cm; express your answer in atmospheres. 


136 Statistical-mechanical calculations indicate that at tem- 
peratures well below the critical point the density across the 
Squid-vapor interface of a pure substance is well approximated 
by p= PiL! — tanh (22/L)], where p,q is the liquid density, 
tis the direction perpendicular to the interface (with origin in 
the middle of the interface), and L is a constant. (a) Calculate 
HP, for 2/L = ~2, — 1, —0.75, —0.5, 0, 0.5, 0,75, 1, and 2. (b) 
Suppose we somewhat arbitrarily define the thickness of the in- 
lerphase region by parallel planes (z, and zz in Fig, 13.10) that 
isclude 90 percent of the change in density in going from liquid 
to vapor. How thick is the interphase region in terms of L? (c) 
Study of x-rays reflected from the surface of liquid Hg showed 
that here L = 5} A [B. C. Lu and S. A. Rice, J. Chem. Phys., 
,5556(1978)), The diameter of an Hg atom is 3 A. How many 
Nomic diameters thick is the Hg liquid-vapor interphase 
tegion? 

147 Calculate the pressure inside a bubble of gas in water at 


we if the pressure of the water is 760 torr and the bubble 
radius is 0,040 cm, (See Prob. 13.2.) 


WS At 20°C, the capillary rise at sea level for methanol in 
fentact with air in a tube with inside diameter 0.350 mm is 
sm. The contact angle is zero. The densities of methanol 


tod air at 20°C are 0.7914 3, Fi 
. .00 à d y fo 
CHOH at wc and 0.0012 g/cm*. Find y for 


19 For the Hg-air interface on glass, 0 = 140°, Find the 

tube Gaerin of Hg in contact with air at 20°C in a glass 
9 inside diameter 0.350 mm, For Hg at 20°C, p = 
Wem? and y = 490 ergs/cm?. (See Prob. 13,8.) 


a 20°C, the interfacial tension for the liquids n-hexane 
= is 52.2 ergs/cm?. The densities of n-hexane and water 
ape, “tri 6599 and 0.9982 g/cm*. Assuming a zero contact 
Ps eer ang the capillary rise at 20°C in a 0.350-mm inside 
tube inserted into a two-phase n-hexane—water system. 


13.11 (a) In (13.12), h is the height of the bottom of the 
meniscus. Hence, (13.12) neglects the pressure due to the 
small amount of liquid fi above the bottom of the meniscus. 
Show that, if this liquid is taken into account, then y= 
4(py — palgrth + $r) for 0 = 0. (b) Rework Prob. 13.8 using 
this more accurate equation. 


13.12 Two capillary tubes with inside radii 0.600 and 
0.400 mm are inserted into a liquid with density 0.901 g/cm? in 
contact with air of density 0.001 g/cm’, The difference between 
the capillary rises in the tubes is 1.00 cm. Find 7. Assume a zero 
contact angle. 


13.13 For dilute solutions, the surface tension frequently 
varies linearly with solute molar concentration: y = y* — be, 
where b is a constant. Show that here Tyg) = ()* — »)/RT. 


13.14 At 21°C, surface tensions of aqueous solutions of 
C,H CH,CH,COOH vs. solute molality are 

m/(mmol/kg) 11,66 
61,3 


15,66 19.99 | 27.40 | 40.8 


ydyn/em) | gi | S61 | $25 | 472 
Find Fzq) for a solution with 20 mmol of solute per kilogram 
of water, Use the equation that corresponds to (13.34) for the 
molality scale, 


13.15 Show that, for a binary solution of an electrolyte, the 
Gibbs adsorption isotherm is 


ohiri 
20)" ~ SRT Lê In (yam3/m°) Jr 
where y, and m, are the electrolyte’s stoichiometric activity 
coefficient and molality and v and m° are defined by (10.45) and 
(10.41). The differences between this equation and (13.33) are the 
of v and the fact that activity coefficients cannot be 
neglected in dilute electrolyte solutions. 


13.16 A certain solution of solute į in water has mole fraction 
x; = 0.10. The interphase region contains 2.0 x 107* mol of i 
and 45 x 107* mol of HzO. The solution's surface area is 
100 cm?, Find Tiry 
13.17 Show that y= (A/S )r,v,m, Where the Helmholtz 
function of the system is A = U — TS. (Hint: Use (13,22).] 
13.18 (a) Let zo be the position of the dividing surface that 
makes n,” = 0. Use (13.19) with i replaced by 1 to show that 
io = (AV — n) (c,” — c1"). (b) Substitute the result of (a) 
into (13.19) for n; to show that 
1 cf — cf 

Tay iG =cfV)—(my = c’ Y) EA 
13.19 (a) Show that, when c,” <c,” and cf <c’, then 
mef = Mon tn and n- EPV = Mi wu +s 


where the quantities on the right are defined following Eq. 
(13.31). Start by writing n; as the sum of the moles of i in the 
two bulk phases and the interphase region, (b) Substitute the 
result for (a) into the Fy) equation of Prob. 13.18b to derive 
(13.31). 


13.20 For stearic acid [CH3(CH),,;COOH] the area per 
molecule at the Pockels point is 20 A, and the density is 0.94 
g/cm? at 20°C. Estimate the length of a stearic acid molecule. 


13.21 One acre = 4057 m?. One teaspoonful ~ 4.8 cm?. (a) 
From Franklin’s data in Sec. 13.4, calculate the thickness of the 
olive-oil film. Assume he used exactly 1 teaspoonful of oil. 
(b) Olive oil is mainly glycerol trioleate [(C, ,H,,;COO),C,H,]} 
with a density at room temperature of 0.90 g/cm, Calculate the 
area occupied by each olive-oil molecule in Franklin’s film. (c) 
Calculate P3(,) for Franklin’s monolayer. 


13.22 For N, adsorbed on a certain sample of charcoal at 
—77°C, adsorbed volumes (recalculated to 0°C and 1 atm) per 
gram of charcoal vs. N, pressure are 


P/atm He P I0 | TOT oe 2S ce i 

E 
v/(cm?/g) AO Lies] a a E M159, 162 | 165 | 
- (a) Fit the data with the Langmuir isotherm (13.36) and give the 
values of vm and b. (b) Fit the data with the Freundlich iso- 


therm and give the values of k and a, (c) Calculate v at 7.0 atm 
using both the Langmuir isotherm and the Freundlich isotherm. 


39.2 


166 


13.23 The Temkin isotherm for gas adsorption on solids is 
v =r ln sP, where r and s are constants. (a) What should be 
plotted against what to give a straight line if the Temkin 
isotherm is obeyed? (b) Fit the data of Prob. 13.22 to the Temkin 
isotherm and evaluate r and s. 


13.24 Besides plotting 1/v vs. 1/P, there is another way to plot 
the Langmuir isotherm (13.36) to yield a straight line. What is 
this way? 


13.25 For N, adsorbed on a certain sample of ZnO powder 
at 77 K, adsorbed volumes (recalculated to 0°C and 1 atm) per 
gram of ZnO vs. N, pressure are 


Pitorr — vf(em*/g) | Pitorr —_v/(cm*/g) | Phort »j(cm*/g) 
56 0.798 | 183 1.06 442 1.71 
95 0.871 | 223 1.16 533 2.08 
145 0.978 287 1.33 1 609 2.48 


The normal boiling point of N, is 77 K. (a) Plot v vs. P and 
decide whether the Langmuir or the BET equation is more 
appropriate. (b) Use the equation you decided on in (a) to find 
the volume v,, needed to form a monolayer; also find the other 
constant in the isotherm equation. (c) Assume that an adsorbed 


N3 molecule occupies an area of 16 A? and calculate thes 
area of 1,00 g of the ZnO powder. i 
í 


13.26 Show that for 0 < 1, the Langmuir isotherm (1334 
reduces to the Freundlich isotherm with a = 1, F 


13.27 Show that the Langmuir assumptions lead to (13.37) 
a mixture of gases A and B in nondissociative-adsorption eq. 
librium with a solid. 


13.28 For H, adsorbed on W powder, the following data wer 
found: 


0 | 0.005 0.005 010 | 010 | oN 
ee AAS 4 4 t —— 
Pjtorr 0.0007 | 003 8 2B 0 

retl —| 5 oe 
we 500 600 500 T 600 | w 


where t is the Celsius temperature and P is the H, pressurein 
equilibrium with the tungsten at fractional surface coverage, 
(a) For 0 = 0.005, find the average AH, over the range 50010 
600°C. (b) For @ = 0.10, find the average AH, over each ofthe 
ranges 500 to 600°C and 600 to 700°C. 


13.29 (a) Write the BET isotherm in the form v/v, = fP} 
(b) Show that if P< P* the BET isotherm reduces to the 
Langmuir isotherm. 


13.30 When CO chemisorbed on W is heated gradually, 4 
substantial amount of gas is evolved in the temperature rang 
400 to 600 K and a substantial amount is evolved in the rang 
1400 to 1800 K, with not much evolved at other temperatures 
What does this suggest about CO chemisorbed on tungsten! 


13.31 Let K? be the concentration-scale standard equ! 
rium constant for the equilibrium nL = L, between monom 
and micelles in solution, where L is an uncharged speci! 
example, a polyoxyethylene). (a) Let c be the stoichiomel 
concentration of the solute (that is, the number of ne 
monomer used to prepare a liter of solution) and let x beil 
concentration of micelles at equilibrium: x = [La], where 7 
brackets denote concentration. Show that c = "x + (x/k) ; 
Assume all activity coefficients are 1. (b) Let f be the fi h 
of L present as monomer. Show that f = 1 — nx/e ( 
n = 50 and Kẹ = 10?0°, calculate and graph [L]; n{Lyh fe 
J as functions of c. Hint: Calculate c for various assumed ee 
of x, rather than the reverse. (d) If the cmc is taken as the v 
of c for which f = 0.5, give the value of the cmc. 


es- 


F ie acids at 
13.32 For aqueous solutions of saturated aliphatic aa 
18°C, the surface tensions are fitted by 


y = [73.0 — 29.9 log (ac + 1)] dyn/cm 


A ie ion. (a) Fi 
where a is a constant and c is the acid’s concentration ( ) p 


Pq) as a function of concentration. (b) Which 
sorption isotherm does the expression in (a) resem 


putanoic acid, a = 19.64 dm3/mol. Plot Faq) vs. ¢ for aque- 
ous solutions of this acid for the concentration range 0 to 
{ mol/dm?. 

1333 From Eq. (13.9), a drop of liquid of radius r is at a higher 
pressure than the vapor it is in equilibrium with; this increased 
pressure affects the chemical potential of the liquid and raises its 
vapor pressure slightly. (a) Use the integrated form of Eq (7.25) 
in Prob, 7.38 to show that the vapor pressure P, of such a drop 


is 

P, = P exp (2)¥j/rRT) 
where Ñ is the molar volume of the liquid and P its bulk 
vapor pressure. This is the Kelvin equation. (b) The vapor 
pressure and surface tension of water at 20°C are 17.535 torr 
and 73 dyn/cm. Calculate the 20°C vapor pressure of a drop of 
water of radius 1.00 x 1075 cm. 
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ELECTROCHEMICAL SYSTEMS 
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ELECTROSTATICS 


Before developing the thermodynamics of electrochemical systems, we review eleen 
statics, which is the physics of electric charges at rest. The laws of electricity contain 
different proportionality constants in different systems of units. Throughout this chap 
ter, all equations are written in a form valid for SI units. 


Coulomb's Law. The SI unit of electric charge Q is the coulomb (C), defined it 
Sec. 16.5. Experiments by Charles Coulomb in 1785 showed that the magnitude d 
the force F that one electric charge Q, exerts on a second charge Q% is proportion 
to the magnitudes of the charges and inversely proportional to the square of the di 
tance r between them: F = KQ,Q;/r?, where K is a proportionality constant. Th 
direction of F is along the line joining the charges. There are two kinds eee 
positive and negative; like kinds of charges repel each other, and unlike attract. W 
the SI system, the proportionality constant K is written as 1/479: 


1 QQ: (14) 


Experiment gives the constant £0 (the permittivity of vacuum) as 
2 pol m8 
Eo = 8.854 x 1071? C? N! m~? = 8.854 x 1071? C2 kg" m?s" (4) 
1/4720 = 8.988 x 10° N m2 C72 


The Electric Field. To avoid the notion of action at a distance, the a 
electric field is introduced. An electric charge Q, is said to produce an een prs 
in the space around itself, and this field exerts a force on any charge Q2 i i ace Ë 
ent in the space around Q,. The electric field strength E at a point P in T 
defined as the electrical force per unit charge experienced by a test charge a 


at point P: Í 

E = F/Q, where Q, is part of syst. (14.3)* 
Equation (14.3) associates a vector E with each point in space. This definition of E 
issatisfactory and usable from a physicist’s viewpoint but is perhaps inadequate from 
a philosopher's viewpoint, since it doesn’t say what an electric field really “is.” 

Equation (14.3) defines the electric field that exists at P when the charge Q, is 

present in the system. However, the presence of Q, may influence the surrounding 
charges, thereby making E depend on the nature of the test charge. For example, if 
Q is placed in or near a material body, it may alter the distribution of charges in the 
body. Therefore, if the charge Q, in (14.3) is not part of the system under discussion 
and we want to know what E is at a given point in the system in the absence of Q,, 
we rewrite (14.3) as 

E= lim F/Q, where Q, is not part of syst. (14.4) 

Qe+0 

An infinitesimally small test charge does not disturb the charge distribution in the 
system, so (14.4) gives the value of E in the absence of the test charge. 


find E in the space around a point charge Q if no other charges are present in 
the system. 

Leta tiny test charge dQ, be put at a distance r from Q. Then the magnitude 
of Eis given by (14.4) as E = dF/dQ,, where the magnitude of the force on dQ, is 
Given by (14.1) as dF = Q dQ,/4neor?. Therefore the magnitude of E is 


Lge (145) 


S iaai 
4neo r 


Te direction of E is the same as the direction of F on a positive test charge, so 


— Ea 


SECTION 14.1 


Eat point P is in the direction of the line from the charge Q to point P. The vector 
E points outward if Q is positive: inward if Q is negative. Figure 14.1 shows E at o Froure 14.1 | 


Several points around a positive charge. The arrows farther away from Q are shorter, 
Since E falls off as 1/r?. 


tlectric Potential. Instead of describing things in terms of the electric field, it is 
often more convenient to use the electric potential # (phi). The electric potential dif- 
ines Or — ha between points b and a'in an electric field is defined as the work per 
nit charge to move a test charge reversibly from a to b: 
by — bq = lim Wa+5/Q = dWwa—p/dQ, (14.6) 
+0 

dwa is the reversible electrical work done by an external agent that moves 
oe parmal test charge dQ, from a to b. The word “reversible” indicates that the 
temsa sa by the agent differs only infinitesimally from the force exerted by the 
4 We electric field on dQ,. By assigning a value to the electric potential ġ, at point 
tion i ave then defined the electric potential , at any point b. The usual conven- 
'S to choose point a at infinity (where the test charge interacts with no other 


The electric field vector at several 
points in the space around a 
positive charge. 


ee 
aa 
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> $y = lim wa .4/Q, (dy 
The SI unit of electric potential is the volt (V), defined as one joule per coulon 
1V=1J/C=1NmC™!=1kgm?s™? c7! (Me 


since 1J=1Nm=1kgm’s ? [Eq. (2.14)]. 

The SI unit of E in (14.4) is the newton per coulomb. Use of (14.8) gives 1 Ni 
INVJ-'=1NVN'!m'=1 V/m, and E is usually expressed in Volts per mete 
or volts per centimeter: 


1 N/C = 1 V/m = 107? V/cm (149 


When we do reversible work w,» in moving a charge from infinity to b inw 
electric field, we change the charge’s potential energy V by Wo -»p (just as we chang 
the potential energy of a mass by changing its height in the earth's gravitation 
field). Thus, AV = V, — V,, = V, =W p, where Va has been taken as zero. The we 
of (14.7) gives the electric potential energy of charge Q, at point b as 


V, = $2, (1400 


The electric field E is the force per unit charge. The electric potential @ is the 
potential energy per unit charge [Egs. (14.3) and (14.10)]. 

Equation (2.21) gives F, = —dV/x. Division by Q, gives F,/Q, = —O(V{Q)i 
Use of (14.10) and the x component of (14.3) transforms this equation into £,* 
—0/0x. The same arguments hold for the y and z coordinates, so 


E; = —ô¢ġ/ðx, Ey=—dd/dy, E, = —00/02 (tall) 


The electric field E at a point in space can be found if the electric potential ¢* 
known as a function of x, y, and z. Conversely, o(x, y, z) can be found from Et 
integration of (14.11); the integration constant is determined by setting @ = O at som 
convenient location (usually infinity). From (14.11), the electric field is related to it 
spatial rate of change of the electric potential ġ. Hence the units V/m for £ [Eq.(149) 


(a) Find the expression for the electric potential ¢ at an arbitrary point P na 
space around a point charge Q. Take # = Oat infinity. (b) Calculate ġ and Ë 19 
away from a proton; the proton charge is 1.6 x 10719 C. 

(0) Let the coordinate origin be at Q and let the x axis run along the ineto 
Q to P. The electric field at P is then in the x direction: E = Ey = Q/4neox" Ey” 
E; = 0, where (14.5) was used. Substitution in the first equation of (1411) + 
integration give ¢ = — f E,dx = — f (Q/4neox?) dx = Q/4neox + c = O/Antd ti 
where r is the distance between charge Q and point P and ¢ is an in 3 
Constant. In general, c could be a function of yand z, but the fact that E,= d= 3 
together with Eq. (14.11) requires that ¢ be independent of y and z. Defining 
zero at r = œ, we get c = 0, Therefore the potential due to a point charge 


edaid (att 


4néy r 


_ (b) Substitution in (14.12) and use of (14.2) for 1/4né9 give 
i $= 099 x 10° N m?/C)(1.6 x 10° +° C)/(1.0 x 107 +° m) = 14 V 


suetittion in (14.5) gives E = 1.4 x 10! V/m. 
c 


eh 
‘Equations (14.12) and (14.5) also hold for the field and electric potential outside 
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E r symmetric charge distribution whose total charge is Q; here, r is the 
stance to the center of the charge distribution. (See Halliday and Resnick sec. 28-8 

J 


the | i fs] 
-From (14.12), # increases as one moves closer to a positive charge. A negative 
i spontaneously toward a positive charge, so electrons move sponta- 
neously from regions of low to regions of high electric potential within a phase. 
_ Experiment shows that the electric field of a system of charges equals the vector 
sum of the electric fields due to the individual charges; the electric potential equals 
the sum of the electric potentials due to the individual charges. 
"In discussing electric fields and electric potentials at a “point” in matter, we 
mean the average field and the average potential in a volume containing 
fan far fewer than 107° molecules but far, far more than one molecule. The electric 
fied within a single molecule shows very sharp variations, 
Consider a single phase that is an electrical conductor (for example, a metal, 
an electrolyte solution) and is in thermodynamic equilibrium. Since the phase is in 
no currents are flowing. (Flow of a noninfinitesimal current is an irre- 
‘ersible process, because of the heat generated by the current.) It follows that the 
tecitic field at all points in the interior of the phase must be zero. Otherwise, the 
charges of the phase would experience electrical forces, and a net current would flow. 
Since E is zero, Eq. (14.11) shows that @ is constant in the bulk phase (Sec. 13.1) of 
a conductor where no currents are flowing. If this phase has a net electrical charge, 
äl equilibrium this charge will be distributed over the surface of the phase; this is so 
because the repulsion of like charges will cause them to move to the surface, where 
they are as far apart as possible. 


Summary. Coulomb's law gives the magnitude of the force between two electric 

as F = Q,Q,/4neor?. The electric field strength E at a point in space is defined 
the force per unit charge: E = F/Q. The electric potential ġ at a point in space is 
the potential energy per unit charge: p = V/Q. From ¢, one can find E using (14.11). 


RECTROCHEMICAL SYSTEMS 


Previous chapters considered systems with electrically neutral phases and no differ- 

Sees in electric potential between phases. However, when a system contains charged 

‘pecies and at least one charged species cannot penetrate all the phases of the system, 

‘ome of the phases can become electrically charged. For example, suppose a membrane 
to K* ions but not to CI” ions separates an aqueous KCI solution from 

oe Diffusion of K* ions through the membrane will produce net charges on 
and a potential difference between the phases. 
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Development of electric potential 
differences between Zn(s) and 
ZnSO,(aq) and between Cu(s) and 
Zn(s). 


Another example is a piece of Zn dipping into an aqueous ZnSO, solution (Fig 
14.2a), the system being held at constant T and P. Both the solution and the met 
contain Zn?* ions, and these can be transferred between the phases. The metal aly 
contains electrons, and these cannot enter the solution. Suppose the ZnSO, solution 
is extremely dilute. Then the initial rate at which Zn? * ions leave the metal and entet 
the solution is greater than the rate at which Zn* ions enter the metal from the sol 
tion. This net loss of Zn?* from the metal produces a negative charge (excess of ele 
trons) on the Zn. The negative charge retards the rate of the process Zn?* (metal) 4 
Zn? *(aq) and increases the rate of Zn? *(aq) > Zn? * (metal). Eventually an equilib 
rium is reached in which the rates of these opposing processes are equal and the Gibbs 
energy G of the system has reached a minimum. At equilibrium, the Zn has a net negt- 
tive charge, and a potential difference Ag exists between Zn and the solution (Fig 
14.2b). 

Techniques of electrode kinetics (see Bockris and Reddy, p. 892) show that 
equilibrium between Zn and 1 mol/dm* ZnSO (aq) at 20°C and 1 atm, the Zn?” ion 
that cross 1 cm? of the metal-solution interface in each direction in 1 s carry a chat 
of 2 x 1075 C. This equilibrium current flow in each direction is called the exchange 
current. How many moles of Zn?* carry this charge of 2 x 1075 C? 

The charge on one proton is e = 1.60218 x 107 1° C. The charge per mol d 
protons is Nae (where N 4 is the Avogadro constant) and is called the Faraday constant 
F. Use of Nx = 6.0221 x 1073 mol”! gives 


F = Nye = 96485 C/mol (14.13) 


The charge on one particle (ion, molecule, or electron) of species i is z;e, wherseit 
proton charge and the charge number z; of species i is an integer. For example, 47 
for Zn?*, z; = —1 for an electron (e~), and z; = 0 for H,O. Since F is the charg 
per mole of protons and a particle of species i has a charge that is z; times the protot 
charge, the charge per mole of species i is z;. The charge on n; moles of i is thus 


14 
QO; = 2;F n; “ ) 
The 2 x 1075 C of Zn?* ions thus correspond to 


ni = Qi/z;F = (2 x 1075 C)/2(96485 C/mol) = 1 x 107 +° mol 


of Zn?* entering and leaving 1 cm? of the metal each second. -erot 

The Zn-ZnSO,(aq) example indicates that at any metal-solution interi 
equilibrium, a potential difference Ad exists. The magnitude and sign of Ap a 
on T, P, the nature of the metal, the nature of the solvent, and the concenti 
of metal ions in solution. 


Another example of an interphase potential difference is a piece of Cu in contact 
with a piece of Zn (Fig. 14.20). Diffusion in solids is extremely slow at room tempera- 
ture, so the Cu2* and Zn? * ions do not move between the phases to any significant 
extent, However, electrons are free to move from one metal to the other, and they do 
so, resulting at equilibrium (minimum G) in a net negative charge on the Cu and a net 
positive charge on the Zn (Fig. 14.2d). This charge can be detected by separating the 
metals and touching one of them to the terminal of an electroscope. (In an electroscope, 
two pieces of metal foil attached to the same terminal repel each other when they be- 
come charged.) The development of charge by two dissimilar metals in contact was 
first shown in experiments by Galvani and Volta in the 1790s. In one experiment, 
Galvani discharged this charge through the nerve of a dead frog’s leg muscles, causing 
the muscles to contract. The magnitude of the interphase potential difference between 
twometals depends on temperature. A thermocouple uses this temperature dependence 
to measure temperature (Fig. 14.3). 

The transfer of charge between two phases « and f produces a difference in electric 
potential between the phases at equilibrium: $" +o, where ġ* and ¢? are the poten- 
tials in the bulk phases (Fig. 13.1b) « and $. (The electric potential in the bulk of a 
phase is sometimes called the inner potential or the Galvani potential.) We define an 
electrochemical system as a heterogeneous system in which there is a difference of 
electric potential between two or more phases. 

Besides interphase charge transfer, other effects contribute to 6% — g}. For ex- 
ample, in Fig. 14.2b, water molecules in the immediate vicinity of the Zn metal will 
tend to be oriented with their positively charged hydrogen atoms toward the negative 
Zn, Moreover, the negative charge on the Zn metal will distort (or polarize) the distri- 
bution of electrons within each adjacent water molecule. Also, Zn?* ions will tend to 
predominate over SO2~ ions in the immediate vicinity of the negative Zn metal. The 
orientation of water molecules, the polarization of electronic charge in the water 
molecules, and the nonuniform distribution of ions all affect 6% — ¢”. 

A difference in potential between phases can even occur without transfer of charge 
between the phases. An example is a two-phase system of liquid water plus liquid 
benzene, which are nearly immiscible. There will be a preferred orientation of the water 
molecules at the interface between phases, because of different interactions between 
CoH molecules and the negative and positive sides of the water molecules. This makes 
#—¢" nonzero. Interphase potential differences arising without charge transfer 
between phases are relatively small (typical estimates are tens of millivolts) compared 
With those arising with charge transfer (typically, a volt or two). 

_ Our main interest will lie in electrochemical systems all of whose phases are elec- 
trical conductors. Such phases include metals, semiconductors, molten salts, and liquid 
Solutions containing ions. 

A significant point is that the potential difference A@ between two phases in 
Contact cannot be readily measured. Suppose we wanted to measure A@ between a 
piece of Zn and an aqueous ZnCl, solution. If we make electrical contact with these 
api with two wires of a voltmeter or potentiometer (Sec. 14.4), we create a! Pe 
et em tis pein dlbrene 

iren th ntia ifference measured by the meter includes the p k 
bn e meter wire and the solution, and we have not measured w at we set out 

ieren The kind of potential difference that is readily measured is the potential 
Mal ce between two phases having the same chemical composition. Attachment 

meter wires to these phases creates potential differences between the wires and 
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A thermocouple. The potential 
difference between Cu and 
constantan (an alloy of Cu and Ni) 
depends on temperature, so if T 
differs from Tep there is a nonzero 
potential difference between the 
two Cu wires, whose value depends 
on T, and allows T, to be 
determined. T,er is commonly 
taken as the ice point. 


Potentiometer 
or 
electronic 
voltmeter 


CHAPTER 14 


the phases, but these potential differences are equal in magnitude and Cancel each 
if the two wires are made of the same metal. 

Although A@ between phases in contact cannot readily be Measured, it cay 
calculated from a statistical-mechanical model of the system. Ad can be calculi 
if the distribution of charges and dipoles in the interphase region is known, j 


Summary. When two different electrically conducting phases come in cona 
difference in electric potential $ is usually established between them as a resulto 
transfer of charges between phases and of nonuniform distribution ofions, orientation 
of molecules with dipole moments, and distortion of charge distributions in molecule 
near the interface. Potential differences can be measured only between two phass 
that have the same chemical composition. 
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THERMODYNAMICS OF ELECTROCHEMICAL SYSTEMS 


We now develop the thermodynamics of electrochemical systems composed of phas 
that are electrical conductors. The treatment applies only to systems in which the 
is at most an infinitesimal flow of current, since equilibrium thermodynamics is ine 
applicable to irreversible Processes, 

In an electrochemical system, the phases generally have nonzero net charges 
and electric potential differences exist between phases. These electric potential differ 
ences are typically a few volts or less (see Sec. 14.7). How much transfer of charged 
matter between phases occurs when a potential difference of, say, 10 V exists betwen 
phases? To get an order-of-magnitude answer, we consider an isolated spherical phat 
of radius 10 cm that is at an electric potential of $ = 10 V with respect to infinity 
Let Q be the net charge on the phase. The electric potential at the edge of the phat 
of radius r is given by (14.12) as @ = Q/4neor, and 


Q = 4neorġ = 4n(8.8 x 10-12 C? N~! m- 2)\(0.1 m)(10 V) = 1 x 107!°C 


Suppose this charge is due to an excess of Cu** ions. We have Q; = 2); [Et 
(14.14)], and the amount of excess Cu2* is 


Mi = Qi/25F = (1 x 107 *° ©)/2(96485 C/mol) = 5 x 107! mol 


which is a mere 3 x 10714 g of Cu?*. We conclude that the net charges of phases 
electrochemical systems are due to transfers of amounts of matter far too small to bedt 
tected chemically. 

The existence of electric Potential differences between phases of an ele 
ical system changes the form of the thermodynamic equations of such systems, ie 
the internal energy of charged species will depend on the electric potentials a 
phases. When the phases of an electrochemical system are brought together to i 
the system, tiny amounts of interphase charge transfer occur, and these procha A 
interphase potential differences. Let us suppose we have the magical power to p ip 
these interphase charge transfers, (For example, we would be able to prevent t i 
terchange of Zn?* ions between metal and solution in Fig. 14.2a.) Using this ee i 
we first consider a hypothetical system in which all phases a, £, . . . are at zee S aei 
potential: 6* = $* =--- = 0, If we were to add dn; moles of substance j to P 


of this hypothetical system, the change in internal energy dU* of phase « for this 


process would be given by the Gibbs equation (4.75) as 


dU* = T dS* — PdV* + u‘ dn? for ¢* =0 (14.15) 


where the chemical potential y,* is a function of T, P, and the composition of the 
phase: u} = uj (T, P, Aad kiac, 

Now consider the actual system, in which interphase charge transfers do occur 
lo produce an electrochemical system with electric potentials $*, ¢’,... in the 
phases. As noted earlier in this section, the chemical composition of each phase 
changes by an entirely negligible amount during the establishment of electrochemical 
equilibrium, and the actual electrochemical system can be considered to have the same 
chemical composition as the corresponding hypothetical nonelectrochemical system 
with g =f = = 0. 

Suppose we add dn;* moles of substance j to phase « of the electrochemical sys- 
tem. How does dU* for this process compare with dU* in (14.15) for addition of dnj* 
to the system with ¢* = 0? The chemical composition of phase « is the same for both 
processes. The only difference is that the hypothetical system has ¢* = 0, whereas the 
actual system has $% # 0. The electric potential energy of a charge Q at a location 
where the electric potential is is equal to #Q [Eq. (14.10)]. If dQ;* is the charge 
on the added dn,* moles, then this charge will have zero electric potential energy in 
the hypothetical system where ġ* = 0 and will have an electric potential energy of 
¢°dQ;*in the actual system. This electric potential energy contributes to the change 
dU*for the addition process, so dU* for the actual system will equal dU* of (14.15) plus 


doj: 


dU* = TdS* — PdV* + p; dn’ + "dQ; (14.16) 
The charge dQ;* is dQ = z,F dn; [Eq. (14.14)], and (14.16) becomes 
dU? = TdS* — PdV? + (uj + zF °) dn; (14.17) 


Note that hj is the same in (14.15) and (14.17), since uj is a function of T, P, and com- 
position, all of which are the same in the two systems. Thus the expressions for 4;* 
derived in previous chapters hold for 4;* in (14.17). 

If we consider addition of infinitesimal amounts of other species to phase æ, the 
same reasoning gives 


dU* = TdS* — PdV” +) (ui + zF $7) dn;* (14.18) 


Equation (14.18) shows that the presence of a nonzero electric potential ¢* in 
phase q causes the chemical potential y;* to be replaced by uë + 2,F ¢* in the Gibbs 
equation for dU®. The quantity 4;* + z,¥ ġ* is called the electrochemical potential RE 


fig = uit + 2F ¢" (14.19)* 


ts symbol over the x is called a tilde.) Since z;7 is the molar charge of species 

» the electrochemical potential ji" is the sum of the chemical potential p; and the 

molar electrostatic potential energy z;7 $* of species i in phase . 

(i em the definitions H = U + PV, A = U — TS, and G =U + PV—TS and 

ka : We see that /i,7 replaces yu,* in the Gibbs equations for dH, dA, and dG. Thus, 

th nd the correct thermodynamic equations for an electrochemical system, we take 
thermodynamic equations for the corresponding nonelectrochemical system (all 
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’s equal to 0) and replace the chemical potentials 4; with the electrochemica 
tentials fi;* = p" + 2,F $". When $* = 0 in (14.19), ñ;* reduces to the ordinary ch 
ical potential 4;*. 

For nonelectrochemical systems, the phase- and reaction-equilibrium condition 
are 4,7 = u” and Y; vi; = 0 [Eqs. (4.88) and (4.98)]. Since Hi is to be replaced y 
fi? in all thermodynamic equations for electrochemical systems, we conclude thay 


In a closed electrochemical system, the phase-equilibrium condition for two phases 
and £ in contact is that | 
Ar = AP (ua: 


for each substance i present in both phases. In a closed electrochemical System, the 
reaction-equilibrium condition is 
YA; =0 (142) 


where the v/s are the stoichiometric coefficients in the reaction. 


If substance i is absent from phase £ but present in phase g, then Ai? need not 
equal ji; at phase equilibrium (Eq. (4.91)]. If i is present in phases « and 6, but the 
phases are separated by a phase in which i is absent, then fi" need not equal fifa 
phase equilibrium. An example is two pieces of metal dipping in the same solution 
but not in direct contact; A of the electrons in one metal need not equal fi of the 
electrons in the second metal, 

Substance i flows from regions of high electrochemical potential ji; to regions of 
low Ā;. Equation (14.19) shows that the electrochemical potential /i," is influenced by 
the electric potential ¢* of phase a, as well as by the chemical composition of the 
Phase. For a positively charged species (2; > 0), the greater the electric potential ¢*0! 
a phase, the greater the tendency for the species to flow out of the phase. 

Since fi;? = uë + 2,¥ ¢* [Eq. (14.19)], the phase-equilibrium condition (142) 
gives 

Hf + 2,F ¢% = nf +F (14a 
He — uh = FG — 49 (14.23) 


This important equation relates H — u’ (the difference in equilibrium chemical 
potentials of species i in phases « and f) to ¢4 — $* (the electric potential dan 
between the phases). If the interphase potential difference is zero, then j" =M y 
equilibrium, as in earlier chapters. For uncharged species, z; is zero and Ae = Hs 
for charged species, the greater the value of |g’ — ¢%|, the greater the differen 
lu” — mf], In Fig. 14.2a and b, a Piece of Zn dips into a very dilute ZnSO, solution 
Zinc ions flow from the metal to the solution, producing a potential difference betwen 
the phases. The flow continues until $f — $7 is large enough to satisfy (14.23), makin 
the electrochemical potentials of Zn** equal in the two phases. il 
The reaction equilibrium condition (14.21) is J; vñ; = 0. Consider the Pa 
case where all the charged species that Participate in the reaction occur in the se 
phase, phase x. Substitution of A? = u? + 2,F $" [Eq. (14.19)] into Yj vii Bui 
Di Vili + FG? Xi vizi = 0. Because the total charge is unchanged in a ae i 
reaction, we have i Vizi = 0. [For example, for 2Fe?+ (aq) + Zn(s) = Zn (4 
2Fe? + (aq), we have i Vizi = —2(3) — 1(0) + 1(2) + 2(2) = 0.] Therefore 


24) 
x Vii =0 all charged species in same phase (4 


The value of ¢” is thus irrelevant when all charged species occur in the same phase. 
This makes sense, since the reference level of electric potential is arbitrary and we 
can take ” = 0 if we like. 

In Chaps. 10 and 11, we considered chemical potentials and reaction equilibrium 
for ions in electrolyte solutions. All charged species were present in the same phase, 
so there was no need to consider the electrochemical potentials. 


summary. In an electrochemical system (one with electric potential differences be- 
tween phases), the electrochemical potentials ñ; replace the chemical potentials in 
all thermodynamic equations. For example, the phase-equilibrium condition is the 
equality of electrochemical potentials: ñ; = fi?. The electrochemical potential of 
substance i in phase « is given by fi,” = př + 2,7", where z;7 is the molar charge 
of species i, ġ* is the electric potential of phase a, and 1," is the chemical potential 
ofi in a; z; (an integer) is the charge number of species i, and F is the Faraday 
constant (the charge per mole of protons), Since the changes in chemical composition 
that accompany the development of interphase potential differences are extremely 
small, the chemical potential 4; in an electrochemical system is the same as the 
chemical potential 4; in the corresponding chemical system with no potential dif- 
ferences between phases. For example, 4;* of an ion in solution in an electrochemical 
system is given by Eq. (10.40). 


GALVANIC CELLS 


Galvanic Cells. If we attach a piece of wire to a device that produces an electric 
current in the wire, we can use the current to do useful work. For example, we might 
put the current-carrying wire in a magnetic field; this produces a force on the wire, 
giving us a motor. For a wire of resistance R carrying a current J, there is an electric 
Potential difference Ad between its ends, where Ad is given by “Ohm’s law” [Eq. 
(16.55)] as |Ad| = IR. This difference of potential corresponds to an electric field in 
the wire, which causes electrons to flow. To generate a current in the wire, we re- 
quire a device that will maintain an electric potential difference between its output 
terminals, Any such device is called a seat of electromotive force (emf). Attaching a 
Wire to the terminals of a seat of emf produces a current I in the wire (Fig. 14.4), 
__ The electromotive force (emf) & of a seat of emf is defined as the potential 
difference between its terminals when the resistance R of the load attached to the 
terminals goes to infinity and hence the current goes to zero. The emf is thus the 
open-circuit potential difference between the terminals. (The difference of potential Ad 
between the terminals in Fig. 14.4 depends on the value of the current 1 that flows 
through the circuit, because the seat of emf has an internal resistance Rin and the 
Potential drop IR,,, reduces Aġ between the terminals below the open-circuit Ad.) 
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Seat Ticats Load with 
pi resistance R 


A seat of emf attached to a load. 
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A galvanic cell consists of terminals 
T and T’, electrodes E and E’, 
and an ionic conductor I. 


r 


T 


One kind of seat of emf is an electric generator. Here, a mechanical force mova. 

a metal wire through a magnetic field. This field exerts a force On the electroni 
the metal, producing an electric current and a potential difference between the k: 
of the wire. An electric generator converts mechanical energy into electrica] en 3 

Another kind of seat of emf is a galvanic (or voltaic) cell. This iş a mili 
phase electrochemical system in which the interphase potential differences result ing 
net potential difference between the terminals. The potential differences betwen 
phases result from the transfer of chemical species between phases, and a galvanic 
converts chemical energy into electrical energy. The phases of a galvanic cell mus 
be electrical conductors; otherwise, a continuous current could not flow in Fig, 144 

Since only potential differences between chemically identical pieces of matter ap 
readily measurable (Sec. 14.2), we specify that the two terminals of a galvanic œl 
are to be made of the same metal. Otherwise, we could not measure the cell en 
which is the open-circuit potential difference between the terminals. Suppose the te: 
minals « and ô of a cell are made of copper and the potential difference betwen 
the terminals (the “voltage”) is 2 V. Strictly speaking, the chemical compositions of 
the terminals differ, since the charges on the terminals differ. However, as shown it 
Sec. 14.3, the difference in chemical composition is so slight that we can ignore it 
and take the compositions of the terminals to be the same. Since ,4;* is a function 
of T, P, and composition (but not of *), we conclude that in a galvanic cell whos 
terminals æ and ò are made of the same metal and are at the same T and P, th 
chemical potential of a species is the same in each terminal: 4;% = p’. 

The metal terminals of a galvanic cell are electronic conductors, meaning thil 
the current is carried by electrons. Suppose all phases of the galvanic cell were ele 
tronic conductors. For example, the cell might be Cu'|Zn|Ag|Cu”, which is shot 
hand for a copper terminal Cu’ attached to a piece of Zn attached to a piece of Agat 
tached to a second copper terminal Cu”. Since electrons are free to move betwen 
all phases, the phase-equilibrium condition fi” = fi? [Eq. (14.20)] shows that jie’) 
(the electrochemical potential of electrons) is the same in all phases of the one 
circuit cell. In particular, f(e~ in Cu’) = f(e~ in Cu”). The use of fi? = pf +490 
[Eq. (14.19)] gives 


Me™ in Cu’) — Fo(Cu’) = ple~ in Cu”) — FH(Cu") 


Since the terminals Cu’ and Cu” have the same chemical composition, it follows tha 
ue in Cu’) = p(e~ in Cu”). Therefore, $(Cu’) = (Cu), The terminals have the satt 
open-circuit electric potential, and the cell emf is zero. We conclude that a galant 
cell must have at least one phase that is impermeable to electrons. This allows jt } 
to differ in the two terminals, ap 

The current in the phase that is impermeable to electrons must be cari 
ions. Most commonly, the ionic conductor in a galvanic cell is an electrolyte ® ? 
tion. Other possibilities include a molten salt and a solid salt at a temperature i 
ficiently high to allow ions to move through the solid at a useful rate. Batteri 
heart pacemakers commonly use solid Lil as the ionic conductor. as 

Summarizing, a galvanic cell has terminals made of the same metal, has all pl j 
being electrical conductors, has at least one phase that is an ionic conductor 
not an electronic conductor), and allows electric charge to be readily transfè whet 
tween phases. We can symbolize the galvanic cell by T-E-I-E'-T' (Fig. po 
T and T' are the terminals, I is the ionic conductor, and E and E' are two p" 


Porous cu" 


Cul 
barrier 


Zn$O4(aq) CuSO4(aq) 
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metal (called electrodes) that make contact with the ionic conductor. The current is 
carried by electrons in T, T’, E, and E’ and by ions in I. 


The Daniell Cell. An example of a galvanic cell is the Daniell cell (Fig. 14.6), used 
in the early days of telegraphy. In this cell, a porous ceramic barrier separates a 
compartment containing a Zn rod in a ZnSO, solution from a compartment con- 
taining a Cu rod in a CuSO, solution. The Cu and Zn electrodes are attached to 
the wires Cu” and Cu’, which are the terminals. The porous barrier prevents exten- 
sive mixing of the solutions by convection currents but allows ions to pass from one 
solution to the other. 

_ Consider first the open-circuit state, with the terminals not connected to a load 
(Fig. 14.6a). At the Zn electrode, an equilibrium is set up between aqueous Zn°* ions 
and Zn?* ions in the metal (as discussed in Sec. 14.2): Zn? * (Zn) = Zn? * (aq). Adding 
this equation to the equation for the equilibrium between zinc ions and zinc atoms 
in the zine metal, Zn = Zn2*(Zn) + 2e (Zn), we can write the equilibrium at the 
Zn-ZnSO 4(aq) interface as Zn = Zn?*(aq) + 2e (Zn). Since the potential difference 
between the Zn electrode and the ZnSO, solution is not measurable, we do not know 
Whether the equilibrium position for a given ZnSO, concentration leaves the Zn at 
a higher or lower potential than the solution. Let us assume that there is a net loss 
of Zn?* to the solution, leaving a negative charge on the Zn and leaving the Zn at 
a lower potential than the solution: $(Zn) < (aq. ZnS04). Although the potential 
difference (aq. ZnSO) — (Zn) is not known, the emfs in Table 14.1 in Sec. 14.7 
Indicate that this potential difference is typically on the order of a volt or two. As 
noted in Sec. 14.3, the amount of Zn2* transferred between the metal and the solution 
is far too small to be detected by chemical analysis. A 
iy 3 similar equilibrium occurs at the Cu-CuSO,(aq) interface. However, Cu is a 
fod active metal than Zn and has much less tendency to go into solution. [If a Zn 
and 2. ed into a CuSO, solution, metallic Cu immediately plates out on the Zn 
i an into solution: Cu?* (aq) + Zn > Cu + Zn? * (aq). If a Cu rod is dipped 
Fion nSO, solution, no detectable amount of Zn plates out on the Cu. The equilib- 

constant for the reaction Cu2* (aq) + Zn = Cu + Zn? * (aq) is extremely large.] 


The Daniell cell. (a) Open-circuit 
state. (b) Closed-circuit state, 
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We therefore expect that for comparable concentrations of CuSO, and ZnSO, the 
Cu electrode at equilibrium will have a smaller negative charge than the Zn electrode 
and might even have a positive charge (corresponding to a net gain of Cu? ion 
from the solution). Let us therefore assume that the equilibrium electric Potential of 
Cu is greater than that of the aqueous CuSO, solution: ¢(Cu) > (aq. CuSO,), 

At the junction between the Cu’ terminal and the Zn electrode in Fig. 14,6 
there is an equilibrium exchange of electrons producing a potential difference between 
these phases. Since the potential difference between two phases of different composi. 
tion is not measurable, the value of this potential difference is not known, but it jg 
likely that #(Cu’) < (Zn), as in Fig. 14.2d. 

There is no potential difference between the Cu electrode and the Cu” terminal, 
since they are in contact and have the same chemical composition. More formally, 
(e~ in Cu) = n(e~ in Cu"); Eq. (14.23) then gives (Cu) = o(Cu’). 

There is a potential difference at the junction of the ZnSO, and CuSO, solutions 
However, this potential difference is small compared with the other interphase poten- 
tial differences in the cell, and we shall neglect it for now, taking (aq. ZnSO,) = 
(aq. CuSO4). See Sec. 14.9 for discussion of this liquid-junction potential difference, 

The cell emf is defined as the open-circuit potential difference between the 
cell's terminals: € = ¢(Cu’) — ¢(Cu’) = (Cu) — @(Cu’). Adding and subtracting 
(aq. CuSO4), d(aq. ZnSO,), and (Zn) on the right side of this equation, we get 


£ =[#(Cu) — $(aq. CuSO,)] + [4(aq. CuSO,) — (aq. ZnSO,)] 
+ [#laq. ZnSO,) — $(Zn)] + [4(Zn) — H(Cu’)] (1425 


The cell emf is the sum of the potential differences at the following interfaces between 
phases: Cu-CuSO,(aq), CuSO,4(aq)-ZnSO (aq), ZnSO,(aq)-Zn, Zn-Cu'. From the 
preceding discussion, the first term in brackets on the right side of (14.25) is positive 
the second term is negligible, the third term is positive, and the fourth term is positive. 
Therefore £ = ¢(Cu”) — 9(Cu’) is positive, and the terminal attached to the Cu elec- 
trode is at a higher potential than the terminal attached to Zn. This is indicated by 
the + and — signs in Fig. 14.6. 


We can write down an expression for the open-circuit potential difference at each interface, 
Equation (14.23) applied to Cu2* ions at the Cu-CuSO,(aq) interface gives 


AlCu) — (aq. CuSO4) = [n*(Cu?*) — po(Cu2*)/2F 


where the superscripts aq and Cu indicate the aqueous CuSO, and the Cu phases. Ny 
that Ag at the Cu-CuSO,(aq) phase boundary is determined by the chemical potentials 
of Cu?* in Cu and in aqueous CuSO, and these chemical potentials are independent of 
the electrical state of the phases. Therefore A for these two phases is independent oft 
presence or absence of contacts with other phases, 


Now consider what happens when the circuit for the Daniell cell is completed 
by attaching a metal resistor R between the terminals (Fig. 14.6b). The Cu’ terminal 
(attached to Zn) is at a lower potential than the Cu” terminal (attached to Cu), 8° 
electrons are forced to flow through R from Cu’ to Cu’. [It was noted after Hi 
(14.12) that electrons move spontaneously from regions of low to regions of hi 
electric potential, provided the regions have the same chemical composition, 8° that 
only the difference in electric potential influences the flow.] When electrons leave the 
Cu’ terminal, the equilibrium at the Cu’—Zn interface is disturbed, causing electro" 


ipflow out of Zn into Cu’. This disturbs the equilibrium Zn = Zn** (aq) + 2e (Zn) 

In-ZnSO 4(a9) interface and causes more Zn to go into solution, leaving elec- 
trons behind on the Zn to make up for the electrons that are leaving the Zn. The 
jow of electrons into the Cu electrode from the external circuit causes Cu?* ions 
fom the CuSO4 solution to combine with electrons in the Cu metal and deposit as 
Cuatoms on the Cu electrode: Cu? * (aq) + 2e (Cu) > Cu. 

Inthe region around the Cu electrode, the CuSO, solution is being depleted of 
sitive ions (Cu2*) while the region around the Zn electrode is being enriched in 
itive ions (Zn?*). This produces a potential difference between these two regions 

of solution and causes a flow of positive ions through the solutions from the Zn 
tlectrode to the Cu electrode; simultaneously, negative ions move toward the Zn 
deotrode (Fig. 14.6b). The current is carried through the solution by the Zati, Curt, 
and S047 ions. 

During the operation of the cell, the electrochemical reactions Zn > Zn? * (aq) + 
4e"(Zn) and Cu?* (aq) + 2e (Cu) > Cu occur. We call these the half-reactions of 
the cell. There is also the electron-flow process 2e (Zn) > 2e (Cu). Addition of 
this fow process and the two half-reactions gives the overall galvanic-cell reaction: 
tn+ Cu? *(aq) > Zn? * (aq) + Cu. The Zn electrode plus its associated ZnSO, solu- 
tion form a half-cell; likewise, Cu and aqueous CuSO, form a second half-cell. So 
far, we have used the word “electrode” to mean the piece of metal that dips into a 
solution in a half-cell. Often, however, the term electrode is used to refer to a half-cell 
consisting of metal plus solution. 

Oxidation is a loss of electrons. Reduction is a gain of electrons. The half- 
traction Zn + Zn2*(aq) + 2e~ (Zn) is an oxidation. The half-reaction Cu? *(aq) + 
~ W(Cu) > Cu is a reduction. If we were to bring the species Cu, Zn, Cu? *(aq), and 

zn’*(aq) in contact with one another, the oxidation—reduction (redox) reaction 

In+ Cu2*(aq) + Cu + Zn?* (aq) would occur. In the Daniell cell, the oxidation 
and reduction parts of this reaction occur at different locations connected by a wire 
through which electrons are forced to flow. Separation of the oxidation and reduc- 
ton half-teactions allows the chemical energy of the reaction to be converted into 
electrical energy. 

We define the anode as the electrode at which oxidation occurs and the cathode 
tthe electrode at which reduction occurs. In the Daniell cell, Zn is the anode. 

_ The open-circuit condition (Fig. 14.6a) of the Daniell cell is not a stable situa- 
ime slow diffusion of Cu2* into the ZnSO, solution will eventually allow the 
ae Jons a come in contact with the Zn electrode, causing the spontaneous redox 
ee in Cu“ * (aq) + Zn => Cu + Zn?* (aq) to occur directly, without flow of elec- 
i tough a wire. This would destroy the cell. For this reason, the Daniell cell 
fee be left sitting around on open circuit. Instead, a resistor is kept connected 
fa a p terminals. Note from Fig. 14.6b that, as the cell operates, the electric 
tiles e solution forces Cu?* ions away from the ZnSO4 solution, preventing 

lied getting at the Zn electrode. Many modern galvanic cells (batteries) have 

ie ee a that involve insoluble salts (see Sec. 14.11); this allows the cell to be 
e shelf on open circuit. 


man Dlagrams, A galvanic cell is represented by a diagram in which the following 

tween Re are used. A vertical line indicates a phase boundary. The phase boundary 

Species wo miscible liquids is indicated by a dashed or dotted vertical line. Two 
Present in the same phase are separated by a comma. 
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The diagram of the Daniell cell (Fig. 14.6) is 
Cu'|Zn|ZnSO4(aq)CuSO4(aq)|Cu (1499 


(The Cu” terminal and the Cu electrode form a single phase.) The Cu’ terminal 
is often omitted from the cell diagram. For completeness, the ZnSO, and Cus0, 
molalities can be indicated in the diagram. 

The following IUPAC conventions define the cell emf and cell reaction fora 
given cell diagram: 

(A) The cell emf & is defined as 


E€= bp— by (14.27)* 


where dp and ¢, are the open-circuit electric potentials of the terminals on the right 
side and left side of the cell diagram. “Right” and “left” have nothing to do with the 
physical arrangement of the cell on the laboratory bench. 

(B) The cell reaction is defined to involve oxidation at the electrode on the leh 
side of the cell diagram and reduction at the electrode on the right. 

For the cell diagram (14.26), Convention A gives & = (Cu) — (Cu’). We saw 
earlier that #(Cu) is greater than #(Cu’), so & for (14.26) is positive. For CuSO, and 
ZnSO, molalities close to 1 mol/kg, experiment gives 6 (14.26) = 1.1 V. For (14.26), 
Convention B gives the half-reaction at the left electrode as Zn > Zn?* + 2e” and 
that at the right electrode as Cu** + 2e7 — Cu. The overall reaction for (14.26) is 
Zn + Cu** — Zn?* + Cu (which is the spontaneous cell reaction when the Daniel 
cell is connected to a load—Fig. 14.65). 

Suppose we had written the cell diagram as 


Cu|CuSO,(aq)!ZnSO,(aq)|Zn |Cu’ (14.28) 
Then Convention A gives &14 98) = (Cu) — ¢(Cu). Since (Cu) > o(Cu, the en 
for this diagram is negative: 6 14.28) = — 1.1 V. Convention B gives the half-reactions 


for (14.28) as Cu > Cu?* + 2e” and Zn?* +2e~> > Zn. The overall reaction for 
(14.28) is Zn? * + Cu + Zn + Cu?*, which is the reverse of the spontaneous Daniell- 
cell reaction. 

A positive emf for a cell diagram means that the cell reaction corresponding t 
this diagram will occur spontaneously when the cell is connected to a load. This i$ 
because oxidation (loss of electrons) at the left electrode sends electrons flowing out 
of this electrode to the right electrode, and electrons flow spontaneously from low 
to high ¢; therefore dz > $, and & > 0, 


Measurement of Cell Emfs. The emf of a galvanic cell can be accurately measured 
using a potentiometer (Fig. 14.7). Here, the emf £x of cell X is balanced by an 0f 
Posing potential difference Ag,,,, so as to make the current through the cell 20 
Measurement of Ad,,,, gives £y. 

The resistor between B and D is a uniform slide-wire of total resistance R. ie 
contact point Cx is adjusted until the galvanometer G shows no deflection when t 
tap key K is closed, indicating zero current passing through the cell X. The gc 
terminal of the cell is at the same potential as Cy since it is connected to Cx bY 
wire of negligible resistance. The fact that no current flows through the cell wher 
the key is closed indicates that the negative terminal of the cell is at the same ene 
as point B. Hence, when balance is achieved, the potential drop across the ae 
CxB equals the zero-current potential drop across the cell’s terminals, which i$ 


Working 
battery 


Ammeter 


Galvanometer &y 
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cell emf £y. Ohm’s law (16.55) gives £x = |Adopp| = Rx, where J is the current in 
the upper part of the circuit and Ry is the resistance of the wire between B and Cx; 
Ry = (BCy/BD)R. Measurement of J and Rx allows £y to be found. 

In practice, one balances the circuit twice, once with cell X and once with a 
standard cell S of accurately known emf &ș in place of X. Let Rs and Rx be the 
resistances needed to balance &; and £y. Then &s = IRs and £x = IRx. (Since no 
curent flows through S or X, the current J is unchanged when the cell is changed.) 
We have 6/85 = Rx/Rs, which allows £y to be found. 

When the potentiometer in Fig. 14.7 is only infinitesimally out of balance, an 
infinitesimal current flows through the cell X. Equilibrium is maintained at each phase 
boundary in the cell, and the cell reaction occurs reversibly. The rate of the reversible 
cell reaction is infinitesimal, and it takes an infinite time to carry outa noninfinitesimal 
amount of reaction. When a noninfinitesimal current is drawn from the cell, as in 
Fig. 14.65, the cell reaction occurs irreversibly. 

A: Instead of using a potentiometer, one can measure cell emfs with an electronic 
digital voltmeter that draws a negligible current. 


Electrolytic Cells. In a galvanic cell, a chemical reaction produces a flow of 
¢ketric current; chemical energy is converted into electrical energy. In an electrolytic 
hy flow of current produces a chemical reaction; electrical energy from an external 
urce is converted into chemical energy. 
periere 14.8 shows an electrolytic cell. Two Pt electrodes are attached to the ter- 
tipi Sofa seat of emf (for example, a galvanic cell or a de generator). The Pt electrodes 
ee an aqueous NaOH solution. Electrons flow into the negative Pt electrode 
iis eseat ofemf, and H, is liberated at this electrode: 2H,0 + RS H, + 20H { 
Mt ma ave electrode, O3 is liberated: 40H ~> 2H,0 + O + 4e”. Doubling the 
-reaction and adding it to the second, we get the overall electrolysis reaction 
H0 > 2H, + O,. 
bi: same definitions of anode and cathode are used for electrolytic cells as for 
te hy cells. Therefore, the cathode in Fig. 14.8 is the negative electrode. In a galvanic 
‘Th cathode is the positive electrode. 
€ elements Al, Na, and F, are commercially prepared by the electrolysis of 


m 
wee Al,O3, molten NaCl, and liquid HF. Electrolysis is also used to plate one 
tal on another. 


A potentiometer. 


An electrolytic cell. 
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The term electrochemical cell indicates either a galvanic or an electrolytic ca 
Galvanic and electrolytic cells are quite different from each other, and this chapter 
deals mainly with galvanic cells. 
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TYPES OF REVERSIBLE ELECTRODES 


very slightly to the left. 

For the Daniell cell, when Cx is moved slightly to the left, the potential drop 
across BCy becomes slightly less than the cell’s emf and the cell functions as a galvanic 
cell with Zn going into solution as Zn?* at the zinc electrode and Cu2* plating out 


when the cell’s emf is overridden by an external emf that reverses the current direction, 
the reversal of current in the solution means that Cu? * ions will move into the ZnS0, 
solution. Since these processes at the liquid junction are not the reverse of each other, 
the cell is irreversible, 

To have reversibility at an electrode, significant amounts of all reactants and 
products of the electrode half-reaction must be present at the electrode. For example, 
if we had a cell one of whose electrodes was Zn dipping into an aqueous solution of 
NaCl, then when electrons are moving out of this electrode, the half-reaction is Zn im 
Zn?* (aq) + 2e~, whereas when the potentiometer slide-wire is moved in the opposite 
direction and electrons are moving into the Zn electrode, the half-reaction is 2H,0 + 
2e~ + H, + 20H7, since there is no Zn? + to plate out of the solution. Reversibility 
requires a significant concentration of Zn?* in the solution around the Zn electrode, 

The main types of reversible electrodes (half-cells) are 


1. Metal-metal-ion electrodes, Here, a metal M is in electrochemical equilibrium 
with a solution containing M** ions. The half-reaction is M?* + zoin M 
Examples include Cy2+ |Cu, Hg3*|Hg, Ag*|Ag, Pb?*|Pb, and Zn = 
Metals that react with the solvent cannot be used. Group IA and group IIA metas 
(Na, Ca, . . .) react with Water; zinc reacts with aqueous acidic solutions. For Sa 
metals one must remove air from the cell with N, to prevent oxidation of the met 
by dissolved 02. al- 

2. Amalgam electrodes, An amalgam is a solution ofa metal in liquid Hg. Inan e 
gam electrode, an amalgam of metal M is in equilibrium with a solution contain a 
M** ions. The mercury does not Participate in the electrode reaction, whic! 


x H, 
Pt wire EAA VA 28) 


sealed in glass 


KCl(aq) 
H* (aq) 


Paste of 


Pt plated 
with Ag and Hegli) + 
coated with Hg, Cl (s) 
AC! , 
crag) ne Pt gauze 
coated with 
Pt black 


(a) íb) {c) 


Mt +z,e = M(Hg), where M(Hg) indicates M dissolved in Hg. Active metals 
like Na or Ca can be used in an amalgam electrode. 

3, Redox electrodes. Every electrode involves an oxidation-reduction half-reaction, 
However, custom dictates that the term “redox electrode” refer only to an electrode 
whose redox half-reaction is between two species present in the same solution; the 
metal that dips into this solution serves only to supply or accept electrons. For 
example, a Pt wire dipping into a solution containing Fe?* and Fe3* is a redox 
electrode whose half-reaction is Fe?* + e` = Fe?*. The half-cell diagram is 
Pi|Fe’*, Fe?*, Another example is Pt}|MnOj, Mn?*. 

4 Metal-insoluble-salt electrodes. Here, a metal M is in contact with one of its very 
slightly soluble salts M,, X,_ and with a solution that is saturated with M, , X,_ 
and that contains a soluble salt (or acid) with the anion X*~. 

t For example, the silver—silver chloride electrode (Fig. 14.9a) consists of Ag metal, 
solid AgCI, and a solution that contains Cl” ions (from, say, KCI or HCI) and is 
saturated with AgCl. There are three phases present, and the electrode is usually 
symbolized by Ag|AgCl(s)|Cl~ (aq). One way to prepare this electrode is by elec- 
trodeposition of a layer of Ag on a piece of Pt, followed by electrolytic conversion 
of Part of the Ag to AgCI. The Ag is in electrochemical equilibrium with the Agt 
in the solution: Ag => Ag *(aq) + e~. Since the solution is saturated with AgCI, 
any Ag* added to the solution reacts as follows: Ag* (aq) + Cl” (aq) = AgCl(s). 
The net electrode half-reaction is the sum of these two reactions: 


Ag(s) + Cl” (aq) + AgCl(s) + e7 (14.29) 


i me calomel electrode (Fig. 14.9b) is Hg| Hg2Cl,(s)|KCl(aq). The half-teaction 
and tE 7,2CI = Hg,Cla(s) + 2e”, which is the sum of 2Hg = Hes (aq) + 2e- 
ne 82 (aq) + 2Cl (aq) = Hg2Cl,(s). (Calomel is HgCl2.) When the solution is 
urated with KCI, we have the saturated calomel electrode. 
A The commonly used diagrams given above for metal-insoluble-salt half-cells 
Moe: Thus, the diagram Hg|Hg,Cl,(s)|KCl(aq) might seem to suggest 
ein e Hg is not in contact with the aqueous solution, when in fact all three phases 
5. Gas eee with one another. è 
the i ectrodes, Here, a gas is in equilibrium with ions in solution. For example, 
tYdrogen electrode is Pt |H(g)|H * (aq), and its half-reaction is 


H,(g) = 2H * (aq) + 2e7 : (14.30) 


(a) The Ag-AgCI electrode. (b) The 
calomel electrode. (c) The hydrogen 
electrode. 
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H;, is bubbled over the Pt, which dips into an acidic solution (Fig. 14.90). The P 
contains a coat of electrolytically deposited colloidal Pt particles (platinum blach) 
which catalyze the forward and reverse reactions in (14.30), allowing the equilib. 
rium to be rapidly established. The H, gas is chemisorbed as H atoms on the 
Pt: H(g) = 2H(Pt) = 2H *(aq) + 2e ~ (Pt). “The hydrogen electrode is... the pri- 
mary standard with which all other electrodes are compared. , . . Contrary to state. 
ments frequently made, it is comparatively easy to prepare and use.” (Ives and Janz, 
p. 71.) 

The chlorine electrode is Pt|Cl(g)|Cl~ (aq) with half-reaction Cl, + 2¢7 = 
2CI (aq). A reversible oxygen electrode is extremely difficult to Prepare, because of 
formation of an oxide layer on the metal and other problems. 

6. Nonmetal nongas electrodes. The most important examples are the bromine and 
iodine electrodes: Pt|Br3(/)|Br (aq) and Pt|I,(s)|I~ (aq). In these electrodes, the 
solution is saturated with dissolved Br, or I. 

7. Membrane electrodes. These are defined and discussed in Sec. 14.12, 


ZnSO,, the Cu** ions would react with the Zn rod and the attempt would fail, 
A reversible galvanic cell Tequires two half-cells that use the same electrolyte 
solution. An example is the cell 


Pt|H(g)| HCl(aq)| AgCl(s)| A, g|Pt’ (1431) 


composed of a hydrogen electrode and an Ag-AgCI electrode, each dipping in the 
same HCI solution. An advantage of metal-insoluble-salt electrodes is that they lend 
themselves to construction of cells without liquid junctions. 


There are certain subtleties connected with the cell (14.31), When the Ag-AgCl electrode 
is inserted into the HCI solution, the region of solution around the electrode becomes 
Saturated with AgCI. Likewise, the region of solution around the Pt|H, electrode is satu- 
rated with dissolved H3. Since diffusion in solution is relatively slow, there is virtually 
no dissolved AgCI in the region around the H) electrode and virtually no dissolved 


nonuniformity of composition can be ignored. For all practical purposes, the cell is revers- 
ible. Likewise, there is no need to worry that Ag* ions will diffuse to the H, electrode and 
react directly with H3, according to 2Ag* + H, > 2Ag + 2H*. The extremely low con- 
centration of Ag* in the solution makes the rate of this direct reaction negligible. 


THERMODYNAMICS OF GALVANIC CELLS 


In this section, we use thermodynamics to relate the emf (the open-circuit potai 
difference between the terminals) of a reversible galvanic cell to the chemical ae 
of the species in the cell Teaction. Consider such a cell with its terminals on open circu 


For example, the cell might be 
Pt,|H5(g)|HCl(aq)| AgC\(s)|Ag|Ptp (14.32) 
where the subscripts L and R indicate the left and right terminals. The IUPAC con- 
ventions (Sec. 14.4) give the half-reactions and overall reaction as 
Hlg) = 2H* + 2e7(Pt,) 
[AgCl(s) + e` (Ptrk) = Ag + C17] x 2 
2AgCls) + H3(g) + 2e (Pty) = 2Ag + 2H* +2Cl- +2e (Pt) (14.33) 


Since the terminals are on open circuit, flow of electrons from Pt, to Ptg cannot occur; 
therefore the electrons have been included in the overall reaction. We call (14.33) the 
cell's electrochemical reaction to distinguish it from the cell’s chemical reaction, which is 


2AgCl(s) + H2(g) = 2Ag + 2H* + 2C17 (14.34) 


Becrochemical Equilibrium in a Galvanic Cell. When an open-circuit reversible 
cell is assembled from its component phases, extremely small amounts of charge are 
transferred between phases, until electrochemical equilibrium is reached. In the open- 
circuit Daniell cell of Fig. 14.6a, there is electrochemical equilibrium between the Zn 
electrode and the ZnSO, solution, between the Cu electrode and the CuSO, solution, 
and between the Cu’ terminal and the Zn electrode; however, the liquid junction in- 
troduces irreversibility (as noted in Sec. 14.5), and there is no electrochemical equilib- 
rium between the two solutions. In the reversible cell (14.32), there is no liquid junction 
and all adjacent phases are in electrochemical equilibrium. 

We first consider reversible galvanic cells. When the phases of the open-circuit 
reversible cell (14.32) are brought together, the two half-reactions occur until electro- 
chemical equilibrium is reached and the overall electrochemical reaction (14.33) is 
în equilibrium, The equilibrium condition in a closed electrochemical system is 
Simi = 0 [Eq. (14.21)], where the ñs are the electrochemical potentials, the v;’s are 
the stoichiometric coefficients, and the sum goes over all species in the electrochemical 
action; this is the equilibrium condition for any reversible open-circuit galvanic cell. 
We write the sum J; vfi; as a sum over electrons plus a sum over all other species: 

0= x vids = X vee ale) + D viði (14.35) 
i e~ i 
Where the prime on the second sum indicates that it does not include electrons. For 
example, for the cell reaction (14.33) 


Ye Vale“) = —2Afe~(Pta)] + Zale” (Pts)] (14.36) 
© vay = —2(AgCl) — AH) + 2A(Ag) + 2A(H*) + 2A(CI-) 


7 

ii file" (Pt,)] is the electrochemical potential of electrons in the Ptg terminal. 

Let Tg and T, denote the right- and left-hand terminals of the cell. Let n, the 

for ee of the cell reaction, be defined as the number of electrons transferred 

Teactio, cell electrochemical reaction as written. For example, n is 2 for the cell 

over ae (14.33), The charge number n is a positive, dimensionless number. The sum 
ctrons in (14.35) can be written as [see (14.36)] 


È ve7)fle~) = —nfife~(Tz)] + nile (T1)] (14.37) 


= 


— Ka 
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By the IUPAC conventions, oxidation (loss of electrons) occurs at T, so Ty 
appears on the right side of the cell’s electrochemical reaction, as in (1433), a nd j 
e (Tz) has a positive stoichiometric coefficient: v[e~(T,)] = +n, as in (14,37), 

Use of à = p; + z7 $* [Eq. (14.19)] withi=e~ and z; = —1 gives for (1437, 


> we ale) = nufe(T,)] — nue (Tp)] + nF (bp — $1) 


where op and ¢, are the potentials of the right and left terminals, The chemical 
potentials 4; depend on T, P, and composition, and the terminals have the same T, 
P, and composition. Therefore the chemical potentials of the electrons in the terminals 
are equal: u[e (T,)] = u[e (Tp)]. Therefore 


E ve ale) = nF (be — 1) = nF 8 (14.38) 


where the definition & = op — , of the cell emf was used. 

Since the cell is reversible, there are no liquid junctions and all ions in the cell 
Teaction occur in the same phase, namely, the phase that is an ionic conductor (an 
electrolyte solution, a fused salt, etc.). In deriving Eq. (14.24), we proved that yi v= 
j vjH; When all charged species in the sum occur in the same phase. This condition 
holds for the sum J; v;ã; on the right side of (14.35), so Yi viði = Ys viu. Substitution 
of this relation and of (14.38) into (14.35) gives 


Y' vin; =—nFE rev. cell (14.39) 
7 
Equation (14.39) relates the cell emf to the chemical potentials of the species in 
the cell’s chemical reaction. For example, for the cell (14.32) with chemical reaction 
(14.34), we have —2y(AgCl) — (H3) + 2u(Ag) + 24H +) + 2n(Cl-) = —2F6. 


The quantity Y; v;u; is called AG in many texts, and (14.39) is written as AG = —n¥6. 
However, as noted in Sec. 11.9, the symbol AG has several meanings. A better designation 
for this sum is (@G/08)y. p [Eq. (1 1.35)], where G is the Gibbs energy of the species in the cell's 
chemical reaction. 


The Nernst Equation. We now express the chemical potentials in (14.39) in terms of 
activities. The definition of the activity a; of species i gives Hi = wy + RT Ina; [Eq 
(11.2)], where x? is the chemical potential ofi in its chosen standard state. Carrying out 
the same manipulations used to derive (6.14) and (11.4), we have 


i 


Ye = È viu? + RTY' vy, Ina; = AG° + RT In [y a] (144) 
i i i 
where AG° = J; viu? is the standard molar Gibbs energy change [Eq. (11.5)] for the 
cell’s chemical reaction. Substitution of (14.40) in (14.39) gives 
AG? RT Al) 
Pe Me Massi a A (14: 
nF nF w [1 (ai) | 
The standard potential &° of the cell’s chemical reaction is defined as &° = —AG/AF, 


so 
AGS nae (14.42)" 


R + 
é=6& ——_]n [y a] rev. cell (1443) 


the product goes over all species in the cell’s chemical reaction but does not 


ae electrons. The Nernst equation (14.43) relates the cell’s emf & to the activities 


include A x 
of the substances in the cell’s chemical reaction and to the standard potential &° 
athe reaction; &° is related to AG® of the cell’s chemical reaction [Eq. (14.42)]. 


The preceding equations are ambiguous in that the scale for solute activities has 
not been specified. Activities a; and standard-state chemical potentials yj differ on 
the molality and molar concentration scales (Sec. 10.3). For electrochemical cells, the 
molality scale is most commonly used for solutes in aqueous solution. All aqueous- 
lution activities and activity coefficients in this chapter are on the molality scale. 
(In dilute and concentrated aqueous solutions, the molality and molar-concentration 
activities a,,; and a, ; are nearly equal, as shown in Prob. 10.11.) 

The product Į]; (a;)"* in the Nernst equation (14.43) is not in general equal to 
the ordinary chemical equilibrium constant K* that appears in (11.6). Although it is 
true that a reversible cell sitting on open circuit is in equilibrium, this equilibrium is 
in electrochemical equilibrium, and the cell’s electrochemical reaction [for example, 
(1433)] involves transfer of electrons between phases that differ in electric potential. 
The activities in (14.43) are equal to whatever values are used when the cell is set 
up since the attainment of electrochemical equilibrium between phases involves negli- 
gible changes in concentrations. 

Let us rewrite the Nernst equation in terms of the chemical equilibrium con- 
sant K°, Equations (14.42) and (11.4) give &° = —AG°/n¥ = (RT In K°)/nF. We 
define the reaction quotient or activity quotient Q as the product in brackets in 
(1443). Equation (14.43) becomes & = (RT In K°)/nF — (RT In Q)/nF, or 


ê =— In E where Q =|’ (a)" (14.44) 


When Q equals K°, the cell emf is zero; the greater the departure of Q from K°, the 
eater the magnitude of the emf. 

Let the cell diagram be written with the terminal that is at the higher potential 
put on the right, so that & = Pr — >, is positive. From (14.44), positive £ means 
tht Q < K°, where Q and K° are for the reaction corresponding to the cell diagram 
(dation at the left electrode). Suppose the cell is connected to a load (as in Fig. 
146b), Since & is positive, the spontaneous reaction that occurs is the same as the 
an corresponding to the cell diagram, as noted after Eq. (14.28). This means 
is e amounts of products in the cell-diagram reaction increase as the cell operates, 

increases Q. As Q increases toward K°, the cell emf decreases, reaching zero 
When Q equals K°, 


memination of 6°. How is &° in the Nernst equation (14.43) found? If all chemical 
pa RO cell are in their standard states, then all the a;'s are 1 and the logarithm 
nfof the -43) vanishes, making & equal to &°. (Therefore &° is often called the standard 
Slates, u teli) However, the molality-scale standard states of solutes are fictitious 
Species aihe in reality. Hence, it is generally impossible to prepare a cell with all 
it still an standard states. Even though the species are notin their standard states, 
bag a. happen that the activities of all species in the cell are 1, in which case 
Mot generally however, is not a practical way to find &°, since activity coefficients are 
ies in y known to high accuracy; one can’t be sure that ym; = 1 mol/kg for each 
Solution. 
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&° can be found from AG’ = —n¥6° [Eq. (14.42)] if the standard-state partal 
molar Gibbs energies 4? of the species in the cell reaction are known. 
8° can be determined from emf measurements on the cell by an extrapolation 
procedure. As an example, consider the cell (14.32) with overall chemical reaction 
[Eq. (14.34)] 2AgCI(s) + H,(g) = 2Ag(s) + 2H * (aq) + 2Cl (aq). The Nernst equa: 
tion (14.43) gives 
T [aH +P aCi] alg] 
Bia SA N [al a 2)] (445 
[a(AgCl)]*a(H,) 


At or near 1 bar, the activities of the pure solids Ag and AgCI are 1 (Sec, 11.4) 
Equation (10.91) gives a(H,) = S(H2)/P°, where f is the H; fugacity and P° = | bar, 
For pressures close to 1 bar, we can replace f(H,) with P(H,) with negligible error 
(Prob. 14.11). What about the HCI activity product a(H *)a(Cl~)? 

Rather than dealing directly with this particular activity product, we shall con 
sider the general electrolyte M, ,X,_, for which the activity product (a, "(ay 
occurs, where a, and a_ are the cation and anion activities. For these ions, the 
chemical potentials are H+ =H + RT Ina, and p_ = H> + RT Ina_. Let isym. 
bolize the electrolyte M, _X,_. Its chemical potential in solution is Hy = Hy + RT Ing, 
Substitution in y; = V+H+ + v_y [Eq. (10.38)] gives 


L + RT Ina, =vyp +v,RT In 4, +v- u +v_RTIna_ 
Use of u? =v; u9, + vip (Eq. (10.44)] gives RT Ina;= RT In (a +)"* + RT In (a) 
and In a; = In [(a,)*(a_)’>]. Thus 
a; =(a,)"*(a_)’- 
Comparison of u; = K? + RT In (v4. ym,/m°)” (Eq. (10.52)] with y; = u? + RT Ing, 
gives a; = (v.y,m;/m°)’. Hence 
(a4) (a_) = a; = (vg yymi/me)” = (v) v) ymm) = (144) 


since (v4)" =(v4)"*(v_)"- and v=y, +y_. Equation (14.46) is complicated but 
useful, since it relates the activity product of the electrolyte M, ,X,_ to its stoichio- 
metric molality and activity coefficient m; and };. 

The electrolyte HCI has Y+ =v = 1 and Eq. (14.46) gives 


aH *)a(C1) = y,2(m/m2y2 aani 


where m is the HCI stoichiometric molality, y; its stoichiometric activity coefficient, 
and m° = 1 mol/kg. Substituting for the activities in (14.45), we get 


6 = e° PT p (m/m’y* (1448) 
2F  P(H,)/P° 


2RT ORT tt Eee 49 
4 +> In (m/m') — In [PHP] = 8° — age ny, vt lt 


All quantities on the left side of (14.49) are known. In the limit m — 0, the activi 
Coefficient y; goes to 1 and In y; goes to 0, Therefore, extrapolation of the left ar a 
m = 0 gives &°. At low molalities, ion pairing is negligible and (as noted in Sec. ! it 
the stoichiometric activity coefficient 7; in (14.49) is equal to the mean ionic activity 
coefficient y4. The Debye-Hückel equation (10.69) shows that In y+ is propre 
to m’/? in very dilute solutions. Hence, for very low molalities a plot of the lefts 
of (14.49) vs. m!/2 gives a straight line whose intercept is &°. 


ineversible Galvanic Cells. The derivation of the Nernst equation assumed ther- | 407 | 


modynamic equilibrium, which means that the cell must be reversible. The emf given EETA 
ty the Nernst equation (14.43) is the sum of the potential differences at the phase 

boundaries of a cell without a liquid junction. When the cell has a liquid junction, 

the observed cell emf includes the additional potential difference between the two 

electrolyte solutions. [For example, see Eq. (14.25).] We call this additional potential 

diference the liquid-junction potential & y: 


65 = soin, R — Psoin,b (14.50) 


where Msoin.r is the potential of the electrolyte solution of the half-cell on the right of 
the cell diagram. For example, for the Daniell cell (14.26), £; = ġ(aq. CuSO4) — 
(ag, ZnSO,). The Nernst equation gives the sums of the potential differences at all 
interfaces except at the liquid junction. Hence, the emf & of a cell with a junction 
equals 6; + S Nernst» Where Nernst IS given by (14.43). Therefore, 


RT 
6=6,+ 6 —- = In [y a] cell with liq. junct. (14.51) 
ni i 


[For a proof of (14.51) for the Daniell cell, see Prob. 14.14.] 

Junction potentials are generally small, but they certainly cannot be neglected 
inaccurate work. By connecting the two electrolyte solutions with a salt bridge, the 
junction potential can be minimized (but not completely eliminated). A salt bridge 
consists of a gel (Sec. 13.6) made by adding agar to a concentrated aqueous KCI 
solution, The gel permits diffusion of ions but eliminates convection currents. A cell 
vith a salt bridge has two liquid junctions, the sum of whose potentials turns out to 
b quite small (see Sec. 14.9). A salt bridge is symbolized by two vertical lines (solid, 
dotted, or dashed, according to the whim of the writer). Thus, the diagram 


Au,|Cu|CuSO,(aq) | ZnSO 4(aq)|Zn| Aug (14.52) 


symbolizes a Daniell cell with gold terminals and with a salt bridge separating the 
Tieri e a poe a eS 
give the potential difference 

ofthe terminals when the cell is balanced in a potentiometer. However, these equa- pa! ) 

tons do not give the potential difference between the terminals in the highly irre- 
‘ersible situation where the cell is sending a noninfinitesimal current through a load. 
The Potential difference between the terminals when current flows belongs to the 
Subject of electrode kinetics. Unfortunately, the Nernst equation has frequently been 
‘stdin irreversible situations, where it does not apply. 


Aug 


CuSO, (aq) ZnSO, (aq) 


aa A galvanic cell’s electrochemical reaction includes the transfer of elec- 
3 in it pa the cell terminals, as in (14.33); its chemical reaction omits electrons, 
chemical 4). Application of the equilibrium condition xi vii = 0 to the electro- 
ofa rey Faction of an open-circuit cell at electrochemical equilibrium gives the emf 
blab galvanic cell as £ = &° —(RT/nF) In Q. In this equation (the Nernst 
ON ie ~AG*/ nF, n is the number of electrons transferred in the cell s elec- 
metric za reaction, and Q = |]; (a;)", where a; and v; are the activity and stoichio- 
aen of species i, and the product goes over all species in the cell's 
chemical reaction, AG° is the change in standard molar Gibbs energy for the cell's 

reaction. The activity product for the ions of a strong electrolyte (which 
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occurs in the Nernst equation for certain cells) is given by (14.46). The Standard 
potential &° can be found by extrapolation to infinite dilution of an expression in 
volving measured & values or can be calculated if AG° is known, 


STANDARD ELECTRODE POTENTIALS 


In this section, the term “electrode” is used synonymously with “half-cell,” 

If we have 100 different electrodes, they can be combined to give 100(99)/2 = 
4950 different galvanic cells. However, to determine &° for these cells requires far 
fewer than 4950 measurements. All we have to do is pick one reversible electrode 
as a reference and measure &° for the 99 cells composed of the reference electrode 
and each of the remaining electrodes. These 99 &° values allow calculation of all 
4950 &° values; this will be proved below. 

The reference electrode chosen for work in aqueous solutions is the hydrogen 
electrode Pt|H,(g)|H *(aq). The standard potential of an electrode reaction (abbre- 
viated to standard electrode potential) at temperature T and pressure P is defined to 
be the standard potential ° for the cell at T and P that has the hydrogen electrode 
on the left of its diagram and the electrode in question on the right. For example, 
the standard electrode potential for the Cu2* [Cu electrode equals &° for the cell 


Cu’| Pt), (g)|H * (aq) |Cu? * (aq)|Cu (1433) 


which from (14.42) equals —AG°/2¥ for the chemical reaction H,(g) + Cu?* (aq) + 
2H* (aq) + Cu. Experiment gives 6° = 0.34 V for this cell at 25°C and 1 bar. Rev! 
that the standard states of species in solution involve a variable pressure, Unless 
otherwise specified, a pressure of 1 bar will be understood. 

The standard electrode potential of electrode i is defined using a cell with i on 
the right side of the cell diagram, and by the IUPAC cell-diagram convention (Sec. 
14.4), reduction occurs at the right electrode. Therefore the standard electrode po 
tential for electrode i corresponds to a chemical reaction in which reduction occurs 
at electrode i, All standard electrode potentials are reduction potentials. 

Suppose we have measured the standard electrode potentials of all electrodes 
of interest. We now ask for &° for a cell composed of any two electrodes. For e% 
ample, we might ask for &° of the cell 


Cu|Cu?*} Fe? * |Fe|Cu’ (1454 


To simplify the derivation, we shall write all cell reactions and half-reactions 


S0 as to make the cell-reaction charge number n equal to 1. This is all right, since 


the potential difference between the two terminals is independent of the choice of 
stoichiometric coefficients in the cell reaction. For the cell (14.54), the half-reactions 
are 3Cu = 4Cu** + e` and 4Fe3+ +e“ = 4Fe, and the cell reaction is 
3Cu + 4Fe3* = 1¢0y2+ 4 4Fe (1453) 
Let ék and & denote the standard electrode potentials of the electrodes 0n 
the right and left of (14.54); that is, ER is &° for the cell 


Fe|Pt|H2(g)|H*|Fe3+ |Fe’ (14.56) 


for (14.53). The reaction of the cell (14.54) is the difference between 


Kis 
md t= of the cells (14.56) and (14.53): 


the reactions O 
Cell (14.56): 4Fe** + 4H, = 4Fe+ H+ 
-Cell (14.53): —@Cu?* +4H, =4Cu + H$) 
Cell (14.54): 4Cu + 4Fe?* =4Cu?* +4Fe 


Therefore, AG’ for the reaction of cell (14.54) is the difference between the AG's of 
the cells (14.56) and (14.53): AG(1 4.54) = AGf14.s6) — AG/i4.53)- The use of AG? = 
“nF 6 (Eq. (14.42)] with n=1 gives -Ffas = —F64.56) + FEir4.53- 
Division by —F gives &(14.54) = &(14.56) = St14.say OF 


E = 62-6, (14.57)* 


where 6% and 67, are the standard electrode potentials of the right and left half-cells 
ola cell whose standard emf is &°. Both &% and £}, are reduction potentials. Since 
the cell reaction involves oxidation at the left-hand electrode, 67 appears with a 
minus sign in the expression (14.57) for &”° of the cell’s reaction. 

Although a particular cell was used to derive (14.57), the same reasoning shows 
itto be valid for any cell. Equation (14.57) applies at any fixed temperature and 
allows 6° for any cell to be found from a tabulation of standard electrode potentials 
at the temperature of interest. Table 14.1 lists some standard electrode potentials in 
aqueous solutions at 25°C and 1 bar. 

As an example of (14.57), &° for the cell (14.54) is &° of Fe?*|Fe minus &° of 
Cu’*|Cu, which Table 14.1 gives as —0.04 V — 0.34 V = —0.38 V. 

The standard electrode potential for the hydrogen electrode is zero, since &° is 
xro for the cell Pt|H|H * |H, |Pt. The reaction for this cell is Hz + 2H* =2H* + 
Hy; this reaction clearly has AG° = 0 = —n¥6&°, and &° = 0. 


TABLE 14.4 


STANDARD ELECTRODE POTENTIALS IN H2O AT 25°C AND 4 BAR 


Tel reaction SIV | Half-cell reaction EN 
T =a E i 
Catt 4 29 -2925 | 2D* +27 >D j 
re Ca -284 2H* +267 >H, 0 
een, Na -2714 AgBr(c) + e7 > Ag + Br“ 0.0709 
Ai "ie > Me —2.356 AgCl(c) +e” > Ag + Cl” ? 0.2221 
gti st Al —1.67 | Hg,Cly(c) + 2e~ + 2Ha(!) + 2C1 0.2680 
th hae sa age -0.828 Cu?* + 2e7 + Cu 0.340 
oa -0.763 | Cut +e” > Cu 0.520 
Ura ze -044 | 1+ 26° = 2 eee 
Rect 0403 | Hg;SOx(c) + 2e > 2Hall) + S03 0613 
AEAT > Phal -0.365 Fe?* +e > Fe?* 0771 
nt a >Pb+SO% -0351 Agt +e > Ag 0.7989 
Wa” oo -0136 | Br,(l)-+ 267 + 2Br- 1.065 
Pe ae ma -0.125 | 0,+4H* +4e + 2H20 1.229 
s —0.04 Cl,(g) + 2e7 > 2017 1.358 
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Because the standard electrode potentials are relative to the hydrogen electrode, 
21o Ee which involves H3(g), the 1982 change in standard pressure from 1 atm to 1 bar af. 
ae fects most standard electrode potentials. For an electrode that does not involve gass, 
one finds £333" = £38% — 0.00017 V. 
The process of combining two half-cell &° values to find a third half-cell 6° iş 
considered in Prob. 14.22. 
Standard electrode potentials are sometimes called single electrode Potentials, 
but this name is highly misleading. Every number in Table 14.1 is an ¢° value fora 
complete cell. For example, the value of 0.340 V listed for the half-reaction Cy2* + 
2e” — Cu is & for the cell (14.53). Even if the potential difference across the interface 
(H adsorbed on Pt)-H * (aq) with H, and H* at unit activity happened to be zero 
at 25°C, the listed value 0,340 V would not give the potential difference across the 
Cu? *(aq)-Cu interface, since the cell (14.53) also contains a potential difference across 
the Cu'-Pt interface. 


Vapor-pressure measurements give the stoichiometric activity coeficient of 
CdCl, in a 0.100-mol/kg aqueous CdCl, solution at 25°C and 1 bar as y; = 0.22% 
Find 6° and & at 25°C and 1 bar for the cell 


Cu,|Cd(s)|CdCl,(ag, 0.100 mol/kg)| AgC\(s)| Ag(s)|Cu 


k 


By convention, the left-hand electrode involves oxidation, so the hal- 
reactions and overall chemical reaction are 


Cai Cd**"5. 2e- 
(AgCl +e” Ag +C”) x 2 
Cd + 2AgCl = 2Ag + Cd?* + 2017 
Equation (14.57) and Table 14.1 give at 25°C: 
& = ER — 8} = 0.2221 V — (—0.403 V) = 0.625 V 
The Nernst equation (14.43) gives 
pipe RT [a(Ag)]?a(Cd?* facci)? 
2F a(Cd)[a({AgCI)]? 
6 = & — (RT/2F ) n {a(Cd? + )[a(C1~)]?} (1458) 


since the activities of the pure solids Ag AgCI, and Cd are 1 at 1 bar. Tent 
activity product in (14.58) is evaluated by use of Eq, (14,46) with v, =1 0n 
vi = 2: 
a(Cd?* fa(Cl-y]? = 11-22. [(0.228)(0,100)]3 = 4.74 x 107$ 
Substitution in (14.58) gives 
Lee 
6 = 0.625 y — 8314I mol”! K~1)(298.15 K) 


2(96485 C mol”) 
& = 0.625 V — (—0.128 V) = 0.753 V 


In (4.74 x 107°) 


we lJic=1¥ [Eq. (14.8)]. Note that, since the volt is an SI unit, R must be 
using joules, the SI energy unit. (A frequent student error is to calculate é 
yf using R or AG values involving calories.) 


3 


For the cell Cuz |Ag|AgCl(s)|CdC1 (0.100 mol/kg)|Cd|Cug, which interchanges 
| pe electrodes compared with the diagram in the example, 6° would be —0.625 V 
nié would be —0.753 V. 

Suppose we want to calculate the emf of the Daniell cell (14.52) with the assump- 
im that the salt bridge makes the liquid-junction potentials negligible. The Nernst 
sqution would contain the log of 


a(Cu2*)/a(Zn2*) = (Cu? + yn(Cu? * )/y(Zn?* )m(Zn?*) 


{both solutions were dilute, we could use the Davies equation to calculate the ionic 
xivity coefficients, Also, we would have to know the equilibrium constants for ion- 
pir formation in CuSO, and ZnSO, solutions, so as to calculate the ionic molalities 
fm the stoichiometric molalities of the salts. If the solutions are not dilute, we can’t 
ind the single-ion activity coefficients and hence can’t calculate 6. 

The Nernst equation contains the term —(RT/nF¥)2.3026 log Q. At 25°C, one 
ids 23026RT/F = 0.05916 V. 


GUSSIFICATION OF GALVANIC CELLS 


Toform a galvanic cell, we bring two half-cells together. If the electrochemical reac- 
tins in the half-cells differ, the overall cell reaction is a chemical reaction and the cell 
n chemical cell. Examples are the cells (14.52) and (14.32). If the electrochemical 
"actions in the two half-cells are the same but one species B is at a different concen- 
tation in each half-cell, the cell will have a nonzero emf and its overall reaction will 
fa physical reaction that amounts to the transfer of B from one concentration to the 
te, This is a concentration cell. An example is a cell composed of two chlorine elec- 
‘nds with different pressures of Cl): 


Pt,|Cl,(P1)| HCl(aq)|Cl(PR)|Pte (14.59) 


E a and Pp are the Cl, pressures at the left and right electrodes. Adding the 
enictions 2CI- — Clx(P,) + 27 and Cla(Pp) + 207 = 2C17, we obtain as 
y cell reaction Cl,(Pp) > Cl,(P,). Equation (14.57) gives 8° = & — 61 = 
~136V = 0. For any concentration cell, &° is zero, since & equals 6}. The 


Ne f í 
us equation (14.43) with fugacities approximated by pressures gives for the cell 


Ven & = —(RT/2#) In (P,/Pp) (14.60) 
ii Pa, the emf is zero. 
ard a liquid junction involves transport of ions across the liquid junction 
therefore said to be a cell with transference. The Daniell cell (14.28) is a chemical 


wit 
In, t transference, The cell (14.31) is a chemical cell without transference. The cell 
4 concentration cell without transference. An example of a concentration 
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cell with transference is 
Cuz] CuSO,(m,)!CuSO,(mg)|Cug (146) 


LIQUID-JUNCTION POTENTIALS 


To see how a liquid-junction potential arises, consider the Daniell cell (Fig, 14.6) with 
its emf balanced in a potentiometer, so no current flows. F. or simplicity, let the CuSO, 
and ZnSO, molalities be the same, giving equal SO2~ concentrations in the tyo 
solutions. At the junction between the solutions, ions from each solution diffuse into 
the other solution. It happens that Cu?* ions in water are slightly more mobile than 
Zn?* ions, so the Cu2* ions diffuse into the ZnSO, solution faster than the Zn?* 
ions diffuse into the CuSO, solution. This produces a small excess of positive charge 
on the ZnSO, side of the boundary and a small excess of negative charge on the CuSO, 
side. The negative charge on the CuSO, side speeds up the diffusion of the Zn?* ions 
The negative charge builds up until a steady state is reached with the Zn?* and Cu?* 
ions migrating at equal rates across the boundary. The steady-state charges on each 
side of the boundary produce a potential difference (aq. ZnSO4) — ġ(aq. CuSO,)= 
Es, which contributes to the measured cell emf. 

In the cell (14.61), the Cu2* and SO3° ions diffuse from the more concentrated 
to the more dilute solution. It happens that SOZ° ions diffuse faster than Cu?* ions, 
so a slight negative charge is built up on the more dilute side of the junction, 

In some cases, one can estimate liquid-junction potentials from emf measure: 
ments. For example, consider the cell 


Ag|AgCl(s)|LiCl(m)!NaCl(m)| AgC\(s)|Ag (14.62) 


where m(LiCl) = m(NaCl). The half-reactions are Ag + Cl~(in aq. LiCl) + AgCl + 
e and AgCI + e` > Ag + Cl (in aq. NaCl). Adding these, we have as the overall 
reaction Cl” (in aq. LiCl) + Cl~(in aq. NaCl). For this cell, &° is zero, and Eq, (1451) 
gives 


RT In 7(Cl~ in aq. NaCl) 
F y(CI7 in aq. LiCl) 


é= 


At low molalities, (C17) will be very nearly the same in NaC] and LiCl solutions of 
equal molality (see the Debye-Hiickel equation). Therefore, to a good approximation, 
& = &,, and the measured emf is that due to the liquid junction. j 

Some observed approximate liquid-junction potentials at 25°C for cells like 
(14.62) with various electrolyte pairs at m = 0.01 mol/kg are — 2.6 mV for LiCl-NaCl 
—7.8 mV for LiCl-CsCl, 27.0 mV for HCI-NH,Cl, and 33.8 mV for HCI-LiCl. The 
larger values for junctions involving H* are due to the fact that the mobility of H 
in water is much greater than that of all other cations; see Sec. 16.6. We see that liquid- 
junction potentials are of the order of magnitude 10 or 20 mV (0.01 or 0.02 V). pi 
is small but far from negligible, since cell emfs are routinely measured to 0.1 mV = 
0.0001 V or better. 

To see how effective a salt bridge is in reducing 6, consider the cell 


Hg|Hg,Cl,(s)|HC1(0.1 mol/kg)|KCl(m)!KCI(0.1 mol/kg)|Hg7Cl2(s)| Hg 


where the KCI(m) solution is a salt bridge with molality m. When m = 0.1 mol/kg, 
tecell resembles the cell (14.62) and its emf (which is observed to be 27 mV) is a good 
approximation to é; between 0.1 mol/kg HCl and 0.1 mol/kg KCI. Salt bridges use 
concentrated KCI solutions. When the KCI molality m is increased to 3.5 mol/kg, the 
cellemf'drops to 1 mV, which is a good approximation io the sum of the junction po- 
tentials at the interfaces HCI(0.1 mol/kg)-KCI(3.5 mol/kg) and KCI(3.5 mol/kg)— 
KC\(0.1 mol/kg). We can expect that a cell with a concentrated KCI salt bridge will 
iypically have a net junction potential of 1 or 2 mV. 

The liquid-junction potential between a concentrated aqueous KCI solution and 
any dilute aqueous solution is quite small, for the following reasons. Because the 
KCl solution is concentrated, the junction potential is determined mainly by the ions 
ofthis solution, with the ions of the dilute solution making only a negligible contri- 
bution to £}. The mobilities of the isoelectronic ions ,gK* and ,7Cl~ in water are 
marly equal, so these ions diffuse out of the salt bridge into the dilute solution at 
nearly equal rates and the junction potential is therefore small. 

Most cells with salt bridges contain two junctions between concentrated KCl 
ad dilute solutions, and here &, is further reduced by a near cancellation of oppo- 
sitely directed junction potentials. But even for a cell with a single con. KCI-dil. 
soln. junction, £; will be quite small. Thus, £; is quite small for the junction between 
acalomel electrode using concentrated KCI and any half-cell with low concentrations 
ofions, 


APPLICATIONS OF EMF MEASUREMENTS 


elermination of Thermodynamic Quantities. AG? for the cell reaction can be 

found from the experimentally determined standard emf: AG? = —n¥&° [Eq. (14.42)]. 
From (9.30), we have (@u;/OT)p = —S}?. Therefore [@(AG°)/6T ]p = 

OTF; vil? = —Y; viS? = —AS°. Substitution of —n¥é° for AG® gives 


AS° = nF (S) (14.63) 
T /p 


C 


Evaluation of the temperature derivative of &° allows the standard-state molar 
‘nltopy change AS” of the cell’s reaction to be found. Recall the role of galvanic-cell 
Measurements in establishing the third law of thermodynamics. 

AH® can then be found from AG° = AH® — TAS®. 

Since Cp; = T(@5?/2T)p, we have AC$ = T[A(AS*)/@T ]p and (14.63) gives 


ACp = nF T(076°/6T?)p (14.64) 

Me derivatives in (14.63) and (14.64) are found by measuring &° at several tem- 
ures and fitting the observed values to the truncated Taylor series 

& =a + WT — To) + (T — To)? + AT — To)? (14.65) 


te b, c and d are constants and To is some fixed temperature in the range of 

th Differentiation of (14.65) then allows AS°, AH®, and ACp to be 

Tite 6° y, l ince each differentiation decreases the accuracy of the data, highly accu- 

WT f alues are required for an accurate AC} to be found. Figure 14.11 plots & 
Or the cell (14.31). 
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&° vs. temperature at | bar for 
the cell (14.31), consisting of a 
hydrogen electrode and an 
Ag-AgCl electrode. 
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CHAPTER 14 


Use standard electrode potentials to find AGs for the reaction Cu +Zn*, 
Cu?* + Zn, which occurs in the cell (14.52). 

The standard potential &° for this redox reaction is O° = ER - EF [Eq. (1457), 
From Table 14.1, &% = —0.763 V and £} = 0.340 V at 25°C, so 6308 = —0.163V 
— 0.340 V = —1.103 V. Therefore, at 25°C: 


AG? = —nF6° = —2(96485 C/mol)(— 1.103 V) = 213 kJ/mol 
since 1 V = 1 J/C [Eq, (148)]. 


| exami i 


The chemical reaction H2(g) + 2AgCl(s) > 2Ag(s) + 2HCl(aq) [Eq. (14.34)) occurs 
in the cell (14.31). Measured &° values (Fig. 14.11) for this cell in the temperature 
range 0 to 90°C at 1 bar are well fitted by Eq. (14.65) with 


To =273.15K, a =0.23643V, 104 = 4.8621 V/K 
10°c = —3.4205 V/K?, 10d = 5.869 V/K? 


Find AS3,3 for this reaction. 
Substitution of (14.65) into (14.63) gives 


AS* = nF [b + 2T — To) + 3d(T — To) (1467) 
Substitution of numerical values gives at 0°C 


AS373 = nF b = 2(96485 C/mol)(—4.8621 x 1074 V/K) 
= —93.82 J mol~! K`! 


(14.66) 


Determination of Equilibrium Constants. Once ° for a cell has been found, AG’ 
and the equilibrium constant K° of the cell’s chemical reaction can be found from 
AG? = —n¥& and AG’ = —RT In K° [Eq. (1 1.4)]. Combining these two equations, 
we have 


In K° = nF6°/RT (14.68) 


| Exams | 


Use standard electrode Potentials to find the 25°C equilibrium constant for Zn + 
Cu?* (aq) = Zn? *(aq) + Cu. pe 

Data in Table 14.1 give ¢° = 0.340 V — (—0.763 V) = 1.103 V. Substitution in 
(14.68) gives at 25°C 


o _ 2096485 C mol~1)(1.103 J C~!) 
K= 4 = 85.9, 
(8.314 J mol` € K~4)(298.15 K) 


K° =2 x 10°” 


ichcould also have been found from the value AG° = 213 kJ/mol found above 
forthe reverse reaction). At equilibrium, virtually no Cu?* remains in solution. 


Fquation (14.68) gives K° = exp (n7 &°/RT). For n = i, we find that each difference 
(0.1 V between the half-reaction standard potentials contributes a factor of 49 to 
Kat 25°C. The more positive 6° is, the larger K° is. A large negative &° indicates 
avery small K°. 

The more negative the reduction potential &° for the half-reaction M*" + 
17 > M, the greater the tendency for metal M to be oxidized. Thus, a metal will 
tend to replace in solution those metals that lie below it in Table 14.1. For example, 
Zn replaces Cu? * from aqueous solutions (Zn + Cu?* > Zn?* + Cu), Metals lying 
above the hydrogen electrode in Table 14.1 replace H* from solution and dissolve 
readily in aqueous acids, generating H3. Metals near the top of the table, for example, 
Na, K, Ca, replace H* from water. 

Although the anode reaction in a cell is an oxidation and the cathode reaction 
isa reduction, the overall cell reaction is not necessarily an oxidation—reduction 
eaction (as can be seen from the AgCI example below), so (14.68) is not limited to 
redox reactions. The kinds of equilibrium constants that have been determined from 
cell emf measurements include redox K° values, solubility products, dissociation con- 
stants of complex ions, the ionization constant of water, ionization constants of weak 
acids, and ion-pair-formation equilibrium constants; see Probs. 14.38 and 14.39. 


Devise a cell whose overall reaction is AgCI(s) > Ag+ (aq) + Cl (aq) and use its 
fis Value to find K$, 295 for AgCI. 
Such a cell is 


Ag|Ag*!Cl” |AgCl(s)|Ag (14.69) 


Ihe halt-reactions are Ag > Ag* +e7 and AgCl(s) +e~ > Ag + Cl”, and the 
overall reaction is AgCl(s) + Ag* + Cl. At the anode, Ag is oxidized, and at the 
Cathode Ag (in AgCI) is reduced, so the overall cell reaction is not a redox reaction. 
Table 14.1 and Eq. (14.68) give &° = 0.2221 V — 0.7989 V = —0.5768 V, and 
Kg = 1.78 x 10-19 at 25°C and 1 bar. Note that there is no need to set up and 
Measure &° for the cell (14.69), since its &° can be found by combining measured 
Mlandard electrode potentials of the Ag*|Ag and Ag~AgCl electrodes. 


matrminetion of Activity Coefficients. Since the emf of a cell depends on the 
oa of the ions in solution, it is easy to use measured emf values to calculate 
a Y Coefficients. For example, for the cell (14.32) with HCI as its electrolyte, the cell 
Pin S 's (14.34) and the emf is given by Eq. (14.48). Once &° has been determined by 
tet ation to m = 0, the stoichiometric activity coefficient y; of HCl(aq) at any 
i Ym can be calculated from the measured emf & at that molality by using (14.48). 
li PeR for y; of HCl(aq) at 25°C and 1 bar are 0.905 at 0.01 mol/kg, 0.796 at 
ol/kg, and 0.809 at 1 mol/kg (Fig. 10.7). 
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Determination of pH. The symbol pb means —log b, where b js Some physis 
quantity: pb = —log b. For example, 


pe(H*) = —log [c(H*)/c"], — pm(H*) = —Iog [mH + )/m°] 
pa(H*) = —log a(H*), pa,,(H*) = —log a,,(H*) (14% 


where the quantities c° = 1 mol/dm3 and m° = 1 mol/kg have been inserted to 
the arguments of the logarithms dimensionless (as they must be). In (14.70), a{*) 
and a,,(H*) are the concentration- and molality-scale activities of H* (Eq. (10.30)) 

Over the years, each of the quantities in (14.70) has been called “the PH" ofy 
solution. The present definition of PH is none of these. Instead PH is defined op 
erationally to yield a quantity that is easily and reproducibly measured and as closely 
equal to —log a,,(H*) as present theory allows. 

To understand the current definition of PH, consider the cell 


Pt|H2(g)|soln. X! KCi(sat.)| Hg» Cl,(s)| Hg] Pt’ (14,71) 


which consists of a saturated calomel electrode and a hydrogen electrode dipping 
into an aqueous solution X whose molality-scale activity of H* is ay(H*), The cell 
reaction and emf £% [Eq. (14.51)] are 


4H(g) + 4Hg2Cl,(s) = Heil) + H+ (ag, X) + Cl~(aq) 
6x = 85x + 8 — RTF ~ "Tin ax(H*) + In a(Cl ~) — 4 In P(H3)/P°] 
where &, y is the junction potential between solution X and the saturated KCI solu- 
tion. Provided the ionic strength of solution X is reasonably low, &,,x should be 
small, because of the concentrated KCI solution (see Sec. 14.9). 


If a second cell is set up identical to (14,71) except that solution X is replaced 
by solution S, then the emf &s of this cell will be 


65 = 6y)5+ 6° — RTF- '[in a(H*) + In a(Cl~) — 4 In P(H3)/P°] 
where a.(H *) is the activity of H* in solution S. Subtraction gives 
8x — 65 = 6). — fjs -RTF ‘[In ay(H*) — In ag(H*)] 
RTF ~* (In 10) —log ay(H*) + log a(H*)] = 6 — ds + by 5 — & x 


6x — fs y 655 — rx (14.72) 
RTF 'in10 ` RTF" In 10 


where we used Pay(H*) = —log 4y(H*) and Eq. (1.69), 

If solutions X and § are reasonably similar, the junction potentials £; x and &)s 
will be approximately equal and the last term in (14.72) can be neglected. By analog) 
to (14.72) with the last term omitted, the pH of solution X is defined as 


6x —&s (14.73) 
RTF In 10 
In this equation, pH(S) is the assigned PH value for a standard solution. The pH) 
values are numbers chosen to be as closely equal to —log ag(H *) as present kn 
edge allows. We have aH *) = ys(H*)m(H*)/m°. For a solution with low ion 
strength, a reasonably accurate value of ».(H*) can be calculated from an exte 
form of the Debye-Hiickel equation, allowing —log as(H*) to be accurately 6t 
mated for the solution S of known composition. A list of assigned pH(S) values * 


Pax(H*) = pa(H*) + 


PH(X) = pH(S) + 


jeous potassium hydrogen phthalate solution at 25°C and 1 bar 


in Eq. (14.73) differs from pa,,x(H*) because the difference 
n potentials is not precisely zero and because the assigned 
are not precisely equal to pag(H*), The current definition of 
ve a quantity that is easily measured rather than a quantity that 
odynamic significance. For solutions of low ionic strength and 
12, it is believed that the operationally defined pH in (14.73) is 
a,(H*). In aqueous solution, a,(H*) differs only slightly from 


cially available pH meters, the hydrogen electrode in (14.71) is re- 
s electrode (Sec. 14.12). 


“‘Titrations. In an acid-base titration, the pH changes rapidly 
ition point is reached; the slope of a plot of pH vs. volume of added 
ximum at the endpoint. Monitoring the pH with a pH meter allows 

determined; the solution being titrated is solution X in cell (14.71). 
can be done potentiometrically by making the solution being titrated 
cell whose emf is monitored. 


emf of 6 or 12 V. Each cell is 
Pb| PbSO,(s)|H,SO4(aq) | PbSO4(s)| PbO. 2(s)| Pb’ (14.74) 


Pb + HSO,” > PbSO,(s) + H* + 2e7 
2 + 3H* + HSO, + 2e~ + PbSO,(s) + 2H,0 


ible and is readily recharged. 
States space program and the desire for electrically powered auto- 
urred the development of many new batteries. 


ellis a galvanic cell in which the reactants are continuously fed to each electrode 
le the cell. Figure 14.12 shows a hydrogen-oxygen fuel cell whose diagram is 


A C|H,(9)| NaOH(aq)] 03(9)|C 


are made of porous graphite (which is a good conductor). The H, and o 2 
nually fed in and diffuse into the electrode pores. The electrolyte solution 
part way into the pores. Each electrode is impregnated with a catalyst to 
tion or reduction half-reaction, In the anode pores, H3 is oxidized to H“, 
H, + 2H* + 2e~. The H* is neutralized by the OH ~ of the electrolyte 
IH = 2H,0), so the net anode reaction is H; + 20H7 + 2H,0 + 2e™. At 


, 
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carbon electrodes 


A hydrogen-oxygen fuel cell. 


the cathode, oxygen is reduced: O2 + 2H,0 + 4e” + 40H”. The net reaction iş 
2H, + O, > 2H,0. The half-reactions and overall reaction are the reverse of those in 
the electrolysis of water. The emf is 1 V, Oxygen is usually supplied as air, Hydrogen- 
oxygen fuel cells are used in United States spacecraft to supply power for heat, light, and 
radio communication. 

When electric power is produced in a steam power plant that runs on heat supplied 
by burning a hydrocarbon fuel, the efficiency cannot exceed that of a reversible Carnot 
engine operating between the same temperatures as the heat engine; see Eqs. (3.7) and 
(3.17). A fuel cell is not a heat engine and is not subject to the Carnot limitation on 
efficiency. Thus, fuel-cell efficiencies are typically 60 to 70 percent, compared with 2010 
40 percent for internal-combustion engines and steam power plants. Fuel cells are also 
less polluting. 


ION-SELECTIVE MEMBRANE ELECTRODES 


An ion-selective membrane electrode contains a glass, crystalline, or liquid mem- 
brane for which the Potential difference between the membrane and an electrolyte 
solution it is in contact with is determined by the activity of one particular ion. 

The oldest and most widely used membrane electrode is the glass electrode 
(Fig. 14.13), whose essential component is a thin glass membrane of special compo 
sition. Glass contains a three-dimensional network of covalently bound Si and 0 
atoms with a net negative charge, plus positive ions, for example, Na*, Li*, Ca" 
in the spaces in the Si-O network. The positive ions of the alkali metals can move 
through the glass, giving it a very weak electrical conductivity. The thinness (0.005 
cm) of the membrane reduces its Tesistance. Even so, the resistances of glass elec 
trodes run 107 to 10° ohms. The high resistance makes emf measurements with 4 
potentiometer (Fig. 14,7) inaccurate, because of the inability of the galvanometet t0 
detect the extremely small currents involved, so an electronic voltmeter is used. j 

An Ag-AgCl electrode plus an internal filling solution of aqueous HC! are seale 
in as part of the glass electrode. The glass electrode also works if one uses liquid He 
with a Pt terminal instead of the filling solution and Ag-AgCl electrode. h 

The main application of glass electrodes is to pH measurement. To measure thé 
PH of solution X, we set up the following cell (Fig. 14.13a): 


Pt|Ag] AgCl(s)|HCl(aq)|glass|soin. X|KCl(sat)|Hg,Cl,(s)| Hg] Pt’ 
Let this be cell X with emf éx. 


eee Pt Pt 
‘Glass [ Calomel 
electrode electrode 
KCI(aq) 
HCI(aq) He2Cl> + He 


HCI(aq) 


AgeAgCl 
on Pt 


P Porous 


ceramic Ag-AgCl on Pt 


Thin glass 
membrane 


Solution X Crystal 


membrane 


(a) (b) 
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Before a freshly made electrode is used, it is immersed in water for a few hours. 
Monovalent cations, for example, Na*, at and near the surface of the glass are re- 
placed by H* ions from the water. When the glass electrode is immersed in solution 
X,an equilibrium between H* ions in solution and H + ions in the glass surface is set 
up. This charge transfer between glass and solution produces a potential difference 
between the glass and the solution. Equation (14.23) gives 


A(X) — ġiglass) = [uH +) — XH +F (14.75) 


The emf £y of cell X equals (14.75) plus the A¢’s at all the other interfaces. 
_ Let solution X be replaced by a standard solution S, to give cell S with emf és. 
Similar to (14.75), we have 


$S) — (glass) = [uH +) — H *)]/F (14.76) 


If we assume that the liquid-junction potential 6, x between solution X and 
the calomel electrode equals the junction potential £; s between solution S and the 
calomel electrode, then the Ag’s for the cells X and S are the same at all interfaces 
cept at the glass-solution X or S interface. Therefore, £x — és equals (14.75) 
minus (14.76), and & — & = wS(H*)/F — u*(H*)/F. Substitution of w(H*) = 
9H") + RT In a(H*) for p(H*) and 4X(H*) and the use of (1.69) give 


lx — & = RTF ~ “(In 10)[log a\(H*) — log a*(H *)] 


Where a(H*) and a¥(H*) are the activities of H* in solutions S and X. We now 

Bee log a(H*) by —pH{(S), where the defined pH(S) of the standard solution is 

tay to approximate closely — log a°(H *). Since we have used the same approxi- 

ad ions as in Sec, 14.10 [namely, assuming equal liquid-junction potentials and using 
fined pH(S) value], we replace log a¥(H*) by —pH(X), to get 


pH(X) = pH(S) + (£x — &)F(RT In 10)" * 


ae is the same as Eq. (14.73), Therefore a glass electrode can replace the hydro- 
ae in pH measurements. 
e op S818 made by cooling a molten mixture of SiO, and metal oxides. By varying 
an composition of the glass, one can produce a glass electrode that is sensitive to 
ion other than H*. Examples of such ions are Na*, K+, Li*, Cs*, Rb*, Ag*, 
Cut P 
4, Su and TI*, 


(a) Measurement of pH using a 
glass electrode. (b) A crystal- 
membrane electrode. 
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Two KC\(aq) solutions separated 
by a membrane permeable to 


only K*, 


Semipermeable 
membrane 


The glass membrane can be replaced by a crystal of a salt that is “insoluble” jy 
water and that has significant ionic conductivity at room temperature, Figure 1413 
shows a crystal-membrane electrode. As an example, a crystal of LaF 3 gives a mem, 
brane that is sensitive to F`; there is an equilibrium between F~ adsorbed at the 
crystal surface and F~ in the solution the electrode dips into, and an equation like 
(14.75) holds with F~ replacing H* and —¥ replacing F. 


Glass microelectrodes are used to measure activities of H*, Na*, and K* i 
biological tissues. 

The bananatrode, an electrode that contains a thin slice of banana placed between 
two membranes, is used to detect the neurotransmitter dopamine [Science News, 131, 
92 (1987)]. 


14.13 


MEMBRANE EQUILIBRIUM 


Consider two KCI solutions (x and B) separated by a membrane permeable to K* 
but impermeable to C17 


rium is reached in which the K * diffusion rates are equal. At equilibrium, solution J 
is at a higher electric Potential than g, as a result of transfer of a chemically undetect- 
able amount of Kt, 

To derive an expression for the potential difference across the mem brane, consider 
two electrolyte solutions x and that are Separated by a membrane permeable to ion 
k and Possibly to some (but not all) of the other ions present; the membrane is im- 
Permeable to the solvent(s). At equilibrium, A" = àf [Eq. (14.20)]. Use of A’ = 
Me +F o= KR” + RT In aK + gF Gb? [Egqs. (14.19) and (11.2)] gives 


Me" + RT In až + Fh = ug? + RT In a,’ + ZF o! 


i oig B 
Ap Gage ee ee RT i ae (147 
gF ZF a 


into aqueous CuSO4, the metal-solution interface can be viewed as a “membrane 
that is permeable to Cu2* but impermeable to S047, e”, and H,0. 4 
If the solvents in solutions g and £ are the same, then pọ? = pg” and (14.77) 


TART T af RT In vm,” (14,78) 


The above situation where the membrane is impermeable to the solvent is called 
onosmotic membrane equilibrium. More commonly, the membrane is permeable to 
ihe solvent, as well as to one or more of the ions. The requirements of equal electro- 
cfemical potentials in the two phases for the solvent and for the permeating ions 
lead to a pressure difference between the two solutions at equilibrium. The equation 
for Ap in osmotic membrane equilibrium (also called Donnan membrane equilibrium) 
ismore complicated than (14.78). (See Guggenheim, sec. 8.08, for the treatment.) How- 
wer for dilute solutions, Eq. (14.78) turns out to be a good approximation for osmotic 


membrane equilibrium. 
The potential difference between solutions « and can be reasonably accurately 


measured by setting up the cell 
Ag, | AgCl(s)| KCl(aq) |x| membrane|B}KCl(aq)| AgCl(s)| Agr (14.79) 


inwhich concentrated-K CI salt bridges connect each solution to an Ag-AgCl elec- 
trode. Provided a and f are reasonably dilute, the sum of the liquid-junction potentials 
willbe small (1 or 2 mV); hence, to a good approximation, the cell emfis £ = ¢(Agr) — 
HAg,) = P(soln. 8) — P(soln. x), since the potential differences at the interfaces to the 
left of a in the diagram cancel with those to the right of £. 

Equation (14.78) is sometimes applied to cell-membrane potentials in living 
organisms. The K* molality in the fluid inside a resting nerve cell is 30 or 40 times 
that outside the cell. Because of the presence of Na*, Cl”, and other ions, the 
ionic strengths inside and outside the nerve cell are roughly equal, so we shall take 
w to be the same on each side of the membrane. Equation (14.78) then gives 
at 25°C 


mt ger _ (8.31 J mol” K7 *)(298 K) | 1 
=p aa ie A a a e 14.80 
ili 1(96500 C mol” +) 135 Gaso 


Where ġ'™! and #**' are the potentials inside and outside the cell. The observed trans- 
membrane potential for a resting nerve cell is about —70 mV, which differs from 
(1480). This is because the solutions in living organisms are not in equilibrium, and 
clmembrane potentials cannot be understood solely in terms of the Nernst equation 
(478), which is an equilibrium equation. (At equilibrium, nothing is happening. If 
me you're dead.) For more on nerve-cell membrane potentials, see 


w 


THE ELECTRICAL DOUBLE LAYER 


a in See. 14.2 that the interphase region between two bulk phases usually con- 
tween aper distribution of electric charge resulting from (a) charge transfer be- 
ols ases, (b) unequal adsorption of positive and negative ions, (c) orientation of 
tronic ‘a Bay permanent dipole moments, and (d) distortion (polarization) of elec- 
Phase re arge in molecules. For historical reasons, the charge distribution in the inter- 
gion is called the electrical double layer. 

€ shall consider mainly the double layer at the interface between a metal elec- 
Dis an aqueous electrolyte solution, for example, between Cu and ‘CuSO, (ag). 

se the electrode is positively charged because of a net gain of Cu** ions from 
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(a) Electrical double layer in the 
Stern model. (b) Electric potential 
vs. distance in the Stern model. 


the solution. In 1924, Stern proposed that some of the excess negative ions in the soly. 
tion are adsorbed on the electrode and held at a fixed distance determined by the 
ionic radius while thermal motion distributes the remainder of the excess negative 
ions diffusely in the interphase region (Fig. 14.15a). 

Figure 14.15b shows the variation in the electric potential h with distance from 
the electrode, as calculated from the Stern model. As we go from phase x to phase 
B, the electric potential does not suddenly jump from %* to #. Instead, in the inter- 
phase region (Sec. 13.1), there is a gradual transition from $% to °. If z is the direction 
perpendicular to the -$ interface, the derivative 0/0z is nonzero in the interphase 
region, so the electric field E, = —ĉ¢ġ/ôz (Eq. (14.11)] is nonzero in the interphase 
region. An ion or electron with charge Q that moves from the bulk phase « to the bulk 
phase experiences an electric force in the interphase region and has its electrical 
energy changed by (Ø — 60 [Eq. (14.10)]. This is reflected in the ZF h” term in the 
electrochemical potential (14.19). 

The Stern model is probably essentially correct, However, Stern did not explicitly 
consider the orientation of water dipoles at the electrode. Most of the electrode sur- 
face is covered with a layer of adsorbed water molecules. If the electrode is positively 
charged, most of the water molecules in the adsorbed layer will have their negative 
(oxygen) sides in contact with the electrode. This orientation of the water dipole mo- 
ments affects ġ in the interphase region. s 

The electric field in the electrode-solution interphase region is extremely high. 
Table 14.1 indicates that electrode-solution potential differences are typically about 
1 V. The interphase region is of the order of 50 A thick. If z is the direction perpendic- 
ular to the interface, then |E,|=dd/dz =Ad/Az=(1 V)/(50 x 1078 cm)=2 x 10° V/cm. 


Recall from Sec. 13.6 that the colloidal Particles in a sol are charged. If the particles at 
Positively charged, some negative charges in the dispersion medium will be adsorbed a 
each particle’s surface and others will be distributed diffusel y in the region near the patil 
There is a double layer at each Particle-solution interface. 


14.15 


DIPOLE MOMENTS AND POLARIZATION 


As noted in Secs, 14.2 and 14.14, orientation of molecules with dipole moments and 
distortion (polarization) of molecular charge distributions contribute to interphis 
Potential differences in electrochemical systems such as galvanic cells. The prese" 
section examines molecular dipole moments and polarization in some detail. 


Moments. An arrangement of charge occurring frequently is two 
args Qand — 0 equal in magnitude and opposite:in sign and separated by a dis- 
tance d that is small compared with the distances from the charges to an observer. 
Such a combination is called an electric dipole (Fig. 14.16a). The electric dipole 
moment p of this combination is defined as a vector of magnitude 


p=Qd (14.81)* 


and direction from the negative to the positive charge. The SI unit of p is the coulomb- 
meter (C m). 

Let ġ be the electric potential produced by a dipole. From Eq. (14.12) and Fig. 
14.16b, we have ġ = Q/4xeqr2 — Q/4neor,. In accord with the definition of an electric 
dipole in the preceding paragraph, we assume that r > d, where r is the distance to the 
point P at which @ is being calculated. For r > d, the use of some geometry shows 
(Prob. 14,44) that the electric potential ġ of a dipole is well approximated as 


s0 
P a A E (14.82) 


where the angle 0 is defined in Fig. 14.16b. 

Note the angular dependence of ġ. Note also that ġ for a dipole falls off as 1 |r’, 
incontrast to ¢ for a single charge (a monopole), which falls off as 1/r [Eq. (14.12)]. 
Since the electric field is found by differentiation of $ [Eq. (14-11)], the electric field 
ofa dipole falls off as 1/r?, compared with 1/r? for a single charge. The force field 
of a dipole is of relatively short range compared with the long-range force field of a 
single charge. 

_ Consider a distribution of several electrical charges Q;, with the total charge 
being zero: $; Q; = 0. If one calculates the distribution’s electric potential at any point 
whose distance from the distribution is much larger than the distance between any two 
charges of the distribution, one finds that the potential is given by (14.82) provided 
the electric dipole moment of the charge distribution is defined as 


p= 2 Qiri (14.83) 
7 


Where r; is the vector from the origin (chosen arbitrarily) to charge Q;. (Proof of this 
statement is given in E. R. Peck, Electricity and Magnetism, McGraw-Hill, 1953, 
2.29) Thus, the electric potential produced by a neutral molecule at a point well 
Outside the molecule is given by (14.82) and (14.83); of course, the charges of the mole- 
cule are Moving, so r; must be interpreted as an average location for charge Qj. 
For a distribution that consists of a charge —Q with (x, y, 2) coordinates 
(~4d, 0, 0) and a charge Q with coordinates (4d, 0,0), Eq. (14.83) gives Px = 
Qi; = —Q(—4d) + Qd) = Qd and py = 0 = p», in agreement with (14.81). 
hi è sum in (14.83) can be written as a sum over the negative charges plus a 
im over the positive charges. A molecule has a nonzero dipole moment if the effective 
Centers of negative charge and positive charge do not coincide. Some molecules with 
ag HCl, H,O (which is nonlinear), and CH3Cl. Some molecules with p=0 
ton 2 CO, (which is linear), CH4, and CH6. A molecule is said to be polar or 
Shia according to whether p # 0 or p = 0, respectively. Dipole moments of some 
cules are listed in Sec. 21.7. 
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(a) An electric dipole. 
(b) Calculation of the electric 
potential of the dipole, 
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Polarization. When a molecule with a zero dipole moment is placed in an external 
electric field, the field shifts the centers of positive and negative charge, polaris 
the molecule and giving it an induced dipole moment Pina: For example, if a positive 
charge is placed above the plane of a benzene molecule, the average positions of hy 
electrons will shift upward, giving the molecule a dipole moment whose direction jg 
perpendicular to the molecular plane. If the molecule has a nonzero dipole moment 
p (in the absence of any external field), the induced moment Ping produced by the 
field will add to the permanent dipole moment p. The induced dipole moment jg 
proportional to the electric field E experienced by the molecule: Pina = XE, where the 
proportionality constant « is called the molecule’s (electric) polarizability, Actually, 
æ is a function of direction in the molecule. For example, the polarizability of HC 
along the bond differs from its polarizability in a direction perpendicular to the bond 
axis. For liquids and gases, where the molecules are rotating rapidly, we use any 
averaged over direction. 

The electric field at points well outside a neutral isolated molecule is determined 
by the magnitude and orientation of the molecule’s electric dipole moment p. When 
the molecule is interacting with other molecules, it has an induced dipole moment 
Ping = 2E in addition to its permanent moment p. The molecular dipole moment p 
and molecular polarizability æ largely determine intermolecular interactions in non- 
hydrogen-bonded substances. 

The molecular polarizability increases with increasing number of electrons and 
increases as the electrons become less tightly held by the nuclei. From (14.83) and 
(14.3), the SI units of « are (C m)/(N C7 1) = C? m N”! From (14.2), the units of 
a/4neg are m?, which is a unit of volume. Polarizabilities are often tabulated as ajáneg 
values. Some values are shown in Fig. 14.17. 

A small volume in a piece of matter is said to be electrically unpolarized or 
polarized according to whether the net dipole moment of the volume is zero or 
nonzero, respectively, A small volume within the bulk phase of pure liquid water is 
unpolarized; the molecular dipoles are oriented randomly, so their vector sum is zero. 
In an electrolyte solution, the water in the immediate vicinity of each ion is polarized, 
because of the orientation of the H2O dipoles and because of the induced dipole 
moments. J 

Consider two flat, parallel metal Plates with opposite charges that are equal m 
magnitude. This is a capacitor or condenser (Fig. 14.18). The electric field Z in the 
region between the plates is constant. (See Halliday and Resnick, sec. 30-2, for the 
proof.) Let x be the direction Perpendicular to the plates. Integration of E, = —Ag/éx 
with E, = E = const. gives for the potential difference Ad between the plates 


|Ad| = Ed (14.84) 


where d is the distance between the plates. 

When a nonconducting substance (a dielectric) is placed between the plates, the 
nonconductor becomes polarized, as a result of the following two effects: (1) The 
electric field of the plates tends to orient the permanent dipoles of the dielectric 99 
that the negative ends of the moments lie toward the positive plate. The degree of 
orientation shown in Fig. 14.18b is greatly exaggerated; the orientation is far from 
complete, since it is opposed by the random thermal motion of the molecules. @) T 
electric field of the plates produces induced dipole moments Pina that are orient 
with their negative ends toward the positive plate. For a dielectric whose molec 
have zero permanent dipole Moment, the orientation polarization (effect 1) is absent 
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FIGURE 14.18 


The induced (or distortion) polarization (effect 2) is always present. For any small 
yolume in the bulk phase of the polarized dielectric, the net charge is zero, However, 
tequse of the polarization, there is a negative charge at the dielectric surface in 
contact with the positive plate and a positive charge on the opposite surface of the 
idielectric (Fig. 14.18c). These surface charges partially nullify the effect of the charges 
onthe metal plates, thereby reducing the electric field in the region between the plates 
and reducing the potential difference between the plates. 


Dielectric Constants. The dielectric constant (or relative permittivity) £, of a dielec- 
tticisdefined by £, = E/E, where Eo and E are the electric fields in the space between 
the plates of a condenser when the plates are separated by a vacuum and by the dielec- 
th, respectively. Equation (14.84) gives Eg/E = Ado/Ad, where Ady and Aġ are the 
potential differences between the plates in the absence and in the presence of the 
dielectric, Therefore 


t, = E/E = Ago/A¢ (14.85) 


Let Q be the absolute value of the charge on one of the metal plates, and let «/ be 
is area, In the absence of a dielectric, the electric field between the plates is Ey = 
Yoo [eq, (30-2) in Halliday and Resnick]. With a dielectric between the plates, let 
Op be the absolute value of the charge on one surface of the polarized dielectric. Qp 
tutralizes part of the charge on each plate, so the field is now E = (Q — Qp)/eo#. 
Hence, Ey/E = Q/(Q — Qp) = &„, where (14.85) was used. Therefore 


Q — Qp = Qty (1486) 


ori The deviation of £, from 1 is due to two effects: the induced polarization and the 
‘entation of the permanent dipole moments. Therefore, & increases as the molecular 
Ee tty a increases and e, increases as the molecular electric dipole moment p 
othe a Using the Boltzmann distribution law (Chap. 22) to describe the orientations 
in ipoles in the applied electric field, one can show that for pure gases (polar 
onpolar) at low or moderate pressure and for nonpolar liquids or solids 


» 2 
&—1M_Na (: y E) (14.87) 
& +2 p  3& 3kT, 


F cr r 

; 7 the derivation, see McQuarrie, chap. 13.) In (14.87), M is the molar mass (not 

io weight), p is the density, k is Boltzmann's constant (3.57), N4 is the 
Badro constant, and T is the temperature. Equation (14.87) is the Debye—Langevin 


(a) A capacitor. (b) Orientation of 
molecular dipoles of a dielectric 
in a capacitor. (c) Surface charges 
resulting from dielectric 
polarization. 
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equation; for the special case p = 0, it becomes the Clausius-Mossotti equation, On 
can show that (e, — 1)/(e, + 2) increases as £, increases (Prob. 14.50), i 

The dielectric constant ¢, can be measured using Eq. (14.85), From (14.87), a 
plot of Mp +(e, — 1)/(e, + 2) vs. 1/T is a straight line with slope N ap’ /9¢ok and 
intercept N 42/329. Such a plot allows x and p of the gas to be determined, 

Because of solute~-solvent interactions, the Debye- Langevin equation is nop i 
strictly applicable to liquid solutions of polar molecules in a nonpolar solvent, by 
is often applied in modified form to such solutions to obtain approximate p Values, 
Many different such modifications exist [see H. B. Thompson, J. Chem. Educ, 43, 66 
(1966)]}, and they typically yield dipole moments with errors of about 10 percent, Foy 
a more accurate procedure to calculate dipole moments from dielectric constants of 
solutions, see M. Barón, J. Phys. Chem., 89, 4873 (1985). 

Some dielectric constants for liquids and solids at 25°C and 1 bar are plotted 
in Fig. 14.19. The high dielectric constants of H,0 and HCN are due to their high 
dipole moments. The dielectric constant of a single crystal depends on its orientation 
in the capacitor. Values of £, for solids are usually given for a mixture of small crystals 
with random orientations. 

For gases, e, is quite close to 1, and ê + 2 can be taken as 3 in (14,87), Since p 
is proportional to P, Eq. (14.87) shows that €,—1 for a gas increases essentially 
linearly with P at constant T. Some €, values at 20°C and 1 atm are 1,00054 for air, 
1.00092 for CO3, 1.0031 for HBr, and 1.0025 for n-pentane. 

For polar liquids, £, decreases as T increases. At higher temperatures the random 
thermal motion decreases the orientation polarization. For water, £, decreases from 
80 to 64 as T increases from 20 to 70°C. For nonpolar liquids, the orientation polari- 
zation is absent, so £, varies only slightly with 7; this variation is due to the change 
in p with T in Eq. (14.87). 

Consider two electric charges Q, and Q, immersed in a dielectric fluid with 
dielectric constant ¢,, and let the charges be separated by at least several molecules of 
dielectric. The charge Q, polarizes the dielectric in its immediate neighborhood, Let 
Q, be positive. The negative charges of the oriented dipoles immediately adjacent to 
Q, partially “neutralize” Qı, giving it an effective charge Qrp = Q; — Op, where -Qp 
is the charge on the spherical “surface” of the dielectric immediately surrounding Qi: 
It turns out that Eq. (14.86) gives the correct result for the effective charge: Qer = 
Q1 — Op = 1/e,. (See F. W. Sears, Electricity and Magnetism, Addison-Wesley, 1951. 
p. 190.) At points not too close to Qu, the electric field E due to Q, and the induced 
charges surrounding it equals Q.¢;/4negr?. Therefore 


Ree et TO, (14.88) 


where the permittivity & of the medium is defined as £ = £,£9. 

Now consider the force on Q2. This force is due to (a) the charge Qi, (b) the 
induced charge ~Qp around Q,, and (c) the induced charge around Q). The indu 
charge around Q, is spherically distributed around Q, and produces no net force 0n 
Q2. Therefore the force F on Q% is found from the field (14.88), which results from 
charges (a) and (b). Equations (14.3) and (14.88) give 


1 2:0, (14.89) 


4neoe, r? 


h dielectric constant €, the force on Q, is reduced by the factor 1/e, com- 

ad with the force in vacuum. Note that the force between Q, and Q, is given by 
Coulomb's law (14.1) whether these charges are in vacuum or are in a dielectric me- 
dum. It is the induced charge —Qp in the neighborhood of Q, that reduces the 


force on Q2: 
Since interm: 


influences equilibrium 
degree of ion pairing 0 


6 B 
HOELECTROCHEMISTRY 


The fluids in and surrounding the cells of living organisms contain significant amounts 
d dissolved electrolytes. The total electrolyte molarity is typically 0.3 mol/dm® for 
mammalian fluids. 

Figure 14.20 shows a piece of animal tissue pinned to the bottom of a chamber 
filed with a solution having the same composition as the extracellular fluid of the 
organism, By penetrating the membrane of a single cell with a micro salt bridge, one 
sts up the electrochemical cell (14.79), where phase f is the interior of the biological 
cil, the membrane is the cell’s membrane, and phase g is the bathing solution. The 
potential difference measured is that between the interior and exterior of the biologi- 
cal cell and is the transmembrane potential. The membrane potential is displayed on 
an oscilloscope. The micro salt bridge consists of glass drawn to a very fine tip and 
filed with concentrated aqueous KCI. 

Cells show a potential difference ġ™™ — °“ of —30 to —100 mV across their 
membranes, the cell’s interior being at a lower potential than the exterior. Typical 
Values are —90 mV for resting muscle cells, —70 mV for resting nerve cells, and 
-4 mV for liver cells. Since interphase potential differences exist in living organisms, 
living organisms are electrochemical systems (Sec. 14.2). 

When an impulse propagates along a nerve cell or when a muscle cell contracts, 
the transmembrane potential oi" — o™ changes, becoming momentarily positive. 
Nerve impulses are transmitted by changes in nerve-cell membrane potentials. Mus- 
cks are caused to contract by changes in muscle-cell membrane potentials. Our per- 
&ption of the external world through the senses of sight, hearing, touch, etc., our 
thought processes, and our voluntary and involuntary muscular contractions are all 
intimately connected to interphase potential differences. An understanding of life re- 


pma fluid wit 


lecular forces are electrical, the dielectric constant £, of a solvent 
constants and reaction rate constants. Recall the much higher 
f electrolyte solutes in solvents with low £, values (Sec. 10.7). 


Oscilloscope 


Bathing solution 
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quires an understanding of how these potential differences are maintained and hoy 
they are changed. 

The existence of transmembrane potential differences means that there ig an elec. 
trical double layer at the membrane of each cell, The double layer is approxima 
equivalent to a distribution of electric dipoles at the cell’s surface, Consider thy 
heart muscles. As these muscles contract and relax, the potential differences across 
their cell membranes continually change, and hence the total dipole moment of the 
heart changes, and so do the electric field and electric potential produced by the 
heart. An electrocardiogram (ECG) measures the difference in electric Potential be. 
tween points on the surface of the body as a function of time. Changes in these 
potential differences arise from the changes in the heart dipole moment, [See R.K, 
Hobbie, Am. J. Phys., 41, 824 (1973) for details.] An electroencephalogram (EEG) 
records the time-varying potential difference between two points on the scalp and 
reflects the electrical activity of nerve cells in the brain. 

In 1943, Goldman used a nonequilibrium approach together with the assump: 
tion of a linear variation of ¢ within the membrane to derive an expression for the 
transmembrane potential of a biological cell. This equation in modified form was 
subsequently used by Hodgkin and Katz in studies on nerve impulses, The Gold: 
man-Hodgkin-Katz equation is 


int gext_ RT P(K*)[K*]™ + P(Nat)[Na* JH HRCA 
Oin F " PRUIK J+ PONa [Na "> PCC TA UH 


where [K *]® and [K +]" are the K* molar concentrations outside and inside the 
cell and P(K *) is the permeability of the membrane to K* ions. P(K*) is defined as 
D(K*)/z, where D(K*) is the diffusion coefficient of K * through the membrane of 
thickness t. Diffusion coefficients are defined in Sec. 16.4. For the derivation of (14%), 
see Eyring, Henderson, and Jost, vol. IXB, chap. 11. 

The concentrations in (14.90) should actually be replaced by activities, but since 
the ionic strengths inside and outside the cell are approximately equal, all six activity 
coefficients are approximately equal and have been omitted. Note that, if P(K *) were 
much greater than both P(Na*) and P(CI~), Eq. (14.90) would reduce to the con 
centration-scale version of the Nernst equation (14.78) for K +, 

Tracer experiments show that a nerve-cell membrane is permeable to all three 
ions K*, Na*, and C1”. For a Testing nerve cell of a squid, one finds that P(K’)/ 
P(CI’) = 2 and P(K *)/P(Na*) x 25, For squid nerve cells, the observed concentri 
tions in mmol/dm” are [K + Jit = 410, [Na +] = 49, [C1~]!™ = 40, [K*]" =I 
[Na*]* = 460, [Cl7 ]™ = 540. These three ions are the main inorganic ions. Inside 
the cell, there is also a substantial Concentration of organic anions (charged proteins, 
organic phosphates, and anions of organic acids); these have quite low permeabilities 

We can use the Nernst equation (14.78) with activity coefficients omitted tos 
which ions are in electrochemical equilibrium across the membrane. The above cot- 
centrations give the following equilibrium A@ values at 25°C: 


Ade(K*)=—95mV,  Ag..(Na*) = +57 mV, Adeq(Cl-) = —67 mV 


` t 

The observed transmembrane potential for a resting squid nerve cell is —70 mV 

25°C. Hence, CI” is in electrochemical equilibrium, but K* and Na* are not: ilit 
For the —70-mV membrane potential, Eq. (14.78) gives the following eq"! 


rium concentration ratios at 25°C: ejam = 1:15 for z= +1 ions; c/d" = 15:1 
forz = —! ions. The actual concentration ratios are 1:41 for K*, 9:1 for Na*, and 
14:1 for Cl”. Hence Na* continuously flows spontaneously into the cell and K+ 
fows spontaneously out. [We have A™(Na*) > fi™'(Na*).] The observed steady- 
gate concentrations of Na * and K* are maintained by an active-transport process 
that uses some of the cell’s metabolic energy to continually “pump” Na* out of the 
cll and K* into it (Sec. 12.4). 

A nerve impulse is a brief (1 ms) change in the transmembrane potential. This 
change travels along the nerve fiber at a constant speed of 10° to 10* cm/s, depending 
onthe species and the kind of nerve. The change in Aq is initiated by a local increase 
in the membrane’s permeability to Na*, with P(Na*)/P(K*) reaching perhaps 20. 
With P(Na*) much greater than both P(K*) and P(CI~) in (14.90), the membrane 
potential moves toward the Adeg(Na*) value of +60 mV. The observed peak value 
of Ad is +40 or 50 mV during the passage of a nerve impulse. After this peak is 
reached, P(Na*) decreases and the potential returns toward its resting value of 


-10 mV. 


SUMMARY 


The electric potential difference $, — $, between two points is the reversible work 
per unit charge to move a charge from a to b. 

An electrochemical system is one with a difference in electric potential between 
‘Wo or more of its phases. Such potential differences are due to charge transfer be- 
tween phases, to orientation and polarization of molecules in the interphase region, 
ind to unequal adsorption of positive and negative ions in the interphase region. 
The potential difference between phases is measurable only if the phases have the 
same chemical composition. 

The existence of potential differences between phases of an electrochemical sys- 
ttm requires that the electrochemical potential fi; replace the chemical potential y; 
inall thermodynamic equations. We have fi;* = m” + 2,4", where z;F is the molar 
charge of species i and ġ* is the electric potential of phase «. The phase-equilibrium 
condition is fi = g, 

__ The phases of a galvanic cell can be symbolized by T-E-I-E’-T’, where I is an 
nic conductor (for example, an electrolyte solution or two electrolyte solutions con- 
Weted by a salt bridge), E and E’ are the electrodes, and T and T’ are the terminals, 
pia are made of the same metal. The potential difference between T and T' is the 
m of the Potential differences between the adjacent phases of the cell. The emf & 
è galvanic cell is defined as & = op — $r, where dp and ¢, are the open-circuit 
hee Potentials of the terminals on the right and left of the cell diagram. The emf 
ali ug ble galvanic cell is given by the Nernst equation (14.43). If the cell contains 
Ra Junction, the liquid-junction potential &, is added to the right side of the 
ae equation. The cell’s standard potential 4° satisfies AG? = —nF &°, where AG 
T the cell’s chemical reaction and n is the number of electrons in the cell’s elettro- 
mical reaction, 
yi he standard electrode potential for an electrode half-reaction is defined to be 
tandard potential ¢° of a cell with the hydrogen electrode on the left of its 
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PROBLEMS 


diagram and the electrode in question on the right. The standard electrode potential i 
of the hydrogen electrode is 0. The standard emf of any cell is given by &° = B- | 
2» Where & and &j, are the standard electrode potentials for the right and left | 

half-cells. 

Cell emfs and their temperature derivatives can be used to determine activity | 
coefficients of electrolytes, pH, and AG°, AH®, AS”, and K° of reactions, | 

The electric dipole moment p of a neutral molecule is defined as p = F, Of 
where r; is the vector from the origin to charge Q;. When a molecule is placed in an 
electric field E, its charge distribution is polarized and it acquires an induced dipole 
moment Ping given by Ping = XE, where « is the molecule’s electric polarizability, 

When two charges are immersed in a nonconducting (dielectric) fluid having 
dielectric constant ¢,, polarization of the fluid reduces the force on each charge by 
the factor 1/e, as compared with when the charges are in vacuum. A molecule’s dipole 
moment and polarizability can be found from measurements of the dielectric constant 
as a function of temperature by using the Debye—Langevin equation. 

Important kinds of calculations discussed in this chapter include: 


* Calculation of &° of a cell’s reaction using AG° = —n Fé. 

e Calculation of &° from a table of standard electrode potentials using &° = éR- 6}, 

* Calculation of the emf & of a reversible galvanic cell using the Nernst equation 
& = & — (RT/nF ) In Q, where Q = [ J; (aj). The electrolyte activity product that 
occurs in the Nernst equation is evaluated using Eq. (14.46). 

e Calculation of AG’, AS°, and AH? of a cell’s reaction from &° vs. T data. 

e Calculation of equilibrium constants from &° data using AG° = —n¥6é° and 
AG’? = —RTIn K°. 

e Calculation of electrolyte activity coefficients from cell emf data using the Nernst 
equation. 

* Calculation of p and « from e, vs. T data using the Debye-Langevin equation. 


FURTHER READING AND DATA SOURCES 


Kirkwood and Oppenheim, chap. 13; Guggenheim, chap. 8; Denbigh, secs. 4.14, 415, 
and 10.15; McGlashan, chap. 19; Bockris and Reddy, chaps. 7 and 8; Ives and Jans 
Bates; Robinson and Stokes, chap. 8. 

Standard electrode potentials: A. J. Bard, R. Parsons, and J. Jordan (eds), Sta 
dard Potentials in Aqueous Solution, Dekket, 1985; G. Charlot (ed.), Selected Constants 
Oxidation-Reduction Potentials in Aqueous Solution, Butterworth, 1971. 

Dielectric constants; Landolt-Bérnstein, 6th ed., vol. II, pt. 6, pp. 449-908. 

Polarizabilities: Landolt-Bérnstein, 6th ed., vol. I, pt. 3, pp. 509-512. 
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Se. | 1410 j 143 1415 | 1416 | general 

Probs, | 1428-1441 | 1442 | 1443-1450 | 1451 | 14521456 


141 Calculate the force that a He nucleus exerts on an elec- 


tron 1.0 A away. 
142 Calculate the magnitude of the electric field of a proton 
ata distance of (a) 2.0 A; (b) 4.0 A. 


143. Calculate the potential difference between two points 
that are 4.0 and 2.0 A away from a proton. 


14 Calculate the charge on (a) 3.00 mol of Hg3* ions; (b) 
0600 mol of electrons. 


{45 Theoretical calculations indicate that, for Li and Rb in 
contact at 25°C, the potential difference is ¢(Li) — (Rb) = 
OV. Estimate the difference in chemical potential between 
ectrons in Li and electrons in Rb. 


i46 For a certain open-circuit Daniell cell with the diagram 
(1426), suppose the following is true: For the Cu electrode, p 
is 03V higher than p for the CuSO,(aq) solution; for the 
1n8O,(aq) solution, @ is 0.1 V higher than @ for the 
CuSO,(aq) solution; the Zn electrode and the ZnSO,(aq) 
olution are at the same electric potential; for the Cu’ 
terminal, @ is 0.2V lower than @ for the Zn electrode. 
Find the emf of this cell. 


147 Give the charge number n for each of these re- 
ations: (a) H, + Br, > 2HBr; (b) 4H, + łBrz > HBr; (c) 
HBr > H, + Brz; (d) 3Zn +2Al?* + 3Zn7* + 2A (e) 
H,Cl, + H, + 2Hg + 2C17 + 2H*. 


W Use data in the Appendix to find £39g for NO4(g) + 
Cu* (aq) + 2H, O(I) + Cu + 4H *(aq) + 2NO3 (aq). 


19 Suppose we add a pinch of salt (NaCl) to the CuSO, solu- 
tion of cell (14.52) thermostated at 25°C. (a) Is & changed? 
Explain. (b) Is &° changed? Explain. 


1410 For the cell (14.32), observed emfs at 60°C and 1 bar 
H, pressure as a function of HCI molality m are: 


mmolkg~') | 0.001 0,002 0.005 0.1 
en eee = Beti. neus 
iN | 05951 0.5561 0.5050 0.3426 


‘he a graphical method to find &° at 60°C. (b) Calculate 
w C HCl(aq) stoichiometric activity coefficients at m = 
1005 and 0.1 mol/kg. 


ae second virial coefficient of H2(g) at 25°C is B= 

(1099) ees (a) Use the Inġ expression that follows Eq. 

neglect te ae he fugacity of H.(g) at 25°C and 1 bar; 

that uses he after Bt P. (b) Calculate the error in &29 of a cell 
the hydrogen electrode at 25°C and 1 bar if fu is Fe 
Y Py, in the Nernst equation. 


un ugk 
S fe Was specified in Sec. 14.4 that the terminals of a gal- 
Must be made of the same metal. One might wonder 


whether the cell emf depends on the identity of this metal. Ex- 
plain how Eq. (14.39) shows that the emf of a cell is independent 
of what metal is used for the terminals. 


14.13 Suppose that a cell’s electrochemical reaction is multi- 
plied by 2. What effect does this have on each of the following 
quantities in the Nernst equation: (a) n; (b) Q; (c) In Q; (d) &? 


14.14 Consider the Daniell cell (14.26). (a) Apply Eq. (14.21) 
to the electrochemical equilibrium Cu => Cu? * (aq) + 2e~ (Cu) 
at the Cu-CuSO,(aq) interface to show that 


Cu) — g(aq. CuSO4) = [u° NCU? +) — p(Cu) +2u "(e7 )]/2F 


(b) Find a similar equation for ġ(Zn) — ġ(aq. ZnSO,). (c) Find 
a similar equation for (Cu’) — (Zn). (d) Substitute the results 
of (a), (b), and (c) into Eq. (14.25) and use Eq. (11.2) to show that 
the result for the cell emf is Eq. (14.51). 


14.15 (a) Use data in the Appendix to find &39g for the reac- 
tion 3Cu?*(aq) + 2Fe + 2Fe**(ag) + 3Cu. (b) Use data in 
Table 14.1 to answer the question in (a). 


14.16 (a) The standard emf 6° of the cell calomel|nonesuch 
composed of a calomel electrode and a nonesuch electrode is 
—1978 mV at 25°C. Find the standard electrode potential of 
the nonesuch electrode at 25°C. (b) At 43°C, the cell calomel | 
nonpareil has 6° = —0.80 V and the cell nonesuch|calomel 
has &° = 1.70 V. Find &° for the cell nonpareil|nonesuch at 
43°C. 


14.17 What values of the activity quotient Q are required for 
the cell (14,32) to have the following emfs at 25°C: (a) — 1.00 V; 
(b) 1.00 V? 
14.18 Ifthe cell (14.32) has a(HCl) = 1.00, what value of P(H2) 
is needed to make the cell emf at 25°C equal to (a) —0,500 V; 
(b) 0.500 V? 
14.19 For the cell 
Pt, |Fe? * (a = 2.00), Fe? *(a = 1.20)/|1 (a = 0.100)|T2(5)| Ptr 
(a) write the cell reaction; (b) calculate z9 assuming the net 
liquid-junction potential is negligible. (c) Which terminal is at 
the higher potential? (d) When the cell is connected to a load, 
into which terminal do electrons flow from the load? 
14.20 For the cell 

Cu]CuSO,(1.00 mol/kg)|Hg2SO4(s)\Hg|Cu’ 


(a) write the cell reaction; (b) calculate & at 25°C and | bar 
given that the stoichiometric activity coefficient of CuSO, is 
0.043 for these conditions; (c) calculate the erroneous value of 
& that would be obtained if the CuSO, activity coefficient were 


taken as 1. 
14.21 Calculate 620 for the cell 
Cu;|Zn|ZnCl,(0.0100 mol/kg)| AgCl(s)| Ag| Pt|Cup 


given that the stoichiometric activity coefficient of ZnCl, is 
0.708 at this molality and temperature. 


14.22 Calculation of &° of a half-reaction from &° values of 
two related half-reactions is a bit tricky. Given that at 25°C, 
& = —0.424V for Cr3*(aq)+e~ + Cr2*(aq) and &° = 
—0.90 V for Cr?*(aq)+2e" + Cr, find & at 25°C for 
Cr? * (aq) + 3e~ > Cr. Hint: Combine the two half-reactions 
to get the third, and combine the AG? values; then find &°. 


14.23 Consider the Daniell cell 
Cu'|Zn|ZnSO,(m,)!CuSO,(m2)|Cu 


with m, = 0.00200 mol/kg and m3 = 0.00100 mol/kg. The cell's 
chemical reaction is Zn + Cu?* (aq) > Zn? *(aq) + Cu. Esti- 
mate & at 25°C of this cell using the Davies equation to esti- 
mate activity coefficients and assuming that the salt bridge 
makes £; negligible; neglect ion pairing. 


14.24 For the cell 
Agz|AgNO,(0.0100 mol/kg) !! AgNO.4(0.0500 mol/kg)|Agp 


(a) use the Davies equation to find &95; neglect ion pairing 
and assume the salt bridge makes the net liquid-junction po- 
tential negligible. (b) Which terminal is at the higher potential? 
(c) When the cell is connected to a load, into which terminal 
do electrons flow from the load? 


KCl(aq); (b) HpSO,4(aq). 


14.26 Calculate the emf of the cell (14.59) at 85°C if PL = 
2521 torr, Pp = 666 torr, and m(HCl) = 0.200 mol/kg. 


14.27 Using half-cells listed in Table 14.1, write the diagrams 
of three different chemical cells without transference that have 
HC\(aq) as the electrolyte. 


14.28 For the cell at 25°C and 1 bar 
Pt|Ag|AgC\s)| HCl(aq)|Hg5Cl,(s)| Hg|Pt’ 


(a) write the cell reaction; (b) use Table 14.1 to find the emf if 
the HCI molality is 0.100 mol/kg; (c) find the emf if the HC] 


14.29 Find K° at 25°C for 2H*(ag) + D, = H; + 2D+ (aq) 
using data in Table 14.1, 


14.30 Use data in Table 14.1 and the convention (10.80) to 
determine AG? 298 for (a) Na * (aq); (b) Cl ~ (aq); (c) Cu? * (aq). 


14.31 Use data in Table 14.1 to calculate Ks, of PbI, at 25°C. 


14.32 For the cell Pt|Fe|Fe2*! Fe?+, Fe**|Pr’, one finds 
(08°/6T)p = 1.14 mV/K at 25°C. (a) Write the cell reaction 
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using the smallest possible whole numbers as the Stoichio, n 


coefficients. (b) With the aid of data in Table 14.1, 
AS*, AG°, and AH? for the cell reaction at 25°C, 


14.33 Use Table 14.1 to calculate AG® and K° at 298 K fy 
(a) Cl, + 2Br~ (aq) = 2Cl~ (aq) + Br,(1); (b) 3Cly + Br (uje 

CI"(aq) + }Bra(l); (c) 2Ag + Cl, = 2AgCl; (d) Agda 
2Ag + Clz; (e) 3Fe?* (aq) = Fe + 2Fe? *(aq), i] 


14.34 Use data in Eq. (14.66) to find AG®, AH®, AS, and AG, 
at 10°C for the reaction H3 + 2AgCl > 2Ag + 2HCl(ag), 


1435 The solubility product for AgI in water at 25°C jg 82x 
107'7, Use data in Table 14.1 to find &° for the Ag-Aul 
electrode at 25°C, 


14.36 The cell 
Pt/HA(1 bar) HBr(aq)| AgBr(s)|Ag| Pt’ 


at 25°C with HBr molality 0.100 mol/kg has & = 0.200 V. Find 
the stoichiometric activity coefficient of H Br(aq) at this molality, 


14.37 Use data in Table 14.1 to calculate AG? 293 of HCl(ag) 
and of Cl“ (aq). 


14.38 Consider the cell at 1 bar H, pressure 
Pt|H3(g)| NaOH(m,), NaCl(m,)| AgCl(s)|Ag| PY 
(a) Show that € = 6° — RTF `! In a(H *)a(Cl~) and that 


RT K2.a(H,0)(Cl~ym(Cl-) 
bsp = —_ jp ea 
F HOH” MOH”) 
where Kẹ, is the ionization constant of water. (b) For this cell 
at 25°C, it is found that 
6 —& + RT F! in [mC )/mOH")] 


approaches the limit 0.8279 V as the ionic strength goes to z210. 
Calculate K$, at 25°C, 


14.39 Consider the cell at 1 bar H, pressure 
Pt|H(g)|HX(m,), NaX(m3), NaCl(m3)| AgCl(s)|Ag| Pt 
where the anion X~ is acetate, CHO; (a) Show that 


RT In EL Yen C1" HX )m(HX)K; 
a Y(X~)m(X~ mn? 


6=6° 


i d 
where K; is the ionization constant of the weak acid HX an 
m° = 1 mol/kg. (b) The zero-ionic-strength limit of 


8- 8° + RTF! In [mHX)m(C1")/mX m°] 
at 25°C is 0.2814 V. Calculate K$ for acetic acid at 25°C. 


-mol/kg 
14.40 An excess of Sn powder is added to a 0.100 ae 
aqueous Ph(NO,), solution at 25°C. Neglecting ion P 


omitting activity coefficients, estimate the equilibrium mol- 
‘ites of PD? and Sn? +. Explain why omission of the activity 


coefficients is a reasonably good approximation here. 


14l For the cell (14.71), the observed emf at 25°C was 612 
nV, When solution X was replaced by a standard phosphate 
pfer solution whose assigned pH is 6.86, the emf was 741 mV. 
Find the pH of solution X. 


{442 A solution containing 0.100 mol/kg NaCl and 0.200 
molkg KBr is separated by a membrane permeable only to 
Na’ from a solution that is 0.150 mol/kg in NaNO, and 
(1150 mol/kg in KNO3. Calculate the transmembrane potential 
at 25°C; state and justify any approximations you make. 


1443 The electric dipole moment of HCI is 3.57 x 10730 C 
mandits bond length is 1.30 Å. If we pretend that the molecule 
consists of charges +ô and —6 separated by 1.30 A, find ô. Also, 
calculate 6/e, where e is the proton charge. 


1444 Derive Eq. (14.82) for the electric potential of a dipole 
as follows. (a) Show that 


1ra = Iri = (r1? — 9° Vryralry + ra) 


(Itis clear that, for r > d in Fig. 14.16b, we have ry = r3 xr, 
wo the denominator in (a) is approximately 2r°. Also angles 
PAD, PBD, and PCD are approximately equal. Use the law of 
cosines (see any trigonometry text) to show that r,? — r3? x 
Ird cos 0. (c) Use the results of (a) and (b) to verify (14.82). 


M45 Calculate the work needed to increase the distance 
between a K* ion and a CI” ion from 10 to 100A in (a) a 
vanum; (b) water at 25°C (see Sec. 10.6 for data). 


ash For CCI,(!) at 20°C and 1 atm, £, = 2.24 and p = 1.59 
Yom’. Calculate æ and a/4neq for CCl. 


Ph (a) For CH4(g) at 0°C and 1.000 atm, e, = 1.00094. 
ilculate a and g/4neg for CH4. (b) Calculate £, for CH4 at 
°C and 10.0 atm. 


M48 Values of 10°(c, — 1) for H,O(g) at 1.000 atm as a func- 
lion of T are: 


484.1 522.0 


K gae | 401 | 4447 | 
1-1) | æ | | 


412 353 302 


Usea graphi , 
‘a graphical method i b 
ability of 0, od to find the dipole moment and polari: 


14.49 For each of the following pairs of liquids, state which 
one has the larger dielectric constant at a given temperature. 
(a) CS, or CSez; (b) n-C6H;4 or n-C1oH332; (c) o-dichloro- 
benzene or p-dichlorobenzene. 


14.50 (a) Use calculus to show that (e, — 1)/(e, + 2) increases 
as e, increases. (b) What are the minimum and maximum pos- 
sible values of (e, — 1)/(e, + 2)? 


14.51 Use Eq. (14.90) and data following this equation to 
calculate the membrane potential of a resting squid nerve cell 
at 25°C. Compare with the experimental value —70 mV. 


14.52 Consider the cell 
Ag, |AgCl(s)|HCl(m,)!HCl(m,)| AgCl(s)| Agr 


with m, = 0.0100 mol/kg and m, = 0.100 mol/kg. The theo- 
retical equation (16.91) gives the following estimate of the 
liquid-junction potential: £, = —38 mV. Use the single-ion 
form of the Davies equation to calculate the emf of this cell 
at 25°C. 


14.53 Use the Davies equation to estimate —log a(H*) in a 
0.100-mol/kg aqueous HCI solution at 25°C. Compare with 
the assigned pH of 1.09 for this solution. 


14.54 It was shown in Prob. 10.11 that a, ; = 0.997a,,; in 
water at 25°C and 1 bar. Use this result to calculate the differ- 
ence £$, — 6? at 25°C for the reaction 2Ag + Cu**(aq) + 
2Ag* (aq) + Cu, where £% uses molality-scale standard states 
and & uses molar-concentration-scale standard states. Hint: 
Use K°. Given that errors in &° are typically a couple of milli- 
volts, is the difference £m — &@ significant? 


14.55 Give the SI unit of (a) charge; (b) length; (c) electric 
field; (d) emf; (e) electric potential difference; ( f) dipole moment; 
(g) dielectric constant; (h) electrochemical potential. 


1456 The concentration cell (14.61) has the same kinds of 
half-cells, namely, Cu|CuSO,(aq), but has a nonzero emf due 
to differences in CuSO, molalities. Explain how it is possible 
for the galvanic cell 


Cu,|CuSO,(aq)|Cup 


which contains only one CuSO, solution, to have a nonzero 
emf. 


433 


KINETIC-MOLECULAR 
THEORY OF GASES 


KINETIC-MOLECULAR THEORY OF GASES 


Chapters 1 to 12 use mainly a macroscopic approach, Chapters 13 and 14 use both 
macroscopic and molecular approaches. The remaining chapters use mainly a mo- 
lecular approach to physical chemistry. 

This chapter and several sections of the next discuss the Kinetic—molecular theory 
of gases (kinetic theory, for short). The kinetic theory of gases pictures a gas as 


developed the kinetic theory of gases, tics and 
From 1870 to 1910 a controversy raged between the schools of Ea 
Atomism. The Atomists (led by Boltzmann) held that atoms and molecules w 


ARS 5 ‘matter, 
that imitated the properties of gases but did not correspond to the true structure fe i 
| 434 | [The Freudian-oriented sociologist Lewis Feuer speculates that Mach’s oppo 


atomism Was an unconscious expression of revolt against his father; the shape of atoms 
unconsciously reminded Mach of testicles, and “a reality deatomized was a projection, 
we might infer, in which the father himself was unmanned.” (L. Feuer, Einstein and the 
Generations of Science, Basic Books, 1974, p. 39.)] 

The attacks on the kinetic theory of gases led Boltzmann to write in 1898: “I am 
conscious of being only an individual struggling weakly against the stream of time. But 
it still remains in my power to contribute in such a way that when the theory of gases is 
again revived, not too much will have to be rediscovered.” (Lectures on Gas Theory, trans. 
S. G. Brush, University of California Press, 1964.) Some people have attributed Boltzmann’s 
suicide in 1906 to depression resulting from attacks on the kinetic theory. 

In 1905, Einstein applied kinetic theory to the Brownian motion of a tiny particle 
suspended in a fluid (Sec. 3.7). Einstein’s theoretical equations were confirmed by Perrin’s 
experiments in 1908, thereby convincing the Energetists of the reality of atoms and 


molecules. 


The kinetic theory of gases uses a molecular picture to derive macroscopic 
properties of matter and is therefore a branch of statistical mechanics. 

This chapter considers gases at low pressures (ideal gases). Since the molecules 
are far apart at low pressures, we ignore intermolecular forces (except at the moment 
ofcollision between two molecules; see Sec. 15.7). The kinetic theory of gases assumes 
the molecules to obey Newton’s laws of motion. Actually, molecules obey quantum 
mechanics (Chap. 18). The use of classical mechanics leads to incorrect results for 
the heat capacities of gases (Sec. 15.10) but is an excellent approximation when dealing 
with properties such as pressure and diffusion. 


PRESSURE OF AN IDEAL GAS 


The pressure exerted by a gas on the walls of its container is due to bombardment 
ofthe walls by the gas molecules. The number of molecules in a gas is huge (2 x 10'9 
in Lom? at 1 atm and 25°C), and the number of molecules that hit a container wall 
ina tiny time interval is huge [3 x 1017 impacts with a 1-cm? wall in 1 microsecond 
for O; at 1 atm and 25 'C; see Eq. (15.57) below], so the individual impacts of mole- 
cules result in an apparently steady pressure on the wall. 

Let the container be a rectangular box with sides of length lx, l,, and /,. Let v 
be the velocity [Eq. (2.2)] of a given molecule, The components of v in the x, y, and 
z directions are vx, vy, and v,. The particle’s speed v is the magnitude (length) of the 
kadi Y. Application of the Pythagorean theorem twice in Fig. 15.1 gives v? = 


=Op2 
FOB? + 0s? = 0,2 + v,? + v,7; thus 
v? = v,? + vy? + 0,7 (15.1)* 
As velocity v is a vector. The speed v and the velocity components Vx, Vy, V; are 
to hy A velocity component like v, can be positive, negative, or zero (corresponding 
Motion in the positive x direction, motion in the negative x direction, or no motion 


1n i i -e 
Ea direction), but v must by definition be positive or zero. 
patei e kinetic energy ¢,, (epsilon,,) of motion of a molecule of mass m through 
is 
u = fmo? = bmo, + 4mo,? + 4mv,? (15.2) 


We < 
“call ex the translational energy of the molecule (Fig. 2.11). 


E ->S 
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Velocity components. 


| 436 | Let the gas be in thermodynamic equilibrium. Because the gas and its surround. 
ings are in thermal equilibrium, there is no net transfer of energy between them, We 

ad therefore assume that in a collision with the wall, a gas molecule does not change 
its translational energy. 


In reality, a molecule colliding with the wall may undergo a change in ¢,.. However, fo 
each gas molecule that loses translational energy to the wall molecules in a wall collision, 
another gas molecule will gain translational energy in a wall collision. Besides translation) | 
energy, the gas molecules also have rotational and vibrational energies (Sec. 2.11), Ing 
wall collision, some of the molecule’s translational energy may be transformed into Tota: 
tional energy and vibrational energy, or vice versa; on the average, such transformations 
balance out, and wall collisions cause no net transfer of energy between translation and 
vibration-rotation in a gas in equilibrium. Since Pressure is a property averaged over many 
wall collisions, we assume that in any one wall collision, there is no change in the molecules 
translational kinetic energy. Although this assumption is false, it is “true” averaged over 
all the molecules, and hence gives the correct result for the pressure, 


Let <F) denote the average value of some time-dependent property F(t), As 
an aid in finding the expression for the gas pressure, we shall find an equation for 
the average value of F(t) over the time interval from t, to t2. The average value of 
a quantity is the sum of its observed values divided by the total number of observed 
values: 


n 

(FP) = : x F; (15.3) 
nisi 

where F; are the observed values, For the function F(t), there are an infinite number 
of values, since there are an infinite number of times in the interval from t, to t, 
We therefore divide this interval into a very large number n of subintervals, cach 
of duration At, and take the limit as n + co and At > 0. Multiplying and dividing 
each term in (15.3) by At, we have 


oa et 
£F) = lim TN [FU At + Flt, + Ad) At + F(t, + 2A0) At +- + Flt)At] 
na 


The limit of the quantity in brackets is by Eq. (1.59) the definite integral of F from 
tı to t2. Also, nAt = t, —t,. Therefore, the time average of F(t) is 


t2 
Í Fiat (154) 
ti t 


Figure 15.2 shows a molecule i colliding with wall W where W is parallel to the 
xz plane. Let i have the velocity components Vx, Vy,i Vz; before the collision. For 
simplicity, we assume the molecule is reflected off the wall at the same angle it hit 
the wall. (Since the walls are not actually smooth but are made of molecules, this 
assumption does not reflect reality.) The collision thus changes v, to — vy, and leaves 
Yx, and v,, unchanged. This leaves the molecule’s speed v;? = v2; + yi + vai U 
changed and its translational energy $mv;* unchanged. 

To get the pressure on wall W, we need the average force exerted by the molecules 
on this wall. Consider the motion of molecule i. It collides with W and then moves 
to the right, eventually colliding with wall W’, then moves to the left to collide again 


<F) = 


t~ 


z 
a 
x 


______EEA 
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with W, etc. Collisions with the top, bottom, and side walls may occur between 
collisions with W and W’, but these collisions do not alter v, ;. For our purposes, 
one “cycle” of motion of molecule i will extend from a time t, that just precedes a 
collision with W to a time t, that just precedes the next collision with W. During 
thevery short time that i is colliding with W, Newton’s second law F, = may, gives the 
ycomponent of the force on i as 
dv, d d 

Fy; = ma, =m za ER (moy) = Tr (15.5) 
where the y component of the (linear) momentum is defined by p, = mvy. [The (linear) 
momentum p is a vector defined by p = mvy.] Let the collision of i with W extend 
ftom time t’ to t”. Equation (15.5) gives dp, ; = F;,:dt. Integrating from ft’ to t”, we 
get pt") — p(t’) = [E Fy adt. The y momentum of i before the wall collision is 
pt) = mvi and the y momentum after the collision is p,,{t”) = —mvy,i- Hence, 


vam «= fy Fy dt. 
Let Fyy,; be the force on wall W due to collision with molecule i. Newton’s third 
law (action = reaction) gives Fy; = — Fyi» SO 2mv,.; = fr Fw dt. For times between 


t; and t, but outside the collision interval from t to t”, the force Fw is zero, since 
molecule i is not colliding with W during such times. Therefore the integration can 
be extended over the whole time interval f, to tz to get 2mv,,, = 2 Fw dt. Use of 


(154) gives 
Amv, i = <Fwarlte = t1) (15.6) 


Where CF, w,i> is the average force exerted on wall W by molecule i. 

: The time t, — t, is the time needed for i to traverse a distance 2/, in the y 
direction, so as to bring it back to W. Since y = vyt, we have tz — tı = 21, /vy,i- 
Equation (15.6) becomes <Fy,;) = mvs,i/ly. 
fy The time average of the total force on wall W is found by summing the average 
tes of the individual molecules. If there are N gas molecules present, then 


N N moi Aio 
(Fø) = } Fwi) = È Te 
i= m1 ly ve 
‘State see in Sec. 15.4 that the molecules do not all move at the same ae 
a rage value of v,? for all the molecules is by definition [Eq- (15.3)] given by <v,*> = 
Liv}. Therefore (Fy) = mNi2,”>/ly- 


Molecule i colliding with container 
wall W. 
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The pressure P on W equals the average force <Fw) divided by the area M 
of W. Therefore 7 
P=mN<0,?>/V__ ideal gas as) 


where V (=/,1,/.) is the container volume. 
There is nothing special about the y direction, so the properties of the gas must 
be the same in any direction. Therefore | 


<0,7) = <v,?) = <o?) (188) 


Furthermore, v7), the average of the square of the molecular speed, is [see Egg, 
(15.1) and (15.3)] 


1 N 
CD = Coe + Oy? +0, D (02s + oh + 0) 
1 


TPAD 
= Pee N 2. Vi Nim, 0i (159) 
<0?) = vx?) + (vy?) + <0,2) = 3¢v,2) (15.10) 
where (15.8) was used. Therefore (15.7) becomes 
mN 
P= 3y ideal gas (15.11) 


Equation (15.11) expresses the macroscopic property of pressure in terms of the mo- 
lecular properties m, N, and <v?), 

The translational kinetic energy &, of molecule i is 4mv,?. The average trans 
lational energy per molecule is 


Lên) = 4m¢v?> (15.12) 


This equation gives <v?) = 2¢e,,>/m, so Eq. (15.11) can be written as PV = INC): 
The quantity N<¢,,) is the total translational kinetic energy E, of the gas molecules. 
Therefore 

PV=3E, ideal gas (1513) 


The treatment just given assumed a pure gas with all molecules having the same 
mass m. If instead we have a mixture of gases b, c, and d, then at low pressure the 
gas molecules act independently of one another and the pressure P is the sum of 
Pressures due to each kind of molecule: P = P, + P, + P, (Dalton’s law). From 
(15.11), P, = $N,m,<v,79/V, with similar equations for P, and P4. 


2 a i 


TEMPERATURE 


Consider two fluid (liquid or gaseous) thermodynamic systems 1 and 2 in contact 
If the molecules of system 1 have an average translational kinetic energy <é,)s that 
1S greater than the average translational energy <ê) of system 2 molecules, the 
more energetic molecules of system | will tend to lose translational energy to thè 
molecules of 2 in collisions with them. This transfer of energy at the molecular te 

will correspond to a flow of heat from 1 to 2 at the macroscopic level. Only if (to) 
equals <e), will there be no tendency for a net transfer of energy to occur in I 


colisions. But if there is no heat flow between 1 and 2, these systems are in thermal 
vilibrium and by the thermodynamic definition of temperature (Sec. 1.3) systems 
{and 2 have equal temperatures. Thus, when <e,>; = (é,>2, we have T; = T3; 
when Cea) > Cer?» WE have T, > T2. This argument indicates that there is a 
correspondence between «Ee? and the macroscopic property T. The system’s tem- 
perature is thus some function of the average translational energy per molecule: 


T = ThE?) (15.14) 


The ideal-gas kinetic-molecular equation (15.13) reads PV = 3E,, = 4N<é,,). Since 
Tis some function of C£), at constant temperature <£) is constant. Hence (15.13) 
says that PV of an ideal gas is constant at constant temperature. Thus Boyle’s law 
has been derived from the kinetic molecular theory. 

The equation relating T and <é) cannot be determined solely from the kinetic— 
molecular theory, because the temperature scale is arbitrary and can be chosen in 
many different ways (Sec. 1.3). The choice of the temperature scale will determine the 
relation between <£) and T. We defined the absolute temperature T in Sec, 1.5 in 
tems of properties of ideal gases. The ideal-gas equation PV = nRT incorporates 
the definition of T. Comparison of PV = nRT with PV = 3E,, (Eq. (15.13)] gives 


Ey. = 3nRT (15.15) 


Had some other definition of temperature been chosen, a different relation between 
E, and temperature would have been obtained. 

We have E,, = N<@,>. Also, the number of moles is n = N/N p, where N4 is the 
Avogadro constant. Equation (15.15) becomes N <en) = 3NRT/Ng, and <er) = 
JRT/N, = 3kT, where k = R/N , is Boltzmann's constant [Eq. (3.57)]. Thus 


lEn) = 3kKT, where k= R/N; (15.16)* 


Equation (15.16) is the explicit relation between absolute temperature and average 
molecular translational energy. Although we derived (15.16) by considering an ideal 
gs, the discussion at the beginning of this section indicates it to be valid for any 
fhid system. [If system 1 is an ideal gas and system 2 is a general fluid system, the 
relation Ce); = <£) when T, = T2 shows that (15.16) holds for system 2] The 
absolute temperature (as defined by the ideal-gas scale and the thermodynamic scale) 
turns out to be directly proportional to the average translational kinetic energy per 
molecule: T = 3k~1e,,>. (See also Sec. 22.11.) 


A fuller version of the argument given in the first paragraph of this section (see Tabor, 
PP. 44-45) shows that the argument depends on the validity of applying classical mechanics 
to molecular motions. A classical-mechanical description of the translational motion in 
a liquid or gas is usually accurate, but the motion of a molecule about its equilibrium 
Position in a solid is not well described by classical mechanics. For solids, it turns out 
that the average kinetic energy of vibration of a molecule about its equilibrium position 
is equal to 3kT only in the high-temperature limit and differs from 3kT at lower 
temperatures, because of quantum-mechanical effects (Sec. 24.12). For liquids at very low 
temperatures (for example, He at 4 K or H, and Ne at 20 K), quantum-mechanical effects 
Produce deviations from <e) = 3kT. 


4 Besides translational energy, a molecule also has rotational, vibrational, and 
Figs energies (Sec. 2.11). A monatomic gas, for example, He or Ne, has no rota- 
nal or vibrational energy. We can therefore set the thermodynamic internal energy 
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U of a monatomic ideal gas (no intermolecular energy) equal to the total molecular 
translational energy E,, plus the total molecular electronic energy Bai 


U=E,, + Ea =3nRT + Ea ideal monatomic gas (15. 


The heat capacity at constant volume is Cy = (0U/éT), [Eq. (2.53)]. Provided 
the temperature is not extremely high, the molecular electrons will not be excited 
to higher energy levels and the electronic energy will remain constant as T varies, 
Therefore Cy = ôU/ôT = 6E,,/0T = 3nR, and the molar C, is 


Cy =3R ideal monatomic gas, T not extremely high (15.18) 
The use of Cp — Cy = R [Eq. (2.72)] gives 
Cp =3R ideal monatomic gas, T not extremely high (15.19) 


These equations are well obeyed by monatomic gases at low pressures. For example, 
for Ar at 1 atm, Cp values in cal mol~! K~! are 4.982 at —4°C and 4.970 at 540°C, 
compared with 4.968 calculated from (15.19), The small deviations are due to non- 
ideality (intermolecular forces) and disappear in the limit of zero pressure, 


<u?) = 3kT/m (15.20) 
The square root of <v?) is called the root-mean-square speed v, 
Ums = Cv?) 1/2 (1521) 


We shall see in Sec. 15.5 that Vems differs slightly from the average speed (v). The 
quantity k/m in (15.20) equals k/m = R/Nam = R/M, since the molar mass M (Sec. 
1.4) equals the mass of one molecule times the number of molecules per mole. Once 
again let it be said that M is not the molecular weight; the molecular weight is dimen- 
sionless, whereas M has units of mass per mole. Taking the square root of (15.20, 


we have 
aaa Eoi (152) 
ant M 


Equation (15.22) need not be memorized, since it can quickly be derived from (15.16. 
Equations (15.11) and (15.13) are also easily derived from (15.16). 
It will be helpful to keep in mind the following notation: 


m = mass of one gas molecule, M = molar mass of the gas 
N = number of gas molecules, N, = the Avogadro constant 


ig zero, since the chance that any molecule has a speed of exactly 585.000... m/s is 
vanishingly small. The only sensible approach is to ask how many molecules have a 
speed lying in some tiny range of speeds, for example, from 585.000 to 585.001 m/s. 

We take an infinitesimal interval dv of speed, and we ask: How many molecules 
have a speed in the range from vtov+ dv? Let this number be dN,. The number 
iN, is infinitesimal compared with 107? but large compared with 1. The fraction of 
molecules having speeds in the range v to v + dv is dN,/N, where N is the total num- 
ter of gas molecules. This fraction will obviously be proportional to the width of the 
infinitesimal interval of speeds: dN,/N oc dv. It will also depend on the location of 
the interval, that is, on the value of v. (For example, the number of molecules with 
speeds in the range of 627.400 to 627.401 m/s differs from the number with speeds in 
the range 585.000 to 585.001 m/s.) Therefore 


dN,/N = G(v)dv (15.23) 


where G(v) is some to-be-determined function of v. 

The function G(v) is the distribution function for molecular speeds. G(v) dv gives 
the fraction of molecules with speed in the range v to v + dv. The fraction dN,/N is 
the probability that a molecule will have its speed between v and v + dv. Therefore 
G)dv is a probability. The distribution function G(v) is also called a probability 
density, since it is a probability per unit interval of speed. 

Let Pr(v; < v < v2) be the probability that a molecule’s speed lies between v, 
and vz. To find this probability (which equals the fraction of molecules with speeds 
inthe range v; to v3), we divide the interval from v, to v into infinitesimal intervals 
tach of width dv and sum the probabilities of being in each infinitesimal interval: 


Pr(vy <v < v3) = G(v,)dv + Glu, + dv)dv + G(v, + 2dv)dv + +++ + Glv2)dv 


ab oe sum of infinitesimals is the definite integral of G(v) from v; to vz [see 
q. (1.59)], so 


v2 
Pr(v, Sv < v2) =f G(v) dv (15.24) 
v 
A molecule must have its speed in the interval 0 < v < ©, so the probability 
(15.24) becomes 1 when vı = 0 and v, = oo. Therefore G(v) must satisfy 


E G(v)dv = 1 (15.25) 
o 


the He HOW, derive G(v). This was first done by Maxwell in 1860. Amazingly enough, 

: ai y assumptions needed are: (1) the velocity distribution is independent of direc- 

Hon; (2) the value of v, or v, that a molecule has does not affect the probabilities 

a having various values of v,. Assumption 1 must be true because all directions 

ieee are equivalent when no external electric or gravitational fields are present. 
umption 2 is discussed at the end of this section. 


pitibution Function for v,. To aid in finding G(v), we first derive the distribution 
nction for v,, the x component of the velocity, Let g denote this function, so that 
edt N = gdv,, where dN,,, is the number of molecules in the gas that have their x 
` fee of velocity lying between v, and v, + dv,, with no specification being made 
tion euor v, values of these molecules. The functions g and G are different func- 
5. so We use different symbols for them. Since the v, and v, values are not specified 
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for these dN, molecules, the function g depends on v, only, and 
dN, JN = g(v,) dv, 


The range of v, is —o to 00, and, similar to (15.25), g must satisfy 


[ gvx)dv, = 1 (152) 


There are also distribution functions for vy and v.. However, because of as. 
sumption 1, the functional form of the v, and v, distribution functions is the same as 
that for the vy distribution. Therefore 


aN,,/N = glv,)dv, and dN,,/N = g(v,)dv, (1528) 


(1529 


where g is the same function in all three equations of (15.26) and (15.28), 

We now ask: What is the probability that a molecule will simultaneously have 
its x component of velocity in the range v, to vy + duy, its y component of velocity 
in the range vy to v, + dv,, and its z component of velocity in the range v, to v, + do,) 
By assumption 2, the probabilities for the various v, values are independent of vy and 
vz. Therefore, we are dealing with probabilities of independent events, The probability 
that all three of three independent events will happen is equal to the product of the 
probabilities of the three events, [This probability theorem was previously used after 
Eq. (3.48).] Therefore the desired probability equals g(v,) dv, x Avy) dvy x g(v,)dv,. 
Let dN,...,, denote the number of molecules whose x, y, and z components of velocity 
all lie in the above ranges. Then 


AN ,00,/N = HL;)g(v)g(v.) do, dv, dv, (15.29) 


The function G(v) in (15.23) is the distribution function for speeds. The function 
92;)g(v,)9(v,) in (15.29) is the distribution function for velocities; the vector v is speci- 
fied by giving its three components Px, Vy, Vz, and the distribution function in (15.29) 
specifies these three components. : 

Let us set up a coordinate System whose axes give the values of y, by, and v; (Fig 
15.3). The “space” defined by this coordinate system is called velocity space and is an 
abstract mathematical Space rather than a physical space, 

The probability AN pov JN in (15.29) is the probability that a molecule has the 
tip of its velocity vector lying in a rectangular box located at (Vy, Vy, vz) in velocity 
space and having edges dv,, dvy, and dv, (Fig. 15.3). By assumption 1, the velocity 
distribution is independent of direction, Hence the probability AN, vyo; N cannot 
depend on the direction of the velocity vector but only on its magnitude, which is 
the speed v. In other words, the probability that the tip of v lies in a tiny box with edges 
dv,, dv, dv, is the same for all boxes that lie at the same distance from the origin in 
Fig. 15.3. This makes sense, because all directions in space in the gas are equivalent 
and the probability dN, xvyva/N cannot depend on the direction of motion of a mol- 
cule. Therefore the probability density 9(r,)9(v,)9(v.) in (15.29) must be a function of 
v only. Calling this function olv), we have : 


alealea) = Hv) uy 


[d(v) is not the same function as Gv) in (15.23); see the following discussion for the 
relation between @ and G.] We also have p2 — v? + v,? + v,?, Eq. (15.1). Equations 


(1530) and (15.1) are sufficient to determine g. Before reading on, you might try to 
think of a function g that would have the property (15.30). 
To find g, we take (0/0v,),,.», of (15.30), obtaining 
dd(v) dv. 
dv dv, 
where the chain rule was used to find @/dv,. From (15.1), we get 2vdv = 2v, dv, + 
My dv, + 20; dop, so dv/dv, = v,/v. This also follows by direct differentiation of v = 
è +o? +v)’. We have 
g(vx)gvy)g(vz) = $'(v) * 5/0 
Dividing this equation by v,g(v,)9(v,)g(v.) = vxġ(v), we get 


g(vxdg(vy)g(v,) = 


g'e) _ 1 9) (15.31) 
vegl) v Pv) 
Since vy, vy, and v, occur symmetrically in (15.30) and (15.1), taking @/év, and ô/ðv+ 
of (15,30) will give equations similar to (15.31): 
gy) 19) pa ge) 190) (15.32) 
vgv) v o) vaglo:) v Hv) 
Equations (15.31) and (15.32) give 


g'(vx) = g'(vy) Ep (15.33) 
VxG(Ux) vgl) 
Ter we defined the quantity b. Since b equals g'(v,)/vyglvy) b must be independent 
b sand v+, But since b equals g'(v,)/v,g(v,), b must be independent of v, and vz. There- 
te b is independent of vy, v,, and v, and is a constant. 
sue tion (15.33) reads boy = (dg/dv,)/g. Separating the variables g and vx, We 
or 4/9 = bv, dv,. Integration gives In g = $bv,? + c, where c is an integration 
stant. Hence g = exp (4bv,2) exp c, where exp c = e. We have 


g = A exp Gbv,’) 


(15.34) 
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where A = exp c is a constant. We have found the distribution function g for vy, ang 
as a check, we note that it satisfies (15.30), since i 


9(0;)9(vy)g(v.) = A? exp Gbv,?) exp (3bv,7) exp ($bv,?) 
= A exp [4b(v,? + vy? + v,7)] = Ader? 


We still must evaluate the constants A and b in (15.34). To evaluate A, We substi- 
tute (15.34) into (15.27) to get 


a 
A Í exp (łbvx?) dv, = 1 (1535) 
-@ 
(b must be negative; otherwise the integral doesn’t exist.) 

Table 15.1 lists some definite integrals useful in the kinetic theory of gases, (The 
derivation of these integrals is outlined in Probs. 15.13 and 15.14.) Recall that 


n! = n(n — 1)(n—2)---2-1 and 0=1 


where n is a positive integer. Integrals 2 and 5 in the table are special cases (n = Oof 
integrals 3 and 6, respectively. 

We must evaluate the integral in (15.35). Since the integration variable ina definite 
integral is a dummy variable (Sec. 1.8), we can change v, in (15.35) to x. We must eval- 
uate f2,, e"? dx. Using first integral 1 in Table 15.1 with n =0 and a= =b 
and then integral 2 with a = —b/2, we have 


w% w 1/2 1/2 
3/2 dy = 2h ian -*) 
a dx ih eb)? dx DETT ( b 


Equation (15.35) becomes A(—2n/b)!/? = 1 and A = (—b/2n)'/?. The g(v,) distribution 
function in ( 15,34) becomes 
90) = (—b/2n)"/? exp (tbv,2) (15:36 


To evaluate b, we use the fact that <Er) = 3kT, Eq. (15.16). We have <£) = 
dmv?) = }mdv,2), where we used (15.10) with v, replaced by vy. Therefore 
dm(v,”) = 3KT, and 

Cos?) = kT/m (15.37) 
We now calculate < »,”) from the distribution function (15.36) and compare the result 
with (15.37) to find b. 


INTEGRALS OCCURRING IN THE KINETIC THEORY OF GASES 


zf i a 5. Tex? ty 
a 2a"? xe x= on 
RES (2n)! z! = n! 
ii! Past Ceri ete sf As T 


where a> O and n =0,1,2,.., 


To evaluate vx"), the following theorem is used. Let g(w) be the distribution 
function for the continuous variable w; that is, the probability that this variable lies 
tween w and w + dw is g(w)dw. Then the average value of any function f(w) is 


Wmax 


(Sw) = f Slw)g(w) dw (15.38)* 
Wmin 

Where Wmin aNd Wmax ATC the minimum and maximum values of w. In using (15.38), 

keep in mind the following ranges for v and vy: 


O0<v<æ and -%0 <v, <% (15.39)* 


The proof of (15.38) follows. 
We first consider a variable that takes on only discrete values (rather than a 


continuous range of values as is true for w). Suppose a class of seven students takes 
afive-question quiz, and the scores are 20, 40, 40, 80, 80, 80, 100. The average score 
(s) is 
<s> = (20 + 40 + 40 + 80 + 80 + 80 + 100)/7 
= [0(0) + 1(20) + 2(40) + 0(60) + 3(80) + 1(100))/7 
1 ny 

<5 p> ns = >} ns 
where the s's are the possible scores (0, 20, 40, 60, 80, 100), n, is the number of people 
who got score s, N is the total number of people, and the sum goes over all the 
possible scores. If N is very large (as it is for molecules), then n,/N is the probability 
Ms) of getting score s. Therefore <s) = Fs p(s)s. 

Now suppose the average of the squares of the scores was wanted, Then 


Cs?) = (20? + 40? + 40? + 80? + 80? + 80? + 100)/7 
= [0(0)? + 1(20)? + 2(40)? + 0(60)? + 3(80)? + 1(100)7]/7 


ey il 


pa same argument holds for the average value of any function of s. For example, 
Qs!) = È, p(s)2s*. If f(s) is any function of s, then 


CAD) = È OS) (15.40)* 


For a variable w that takes on a continuous range of values, Eq. (15.40) must 
be modified, The probability p(s) of having the value s is replaced by the probability 
that w lies in the infinitesimal range from w to w + dw. This probability is g(w) dw, 
Where g(w) is the distribution function (probability density) for w. For a continuous 
‘Sem (15.40) becomes < f(w)) = F f(w)g(w) dw. But the infinite sum over infini- 
‘smal quantities is the definite integral over the full range of w. Therefore we have 
shown the validity of (15.38). 

b, It readily follows from (15.38) that the average of a sum equals the sum of the 
“tages. If f, and f, are any two functions of w, then (Prob. 15.11) 


< Ful) + Falw)> = Ail) + Sab)? (15.41)* 


However, the average of a product is not necessarily equal to the product of the 
Verages (see Prob, 15.19). 
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Returning to the evaluation of <v,?)> in (15.37), we use (15.38) with w=, 
flv) = 0,7, Wmin = — ©, Wmax = 0, and g(v,) given by Eq. (15.36) to get 


BS to —p\ 12 
<u) -f v,79(v,) dv, = | a(z) exp (3bv,”) dv, i 
E: 1 


-o 
j| 


Changing the dummy variable v, in the integral to x and using the Table 1S. in 
tegrals 1 and 3 with n = 1 and a = —b/2, we get j 


5 —b\"? 21n"? 1 
odie) aaa 


Comparison with (15.37) gives —1/b = kT/m, and b = —m/kT. 
The distribution function (15.36) for v, is therefore [see also (15.26)] 


1/2 
as wet (a —mv2/2kT 
Nd, 9) (=, e (154) 


Equation (15.42) looks complicated at first glance but is actually reasonably easy 
to remember since it has the form g = const. x e~“*-*/*", where e, x = 4mv,2 is the 
kinetic energy of motion in the x direction. The constant that multiplies the expo- 
nential is determined by the requirement that J®., gdv, = 1. Note the presence of 
kT as a characteristic energy in (15.42) and (15.16); this is a general occurrence in 
statistical mechanics. 

The equations for g(v,) and g(v,) are obtained from (15.42) by replacing vy by 
vy and v,. 


Distribution Function for v. Now that g(v,) has been found, it is a simple matter 
to find the distribution function G(v) for the speed. G(v)dv is the probability that a 
molecule’s speed lies between v and v + dv; that is, G(v) dv is the probability that in 
the vy, Vy, v, coordinate system (Fig. 15.3) the tip of the molecule’s velocity vector 
lies within a thin spherical shell of inner radius v and outer radius v + dv. Consider 
a tiny rectangular box lying within this shell and having edges dvx, dv, and do, 
(Fig. 15.4). The probability that the tip of v lies in this tiny box is given by (15.29) 8 


HUx)GUy)g(vz) dvx dv, dv, = (m/2nkT)3/2¢— mex + e3 +¥2)/2KT dy. dv, dv, 


m \3/2 
) = —mv2/2kT A, A, dy 43) 
(vx)9(v,)g(v,) dv, dv, dv, = (45) e 2KT do, dv, dv, (1548) 


where (15.42) and the analogous equations for g(v,) and g(v,) were used. 
The probability that the tip of v lies in the thin spherical shell is the sum of th 
probabilities (15.43) for all the tiny rectangular boxes that make up the thin shel: 


G(v) di d A 2/2kT 
v, v= = mv?) p '}, 
Z (=) e dv, dv, dv, 


m 3/2 


shell 


since the function e~”**/47 is constant within the shell. (v varies only infinitesimal 
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= inthe shell.) The quantity dv, dv, dv, is the volume of one of the tiny rectangular 
boxes, and the sum of these volumes over the shell is the volume of the shell. The 
shell has outer and inner radii v + dv and v, so the shell volume is 


grlo + dv)? — $row? = $a[v3 + 3v? dv + 3u(dv)? + (dv)?] — $r? = 4nv? dv 


since (dv)? and (dv)? are negligible compared with dv. [The quantity 4nv? dv is the 
differential of the spherical volume $n? = V. This is true because dV = (dV/dv) dv, 
where dV is the sphere’s infinitesimal volume change produced by an increase in ra- 
dius in velocity space from v to v + dv.] Use of 4nv? dv for the shell volume gives the 
final result for the distribution function G(v) as 


dN y3 
= = G(v)dv = (r) e7 ™?I2kT Any? dv (15.44) 


_ Summarizing our results, we have shown that the fraction of ideal-gas molecules 
with x component of velocity in the range v, to v, + dv, is dN,,/N = g(vx) dvx, where 
glo) is given by (15.42); the fraction of molecules with speed in the range v to v + dv 
isdN,/N = G(v) dv, where G(v) dv is given by (15.44). The relation between g and G is 


Glo) = glvx)glvy)alv.) * 4mo? (15.45)* 


Where the factor 4nv comes from the volume 47v? dv of the thin spherical shell. 
Equations (15.42) and (15.44) are the Maxwell distribution laws for vx and v in 
à gas and are the key results of this section. 
y using the Maxwell distribution laws, it is helpful to note that m/k = 
am/N 4k = M/R, where M is the molar mass and R is the gas constant: 


m/k = M/R (15.46)* 


Tee ieee g(v,) has the form A exp (—av,”), and has its maximum at v, = 0. 

This di -5 plots g(v,) for N, at two temperatures. As T increases, g(v,) broadens. 

area law, called the normal or gaussian distribution, occurs in many 

tion e esides kinetic theory (for example, the distribution of heights in a popula- 
» the distribution of random errors of measurement). 


A thin spherical shell in velocity 
space and an infinitesimal box 
within this shell. 
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Distribution functions for vy in N2 
at 300K and 1000 K. (Nz has 

molecular weight 28. For H3 with eed 3 5 P m e 
molecular se 2 these curves The distribution function G(v) for speeds is plotted in Fig. 15.6 at two temper. 


apply at 21K and 71K.) atures. For very small v, the exponential e~""”/?*T is close to 1, and G(v) increases 
as v*. For very large v, the exponential factor dominates the v? factor, and G(v) de 
creases rapidly with increasing v. As T increases, the distribution curve broadens and 
shifts to higher speeds. Figure 15.7a shows G(v) for several gases at a fixed T. The 
curves differ because of the quantity m/k = M/R that occurs in the Maxwell distri- 
bution (15.44). Recall from Eq. (15.16) that <£) = 4m¢v) is the same for any gas at 
a given T. Therefore, lighter molecules tend to move faster at a given T. 
The most probable value of v, is zero (Fig. 15.5). Likewise, the most probable 
values of v, and v, are zero, Hence if we make a three-dimensional plot of the 
probabilities of the various values of Dx, Vy, V, by putting dots at points in velocity 
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. (a) Distribution functions for v 

space so that the density of dots in each region is proportional to the probability Paea & Het ns 

hat v lies in that region, the maximum density of dots will occur at the origin parentheses. (b) Probability-densi 

(), =, = v; = 0). Figure 15.7b shows a two-dimensional cross section of such a plot. plot for velocities. 
Although the most probable value of each component of the velocity is zero, 

Fig. 15.6 shows that the most probable value of the speed is not zero. This appar- 

ent contradiction is reconciled by realizing that, although the probability density 

e,g(v,)g(v,), which is proportional to e7 me/2kT (Eq, (15.43)], is a maximum at 

the origin (where v = 0 and vy = vy = v; = 0) and decreases with increasing v, the 

volume 4rv? dv of the thin spherical shell increases with increasing v. These two op- 

posing factors then give a nonzero most probable value for v. Although the number 

of dots in any small region of fixed size will decrease as we move away from the 

origin in Fig, 15.7b, the number of dots in a thin shell of fixed thickness will initially 

increase, then reach a maximum, and finally decrease as v (the distance to the origin) 

increases, 
Maxwell derived Eq. (15.44) in 1860. It took until 1955 for the first accurate direct 

xperimental verification of this distribution law to be made [R. C. Miller and P. 

Kusch, Phys. Rev., 99, 1314 (1955)]. Miller and Kusch measured the distribution of 

speeds in a beam of gas molecules emerging from a small hole in an oven (Fig. 15.8). 

The rotating cylinder with spiral grooves acts as a speed selector, since only molecules 

With a certain value of v will pass through the grooves without striking the walls of 

the grooves, Changing the rate of cylinder rotation changes the speed selected. These 

Workers found excellent agreement with the predictions of the Maxwell law. (The 

\elocity distribution in the beam is not Maxwellian: There are no negative values of 

ty moreover, there is a higher fraction of fast molecules in the beam than in the oven, 

since fast molecules hit the walls more often than slow ones and so are more likely 


Apparatus for testing the Maxwell 
Detector distribution law. 
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to escape from the oven. Measurement of the distri bution of speeds in the beam allows 
calculation of the distribution in the oven.) 

The derivation of the Maxwell distribution given in this section is Maxwells 
original 1860 derivation. This derivation does not bring out the Physical process 
which the distribution of speeds is attained. If two gas samples at different temper. 
atures are mixed, eventually equilibrium will be attained at some intermediate tem, 
perature T’, and a Maxwellian distribution characteristic of T’ is established, The 
physical mechanism that brings about the Maxwellian distribution is the collisions 
between molecules. In 1872, Boltzmann derived the Maxwell distribution by a method 
based on the dynamics of molecular collisions. 
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sider it as a special case of the more general Boltzmann distribution law, which will be 
derived in Sec, 22.5 from general statistical-mechanical Principles. Under conditions of 
extremely low temperature or extremely high density, the Maxwell distribution law doesnot 
hold because of quantum-mechanical effects, and the velocity components vy, Vy, and v, are 
no longer Statistically independent; see Secs, 22.3, 22.5, and Prob, 22.19. 


APPLICATIONS OF THE MAXWELL DISTRIBUTION 


The Maxwell distribution function G(v) can be used to calculate the average value 
of any function of v, since SSW) = JF f(v)G(v) dv [Eq. (15.38)]. For example, the 
average speed <v) is 


= |" dodoa a i i ~mo7/2kT y3 dy 


Average speed vs, temperaturein Where G(v) was taken from Eq. (15.44). Use of integral 6 in Table 15.1 with n=! 
He and N}. and a = m/2kT gives 


<v>/(km/s) 2 
3/2 eT \ 1/2 LT \ 1: 

=a m ) ee ee watt) 

22kT/ — 2(m/2kT?~ \ nm nNam 


<v) = Eai (1541) 


nM 
| t0 


The average molecular speed is proportional to T!/? and inversely proportiona 

M"?? (Fig. 15.9). i 
We already know [Eqs. (15.22) and (15.21)] that vym, = (v2) 1/2 = (3RT/M)" > 

but we could check this by calculating JE e?G(v) dv (Prob. 15.17). r 
The most probable Speed v,,,, is the speed for which G(v) is a maximum (see Fip 


TK 15.6). Setting dG(v)/dv = 0, one finds (Prob, 15.16) Up = (2RT/M)". 


The speeds Umps <V)» Vrms Stand in the ratio 2*/?:(8/n)"/?:3"/? = 1.414:1.596: | 454 | 


1732. Thus Vmp: LV) ‘Vrms = 1:1.128:1.225. ENAS 


ema 


fnd (v) for (a) O, at 25°C and 1 bar; (b) H, at 25°C and 1 bar. 
Substitution in (15.47) gives for O3 


p J mol~! K~1)(298 ay" [5 kg m? ss 
Z BY. 


7(0.0320 kg mol ~!) 3.14(0.0320 kg) 

(ve) =444 m/s for Oz at 25°C (15.48) 
since 1 J = 1 kg m? s7? [Eq. (2.14)]. Because the SI unit of the joule was used in 
R the molar mass M was expressed in kg mol” +. For the reader who prefers cgs 
units, the calculation would be 

@)= p x 10” ergs mol” K~ ')(298 K) 
FA 3.14(32.0 g mol” !) 


1/2 
] = 44400 cm/s 


since 1J = 10’ ergs and 1 erg = 1 g cm? s™?, The speed 444 m/s is 993 mi/hr, so 
at room temperature the gas molecules are not sluggards. 

For H}, one obtains <v» = 1770 m/s at 25°C. At the same temperature, the 
H, and O, molecules have the same average kinetic energy 3kT. Hence the 
H, molecules must move faster on the average to compensate for their lighter 
mass. The H, molecule is one-sixteenth as heavy as an O, molecule and moves 
four times as fast, on the average. 


At 25°C and 1 bar, the speed of sound in O, is 330 m/s and in H, is 1330 m/s, 
$0 (v) is the same order of magnitude as the speed of sound in the gas. This is rea- 
sonable, since the propagation of sound is closely connected with the motions of 
the gas molecules. It can be shown that the speed of sound in an ideal gas equals 
GRT/M)""?, where y = Cp/Cy; see Zemansky and Dittman, sec. 5-7. 

; The fraction of molecules whose x component of velocity lies between 0 and vh 
'S given by (15.24) and (15.42) as 


r 1/2 pr yaaa 
NO sei) E xp ( Bee ) a, (15.49) 
N kT) Jo IKT 


Where NO < v, < v\) is the number of molecules with v, in the range 0 to vy. Let 
S= (m/kT)'2y Then ds = (m/kT)!/?.dv,, and 


NO ' r 12 
Sas = oar f e 7/2 ds where u = 4) ùs (15:50) 
T, 0 


The indefinite integral f e~**/? ds cannot be expressed in terms of elementary func- 
ae However, by expanding the integrand e~*”? in a Taylor series and integrating 
i ay by term, one can express the integral as an infinite series, thereby allowing the 
efinite integral in (15.50) to be evaluated for any desired value of u (Prob. 15.22). 
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CHAPTER 15 1 i 


I(u) = Ga e772 ds (155) 


o 


Equation (15.50) becomes N(0 < v, < v,)/N = I[(m/kT)"! v]. Some Fu) values Fr 


eal £d 0.30 | 050 | 070 | = 150 | 20 | 2.50 309 
m | o 0.12 019 | 026 | 034 043 | 0477 er 04997 


u | 4.00 + 5.00 | 6.00 | œ 


mu) | 0.499968 | 0.499997 | 04999999990 | 0.5 


More extensive tables are given in statistics handbooks. 

The fraction of molecules with speed v lying in the range 0 to v’ can be expressed 
in terms of the function I (see Prob. 15.23). Because of the exponential falloff of Glo) 
with increasing v, only a small fraction of molecules have speeds that greatly exceed 
np: For example, the fraction of molecules with speeds exceeding 3vmp is 0.0004, 
only 1 molecule in 1015 has a speed exceeding 6v,,,, and it is virtually certain that 
in a mole of gas not a single molecule has a speed exceeding Imp: 

The Maxwell distribution can be rewritten in terms of the translational kinetic 
energy &, = 4mv?. We have v = (26,,/m)'/? and dv = (1/2m)" e; 1? de. If a mole- 
cule has a speed between v and v + dv, its translational energy is between 4mo? and 
dm(v + dv)? = 4m[o? + 2w dv + (dv)?] = 4mv? + mvdv; that is, its translational en- 
ergy is between 6, and & + dé,,, where &r = dmv? and de,, = mv dv. Replacing v and 
dv in (15.44) by their equivalents, we get as the distribution function for transla- 
tional energy 


3/2 
oe =2n (az) Ele tlk de, (15.5) 


where dN, is the number of molecules with translational energy between éy and 
& + dep. Figure 15.10 plots the distribution function (15.52). Note the difference in 
shape between this figure and Fig. 15.6. 


(ecur 15.10 I 


Distribution function for kinetic N 1 (dN; ldi) 
energy at 300K. This curve applies 
to any gas. 
10 X 10° j-i 
5 X 1019 j~ 
0 


0 10 X 10-71 20 x 10-2! 


We previously found that the average translational kinetic energy is the same 
for all gases at the same T. Equation (15,52), in which m is absent, shows that the 
g distribution function is the same for all gases at the same T. 


ss 


COLLISIONS WITH A WALL AND EFFUSION 


We now calculate the rate of collisions of gas molecules with a container wall. Let 
iNw be the number of molecules that hit wall W in Fig. 15.2 in the infinitesimal 
time interval dt. Consider a molecule with y component of speed in the range v, to 
1, + dv,. For this molecule to hit wall W in the interval dt, it (a) must be moving to 
the left (that is, it must have v, > 0) and (b) must be close enough to W to reach 
itin time dt or less—the molecule travels a distance v,dt in time dt and must be 
within this distance from W. 

The number of molecules with y component of velocity in the range v, to 
,+dv, is [Eq. (15.42)] dN,, = Ng(v,)dv,. The molecules are evenly distributed 
throughout the container, so the fraction of molecules within distance v, dt of W is 
v,dt/l,. The product dN, (vy dt/l,) gives the number of molecules that have y com- 
ponent of velocity in the range v, to v, + dv, and are within distance v, dt of W. This 
number is [Ng(v,)v,/l,] dv, dt. Dividing by the area Iyl, of the wall, we get as the 
number of collisions per unit area of W in time dt due to molecules with y velocity 
between v and v, + dv, 


(N/V )g(vy)vy dv, dt (15.53) 


where V = 1,1,/, is the container volume. To get the total number of collisions with 
Win time dt, we sum (15,53) over all positive values of v, and multiply by the area 
# of W. [A molecule with v, < O does not satisfy requirement (a) above and cannot 
hit the wall in time dt; therefore only positive v,’s are summed over.] The infinite 
sum of infinitesimal quantities is the definite integral over v, from 0 to co, and the 
lumber of molecules that hit W in time dt is 


nTe 
dNw = fF [J OA a, dt (15.54) 
The use of (15.42) for g(vy) and integral 5 in Table 15.1 gives 


w m \12 fo : RT ie 
aM Ais == oomph Sre 
I vy)vy dvy (=) f vye dvy (= avy 


where (15.47) for <v) was used. Also, since PV = nRT = UNE eae 
molecules per unit volume is 


Pm, (15.55) 
Equation (15.54) becomes 
1/2 
LAN TN coy nt Na CET) ae 
A d 4V ERN 


Where dNw/dt is the rate of molecular collisions with a wall of area ./. 
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Calculate the number of wall collisions per second per square Centimeter in 0, 
at 25°C and 1.00 atm. 2 


Using (15.48) for <v}, we get á 
: .02 x 1073 mol”! J 
1 dNw _1 eee as mo ) 4:4 = l 

J dt 4 (82.06 cm“ atm mol “ K  *)(298 K) 
=27 x 107? cm~?s~1 (158) 


Suppose there is a tiny hole of area Znote in the wall and that outside the con: 
tainer is a vacuum. [If the hole is not tiny, the gas will escape rapidly, thereby de. 
stroying the Maxwellian distribution of velocities used to derive (15.56).] Molecuks 
hitting the hole escape, and the rate of escape is given by (15.56) as 


dN PNaArore 


dt (QaMRT)'? (hea 


The minus sign is present because dN, the infinitesimal change in the number of 
molecules in the container, is negative. Escape of a gas through a tiny hole is E 
effusion. The rate of effusion is proportional to M~ !/? (Graham's law of effusion). Differ 
ences in effusion rates can be used to separate isotopic species, for example, °°UF, 
and ?98UF,. 

Let À be the average distance a gas molecule travels between collisions with other 
gas molecules. For (15.58) to apply, the diameter of the hole dpore must be substantially 
less than 4. Otherwise molecules will collide with one another in the vicinity of the 
hole, thereby developing a collective flow through the hole, which is an obvious de- 
parture from the Maxwell distribution of Fig. 15.5. This bulk flow arises because the 
escape of molecules through the hole depletes the region near the hole of gas mole- 
cules, lowering the pressure near the hole. Therefore, molecules in the region of the 
hole experience fewer collisions on the side near the hole than on the side away from 
the hole and experience a net force toward the hole. (In effusion, there is no net fore 
toward the hole.) Flow of gas or liquid due to a pressure difference is called viscous 
flow, convective flow, or bulk flow (see Sec. 16,3). Effusion is an example of free 
molecule (or Knudsen) flow; here, 2 is so large that intermolecular collisions can be 
ignored. n 

Another requirement for the applicability of (15.58) is that the wall be thin. 
Otherwise, escaping gas molecules colliding with the sides of the hole can be reflected 
back into the container. F 

In the Knudsen method for determining the vapor pressure of a solid, the weight 
loss due to effusion of vapor in equilibrium with the solid in a container with # 
tiny hole is measured. Since P is constant, we have dN/dt = AN /At. Measurement o 
AN/At allows the vapor pressure P to be calculated from (15.58); see Prob. 15.25, 

For a liquid in equilibrium with its vapor, the rate of evaporation of liquid ne 
cules equals the rate of condensation of gas molecules. A reasonable assumption. 
that virtually every vapor molecule that strikes the liquid’s surface condenses tO i 
Equation (15.58) with P equal to the vapor pressure allows calculation of the rale 


which vapor molecules hit the surface and hence allows calculation of the rate at which 
fiquid molecules evaporate (see Prob. 15.27). 


MOLECULAR COLLISIONS AND MEAN FREE PATH 


Kinetic theory allows the rate of intermolecular collisions to be calculated. We adopt 
the crude model of a molecule as a hard sphere of diameter d. We assume that no 
intermolecular forces exist except at the moment of collision, when the molecules 
bounce off each other like two colliding billiard balls. At high gas pressures, inter- 
molecular forces are substantial, and the equations derived in this section do not apply. 
Intermolecular collisions are important in reaction kinetics, since molecules must 
collide with each other in order to react. Intermolecular collisions also serve to main- 
tain the Maxwell distribution of speeds. 

The rigorous derivation of the collision rate is complicated, so we shall give only 
anonrigorous treatment. (The full derivation is given in Present, sec. 5-2.) 

We shall consider collisions in a pure gas and also in a mixture of two gases 
hand c. For either pure gas b or a mixture of b and c, let Zæ be the number of 
collisions per unit time that one particular b molecule makes with other b molecules, 

h and let Z,, be the total number of all b-b collisions per unit time and per unit volume 
of gas. For a mixture of b and c, let Zie be the number of collisions per unit time 
that one particular b molecule makes with ¢ molecules, and let Zpe be the total 
number of b-c collisions per unit time per unit volume, Thus 


Zc = Collision rate for one particular b molecule with c molecules 
Zp = total b-c collision rate per unit volume 


Let N, and N, be the numbers of b and c molecules present. 

, To calculate Zipo, we shall pretend that all molecules are at rest except one par- 
ticular b molecule, which moves at the constant speed <V), Where <p.) is the average 
speed of b molecules relative to c molecules in the actual gas with all molecules in 
motion. Let d, and d, be the diameters of the b and c molecules, and let r, and r, be 
their radii. The moving b molecule will collide with ac molecule whenever the distance 
between the centers of the pair is within 4d, + de) = rp + Te (Fig. 15.11a). Imagine 
a cylinder of radius r, +r, centered about the moving b molecule (Fig. 15.11b). In 
time dt, the moving molecule will travel a distance va) dt and will sweep out a 
cylinder of volume x(r, + ra)? * <Upe> dt = Veyi- The moving b molecule will collide 
with all c molecules whose centers lie within this cylinder. Since the stationary c 
molecules are uniformly distributed throughout the container volume V, the number 
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Molecular displacement vectors 
and velocity vectors, 
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(b) 
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of c molecules with centers in the cylinder is (Voyi/V)N,, and this is the Dumber of 
collisions between a particular b molecule and ¢ molecules in time dt, The number 
of such collisions per unit time is thus Zye = (Voyı/V)N./dt, and 


Foje = (Ne/ Vary + re)? Con) ass 


To complete the derivation, we need Vc), the average speed of p molecules 
relative to c molecules. Figure 15.12a shows the displacement vectors T, and r, of 
molecules b and c.from the coordinate origin. The position of b relative to ¢ js 
specified by the vector ry.. These three vectors form a triangle, and the usual tule 
of vector addition gives r, + The = Fh, OF Myo = Fy — Fo. Differentiating this equation 
with respect to time and using v = dr/dt [Eq. (2.2)], we get vp, = Yo — Ye. This equa. 
tion shows that the vectors Yos Ye) and vy, form a triangle (Fig. 15.12b). 

In a b-c collision, the molecules can approach each other at any angle from 0 
to 180° (Fig. 15.134). The average approach angle is 90°, so to calculate (Up) We 
imagine a 90° collision between a b molecule with speed <v) and a c molecule with 
speed <v,), where these average speeds are given by (15.47). The triangle formed by 
the vectors in Fig. 15.12b is a right triangle for a 90° collision (Fig. 15.13b), and the 
Pythagorean theorem gives 


<p)? = (v4)? + Xv,)2 = 8RT/xM, + 8RT/xM, 


where M, and M, are the molar masses of gases b and c. Substitution in (15.59) gives 
Zoe = Hr, + 1,)?[<v,)? + Lte) JAN JV) 


8RT/ 1 L\TEN, 
Ze = Tr, + nper E + M )] 7 (15.60) 


To find zø, we put c = b in (15.60) to get 


(15.61) 


N 2(8RT\'/2 PN 
Zibb = 2 ad? <v) He = 2"? nd,? E `) ps 


zM, RT 
where N,/V = P,N4/RT [Eq. (15.55)] was used. Equation (15.61) is valid whether 
b is a pure gas or a component of an ideal gas mixture. 

The total b-c collision rate equals the collision rate Zwe Of a particular b mole- 


cule with c molecules multiplied by the number of b molecules. Hence the total b-t 
collision rate per unit volume is Ze = No2(0y¢/V, and 


8RT / 1 1 \]'/2/N,\ (N, 
Lic = (| Lael (ET Ab) Ne (15.62) 
be nes + | = (i +a] S96 


Colliding molecules. 
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If we were to calculate the total b-b collision rate by multiplying the b-b colli- 
sion rate Zob of one b molecule by the number of b molecules, we would be counting 
uch b-b collision twice. For example, the collision between molecules b, and b, 
vould be counted once as one of the collisions made by b, and once as one of the 
collisions made by b2. (See also Prob. 15.28.) Therefore a factor of } must be included, 
and the total b-b collision rate per unit volume is Z}, = $N,2@),/V, or 


1 N,\? 1 8RT\!2/P,N,\? 
Zy = 12 ndo ss) = 3172 na (E) ( rwa) (15.63) 


for O; at 25°C and 1.00 atm, estimate 2,4), ANd Z,,. The bond distance in O; is 


1A. 
The O, molecule is neither hard nor spherical, but a reasonable estimate of 


the diameter d in the hard-sphere model might be twice the bond length: d ~ 
214A. Equations (15.61) and (15.48) give the collision rate of one particular 0O: 
molecule as 


typ © 2"/2n(2.4 x 1078 cm)?(4.44 x 104 cm s~!) 


(1.00 atm)(6.02 x 10°? mol” ') 
(82.06 cm? atm mol” ' K~ +)(298 K) 
p% 28 x 10° collns./s for Oy at 25°C and 1 atm (15.64) 


Even though the gas molecules are far apart from each other compared with 
te molecular diameter, the very high average molecular speed causes a mole- 
culeto make very many collisions per second. Substitution in (15.63) gives the total 
humber of collisions per second per cubic centimeter of gas as 


Zas © 3.4 x 1078 cm~? 57! for O, at 25°C and 1 atm (15.65) 


The mean free path À (lambda) is the average distance a molecule travels be- 
{Ween two successive collisions. In a mixture of gases b and c, A, differs from /,. 
The gas molecules have a distribution of speeds. (More precisely, each species has 
ils own distribution.) The speed of a given b molecule changes many times each 
oe as a result of intermolecular collisions. Over a long time t, the average speed 
ra given b molecule is <v,>, the distance it travels is <v,)t, and the number of colli- 
ih esa is Cow + 2). Therefore the average distance traveled by a b mole- 

ween collisions is 4, = <v,>t/(zayp + 2p.)t. and 
Ay = <vp>/(Zeyn + Zie) (15.66) 
es (%), Zp, and Zp) are given by (15.47), (15.61), and (15.60). 
" Pure gas b, there are no b-c collisions, Zø = 0, and 


Lee sn wi 1 RT pure gas (15.67) 
Zo» 2"/2xd?(N/V) 2nd? PNag 
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A thin layer of gas in a 


gravitational field. 


dz J 


P+dP,2+dz 
Pz 


As P increases, the mean free path À decreases, because of the increase in molecular 


collision rate zæ) [Eq. (15.61)]. 
For O, at 25°C and 1 atm, the use of (15.67), (15.64), and (15.48) gives 


, 4.44 x 10* cms! 
Mo Leite 


The average time between collisions is 2/{v> = 1/2)», which equals 4 x 107 10 shor f 
O, at 25°C and | atm. 

Note that at 1 atm and 25°C: (a) A is small compared with macroscopic dimen. 
sions (1 cm), so the molecules collide with each other far more often than with the 
container walls; (b) 2 is large compared with molecular dimensions (107 cm), soa 
molecule moves a distance of many molecular diameters before colliding with another 
molecule; (c) A is large compared with the average distance between gas molecule 
(about 35 A—Sec, 2.11 and Prob. 2.41), 

A good vacuum is 10” ° torr ~ 107° atm. Since 4 is inversely proportional to P, 
the mean free path in O; at 25°C and 107° atm is 1.6 x 1075 cm x 10° = 160m= 
0.1 mi, which is large compared with the usual container dimensions. In a good 
vacuum, the gas molecules collide far more often with the container walls than with 
one another. At 107° atm and 25°C, a given O, molecule makes only an average of 
2.8 collisions per second with other gas molecules, 

The mean free path plays a key role in transport properties of gases (Chap, 16) 
which depend on molecular collisions. 

“The very high rate of intermolecular collisions in a gas at 1 atm raises the fol 
lowing point. Chemical reactions between gases often proceed quite slowly. Equation 
(15.64) shows that if every b-c collision in a gas mixture caused a chemical reaction, 
gas-phase reactions at 1 atm would be over in a fraction of a second, which is contrary 
to experience. Usually, only a very small fraction of collisions result in reaction, since 
the colliding molecules must have a certain minimum energy of relative motion in 
order to react and must be properly oriented: because of the exponential falloff of 
the distribution function G(v) at high v, only a small fraction of molecules may have 
enough energy to react. 

The direction of motion of a molecule changes at each collision, and the short 
mean free path (+10 * cm) at 1 atm makes the molecular path resemble Fig. 3.13 
for Brownian motion. 


= 16x 10-Fem=1600A for O, at 25°C and lam 


In deriving (15.7) for the gas pressure, we ignored intermolecular collisions and assumed 
that a given molecule changes its vy value only when it collides with wall W or wall W m 
Fig. 15.2. Actually (unless P is extremely low), a gas molecule makes many, many collision 
with other gas molecules between two successive wall collisions. These intermolecular 
collisions produce random changes in v, of molecule i in Fig. 15.2. For a rigorous deriv 
tion of (15.7) that allows for collisions, see Present, pp. 18-19. 


THE BAROMETRIC FORMULA 


e ith 
For an ideal gas in the earth’s gravitational field, the gas pressure decree Ta 
increasing altitude. Consider a thin layer of gas at altitude z above the earth's su 
(Fig. 15.14). Let the layer have thickness dz, mass dm, and cross-sectional area 


The upward force Fup On this layer results from the pressure P of the gas just below 
the layer, and Fyp = P.o/. The downward force on the layer results from the gravita- 
ional force dm g [Eq. (2.6)] and the pressure P + dP of the gas just above the layer. 
iP is negative.) Thus, Faown = gdm + (P + dP). Since the layer is in mechanical 
equilibrium, these forces balance: P.of = (P + dP) + gdm, and 


dP = —(g/d)dm (15.68) 


The ideal-gas law gives PV = P(s/ dz) = (dm/M)RT, so dm = (PMo//RT)dz, and 
(15.68) becomes after separating the variables P and z 


dP/P = —(Mg/RT) dz (15.69) 
Let Py be the pressure at zero altitude (the earth’s surface) and P’ be the pressure at 


altitude z’. Integration of (15.69) gives 


(15.70) 


Since the thickness of the earth’s atmosphere is much less than the earth’s radius, 
wecan neglect the variation of the gravitational acceleration g with altitude z. The 
temperature of the atmosphere changes substantially as z changes (Fig. 15.15), but 
weshall make the rough approximation of assuming an isothermal atmosphere. With 
the z dependence of g and T neglected, Mg/RT can be taken outside the integral in 
(15.70) to give In (P’/P9) = —Mgz'/RT; dropping the primes, we have 
P= Pye M#RT const. T,g (15.71) 

The gravitational force on the molecules increases the concentration of molecules at 
lower levels, and the gas pressure and density (which is proportional to P) decrease 
exponentially with increasing altitude. 

A slightly more general form of (15.71) is P2/P = e7Motz2—=/RT where P, 
and P; are the pressures at altitudes z} and zy. When Mg(z2 — 2,)/RT equals 1, 
Pris Ie x 1/2.7 of P,. For air with M = 29 g/mol and T = 250 K, the equation 
MgAz/RT = 1 gives Az = 7.3 km. For each altitude increase of 7.3 km (4.5 mi), the 
atmospheric pressure falls to about 1/2.7 of the preceding value. Because of the expo- 
Tential decrease of density with altitude, over 99 percent of the mass of the earth’s 
amosphere lies below 35 km altitude. 

Ina mixture of ideal gases, each gas i has its own molar mass M;. One can show 
(ee Prob, 15.47 and Guggenheim, sec. 9.08) that an equation like (15.71) applies to 
each gas independently, and P; = P; ge~ 97/8", where P; and P;,o are partial pres- 
ae of gas i at altitudes z and 0. The larger M; is, the faster P; should decrease 
= altitude. However, convection currents, turbulence, and other phenomena keep 
Wises rather well mixed in the earth’s lower and middle atmosphere, and the 
1219) e molar mass of air remains essentially constant at 29 g/mol (Prob. 
a Dire Ht ag Above 90 km, the mole fractions of pie iaie: gases increase, 

Becauseit m, the predominant species are H, H3, and He. ie 
Pee of the dependence of T on z, Eq. (15.71) is only a rough approxi ation 
oe atmospheric pressures. Values calculated (Peate) from (15.71) using an aver- 

emperature T = 250 K (Fig. 15.15), M = 29 g/mol, g = 9.81 m/s?, and Po = 


—— a 
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| a60 | 1013 mbar compared with experimental pressure Pexp in units of millibars are 


si sai { @ 1 @; 0 | @ | 0 80 100 


f > 1 Fa a — 
1013 | 258 | 66 16.7 43 0.28 0.018 0.0012 


Peate 


P, | 1013 | 265 | 55 120 | 29 0.22 0.011 0.0003 


A container of O, at 1.00 bar and 25°C is 100 cm high and is at sea level, Calu 

late the diference in pressure between the gas at the bottom of the containg 

and the gas at the top. | 
From (15.71), Prop = Prove” MORT, sO Pao — Prop = Phoill — e "MORT Wg 


Mgz _ (0.0320 kg mol” ')(9.81 m s~7)(1.00 m) 


= — = 1.3 x 1074 
RT (8.314 Jmol” t K~1)(298 K) 5 
Since Mgz/RT is very small, we can use the Taylor series e* = 1 +x +x’ /l4 
+= 14x to get 


Prot — Prop = Prof 1 — (1 — Mgz/RT)} = Py.Mgz/RT 
= (1.00 bar)(1.3 x 10~*) = 0.00013 bar = 0.10 torr 


so 


THE BOLTZMANN DISTRIBUTION LAW 


Since P= NRT/N,V, the ratio P/P, in the barometric equation (15.71) equals 
N(z)/N(0), where N(z) and N(O) are the numbers of molecules in thin layers of equal 
volumes at heights z and 0, respectively, Also, Mgz/RT = Namgz/NakT = mgz)kT, 
where m is the mass of a molecule. The quantity mgz equals ¢,(2) — (0) = Atp, where 
é,(z) and ¢,(0) are the potential energies of molecules at heights z and 0, respectively 
[see Eq. (2.28)]. Therefore (15.71) can be written as 


N(z)/N(Q) = e~¢n(2)-ep(OWAT __ Ae /kT (15.2) 


2 

The v, distribution law (15.42) reads dN, JN = Ae~"*T dy, where 8y = 2s: 

Let dN, and dN, be the numbers of molecules whose vy values lie in the ranges tx! 
to vy. + dv, and v, z to Vx,2 + dv,, respectively. Then 


ANJAN, = e7 (trad te kT _ 9 Ane/kT (157) 


Equations (15.72) and (15.73) are each special cases of the more general Bolt 
mann distribution law: 


N. pe 4)* 
2 = eT 4UtT where Ac = &) — £i (1s) 
d 1 
f z ; a 4 of 
In this equation, N, is the number of molecules in state 1 and ¢, is the Gie 
state 1; N3 is the number of molecules in state 2. The state of a particle is d! 


in classical mechanics by specifying its position and velocity to within infinitesimal 
ranges: Equation (15.74) is a result of statistical mechanics for a system in thermal 
equilibrium and will be derived in Sec. 22.5. If e is greater than £1, then Ag is positive 
and (15.74) says that N3 is less than N,. The number of molecules in a state decreases 
with increasing energy of the state. 

The factor v? in the Maxwell distribution of speeds, Eq. (15.44), might seem to 
contradict the Boltzmann distribution (15.74), but this is not so. The quantity N, in 
(1574) is the number of molecules in a given state, and many different states may 
have the same energy. Thus, molecules that have the same speed but different veloc- 
ities are in different states but have the same translational energy; the velocity vectors 
for such molecules point in different directions but have the same lengths, and their 
tips all lie in the thin spherical shell in Fig. 15.4. The factor 4nv? in (15.44) arises 
from molecules having the same speed v but different velocities v. 


HEAT CAPACITIES OF IDEAL POLYATOMIC GASES 


In Sec. 15.3, we used the kinetic theory to show that Cy = 3R for an ideal monatomic 
gus, What about polyatomic gases? Thermal energy added to a gas of polyatomic 
molecules can appear as rotational and vibrational (as well as translational) energies 
ofthe gas molecules (Sec. 2.11), so the molar heat capacity Cy = (ôŪ/ôT)y of a poly- 
atomic gas exceeds that of a monatomic gas. There is also molecular electronic energy, 
but this is usually not excited except at very high temperatures, typically 10* K. This 
section outlines the classical-mechanical kinetic-theory treatment of the contributions 
ofmolecular vibration and rotation to U and Cy. 
The energy of a monatomic molecule in an ideal gas is 


e= dmv,? + dmv,? + dmv,? + bey = px?/2m + py’ /2m + p.2/2m +b (15.75) 


Where the momentum components are py = Mx, Py = MVy, Pz = MPs» and where £e 
isthe electronic energy. The translational energy has the form api + po? + 43P3°5 
where a, = a, = ay = 1/2m and the momenta are Py = Px» P2 = Py P3 = Pz: 

For a polyatomic molecule, the translational energy is the same as in (15.75). It 
turns out that the classical-mechanical expression for the rotational energy of a poly- 
itomic molecule has the form [Eq. (21.42)] Si cipi? Where the c;’s are certain con- 
stants and the p/s are momenta different from the momenta that occur in the trans- 
lational energy. The classical-mechanical expression for the vibrational energy of a 
polyatomic molecule turns out to have the form $; dip? + Li e;q;? [see Levine (1975) 
%¢. 6.2], where the dj's and e/s are certain constants, the prs are momenta, and the 
4$ are coordinates. The first sum is the vibrational kinetic energy, and the second 
a is the vibrational potential energy. Adding the translational, rotational, vibra- 
TE and electronic energies, we see that the energy of a polyatomic molecule in 

ideal gas (no intermolecular energy) has the form 


e=a,p,? + appa? +i bigi + baga? ++ Ea (15.76) 
Where the a’s and b's are constants, the p’s are momenta, and the q's are coordinates. 
es molar internal energy U of a polyatomic ideal gas is the sum of the energies 

€ individual molecules and so is equal to the Avogadro constant times the average 
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molecular energy: U = N4 <e). Use of (15.76) for £ gives 
g= N4(<a,p17) Iy <a p>” fe slag io i {byq17> T <b242°) poeg Cead) as 


since the average of a sum equals the sum of the averages [Eq. ( 15.41)], 

Let w denote any of the variables Pi» P2» -+> 41> 42,- . . in (15.77), let c denote- 
the coefficient of wê, and let ¢,, = cw?. We want to evaluate Lew? = Ccw?), This 
done by using the probability distribution function g(w) for w. From (15.38), <cw?) = 
se cwg(w) dw. If w = Px = mv, g(w) is given by the Maxwell Vy distribution (15, 
Use of (15.42) as g(w) in the integral then gives (Prob. 15.37) <Px?/2m) =P 
found earlier in Eq. (15.37) by a different method. The Maxwell v, distribution (154) 
is a special case of the Boltzmann distribution law (15.74). The Boltzmann distribu. 
tion law applies to each of the coordinates q; and momenta p; that occur in (157), 
and using the Boltzmann distribution one finds (Prob. 15.38) that each average value 
in (15.77) is equal to 4kT: 

Lew) = 4kT (1518) 


Thus, classical mechanics and the Boltzmann distribution law predict that each 
quadratic term in the molecular energy £ contributes }kT to the average energy per 
molecule. The contribution of ¢e,,.) = ew?) to U is NaStw> = 4N kT = 4RT. Sino 
Cy =(0U/0T)y, this term contributes 3R to Cy. 

We have arrived at the principle of equipartition of energy: Each term in the 
expression for the molecular energy e that is quadratic in a coordinate or a momentum 
contributes ¿RT to U and $R to Cy. 

The molecular energy is the sum of translational, rotational, vibrational, and 
electronic energies: ¢ = ĉir + Erot + Evip + Eer. The translational energy is given by 
(15.75) as s = p,?/2m + p,?/2m + p,?/2m. Since &, has three terms, each quadratic 
in a momentum, the equipartition principle says that £, contributes 3 x 4R =3R to 
Cy. This result [which we found earlier; see Eq. (15.18)] is in agreement with date 
on monatomic gases. . 

Rotational and vibrational motions will be considered in Chap. 21. At this point, 
we simply quote some results from that chapter without justifying them. For a linear 
molecule (for example, H 2» CO2, C2H3), the classical-mechanical expression for tw 
has two quadratic terms and that for Eip has 2(3.4° — 5) quadratic terms, where N 
is the number of atoms in the molecule. For a nonlinear molecule (for example, H,0, 
CH4), £o has three quadratic terms and Evin has 23.17 — 6) quadratic terms. A linear 
molecule thus has 3 + 2 + 2(3.47 — 5)= 6M —5 quadratic terms in £, and Cy 
is predicted to be (34 — 2.5)R for an ideal gas of linear molecules, assuming Ti 
not high enough to excite electronic energy. A nonlinear molecule has 3+3+ 
AIN — 6) = 61 —6 quadratic terms in ¢, and Cy is predicted to be (34-3 
for an ideal gas of nonlinear molecules, except at extremely high T. These Cy values 
should apply at all temperatures below, say, 107K. ae 

For CO, as an ideal gas, the equipartition theorem predicts a 
(3(3) — 2.5]R = 6.5R = 129 cal mol ~! K~!, independent of T. Experimental i 
values in calmol ~! K~! for CO; at low pressure are 6.9 at 300K, 9.3 at 600K, I! 
at 1000K, 12.4 at 2000K, and 12.9 at 3000 K. + ted b 

Similar disagreements between experimental Cy values and those predicted Hs 
the equipartition theorem are found for other polyatomic gases. In general, Cy i 
creases with T and attains the equipartition value only at high temperatures a 
2.12). The data show that the equipartition principle is false. The equipartition P 


ciple fails because it uses the classical-mechanical expression for the molecular energy, 
ane molecular vibrations and rotations obey quantum mechanics, not classical 
mechanics. The quantum theory of heat capacities is discussed in Chaps. 22 and 24. 


gi 


SUMMARY 

We calculated an expression for the pressure exerted by an ideal gas by considering 
the impacts of molecules on the container walls. Comparison of this expression with 
PV=nRT then showed that the total molecular translational energy in the gas is 
f, =3nRT. It follows that the average translational energy per gas molecule is 
(tr) =3kT. Use of Er = 4mv? gives the rms molecular speed as v,ms = (3RT/M)'/?. 

Starting from the assumption that the velocity distribution is independent of 
direction and that the vy, v,, V, values of a molecule are statistically independent of 
one another, we derived the Maxwell distribution laws for the speed v and velocity 
components Vy, Vy, Vz Of gas molecules (Figs. 15.5 and 15.6). The fraction of molecules 
with x component of velocity between vy and vy + dv, is dN,_/N = g(v,)dv,, where 
the distribution function is g(v,) = (m/2nkT)'/2 exp (—4mv,?/kT). The fraction of 
molecules with speed between v and v+ dv is dN,/N = G(v)dv, where G(v) = 
4nv°g(v,)g(v,)9(vs) and is given by (15.44). The use of G(v) allows calculation of the 
average value of any function of v as < f(v)> = fẹ f(v)G(v) dv. For example, we found 
(0) = (8RT/nM)!!?, 

The kinetic theory was used to find the rate of collisions of gas molecules with 
awall and the rate of effusion through a tiny hole—Eggs. (15.56) and (15.58). Expres- 
sions were found for the collision rate Z of a single b molecule with the c mole- 
cules and for the total b-c collision rate per unit volume, Z,,. The mean free path 
a the average distance a molecule travels between successive collisions and is given 
y (15.67). 

The distribution of molecules among their possible states is given by the Boltz- 
mann distribution law N,/N, = e7®/*T (Eq, (15.74)]. 

The classical equipartition theorem for the heat capacities of polyatomic gases 
predicts incorrect results. 

Important kinds of calculations discussed in this chapter include: 


* Calculation of the average molecular translational energy <&,> = 3kT. 


Calculation of the heat capacity of an ideal monatomic gas, Cy = 3R. 
Calculation of the root-mean-square speed of gas molecules, pm. = (3RT/M 
Use of the distribution function G(v) to calculate the probability G(v) dv that a gas 
Molecule has its speed between v and v + dv. 

Use of the distribution functions G(v) and g(v,) to calculate average values of 
functions of v or vy from < f(v)> = JP f(v)G(v) dv or (f(vx)? = JE o SOx) dvx: 
Evaluation of kinetic-theory integrals of the form |, x™e~* dx using the in- 
tegrals in Table 15.1. 

Calculation of the collision rate with a wall using (15.56). d 
Calculation of the rate of escape from a hole and of the vapor pressure of a solid 
using (15,58), 

Calculation of the individual collision rate Zø and the total collision rate per 
Unit volume, Z., using (15.60) and (15.62). 
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e Calculation of the mean free path (15.67). 
e Calculation of pressures in an isothermal atmosphere using P = Poe~MozirT 
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theorem. 


e Calculation of high-temperature Cy values of gases using the equipartition 
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PROBLEMS 


Sec. 15.3 154 | 15.5 | 15.6 
Probs. 15.1-15.7 | 15.8-15,14 | 15.15-15.23 | 15.24-15.27 
Sec. 15.7 | 15.8 15.10 general 
Probs. 15.28-15.31 | 15.32-15.35 15.36-15.38 | 15.39-15.48 


15.1 Calculate the total molecular 
25°C and 1.0 atm for (a) 1.00 mol of 
(c) 470 mg of CH4. 


translational energy at 
O3; (b) 1.00 mol of CO;; 


15.2 Calculate the average translational energy of one mole- 
cule at 298°C and 1 bar for (a) O3; (b) CO. 


15.3. Calculate <e,( 100°C)>/<e(0°C)> for an ideal gas. 
15.4 
15.5 


15.6 At what temperature will H, molecules have the same 
rms speed as O, molecules have at 20°C? Solve this problem 
without calculating Vems for O3. 


Calculate y = Cp/Cy for an ideal monatomic gas. 
Calculate Vems(Ne)/V,ms(He) at 0°C. 


15.7 Calculate the total translational kinetic energy of the 
air molecules in a 5.0m x 6.0m x 3.0m room at 20°C and 
1.00 atm. Neglect the volume Occupied by furniture and peo- 
ple. Repeat the calculation for 40°C and 1.00 atm. 


15.8 For 1.00 mol of O; at 300 K and 1.00 atm, calculate (a) 
the number of molecules whose speed lies in the range 500.000 
to 500.001 m/s (because this speed interval is very small, the 
distribution function changes only very slightly over this 
interval, and the interval can be considered infinitesimal); (b) 
the number of molecules with vz in the range 150.000 to 
150.001 m/s; (c) the number of molecules that simultaneously 
have v, in the range 150.000 to 150,001 m/s and have v, in the 
range 150.000 to 150.001 m/s. 


15.9 For CH,(g) at 300 K and 1 bar, calculate the probability 
that & molecule picked at random has its speed in the range 
400.000 to 400.001 m/s. This interval is small enough to be 
considered infinitesimal. 


15.10 (a) For O, at 25°C and 1 atm, calculate the ratio of 
the probability that a molecule has its speed in an infinitesimal 
interval dv located at 500 m/s to the probability that its speed 
lies in an infinitesimal interval dv at 1500 m/s. (b) At what 
temperature does O(g) have G(v) at v = 500 m/s equal to 
G(v) at v = 1500 m/s? 


15.11 Verify Eq. (15.41) for the average of a sum. 


15.12 In the mythical world of Flatland, everything is tw- 
dimensional. Find the expression for the probability that a 
molecule in a two-dimensional ideal gas has its speed in the 
Tange v to v + dv, 


nai 
15.13 (a) Use Fig. 15.5 to explain why J, e i 
2 jo e7% dx. This integral is integral 1 in Table 15.1 will 
n= 0, and a similar argument shows the validity of integral 1 
(6) Sketch, the function xe™®? and then explain mn 
JESSE ae 0, A similar argument shows the validity 
integral 4. 


15.14 (a) Derive integral 5 in Table 15.1 by changing ne 
variable. (b) The definite integral 5 in Table 15.1 is a ua 
of the parameter a, which occurs in the integrand. For Ear 
integral, one can show (see Sokolnikoff and Redheffer, P. 


that 
Gi 4 of (x, a) 
zf S(x, a) dx “i i dx 
ĉa Je e ĉa 


that 
Differentiate integral 5 with respect to a to sey if. 
Jo x°e~*" dx = 1/2a?. (c) Find Ja x5e7™ dx. Repeal 
ferentiation gives integral 6. 


15.15 For CO, at 500 K, calculate (a) Upmss (b) <0): (0) Yar 


1516 Show that omp = (2RT/M)"!?. 


{817 Use the Maxwell distribution to verify that ¢v?) = 


3RT/M. 
1818 Use the distribution function for v to find <v?» for 
ideal-gas molecules. Does v3) equal ¢v)<v?)? 


{519 (a) Find (v,> for ideal-gas molecules. Give a physical 
explanation of the result. (b) (2) is given by (15.37). Explain 
why (0,)? # (0,7). 

1520 Find ¢v,*) for ideal-gas molecules. 


1821 Find the most probable molecular translational energy 
lump for an ideal gas. Compare with <er). 


1522 (a) Show that (2z)'/7I(u) = u — u3/6 + 05/40 — 
41/336 +++, where J(u) is defined by (15.51). Hint: Use (8.31) 
with x = —s/2. (b) Use the series to verify that 1(0.30) = 0.12. 


1523 (a) Use integration by parts to show that the fraction 
of molecules whose speed is in the range 0 to v’ is 


Uv omp) — 2(0" [omp e7 0m 


where the function J is defined by (15.51). (b) Find the fraction 
of molecules whose speed exceeds 4.243 mp. 


1524 Find the molecular formula of a hydrocarbon gas that 
tffuses 0.872 times as fast as O, through a small hole, the tem- 
peratures and pressures being equal. 


1525 A container holding solid scandium in equilibrium 
with its vapor at 1690 K shows a weight loss of 10.5 mg in 
495 min through a circular hole of diameter 0.1763 cm. (a) 
Find the vapor pressure of Sc at 1690 K in torr. (b) Is A > droite? 


1826 Dry air contains 0.033 percent CO, by volume. Calcu- 
late the total mass of CO, that strikes 1 cm? of one side of a 
green leaf in 1 sin dry air at 25°C and 1.00 atm. 


Hk For Octoil, CgH4(COOC,H, )3, the vapor pressure 
10 torr at 393K. Calculate the number of Octoil mol- 
ae that evaporate into vacuum from a 1.0 cm? surface of the 
iquid at 393 K in 1.0 s; also calculate the mass that evaporates. 


nd a container of volume 1 x 1075 cm? holds three mole- 
a oE b, which we label b,, b, and b3. In 1 s, there are 
A 103 collisions, two b,-b; collisions, and two bz-b3 colli- 
“ons. (a) Find z4). (b) Find Z,, without using the result for 
Xow Is Zp equal to NyZo5/V? Is Zp, equal to $NypZ@yp/V? 


ee N; (collision diameter = 3.7 A; see Sec. 16.3) at 

ane 1.00 atm, calculate (a) the number of collisions per 

koni made by one molecule; (b) the number of collisions per 

3e ui cubic centimeter. (c) Repeat (a) and (b) for N3 at 

time b 1.0 x 1076 torr (a typical “vacuum” pressure); save 
Y using the results of (a) and (b). 


15.30 The average surface temperature of Mars is 220 K, and 
the surface pressure is 4.7 torr. The Martian atmosphere is 
mainly CO, and N>, with smaller amounts of Ar, O3, CO, 
H20, and Ne. Considering only the two main components, we 
approximate the Martian atmospheric composition as xco, ¥ 
0.97 and xy, + 0.03. The collision diameters are (Sec. 16.3) 
dco, = 4.6 A and dy, = 3.7 A. For gas at 220 K at the Martian 
surface, calculate (a) the collision rate for one particular CO, 
molecule with other CO, molecules; (b) the collision rate for one 
particular N, molecule with CO, molecules; (c) the number of 
collisions per second made by one particular Nj molecule; 
(d) the number of CO,—N, collisions per second in 1.0 cm}; 
(e) the total number of collisions per second in 1.0 cm. 


15.31 For N,(g) with collision diameter 3.7 A, calculate the 
mean free path at 300 K and (a) 1.00 bar; (b) 1.00 torr; (c) 1.0 x 
1076 torr. 


15.32 The top of Pike’s Peak is 14100 ft above sea level. Ne- 
glecting the variation of T with altitude and using the aver- 
age surface temperature of 290K and the number average 
molecular weight of 29 for air, calculate the atmospheric pres- 
sure at the top of this mountain. Compare with the observed 
average value 446 torr. 


15.33 Calculate the difference in barometer readings between 
the first and fourth floors of a building at sea level if each floor 
is 10 ft high. 


15.34 For what increase in altitude is the atmospheric pres- 
sure cut in half? Take T = 250 K and M = 29 g/mol. 


15.35 Using data in Prob. 15.30 and an average temperature 
of 180 K for the lower Martian atmosphere, estimate the atmo- 
spheric pressure at an altitude of 40 km on Mars. On Mars, 


g = 3.7 m/s’. 


15.36 (a) For CH, at 400 K, what value of Cp is predicted by 
the equipartition principle? (b) Would CH, actually have this 
value of Cp at 400 K? (c) Under what condition(s) would CH4 
have the equipartition-principle value of p 


15.37 Find <p,2/2m) = }m¢v,”) by using Eq. (15.38). 


15.38 Let w stand for any one of the variables p1, p2,..-. 41> 
q2,- - in (15.77), let c denote the coefficient of w?, and let ey = 

cw2. To evaluate <e„) = (ew), we need the distribution func- 
tion g(w) for w. Let dN, molecules have a value of win the range 
w; tow, + dw, with a similar definition for dN3. The definition 
of g gives dN,/N = g(w,)dw and dN3/N = g(w2)dw, where 
N is the total number of gas molecules. Taking the ratio of 
these equations, we have dN3/dN , = g(w2)/g(w,). The Boltz- 
mann distribution law (15.74) gives 


eT Ew(way/kT 


eT EWT 


dN _ 92) L p-iewwad-ewtwDRT 


The only way this equation can hold for all w, and wz values 
is for g(w) to have the form g(w) = Ae~*”’*", where the con- 
stant A is determined by the requirement that the total prob- 
ability is 1: fme g(w)dw = 1. The minimum and maximum 
values of w are —oo and +00 whether w is a cartesian coordi- 
nate or a momentum. (a) Show that A = (c/nkT)™?. (b) Show 


that <> = 4kT. 


15.39 Calculate vms at 25°C for a dust particle of mass 
1.0 x 107 +° g suspended in air, assuming that the particle can 
be treated as a giant molecule. 


15.40 Is <v?) equal to <v)? for ideal-gas molecules? 


15.41 Let s be the number obtained when a single cubic die 
is thrown. Assuming the die is not loaded, use ( 15.40) to calcu- 
late Çs) and <s?). Is <s)? equal to <s?)? 


15.42 The standard deviation o, of a variable x can be defined 
by 0, = (x?) — <x)?. (a) Show that o,, = (kT/m)"/? for the 
Maxwell distribution of v,. (b) What fraction of ideal-gas mole- 
cules have v, within +1 standard deviation from the mean 
(average) value (v,)? 


15.43 Apply the method used to derive (15.34) from (15.30) to 
show that (3.51) is the only function that satisfies (3.50). 


15.44 What region in the velocity space of Fig. 15.3 corre- 
sponds to molecules that have v, values between b and c, where 
b and c are two constants? 


15.45 (a) What is the area under the 300-K curve in Fig. 15.6? 


Answer without doing any calculations or integrations, (b) Uy 
the figure to give a rough calculation of this area, . i 


15.46 Consider samples of pure H3(g) and pure 0,64), cad 
at 300 K and 1 atm. For each of the following Properties, state 
which gas (if any) has the greater value. As much as possil 
answer without looking up formulas. (a) Vems; (b) average e, 
(c) density; (d) mean free path; (e) collision rate with a wall of 
unit area. 


15.47 Just as the phase equilibrium condition in an electro- 
chemical system is 4;* + 2,7 6" = u? + 2,F G, where zF tig 
the molar electrostatic potential energy of species i in phase a, 
the phase equilibrium condition between isothermal layers at 
altitudes z* and z° in a gravitational field is (see Denbigh, p.§7 
for a proof) u; + M,gz* = pf + M,gz", where Mg? is the 
molar gravitational potential energy of species i at 2*. Use this 
equation to show that for an isothermal ideal gas mixture in 
a gravitational field, P;? = P;* exp [ — M;g(2" — 2*/RT}. 


15.48 For ideal gases, classify each of the following statements 
as true or false. (a) The most probable speed is zero. (b) The 
most probable vy value is zero. (c) The most probable vy value 
is zero. (d) Zie = Zep (€) Zhe = Zep. (f) The total molecular 
translational kinetic energy E,, in 1 dm? of ideal gas at 1 bar 
and 200 K equals E, in 1 dm? of ideal gas at 1 bar and 400K. 
(g) If we know the temperature of an ideal gas, we can predict 
the translational energy of an individual molecule picked at 
random. 


TRANSPORT PROCESSES 


st I 


KINETICS 


So far, we have discussed only equilibrium properties of systems. Processes in sys- 
temsin equilibrium are reversible and are comparatively easy to treat. This chapter and 
the next deal with nonequilibrium processes, which are irreversible and difficult to 
treat. The rate of a reversible process is infinitesimal. Irreversible processes occur at 
nonzero rates. 

The study of rate processes is called kinetics or dynamics. A system may be out 
ofequilibrium because matter or energy or both are being transported between the 
system and its surroundings or between one part of the system and another. Such 
processes are transport processes, and the branch of kinetics that studies the rates 
and mechanisms of transport processes is physical kinetics. Even though neither 
matter nor energy is being transported through space, a system may be out of equilib- 
rium because certain chemical species in the system are reacting to produce other 
species, The branch of kinetics that studies the rates and mechanisms of chemical re- 
actions is chemical kinetics or reaction kinetics. Physical kinetics is discussed in 
Chap. 16 and chemical kinetics in Chap. 17. 

There are several kinds of transport processes. If unbalanced forces exist in the 
ystem, it is not in mechanical equilibrium and parts of the system move, The flow 
Of fluids is the subject of fluid dynamics (or fluid mechanics). Some aspects of fluid 
dynamics are treated in Sec. 16.3 on viscosity. When an electric field is applied to a 
‘Wslem, electrically charged particles (electrons and ions) experience a force and may 
on through the system, producing an electric current. Electrical conduction is 
ns led in Secs, 16.5 and 16.6. If temperature differences exist between the system 
& Surroundings or within the system, it is not in thermal equilibrium and heat 
nergy flows. Thermal conduction is studied in Sec. 16.2. If differences in concentra- 
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material equilibrium and there is a flow of matter until the concentrations and the 
chemical potentials have been equalized. This flow differs from the bulk flow that 
arises from pressure differences and is called diffusion (Sec. 16.4). 

We shall see that the laws describing fluid flow, electrical conduction, thermal 
conduction, and diffusion all have the same form, namely, that the rate of transportis 
proportional to the spatial derivative (gradient) of some property. 


THERMAL CONDUCTIVITY 


Figure 16.1 shows a substance in contact with two heat reservoirs at different tem- 
peratures. A steady state will eventually be reached in which there is a uniform tem- 
perature gradient dT/dx in the substance, and the temperature between the reservoirs 
varies linearly with x from T} at the left end to Tz at the right end. (The gradient 
of a quantity is its rate of change with respect to a spatial coordinate.) The rate of 
heat flow dq/dt across any plane perpendicular to the x axis and lying between the 
Teservoirs will also be uniform and will clearly be proportional to «/, the substance’ 
cross-sectional area in a plane perpendicular to the x axis. Experiment shows that 
dq/dt is also proportional to the temperature gradient dT/dx. Thus 


Fn pint (164) 


where the proportionality constant k is the substance’s thermal conductivity and d 
is the heat energy that in time dt Crosses a plane with area of and perpendicular p 
the x axis. The minus sign occurs because dT/dx is positive but dq/dt is negative (the 
heat flows to the left in the figure). Equation (16.1) is Fourier’s law of heat conduc 
tion. This law also holds when the temperature gradient in the substance is nonunk 
form; in this case, dT/dx has different values at different places on the x axis, and dadi 
varies from place to place, o 
Representative values of k in units of J K~! cm™! s~! for substances at 25C 
and 1 atm are shown in Fig. 16.2. Metals are good conductors of heat because of A 
electrical-conduction electrons, which move relatively freely through the metal. Mos 
nonmetals are poor conductors of heat. Gases are very poor conductors because 
the low density of molecules. Diamond has the highest room-temperature therm 
conductivity of any substance, è 
Although the system in F; ig. 16.1 is not in thermodynamic equilibrium, we m 
that any tiny portion of the system can be assigned values of thermodynamic Va 


ables, such as T, U, S, and P, and that all the usual thermodynamic relations between 
such variables hold in each tiny subsystem. (Recall the discussion in Sec. 4.2.) This 
assumption, called the principle of local state or the Aypothesis of local equilibrium, 
holds well in most (but not all) systems of interest. 

The thermal conductivity k is a function of the local thermodynamic state of the 
m and therefore depends on T and P for a pure substance. For solids and liquids, 
er decrease or increase with increasing T. For gases, k increases with in- 
Fig. 16.5). The pressure dependence of k for gases is discussed later in this 


syste 
k may eith 
creasing T ( 


section. 
Thermal conduction is due to molecular collisions. Molecules in a higher- 


temperature region have a higher average energy than molecules in an adjacent lower- 
temperature region. In intermolecular collisions, it is very probable for molecules 
with higher energy to lose energy to lower-energy molecules. This results in a flow 
ofmolecular energy from high-T to low-T regions. In gases, the molecules move rel- 
atively freely, and the flow of molecular energy in thermal conduction occurs by an 
actual transfer of molecules from one region of space to an adjacent region, where they 
undergo collisions. In liquids and solids, the molecules do not move freely, and the 
molecular energy is transferred by successive collisions between molecules in adjacent 
layers, without substantial transfer of molecules from one region to another. 

Besides conduction, heat can be transferred by convection and by radiation. In 
convection, heat is transferred by a current of fluid moving between regions that differ 
in temperature, This bulk convective flow arises from differences in pressure or in 
density in the fluid and should be distinguished from the random molecular motion 
involved in thermal conduction in gases. In radiative transfer of heat, a warm body 
emits electromagnetic waves (Sec. 21.1), some of which are absorbed by a cooler body 
(or example, the sun and the earth), Equation (16.1) assumes the absence of convec- 
tion and radiation, In measuring k for fluids, great care must be taken to avoid 
Convection currents. 


Kinetic Theory of Thermal Conductivity of Gases. The kinetic theory of gases 
yields theoretical expressions for the thermal conductivity and other transport prop- 
erties of gases, and the results are in reasonably good agreement with experiment. 
The rigorous kinetic-theory treatment of transport properties in gases is extremely 
complicated mathematically and physically. The rigorous equations underlying trans- 
port phenomena in gases were worked out in the 1860s and 1870s by Maxwell and 
by Boltzmann, but it wasn’t until 1917 that Sydney Chapman and David Enskog, 
Working independently, solved these equations. (The Chapman-Enskog theory is 
K severely mathematical that Chapman remarked that reading an exposition of the 
theory is “like chewing glass.”) Instead of presenting rigorous analyses, this chapter 
aes very crude treatments based on the assumption of hard-sphere molecules with 
‘mean free path given by Eq. (15.67). The mean-free-path method (given by Max- 
Well in 1860) leads to results that are qualitatively correct but quantitatively wrong. 
Ftd shall assume that the gas pressure is neither very high nor very low. Our 
ilar a is based on collisions between two molecules and assumes no intermolec- 
inth lorces except at the moment of collision. At high pressures, intermolecular forces 
15, ee between collisions become important, and the mean-free-path formula 
table : is inapplicable. At very low pressures, the mean free path 4 becomes compa- 
im 0, or larger than, the dimensions of the container, and wall collisions become 

Portant. Thus our treatment applies only for pressures such that d < 1< L, where 
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d is the molecular diameter and L is the smallest dimension of the Container, In 
15.7, we found / to be about 107 cm at 1 atm and room temperature, Since ji 
inversely proportional to pressure, À is 1077 cm at 10? atm and is 1072 
107? atm. Thus our treatment applies to the pressure range from 10~? or 10° 3atm 
to 10! or 10? atm. i 

We make the following assumptions: (1) The molecules are rigid, nonattracting 
spheres of diameter d. (2) Every molecule moves at speed <v) and travels a distance 
A between successive collisions. (3) There is complete randomness of direction of mo. 
lecular motion after a collision. (4) Complete adjustment of the molecular energy 
e occurs at each collision; this means that a gas molecule moving in the x direction 
and colliding with a molecule in a plane located at x = x’ will take on the average 
energy ¢’ characteristic of molecules in the plane at x’. 

Assumptions 1 and 2 are, of course, false. Assumption 3 is also inaccurate, in 
that, after a collision, a molecule is somewhat more likely to be moving in or clos 
to its original direction of motion than in other directions, Assumption 4 is not bad 
for translational energy but is very inaccurate for rotational and vibrational energies, 

Let a steady state be established in Fig. 16.1 and consider a plane perpendicular 
to the x axis and located at x = Xo (Fig. 16.3). To calculate k, we must calculate the 
rate of flow of heat energy through this plane. The net heat flow dq through the x) 
plane in time dt is 

dq = è dN, — erdNpg (16.2) 


where dN, is the number of molecules coming from the left that cross the xq plane 
in time dt and e; is the average energy (translational, rotational, and vibrational) of 
each of these molecules; dN p and ep are the corresponding quantities for molecules 
crossing the xo plane from the right, 
Since we are assuming no convection, there is no net flow of gas, and dN, = dNg 
To find dN;, we think of the plane at Xo as an invisible “wall,” and use Eq, (15.56), 
which gives the number of molecules hitting a wall in time dt as dN = (N/V Koy di 
therefore 
dN, = dNp =3(N/V)<v).o dt (163) 


where N/V is the number of molecules per unit volume at the Xo plane, whose cross- 
sectional area is .0/. r 
The molecules coming from the left have traveled an average distance 4 since 
their last collision. The molecules move into the xp plane at various angles. By aver 
aging over the angles, one finds that the average perpendicular distance from the Xy 
plane to the point of last collision is 34 (see Kennard, pp. 139-140, for the proof} 
Figure 16.3 shows an “average” molecule moving into the xg plane from the left. Mol- 
ecules moving into the Xo plane from the left will, by assumption 4, have an average 
energy that is characteristic of molecules in the plane at x9 — 34. Thus, & =f- 


Three planes separated by 3/, 
where 2 is the mean free path in 
the gas, 


xo- 5A Xo Xo + 3A 


where e- is the average molecular energy in the plane at x9 — 34. Similarly, eg = £4, 
where ¢, is the average molecular energy at the xq + 31 plane. Equation (16.2) be- 


comes dq = £- dN; — £+ dN, and substitution of (16.3) for dN, and dN gives 


dq =}(N/V)<v)h(e_ — e+ )dt (16.4) 
The energy difference e- — £, is directly related to the temperature difference 
T.-T, between the Xo — 3) and xo + 44 planes. Letting de denote this energy 


difference, we have 
de de dT 
_ — £, = de = — dT = ——— 
e e =ad= T IT dx dx (16.5) 


where dT = T_ — T, and 
dx = (Xo — 34) — (Xo + 34) = —44 (16.6) 


Since we assumed no intermolecular forces except at the instant of collision, the total 
energy is the sum of the energies of the individual gas molecules, and the local molar 


thermodynamic internal energy is U = Nye, where N4 is the Avogadro constant. 


Therefore 
de/dT = d(U/N,)/dT = (1/N,)(dU/dT) = Cy/N a (16.7) 


since Cy = dU/dT for an ideal gas [Eq. (2.68)]. Use of (16.7) and (16.6) in (16.5) gives 
4CyA dT 


16. 
3N, dx 118:9) 


E- — E, = 


and (16.4) becomes 
dq = —4(N/N,V)<v).of Cy AdT/dx) dt 
We have N/N V = n/V = m/MV = p/M, where n, m, p, and M are the number of 
moles of gas, the mass of the gas, the gas density, and the gas molar mass. Therefore 
dq — pxvCyd 5 dT 
dti o. ATIM Say 
Comparison with Fourier’s law dq/dt = —kof dT/dx [Eq. (16.1)] gives 


k =4C,2<v>p/M _ hard spheres (16.9) 


Because of the crudity of assumptions 2 to 4, the numerical coefficient in this 
‘quation is wrong. A rigorous theoretical treatment (Kennard, pp. 165-180) for hard- 
‘phere monatomic molecules gives 


_ 25n CyAcvyp 
64 M 
th The rigorous extension of (16.10) to polyatomic gases is a very difficult problem 
E has not yet been fully solved. Experiments on intermolecular energy transfer show 
y Tolational and vibrational energy is not as easily transferred in collisions as trans- 
A energy. The heat capacity Cy is the sum of a translational part and a vibra- 
mal and rotational part [see Sec. 15.10 and Eq. (15.18)]: 


Cy = Crate + Cyviv-+ rot = 2R + Cy, vib + rot 


k hard spheres, monatomic (16.10) 


(16.11) 
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Because vibrational and rotational energy is less easily transferred than translation, 
it contributes less to k. Therefore in the expression for k, the coefficient of Ce ; 
should be less than the value 257/64, which is correct for Cy te [Eq. ( 16.10)]. Bache 
gave nonrigorous arguments for taking the coefficient of Cy vib + rot aS two-fifths that 
of Cy m, and doing so leads to fairly good agreement with experiment, Therefore, for 
polyatomic molecules, 257C,/64 in (16.10) is replaced by ; 


25r -= 225r . 257 3R (e -35) z(e sa) 
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64 Vu + 5 gg Cvvib teat = g 2 t3 ally Wy ae) Cy+aR 
The thermal conductivity of a gas of polyatomic hard-sphere molecules is then pre- 
dicted to be 


DR (ssa 9: NADY pS fice. 19) yay" 1 
=— = =—I(C, =R — — ha 
k 39 e ia r) T TARAA + 4 zM Nad? ard spheres 


‘ (16.12) 


where (15.67) and (15.47) for 4 and <v) and the ideal-gas law p = PM/RT were used, 
(Other approaches to the calculation of thermal conductivities are considered in Reid, 
Prausnitz, and Sherwood, chap. 10.) 
Use ot (16.12) to calculate k requires knowledge of the molecular diameter d, 
Even a truly spherical molecule like He does not have a well-defined size, so it is 
difficult to say what value of d should be used in (16.12). In the next section, we shall 
use experimental gas viscosities to get d values appropriate to the hard-sphere model 
[see (16.25) and ( 16.26)]. Using d values calculated from 0°C viscosities, one finds the 
i following ratios of theoretical gas thermal conductivities predicted by (16.12) to ex- 
` perimental values at 0°C: 


Gas He 


Kineor/kexp 105 | 099 o9 | 101 ae | 0.93 097 094 


Ne Ar | N | © CH, l CHo | n-CHy 


How does k in (16.12) depend on T and P? The heat capacity Cy varies slowly 
with T and extremely slowly with P. Hence (16.12) predicts k oc T/?P®. Surprisingly, 
kis predicted to be independent of pressure. As P increases, the number of heat carriers 
(molecules) per unit volume increases, thereby tending to increase k. However, this 
increase is nullified by the decrease in À with increasing P. As 2 decreases, each 
molecule goes a shorter average distance between collisions and is therefore less 
effective in transporting heat. 

Experimental data show that k for gases does increase with increasing T but 
faster than the T'/? behavior predicted by the rather crude hard-sphere model 
Molecules are actually “soft” rather than hard; moreover, they attract one another 
over significant distances. Use of improved expressions for intermolecular forces am 
better agreement with the observed T dependence of k. (See Kauzmann, pp. 218-23 ) 

The prediction that k is independent of P holds well, provided P is not ki 
high or too low. (Recall the restriction d <A L.) Values of k vs. P for Ne at 25 
are: 


P/bar RE A bel -50 100 | 200 | 30 


1o%/em™*K-*s-4) | 489 | 490 | aa | sos | s7 | sas | 6 


| pata for other gases indicate that k is essentially constant for pressures up to about | 473 | 


5) atm. 
At very low pressures (below, say, 0.01 torr), the gas molecules in Fig. 16.1 travel 


tack and forth between the reservoirs, making very few collisions with one another. 
At pressures low enough to make / substantially larger than the separation between 
ihe heat reservoirs, heat is transferred by molecules moving directly from one reser- 
vir to the other, and the rate of heat flow is proportional to the number of mole- 
cules colliding with each reservoir wall in unit time. Since the rate of wall collisions 
isdirectly proportional to the pressure, dq/dt becomes directly proportional to P at 
very low pressures and goes to zero as P goes to zero. One finds that Fourier’s law 
(16.1) does not hold in this very-low-pressure range (see Kauzmann, p. 206), and so 
kis not defined here. Between the pressure range where dq/dt is independent of P 
and the range where it is proportional to P, there is a transition range in which k 
falls off from its moderate-pressure value. The falloff of k begins at 10 to 50 torr, 
depending on the gas. 

The pressure dependence of dq/dt at very low pressures is the basis of the Pirani 
muge and the thermocouple gauge used to measure pressure in vacuum systems. 
These gauges have a heated wire sealed into the vacuum system. The temperature T 
and hence the resistance R of this wire vary with the pressure P of the surrounding 
gus, and monitoring T or R of a properly calibrated gauge gives us P. 

A theoretical equation for the thermal conductivity k of liquids is given in Prob. 
164. 


VISCOSITY 


Viscosity. This section deals with the bulk flow of fluids (liquids and gases) under 
2 pressure gradient. Some fluids flow more easily than others. The property that 
characterizes a fluid’s resistance to flow is its viscosity n (eta). We shall see that the 
speed of flow through a tube is inversely proportional to the viscosity. 

To get a precise definition of n, consider a fluid flowing steadily between two 
large plane parallel plates (Fig. 16.4). Experiment shows that the speed v, of the fluid 
fow is a maximum midway between the plates and decreases to zero at each plate. 
The arrows in the figure indicate the magnitude of v, as a function of the vertical 
coordinate x. The condition of zero flow speed at the boundary between a solid and 
a uid, called the no-slip condition, is an experimental fact. Adjacent horizontal layers 
of uid flow at different speeds and “slide over” one another. As two adjacent layers 
sip past each other, each exerts a frictional resistive force on the other, and this 
'ternal friction gives rise to viscosity. 

Consider an imaginary surface of area 7 drawn between and parallel to the 
Plates (Fig. 16.4). Whether the fluid is at rest or in motion, the fluid on one side of 


SECTION 16.3 


FIGURE 16.4 


7s 
— 

> 

— Surface of 
ac 2 urface o! 
— ——_< mif 
Zan 1 
=> 


Se 


A fluid flowing between two 
planar plates. 


EZE 


CHAPTER 16 


this surface exerts a force in the x direction on the fluid on the other side; this fory 
has the magnitude P., where P is the local pressure in the fluid. Moreover, because 
of the change in flow speed as x changes, the fluid on one side of the surface exersa 
frictional force in the y direction on the fluid on the other side. Let F y be the frictional 
force exerted by the slower-moving fluid on one side of the surface (side 1 in the figure) 
on the faster-moving fluid (side 2). Experiments on fluid flow show that F, is propor 
tional to the surface area of contact and to the gradient dv,/dx of flow speed, The 
proportionality constant is the fluid’s viscosity n: 


Fy = —nof —* (16.3) 


The minus sign shows that the viscous force on the faster-moving fluid is in the direc. 
tion opposite its motion. By Newton’s third law of motion (action = reaction), the 
faster-moving fluid exerts a force nef (dv,/dx) in the positive y direction on the slower. 
moving fluid. The viscous force tends to slow down the faster-moving fluid and speed 
up the slower-moving fluid. 

Equation (16.13) is Newton’s law of viscosity. Experiments show it to be wel 
obeyed by gases and by most liquids, provided the flow rate is not too high. When 
Eq. (16.13) applies, we have /aminar (or streamline) flow. At high rates of flow, (16.13) 
does not hold, and the flow is called turbulent. Both laminar flow and turbulent flow 
are types of bulk (or viscous) flow. In contrast, for flow of a gas at very low pressures, 
the mean free path is long, and the molecules flow independently of one another, 
this is molecular flow, and it is not a type of bulk flow. 


When flow is turbulent, addition of extremely small amounts ofa long-chain polymer solute 
to the liquid has been found to reduce substantially the resistance to flow through pipes 
an effect that is not fully understood (Physics Today, March 1978, p. 17). Firefighters use 
this method to increase the flow rate of water through firehoses, Dolphins apparently 
secrete a polymeric fluid that reduces the resistance to their motion through water. There 
has been speculation that atherosclerosis is most likely to occur at artery locations where 
the flow is rapid and hence turbulent. Experiments on animals indicate that addition ofa 
long-chain polymer to the blood may reduce atherosclerosis (Chem. Eng. News, March 2, 
1978, p. 24). 


A Newtonian fluid is one for which n is independent of dv,/dx. For a nor 
Newtonian fluid, n in (16.13) changes as dv,/dx changes. Gases and most pure not- 
polymeric liquids are Newtonian. Polymer solutions, liquid polymers, and colloidal 
Suspensions are often non-Newtonian, An increase in flow rate and dv,/dx may change 
the shape of flexible polymer molecules, facilitating flow and reducing n. 

From (16.13), the SI units for ņ are Nsm~2=kgs~!m_|, since IN= 
1 kg ms~*, The cgs units for are dyn s cm~? = gs~'cm7!, and 1 dynsem “5 
called one poise (P). Since 1 dyn = 1075 N, we have 

1P =1dynscm~?=0.1 Nsm~2 usd 


Some values of y in centipoises for liquids and gases at 25°C and 1 atm are 


H 

Substance | CsHe | H,O | H2504 | oliveoil | glycerol | O2 da 
E a m p ra 1 

njcP 00: l aaea T g o4 | oo | oll 


Gases are much less viscous than liquids. The viscosity of liquids generally ii 
rapidly with increasing temperature. (Molasses flows more readily at higher temP® 
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tures) The viscosity of liquids increases with increasing pressure. Figure 16.5a plots 
qs. T for H,O(I) at 1 atm. Also plotted are water's thermal conductivity k (Sec. 16.2) 
and self-diffusion coefficient D (Sec. 16.4). Figure 16.5b plots these quantities for Ar(g) 
at | atm. 

Strong intermolecular attractions in a liquid hinder flow and make the viscosity 
large. Therefore, liquids of high viscosity usually have high boiling points and high 
heats of vaporization. Viscosities of liquids decrease as T increases, because the higher 
translational kinetic energy allows intermolecular attractions to be overcome more 
easily, In gases, intermolecular attractions are much less significant in determining y 
than in liquids. 

The viscosities of liquids are also influenced by the molecular shape. Long-chain 
liquid polymers are highly viscous, because the chains become tangled with one an- 
other, hindering flow. The viscosity of liquid sulfur shows an extraordinary increase 
with temperature in the range 160—200°C; some values are: 


21500 | 20500 


oP Jai | 72 9.5 228 73 | soo | 4500 | 
á TES 5a 


YC | 123 | 1563 159.2 160.0 160.3 | 165 171 | 200 | 210 


Below 150°C, liquid sulfur consists of Sg rings. Near 160°C, the rings begin to break, 
Producing Sg radicals, which polymerize to long-chain molecules containing an aver- 
age of 10° Sg units. 
Since F, = ma, = m(dv,/dt) = d(mv,)/dt = dp,/dt, Newton's law of viscosity 
(16.13) can be written as 
dp, dv, 
at ge 
Where dp,/dt is the time rate of change in the y component of momentum of a layer 
a one side of a surface in the fluid due to its interaction with fluid on the other 
za The molecular explanation of viscosity is that it is due to a transport of 
ty across planes perpendicular to the x axis in Fig. 16.4. Molecules in adja- 
on ayers of the fluid have different average values of py, since adjacent layers are 
bis be at different speeds. In gases, the random molecular motion brings some mole- 
with rom the faster-moving layer into the slower-moving layer, where they collide 
Slower-moving molecules and impart extra momentum to them, thereby tending 


(16.15) 


Viscosity n, thermal conductivity 
k, and self-diffusion coefficient D 
vs. T at 1 atm for (a) H,O(!); 

(b) Ar(g). 
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A fluid flowing in a cylindrical 
tube. The shaded portion of fluid ee k : 
is used in the derivation of to speed up the slower layer. Similarly, slow-moving molecules MOVing into the faster 


Poiseuille’s law (Prob. 16.10). layer tend to slow down this layer. In liquids, the momentum transfer between layers 
occurs mainly by collisions between molecules in adjacent layers, without actual 
transfer of molecules between layers. 


Flow Rate of Fluids. Newton’s viscosity law (16.13) allows the rate of flow of a fluid 
through a tube to be determined. Figure 16.6 shows a fluid flowing in a cylindrical 
tube. The pressure P, at the left end of the tube is greater than the pressure P, at 
the right end, and the pressure drops continually along the tube. The flow speed ly 
is zero at the walls (the no-slip condition) and increases toward the center of the pipe. 
By the symmetry of the tube, v, can depend only on the distance s from the tubes 
center (and not on the angle of rotation about the tube’s axis); thus vy is a function 
of s; vy = vy(s), The liquid flows in infinitesimally thin cylindrical layers, a layer with 
radius s flowing with speed v,(s). 

| curs 167 Using Newton's viscosity law, one finds (see Prob. 16.10a for the derivation) that 
v,(s) for laminar flow of a fluid in a cylindrical tube of radius r is 

ainda pp amin Bow 

(b) turbulent flow. i v, = thy eH 2(-2) laminar flow (16.16) 

v 4n dy 
where dP/dy (which is negative) is the pressure gradient, Equation (16.16) shows that 
vy(s) is a parabolic function for laminar flow in a pipe; see Fig, 16.7a. (For turbulent 
flow, there are random fluctuations of velocity with time. The time-average velocity 
profile for turbulent flow looks like Fig. 16.7b.) 


r 0 r Application of (16.16) to a liquid shows that (see Prob. 16.10b for the derivation) 
s—> for laminar (nonturbulent) flow of a liquid in a tube of radius z, the flow rate is 
(a) Veo’ P,—P 
—=—_-1 laminar flow of liquid (16.17) 
t 81 y2-y, 


where V is the volume of liquid that passes a cross section of the tube in time t and 
(P2 — P,)/(y2 — y) is the Pressure gradient along the tube (Fig. 16.6). Equation 
(16.17) is Poiseuille’s law. [The French physician Poiseuille (1799-1869) was inter 
ested in blood flow in capillaries and measured flow rates of liquids in narrow glass 
tubes.] Note the very strong dependence of flow rate on tube radius and the inverse 
dependence on fluid viscosity n. (A vasodilator drug such as nitroglycerin increas’ 
the radius of blood vessels, thereby reducing substantially the resistance to flow an 
the load on the heart. This relieves the pain of angina pectoris.) For a gas (assume 
ideal), Poiseuille’s law is modified to (see Prob. 16.10c) 


o 
~ 


i dn: amr to P\?~p,? 


= (16.18) 
(b) dt 167RT y,—y, 


laminar flow of ideal gas 


where dn/dt is the flow rate in moles per unit time and P, and P, are the inlet and 
outlet pressures at y; and yp. 


Measurement of Viscosity. Measurement of the flow rate through a capillary tube 
ofknown radius allows 7 for a liquid or gas to be found from Eq. (16.17) or (16.18). 

A convenient way to determine the viscosity of a liquid is to use an Ostwald 
riscometer (Fig. 16.8). Here, one measures the time t it takes for the liquid level to 
fall from the mark at A to the mark at B as the liquid flows through the capillary 
tube, One then refills the viscometer with a liquid of known viscosity using the same 
liquid volume as before, and again measures t. The pressure driving the liquid through 
the tube is pgh (where p is the liquid density, g the gravitational acceleration, and h 
the difference in liquid levels between the two arms of the viscometer), and pgh 
replaces P, — P3 in Poiscuille’s law (16.17). Since h varies during the experiment, the 
fow rate varies, and (16.17) must be written as 


dV/dt = nr* pgh/8n(y2 — Y1) 


Let hg be the value of the level-difference h when ¢ = 0 and the left-hand liquid level 
is at mark A. Since the same volume of liquid is put in the viscometer in all runs, 
his a constant. The change in h from its initial value hg is some function of the 
volume V that has flowed through the viscometer: h — ho = f(V), where the function 
{depends on the geometry of the viscometer. We have 


[ho + VY] aV = [ar*pg/8nly2 — ys] dt 
f ee 1 ves nrg pt 
o ho+ JV) 82 — y1) 0 
where V’ is the volume that flows during time t when the liquid level falls from A to 
B. Since V’ and f(V) are the same for all runs in the same viscometer, the above 
volume integral is a constant; hence, pt/ņ is a constant for all runs. For two different 
liquids a and b, we therefore have pata/a = Pots/ty and 


Ny _ Poto (16.19) 


Na Pata 


Iha Pa and p, are known, we can find np. 

; Another way to find ņ of a liquid is to measure the rate of fall of a spherical 
solid through the liquid. The layer of fluid in contact with the ball moves along with 
it (no-slip condition), and a gradient of speed develops in the fluid surrounding the 
sphere; this gradient generates a viscous force F resisting the sphere’s motion. Stokes 
Proved that the frictional force F on a solid sphere of radius r moving at speed v 
through a Newtonian fluid of viscosity 7 is 

F = 6nnrv (16.20) 
ee v is not too high. This equation applies to motion through a gas, provided 
ee greater than the mean free path / and there is no slip. For a derivation of 

okes’ law (16.20), see Bird, Stewart, and Lightfoot, pp. 132-133. È 
fon A spherical body falling through a fluid experiences a downward gravitational 

ce mg, an upward frictional force given by (16.20), and an upward buoyant force 
ini that results from the greater fluid pressure below the body than above it [Eq. 

)). To find Fyuoys imagine that the immersed object with volume V is replaced 
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Ostwald viscometer. One measures 
the time for the liquid to fall from 
level A to level B. 
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by fluid of equal volume. The buoyant force doesn’t depend on the Object being 
buoyed up, so the buoyant force on the fluid of volume V equals that on the origi 
immersed object. However, the fluid is at rest, so the upward buoyant force oni 
equals the downward gravitational force, which is its weight. Therefore, an object of 
volume V immersed in a fluid is buoyed up by a force equal to the weight of fhjg 
of volume V. This is Archimedes’ principle (allegedly discovered while he was bathing) 

Let mp be the mass of fluid of volume V. Equating the downward and Upward 
forces on the falling sphere, we have mg = 6nyrv + mag and 


Sayre = (m — mag = (p — prg = (p — Pedgsnr 
v = 2p — pa)gr?/9n (1621) 


where p and py are the densities of the sphere and the fluid, respectively. Measurement 
of the terminal speed of fall allows to be found. 


Kinetic Theory of Gas Viscosity. The kinetic-theory derivation of n for gases is 
very similar to the derivation of the thermal conductivity, except that momentum 
(Eq. (16.15)] rather than heat energy is transported. Replacing dq by dp, and ¢ by 
mv, in (16.4), we get 

dp, = 3(N/V)<v).f(mv,, - — mv, ,)dt (16.22) 
where mv, _ is the y momentum of a molecule in the plane at x9 — 44 (Fig. 16.3) and 
mwy, is the corresponding quantity for the xp + 34 plane; dp, is the total momentum 
flow across a surface of area «Z in time dt. We have dv, = (dv,/dx)dx = —(dvy/dx) 4, 


where dv, = vy — vy,4- Also, Nm/V = p, where m is the mass of one molecule, 
Hence 


dpy/dt = —Sp<vyAcf(dvy/dx) (1623) 
Comparison with Newton's viscosity law dp,/dt = — n.4 (dv,/dx) [Eq. (16.15)] gives 
n= 4p<v)4__ hard spheres (16.24) 


Because of the crudity of assumptions 2 to 4 of Sec. 16.2, the coefficient in (16.24) is 
wrong. The rigorous result for hard-sphere molecules is (Present, sec. 11-2) 


Sn 2 5 (MRT)!/2 ‘a 
> 32 poji = l6nt/2 Nd? hard spheres (16.25) 


where (15.47) and (15.67) for <v) and 4, and PM = pRT, were used. 


| Exame 


The viscosity of HCI(g) at 0°C and 1 atm is 0.0131 cP. Calculate the hard-sphere 
diameter of an HCI molecule. -2 subst 

Use of 1 P = 0.1 N s m~? [Eq, (16.14)] gives ņ = 1.31 x 1075 N s m”? SU 
tution in (16.25) gives 


E = /2 
d? => [865 x 107° kg mol~ 1)(8.314 J mol~! K~1)(273 KI] 
16n'/ (6.02 x 107? mol (1.31 x 10 Nsm 3 
d? =203 x 10719m? and d=45x 10719 m= 4.5 Å 


n 


Some hard-sphere molecular diameters calculated from (16.25) using 7 at 0°C | 479 | 


md | atm are: 
peer me | Ha | Ne | Ox) | CR EON eo 52) 
Eala | a7 136 Tid 49 apr, pe Ae 


These values are certainly reasonable. Because the hard-sphere model is a poor 
representation of intermolecular forces, d values calculated from (16.25) vary with 
temperature (Prob. 16. 12). 

Equation (16.25) predicts the viscosity of a gas to increase with increasing tem- 
perature and to be independent of pressure. Both these predictions are surprising, in 
that (by analogy with liquids) one might expect the gas to flow more easily at higher 
Tand less easily at higher P. 


When Maxwell derived (16.24) in 1860, there were virtually no data on the temperature 
and pressure dependence of gas viscosities, so Maxwell and his wife Katherine (née Dewar) 
measured y as a function of T and P for gases. (In a postcard to a scientific colleague, 
Maxwell wrote: “My better 3, who did all the real work of the kinetic theory is at present 
engaged in other researches. When she is done, I will let you know her answer to your 
enquiry [about experimental data].”) The experimental results were that indeed 7 of a 
gas did increase with increasing T and was essentially independent of P. This provided 
strong early confirmation of the kinetic theory. 


As with the thermal conductivity, 7 increases with T substantially faster than 
the T' prediction of (16.25), because of the crudity of the hard-sphere model. For 
tample, Fig, 16.5b shows a near linear increase with T for Ar(g). Use of a more 
nedlistic model of intermolecular forces than the hard-sphere model gives much better 
agreement with experiment (see Reid, Prausnitz, and Sherwood, chap. 9). 

Data for 7 (in micropoises) as a function of P for N, at 50°C are: 


Mam | 1 | 45 58 104 | 320 | $42 


wW | 190 | 191 i98 | 29 | 24 | 351 


As with k, the viscosity is essentially independent of P up to 50 or 100 atm. At very 
low Pressures, where the mean free path is comparable to, or larger than, the dimen- 
on) the container, Newton’s viscosity law (16.13) does not hold. (See Kauzmann, 
Yt Sad liquids (unlike gases), there is no satisfactory theory that allows prediction 
+ 'scosities. Empirical estimation methods give rather poor predictions of liquid 
osities (see Reid, Prausnitz, and Sherwood, chap. 9). 


pon of Polymer Solutions. A molecule of a long-chain synthetic polymer 
ang in solution as a random coil. There is nearly free rotation about the 
iien nds of the chain, so we can crudely picture the polymer as composed ofa 
aeai of links with random orientations between adjacent links. This picture 
motion ally the same as the random motion of a particle undergoing Brownian 
rand each “step” of Brownian motion corresponding to a chain link. A polymer 

om coil therefore resembles the path of a particle undergoing Brownian motion 
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(Fig. 3.13), The degree of compactness of the coil depends on the relative strengths 


the intermolecular forces between the polymer and solvent molecules as compare) 
with the forces between two parts of the polymer chain. The compactness therefor 


We can expect the viscosity ofa polymer solution to depend on the size and shape 
(and hence on the molecular weight and the degree of compactness) of the Polymer 
molecules in the solution. If we restrict ourselves to a given kind of synthetic Poly. 
mer in a given solvent, then the degree of compactness remains the same, and the Poly. 
mer molecular weight can be determined by viscosity measurements, Solutions of 
polyethylene (CH,CH,), will show different viscosity Properties in a given Solvent, 
depending on the degree of polymerization n. 

The relative viscosity (or viscosity ratio) n, of a polymer solution is defined as 
My = n/na, Where n and y4 are the viscosities of the solution and the pure solvent A. 
Note that n, is a dimensionless number. Of course, n, depends on concentration, ap. 
proaching | in the limit of infinite dilution, Addition of a polymer to a Solvent in. 
creases the viscosity, so n, is greater than 1. Because polymer solutions are often 
non-Newtonian, one measures their viscosities at low flow rates, so that the flow rate 
has little effect on the molecular shape and on the viscosity. 

The intrinsic viscosity (or limiting viscosity number) [7] of a polymer solution is 


-1 
[n] = a4 i where n, = n/n, (16.27) 
pa B 


where pg = mp/V is the mass concentration [ Eq. (9.2)] of the polymer, mp and V being 
the mass of polymer in the solution and the solution volume. One finds that [n] de- 
pends on the solvent as well as the polymer. In 1942, Huggins showed that (h = Woy 
is a linear function of Ps in dilute solutions, so a plot of (n, — 1)/pg versus pp allows 
one to obtain [7] by extrapolation to pp = 0. 

Experimental data show that for a given kind of synthetic polymer in a given 
solvent, the following relation is well obeyed at fixed temperature: 


[i] = KM,/ M°) (ea 


where Mp is the molar mass of the polymer, K and a are empirical constants, and 
M° = 1 g/mol. For example, for Polyisobutylene in benzene at 24°C, one finds a= 
0.50 and K = 0.083 cm?/g. Typically, a lies between 0.5 and 1.1, but can range as low 
as 0.2 and as high as 1.7. (Data on synthetic polymers are tabulated in J. Brandrup 
and E. H. Immergut, Polymer Handbook, 2d ed., Wiley-Interscience, 1975.) To appl 
(16.28), one must first determine K and a for the polymer and the solvent using polymer 
samples whose molecular weights have been determined by some other method (such 
as Osmotic-pressure measurements). Once K and a are known, the molar mass of@ 
given sample of the polymer can be quickly determined by viscosity measurements: 

A particular protein has a definite molecular weight. In contrast, preparation 
4 synthetic polymer produces molecules with a distribution of molecular weights 


In M,, the molar mass of each species has a weighting factor given by x;, its mole 
fraction; x; iS proportional to the relative number of i molecules present. In the weight 
(or mass) average molar mass Mw, the molar mass of each species has a weighting 
factor given by Wis its mass (or weight) fraction in the polymer mixture, where w; = 
im (m; is the mass of species i present in the mixture). Thus 


nf 
My => wiM; = LemM Dai? Zax 
7 Lim YM, }ixM; 
For a polymer with a distribution of molecular weights, Eq. (16.28) yields a vis- 
sity average molar mass M „, where M, = [}); w;M;*]"*. If a happens to be 1, then 
M, equals Mw. 


DIFUSION AND SEDIMENTATION 


Difusion. Figure 16.9 shows two fluid phases 1 and 2 separated by a removable im- 
permeable partition. The system is held at constant T and P. Each phase is a solution 
of substances j and k but with different initial molar concentrations: cj, # Cj, and 
1 # %,2» Where c); is the concentration of j in phase 1. One or both phases might 
be pure. When the partition is removed, the two phases are in contact, and the ran- 
dom molecular motion of j and k molecules will reduce and ultimately eliminate the 
concentration differences between the two solutions. This spontaneous decrease in 
concentration differences is diffusion. 

Diffusion is a macroscopic motion of components of a system that arises from 
concentration differences. If Cj, < ¢;,2, there is a net flow of j from phase 2 to phase 
land a net flow of k from phase 1 to 2. This flow continues until the concentrations 
and chemical potentials of j and k are constant throughout the cell. Diffusion differs 
from the macroscopic bulk flow that arises from pressure differences (Sec. 16.3). In 
bulk flow in the y direction (Fig. 16.6), the flowing molecules have an additional com- 
ponent of velocity v, that is superimposed on the random distribution of velocities. 
In difusion, all the molecules have only random velocities. However, because the 
concentration c; on the right of a plane perpendicular to the diffusion direction is 
Sater than the concentration to the left of this plane, more j molecules cross this 


(16.29) 


— a 
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Concentration profiles during a 
diffusion experiment. 


plane from the right than from the left, giving a net flow of j from right to left. Figure 
16.10 shows how the j concentration profile along the diffusion cell varies with time 
during a diffusion experiment. 

Experiment shows that the following equations are obeyed in diffusion: 

hoes -Dpr and “ = -Dyt = (1630) 
In (16.30), which is Fick’s first law of diffusion, dn },/dt is the rate of flow of j (in moks 
Per unit time) across a plane P of area «/ perpendicular to the x axis; de (dx is the value 
at plane P of the rate of change of the molar concentration of j with respect to the x 
coordinate; and Dj, is a proportionality constant called the (mutual) diffusion coef- 
cient. The diffusion rate is proportional to .o/ and to the concentration gradient. As 
time goes on, dc;/dx at a given plane changes, eventually becoming zero; diffusion 
then stops. - 

The diffusion coefficient D; is a function of the local state of the system and there 
fore depends on T, P, and the local composition of the solution. In a diffusion exper 
ment, One measures the concentrations as functions of distance x at various times t. 
If the two solutions differ substantially in initial concentrations, then, since the dit 
fusion coefficients are functions of concentration, D, varies substantially with dis- 
tance x along the diffusion cell and with time as the concentrations change, s0 the 
experiment yields some sort of complicated average Dj, for the concentrations It- 
volved. If the initial concentrations in phase 1 are made close to those in phase 2, the 
variation of Dx with concentration can be neglected and one obtains a Dj, value cor- 
responding to the average composition of 1 and 2. 

If solutions 1 and 2 mix with no volume change, then one can show (Prob. 16.38) 
that Dx, and Dy; in (16.30) are equal: Di = Dyj. For gases, volume changes are o 
ligible for constant-T-and-P mixing. For liquids, volume changes on mixing are "y 
always negligible, but by having solutions 1 and 2 differ only slightly in composition 
we can satisfy the condition of negligible volume change. sion, 

For a given pair of gases, one finds that Dj, varies only slightly with —— 
increases as T increases, and decreases as P increases, Values for several gas pai 
0°C and 1 atm are: 


CH 
Ges pair “J FH OMe Ae oni: | O2-CO, | CO,-CHy | COT 
r E ol? 


aati | OO elo, | os | 


For liquids, D jx varies strongly with composition and increases as T increases. | 483 | 


Values of 10°Dj, for H ,0-C,H,OH at 25°C and 1 atm as a function of ethanol mole 


š 5 SECTION 16.4 
fraction are: 
amon | 0 | 005 j 010 | 028 0.50 | 07 | 09 | 1 
Dem? s~') (1.24) | 113 | 090 | oat 0.90 1.40 | 20 | (2.4) 


The values at x = 0 and 1 are extrapolations. 

Let Di denote the value of Dip for a very dilute solution of solute i in solvent 
B. For example, data in the preceding table give Di,0,c,4,0Hn = 2-4 X 1075 cm? s7! 
at 25°C and 1 atm. Some D® values at 25°C and 1 atm for the solvent HO are: 


i | N, | LiBr NaCl | n-C,HoOH | sucrose | hemoglobin 
J$ a = 
| 


WDipotom?s™!) | 16 | 14 22 ase 


052 | 0.07 


Mutual diffusion coefficients for solids depend on concentration and increase 
rapidly as T increases. Some solid-phase diffusion coefficients at 1 atm are: 


iB Bi-Pb | Sb-Ag | Al-Cu | Ni-Cu | Ni-Cu | Cu-Ni 

Temperature we | we | ae 630°C | 1025C | 1025°C 
— +— — - 

Daems) | 1076 | 107% [io T toe A 


— 


Suppose solutions 1 and 2 in Fig. 16.9 have the same composition (cj,ı = ¢j,2 
and ¢,,1 = Ck,2), and we add a tiny amount of radioactively labeled species j to solu- TaT alee poeman Dra 
tion 2. The diffusion coefficient of the labeled j in the otherwise homogeneous mixture, a D A comp Aaen for 


of jand k is called the tracer diffusion coefficient D- ; of j in the mixture. If cy; = liquid solutions of octane (0) plus 
0=¢ >, then we are measuring the diffusion coefficient of a tiny amount of radio- oue (a) a mo w 1 ee 
i ee s, eos T . : aia from A. L. Van eet and 
actively labeled j in pure j; this is the self-diffusion coefficient Dj. A A.W. Adamson; J. Phys. Chem, 
For liquid mixtures of octane (o) and dodecane (d) at 60°C and 1 atm, Fig. 16.11 68, 238 (1964).] 


plots the mutual diffusion coefficient Doa = Dao and the tracer diffusion coefficients {98 pem? /s) 

Dr and Dr 4 vs. octane mole fraction x,. Note that the tracer diffusion coefficient 

Dr, of octane in the mixture goes to the self-diffusion coefficient D,, in the limit as 4H 4 

X, > 1 and goes to the infinite-dilution mutual diffusion coefficient D% as x, > 0. 
Some self-diffusion coefficients at 1 atm are: 


Gas (0°C) a a e a | Hel | CO, | CHe | Xe 

Dms | 45 | o | oas a | oo | 009 | 00s 

Liquid (25°C) | m0 | CoH, | He | CH,OH C,H;OH | n-C3H,0H 

Woyents) | 24 | 22 | a7 | 23 10 | 05 

p Diffusion coefficients at 1 atm and 25°C are typically 10€ cm? s™' for gases i= 60°C SI 

nd 1075 cm? s~! for liquids; they are extremely small for solids. 

pice Traveled by Diffusing Molecules. An early objection to the kinetic the- o L 

Ty of gases was that if gases really consisted of molecules moving about freely at a a 7 
127726 BR 


Supersonic speeds, mixing of gases should take place almost instantaneously. This Xp 
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does not occur. If a chemistry lecturer generates Cl, it may take a couple of Minutes 
for those in the back of the room to smell the gas. The reason mixing of gases i 
slow relative to the speeds of gas molecules is that at ordinary pressures a gas molecule 
goes only a very short distance (about 1075 cm at 1 atm and 25°C; see Sec, 15) 
before colliding with another molecule; at each collision, the direction of motion 
changes, so that each molecule has a zigzag path (Fig. 3.13); the net motion in any 
given direction is quite small because of these continual changes in direction, 
How far on the average does a molecule undergoing random diffusional motion 
travel in a given direction in time t? For a diffusing molecule, let Ax be the net dis. 
placement in the x direction that occurs in time t. Since the motion is random, Ay 
is as likely to be positive as negative, so the average value (Ax) is zero. We therefore 
consider <(Ax)*), the average of the square of the x displacement. In 1905, Einstein 
proved that 
«(Ax)?) = 2Dt (1631) 


where D is the diffusion coefficient. A rigorous derivation of the Einstein-Smole 
chowski equation (16.31) is given in Kennard, pp. 286-287. For a nonrigorous deri- 
vation see Prob. 16.29. 
The quantity 
(AX).ms = ((Ax)?>!/? = (2p1)'/? (16.32) 


is the root-mean-square net displacement of a diffusing molecule in the x direction 
in time t. Taking £ to be 60 s and D to be 10>, 1075, and 10-29 cm2 s~ 1, we find 
the typical rms x displacements in 1 min of molecules at room temperature and 1 atm 
to be only 3 cm in gases, 0.03 cm in liquids, and less than | Å in solids. In 1 min, a 
typical gas molecule of molecular weight 30 travels a total distance of 3 x 10° cmat 
room temperature and pressure [Eq. (15.48)], but its rms net displacement in any 
given direction is only 3 cm (because of collisions). Of course, there is a distribution 
of Ax values, and many molecules go shorter or longer distances than (AX)ms- This 
distribution turns out to be gaussian (Fig. 15.5), so a substantial fraction of molecules 
go 2 or 3 times (Ax) ms, but a negligible fraction go 7 or 8 times (AX)ms- 

If (Ax);ms is only 3 cm in 1 min in a gas at room T and P, why does a student 
in the back of the room smell the Cl, generated at the front of the room in only a 
couple of minutes? The answer is that under uncontrolled conditions, convection 
currents due to pressure and density differences are much more effective in mixing 
gases than diffusion. 1 

Although diffusion in liquids is slow on a macroscopic scale, it is fairly rapid 
on the scale of biological-cell distances. A typical diffusion constant for a protein 
in water at body temperature is 1076 cm?/s, and a typical diameter of a eu- 
karyotic cell (one with a nucleus) is 107° cm = 105 A. The typical time required 
for a protein molecule to diffuse this distance is given by Eq. (16.31) as t= 
(107? cm)?/2(1076 cm?/s) = 0.5 s. Nerve cells are up to 100 cm long, and diffusion 
of a chemical would clearly not be an effective way to transmit a signal along a nerv? 
cell. However, diffusion of certain chemicals (neurotransmitters) is used to transmit 
signals from one nerve cell to another over the very short (typically, 500 A) gap 
(synapse) between them. 


Brownian Motion. Diffusion results from the random thermal motion of wc 
This random motion can be observed indirectly by its effect on colloidal Oe 
suspended in a fluid. These particles undergo a random Brownian motion (Sec. + 


a result of microscopic fluctuations in pressure in the fluid. Brownian motion is 
the perpetual dance of the molecules made visible. The colloidal particle can be con- 
sidered to be a giant “molecule,” and its Brownian motion is really a diffusion process. 

A colloidal particle of mass m in a fluid of viscosity 7 experiences a time-varying 
force F(t) due to random collisions with molecules of the fluid. Let F,(t) be the x 
component of this random force. In addition, the particle experiences a frictional 
force Fy that results from the liquid’s viscosity and opposes the motion of the particle. 
Feis proportional to the particle’s velocity v. Let f (called the friction coefficient) 
te the negative of the proportionality constant. The x component of Fp, is then 
hes —fo, = —f(dx/dt). Newton’s second law F, = ma, = m(d?x/dt?) when mul- 


tiplied by x gives 


as 


XxF ,(t) — fx(dx/dt) = mx(d?x/dt?) (16.33) 


Einstein averaged (16.33) over many colloidal particles. Assuming that the colloidal 
particles have an average kinetic energy equal to the average translational energy 
4kT of the molecules of the surrounding fluid [Eq. (15.16)], he found the particles’ 
average square displacement in the x direction to increase linearly with time accord- 


ing to 
<x?) = 2kTf ot (16.34) 


The derivation of (16.34) from (16.33) is outlined in Prob. 16.27. 


If the colloidal particles are spheres each with radius r, then Stokes’ law (16.20) 
gives |F;,,.| = 62yrv, and the friction coefficient is f = 6nnr. Equation (16.34) becomes 


(x?) = Els spherical particles (16.35) 
” 4 3nnr P p : 


Equation (16.35) was derived by Einstein in 1905 and subsequently verified experi- 
mentally by Perrin. Measurement of <x?) for colloidal particles of known size allows 
k=R/N, to be calculated and hence allows Avogadro's number to be found. 


Kinetic Theory of Diffusion in Gases. The mean-free-path kinetic theory of diffu- 
sion in gases is similar to that of thermal conductivity and viscosity, except that 
matter, rather than energy or momentum, is transported. Consider first a mixture of 
Species j with an isotopic tracer species j”, which has the same diameter and nearly 
the same mass as j. Let there be a concentration gradient dc” /dx of j”. Molecules 
fj" cross a plane at x9 coming from the left and from the right. We take the con- 
centration of j” molecules crossing from either side as the concentration in the plane 
Where (on the average) they made their last collision. These planes are at a distance 
À from xọ (Sec. 16.2). The number of molecules moving into the xq plane in time 
dt ftom one side is $(N/V)<v).of dt [Eq. (15.56)]. Since N/V = Nan/V = Nac, the net 
mmber of j* molecules that cross the Xo plane in time dt is 


dN* =4¢v)o Na(c* — c7)dt (16.36) 


ae c® and c” are the molar concentrations of j” at the x9 — 34 and xo + $2 
planes. We have c — c” = de” = (de® /dx)dx = —(de* /dx)$2, and (16.36) becomes 


# 
dn- de (16.37) 


Comparison with Fick’s law (16.30) gives for the self-diffusion coefficient 


Dj; = 44w) hard spheres (16.38) 


— a 
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As usual, the numerical coefficient is wrong, and a rigorous treatment gives for hang 
spheres (Present, sec. 8-3) | 


37 BRT \ Y2] 
Dy= 16 Av) = gn E ) TNV hard spheres 
where (15.67) and (15.47) were used. 
The simple mean-free-path treatment can be applied to a mixture 
k to calculate the mutual diffusion coefficient D. However, the simple treatmen, | 
fails miserably in this case; it predicts Dj, to be a strong function of the j mole frag. 
tion, whereas experiment shows Dj, for gases to be almost independent of Xj. (The 
reasons for this failure are discussed in Present, pp. 50-51.) A rigorous treatment for 
hard spheres gives (Present, sec. 8-3) 


(1639, | 


Of gases janj 


5 3 EG $ 7) I 
* PN) W M) roan 1m 
where rj, Nj, and M jare the radius of a j molecule, the number of j molecules, and 
the molar mass of j. Equation (16.40) predicts Dix to be independent of the relative 


higher pressure. The inverse dependence of D jk ON pressure is well obeyed. For exam- 


ple, Dy, for N, ~CH, at 60°C decreases from 0.036 to 0.0033 cm?/s when P increases 
from 6.8 to 68 atm. 


Theory of Diffusion in Liquids. Consider a very dilute solution of solute iin solvent 
B. The Einstein-Smoluchowski equation (16.31) gives the mean square x displace- 
ment of an i molecule in time t as <(Ax)?) = 2Digt, Where Dig is the diffusion coef- 
cient for a very dilute solution of i in B. Equation (16.34) gives <(Ax)?) = (2kT/f\. 
Therefore (2kT/f)t = 2Djgt, or 

Dis = kT/f (teal 


where f is the friction Coefficient for motion of i molecules in the solvent B. (Recall 
that f = F;,/v, where Fir is the magnitude of the viscous force that resists the mo- 
tion of an i molecule moving with speed v.) Equation (16.41) is the Nernst—Einsteit 
equation. : 

Application of the macroscopic concept of a viscous resisting force to the motion 
of a particle of colloidal size through a fluid is valid, but its application to the motion 
of individual molecules through a fluid is open to doubt, unless the solute molecules 
are much larger than the solvent molecules, for example, a solution of a polymer in 
water. Therefore, ( 16.41) is nonrigorous, A 

If we assume that the i molecules are spherical with radius r; and assume that 
Stokes’ law (16.20) can be applied to the motion of i molecules through the solvent 
B, then f = 6nngr; and ( 16.41) becomes 


kT (16.42) 


Dig = for i spherical, r; > rg, liquid soln. 


br Onnpr; 
Equation (16.42) is the Stokes—Einstein equation. As noted after (16.20), Stokes 
is not valid for motion in gases when r is very small, so (16.42) applies only to liquis 
We can expect ( 16.42) to work best when r; is substantially larger than sen 

use of Stokes’ law assumes that there is no slip at the surface of the diffusing pat 


Fluid dynamics shows that when there is no tendency for the fluid to stick at the 
surface of the diffusing particle, Stokes’ law is replaced by Fẹ, = 4zngrjv;. Data on 
diffusion coefficients in solution indicate that for solute molecules of size similar to 
that of the solvent molecules, the 6 in Eq. (16.42) should be replaced by a 4: 


kT 
4nnpri 


Ow 
it: Best 


for i spherical, r; % rg, liquid soln. (16.43) 


for r; <r, the 4 should be replaced by a smaller number. 

A study of diffusion coefficients in water [J. T. Edward, J. Chem. Educ., 47, 261 
(1970)] showed that Eqs. (16.42) and (16.43) work surprisingly well. The molecular 
radii were calculated from the van der Waals radii of the atoms (Sec. 24.6). Theoretical 
calculations that simulate molecular motions support the approximate validity of 
(16.43); see B. J. Alder and W. E. Alley, Physics Today, Jan. 1984, p. 56. 

For the self-diffusion coefficient Dj; in a pure liquid, we use (16.43). Let us sup- 
pose that the liquid volume can be divided into cubical cells, each cell having an 
edge length 2r; and containing one spherical j molecule of radius rj. The volume of 
each cell is 8r°, and the molar volume is Vj; = 8r;°N a. Hence, r; = 4(Vj/N,q)'?, and 
(16.43) becomes 


ji 


3 1/3 

x KE (5 for j spherical, liquid (16.44) 
2nnj \ Vj 

an equation due to Li and Chang. Considering the crudity of the theory, Eq. (16.44) 

works well, predicting Dj; values with errors of about 10 percent. Some calculated 

and observed values (in parentheses) in 1075 cm? s~! for liquids at 25°C are benzene, 

21 (2.2); ethanol, 1.3 (1.0); acetone, 4.3 (4.8). 


Sedimentation of Polymer Molecules in Solution. Recall from Sec. 15.8 that the 
molecules of a gas in the earth’s gravitational field show an equilibrium distribution 
in accord with the Boltzmann distribution law, the concentration of molecules de- 
creasing with increasing altitude. A similar distribution holds for solute molecules in 
a solution in the earth's gravitational field. For a solution in which the distribution 
of solute molecules is initially uniform, there will be a net downward drift of solute 
molecules, until the equilibrium distribution is attained. 

Consider a polymer molecule of mass M;/N 4 (where M; is the molar mass and 
Ny the Avogadro constant) in a solvent of density less than that of the polymer. The 
Polymer molecule will tend to drift downward (sediment). The downward force is the 
molecule’s weight M,N tg, where g is the gravitational acceleration. There is an 
Upward viscous force fösea, Where f is the friction coefficient and v,. is the downward 
drift speed. There is also an upward buoyant force on the molecule that equals the 
Weight of the displaced fluid (Sec. 16.3). The effective volume of the polymer molecule 
in solution depends on the solvent (Sec. 16.3), and we may take Ñ;/N 4 as the effective 
volume of a molecule, where Ñ; is the partial molar volume of i in the solution. The 
buoyant force is therefore (pV;/N,)g, where p is the density of the solvent. 

The polymer’s molecular weight may not be known, so its partial molar vol- 
oy may not be known. We therefore define the partial specific volume D; as 0; = 
w OT Binin where V is the solution’s volume, m; is the mass of polymer in solu- 
ron and B is the solvent, Since m; = M;n;, we have 0V/ôm; = (V/on)(On/om) = 

en)/M;, or 5; = V;,/M;. The buoyant force is then po;MjNq g. 
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The molecule will reach a terminal sedimentation speed v.a at which the dow. 
ward and upward forces balance: i 
MN; 'g = fisa + pPĒM:N; 'g (1645) 

Although sedimentation of relatively large colloidal particles in the earth's gravi 
tational field is readily observed (Sec. 13.6), the gravitational field is actually too Weak 
to produce observable sedimentation of polymer molecules in solution. Instead, one 
uses an ultracentrifuge, a device that spins the polymer solution at very high speed 
(10° revolutions per second) and that is designed to minimize vibrations and conveo. 
tion currents. 

A particle revolving at constant speed v in a circle of radius r is undergoing an 
acceleration v?/r directed toward the center of the circle, a centripetal acceleration 
(Halliday and Resnick, eq. 11-10). The speed is given by v = rw, where the angular 
speed w (omega) is defined as d0/dt, where @ is the rotational angle in radians, The 
centripetal acceleration is therefore rw, where w is 27 times the number of revolu- 
tions per unit time. The centripetal force is, by Newton’s second law, mro?, where 
m is the particle’s mass. 

Just as a marble on a merry-go-round tends to move outward, so the protein 
molecules tend to sediment outward in the revolving tube in the ultracentrifuge, If 
we use a coordinate system that revolves along with the solution, then in this coordi- 
nate system, the centripetal acceleration ro? disappears, and in its place one must 
introduce a fictitious centrifugal force mro? acting outward on the particle (Halliday 
and Resnick, sec. 6-4 and supplementary topic I). The centrifugal force is a purely 
fictitious force that arises from the fact that in the revolving coordinate system, 
Newton's second law is not obeyed unless this fictitious force is introduced, F = ma 
holds only in a nonaccelerating coordinate system. . 

Comparison of the fictitious centrifugal force mro? in a centrifuge with the gravi- 
tational force mg in a gravitational field shows that ro)? corresponds to g. Therefore, 
replacing g in Eq. (16.45) by re, we get 

MINX ro? = fosca + pM N} tro? (16.46) 
The buoyant force arises, as in a gravitational field, from a pressure gradient in the 
fluid. 

The friction coefficient f can be found from diffusion data. The Nernst—Einstein 
equation (16.41) gives for a very dilute solution: J = kT/Djj, where Dig is the infinite 
dilution diffusion coefficient of the polymer in the solvent. Using f = kT/Djg and 
R = N4k, we find from (16.46) that 


Ag aeu ch Toa (1647) 
Dro’ (1 — pū) 
Measurement of Yseq extrapolated to infinite dilution and of Dig allows the polymer 
molar mass to be found. Special optical techniques are used to measure Veg in the 
revolving solution, 2 
The quantity v,.4/rw? is the sedimentation coefficient s; we have $ = Use!" 
For proteins, s at room temperature ranges from 107 '3 to 10°!" s, increasing % 
M; increases. The quantity 10>! second is called a svedberg, in honor of the deve 
oper of the ultracentrifuge. 
For a polymer containing a distribution of molecular weights, the molar me 
given by a sedimentation-velocity measurement is close to the weight average mol 
mass Mw [Eq. (16.29)] but not identical to it. 


HECTRICAL CONDUCTIVITY 


Electrical conduction is a transport phenomenon in which electrical charge (carried 
by electrons Or ions) moves through the system. The electric current I is defined as 
the rate of flow of charge through the conducting material: 


1=dQ/dt (16.48)* 


where dQ is the charge that passes through a cross section of the conductor in time 
dt, The electric current density j is the electric current per unit cross-sectional area: 


j=l (16.49)* 


where ./ is the conductor’s cross-sectional area, The SI unit of current is the ampere 
(A) and equals one coulomb per second: 


LA=1C/s (16.50)* 


Although the charge Q is more fundamental than the current J, it is easier to 
measure current than charge. The SI system therefore takes the ampere as one of its 
fundamental units, The ampere is defined as the current that when flowing through 
wo long, straight parallel wires exactly one meter apart will produce a force per unit 
length between the wires of exactly 2 x 107 7 N/m. (One current produces a magnetic 
field which exerts a force on the moving charges in the other wire.) The force between 
two current-carrying wires can be measured accurately using a current balance (see 
Halliday and Resnick, sec. 34-4). 

The coulomb is defined as the charge transported in one second by a current 
of one ampere: 1 C = 1 A s. Equation (16.50) then follows from this definition of the 
coulomb. 

To avoid confusion, we shall use only SI units for electrical quantities in this 
chapter, and all electrical equations will be written in a form valid for SI units. 

Charge flows because it experiences an electric force, so there must be an electric 
field E in a current-carrying conductor. The conductivity (or specific conductance) K 
(kappa) of a substance is defined by 


K=j/E or j=KE (16.51)* 


Where E is the magnitude of the electric field. The higher the conductivity x, the 
greater the current density j that flows for a given applied electric field. The reciprocal 
of the conductivity is the resistivity p: 


p=1/k (16.52)* 


, Let the x direction be the direction of the electric field in the conductor. Equa- 
tion (14.11) gives E = —dd/dx, where @ is the electric potential at a point in the 
conductor., Hence (16.51) can be written as I/.o/ = —x(d@/dx). The use of (16.48) gives 

dQ. oleate (16.53) 


ae eR 


fnt flows in a conductor only when there is a gradient of electric potential in 
5 conductor. Such a gradient can be produced by attaching the ends of the con- 
ctor to the terminals of a battery. 
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Note the resemblance of (16.53) to the transport equations (16.1), (16.15), an 
(16.30) (Fourier’s, Newton's, and Fick’s laws) for thermal conduction, viscous flow. 
and diffusion. Each of these four equations has the form (1 /A\dW/dt) = =- LidBjas) i 
where « is the cross-sectional area, W is the physical quantity being transporte 
(q in thermal conduction, p, in viscous flow, nj in diffusion, Q in electrical condug- 
tion), L is a constant (k, n, Dj, or x), and dB/dx is the gradient of a physical quantity 
(T, vy, Cj, or ġ) along the direction x in which W flows. The quantity (I) (Wii) 
is called the flux of W and is the rate of transport of W through unit area perpen- 
dicular to the flow direction. In all four transport equations, the flux is Proportional 
to a gradient. 

Consider a current-carrying conductor that has a homogeneous composition 
and a constant cross-sectional area «/. Then the current density j will be constant at 
every point in the conductor. From (16.51), the field Strength E is constant at every 
point, and the equation E = —d/dx integrates to (x2) — o(x,) = — E(x, - x). 
Hence E = —dd/dx = —A@/Ax. Equation (16.51) becomes I/.o/ = x(—Ad)/Ax. Let 
Ax = I, where | is the length of the conductor. Then |Ag| is the magnitude of the 
electric potential difference between the ends of the conductor, and we have |Ad| = 
Il/k or 

|Ad| = (pl/.of)I (16,54) 


The quantity |A¢| is often called the “voltage.” The resistance R of the conductoris 
defined by 
R =|Aġ|/I or |Ad| = IR (16.55)* 


Equations (16.54) and (16.55) give 
R = plj (16.56) 


From (16.55), R has units of volts per ampere. The SI unit of resistance is the 
ohm (symbol Q, capital omega): 


1Q=1 V/A ='1 kgm? s7! C72 (16.57) 


where (14.8) and (16.50) were used. From (16.56), the resistivity p has units of ohms 
times a length and is usually given in Q cm or Q m. The conductivity x = 1/p has 
units Q`! cm~} or Q`! m`! The unit Q`! is sometimes written as mho, which is 
ohm spelled backward; however, the correct SI name for the reciprocal ohm is the 
siemens (S): 1 S = 1 Qt, 

The conductivity x and its reciprocal, p depend on the composition of the con- 
ductor but not on its dimensions. From (16.56), the resistance R depends on the di 
mensions of the conductor as well as the material that composes it; R increases with 
increasing length of the conductor and decreases with increasing cross-sectional area. 

For many substances, x in (16.51) is independent of the magnitude of the ap- 
plied electric field E and hence is independent of the magnitude of the current denr 
sity. Such substances are said to obey Ohm’s law. Ohm's law is the statement thal 
x remains constant as E changes. For a substance that obeys Ohm’s law, a plot 0 
J vs. E is a straight line with slope x. Metals obey Ohm's law. Solutions of elec- 
trolytes obey Ohm's law, provided E is not extremely high and provided steady-state 
conditions are maintained (see the next section). Many books state that Ohm’s + 
is Eq. (16.55). This is inaccurate. Equation (16.55) is simply the definition of R, an 
this definition applies to all substances. Ohm’s law is the statement that R is indè- 
pendent of |Ad| (and of 1) and does not apply to all substances. 


Some resistivity and conductivity values for substances at 20°C and 1 atm are: | 491 | 


substance Cu | KCKag, 1 mol/dm) cud glass SECTION 16.6 
peers Sa | 

jam) 2x107® | 9 10° | 10'4 

atom” *) 6 x 10° | 0.1 [ o-s | 10-1 


Metals have very low p values and very high x values. Concentrated aqueous solu- 
sions of strong electrolytes have rather low p values. An electrical insulator (for ex- 
ample, glass) is a substance with a very low x. A semiconductor (for example, CuO) 
isa substance with x intermediate between x of metals and insulators. Semiconduc- 
tors and insulators generally do not obey Ohm's law; their conductivity increases 
with increasing applied potential difference \Ag]. 


RECTRICAL CONDUCTIVITY OF ELECTROLYTE SOLUTIONS 


fectrolysis. Figure 16.12 shows two metal electrodes at each end of a cell filled o F:curE 16.12 | 


An electrolysis cell. 


with a solution of electrolyte. A potential difference is applied to the electrodes by 
connecting them to a battery. Electrons carry the current through the metal wires 
and the metal electrodes. Ions carry the current through the solution. At each elec- 
trode-solution interface, an electrochemical reaction occurs that transfers electrons 
tither to or from the electrode, allowing charge to flow completely around the circuit. 
For example, if both electrodes are Cu and the electrolyte solute is CuSO4, the elec- 
trode reactions are Cu? *(aq) + 2e™ + Cu and Cu — Cu?* (aq) + 2e°. 

For 1 mole of Cu to be deposited from solution, 2 moles of electrons must flow 
through the circuit. (A mole of electrons is Avogadro’s number of electrons.) If the 
current J is kept constant, the charge that flows is Q = It [Eq. (16.48)]. Experiment 
shows that to deposit 1 mole of Cu requires the flow of 192970 C, so the absolute 
value of the total charge on 1 mole of electrons is 96485 C. The absolute value of 
the charge per mole of electrons is the Faraday constant F = 96485 C/mol. We have 
[Eq. (14.13)] F = Ne, where e is the proton charge and N4 is the Avogadro con- 
stant, To deposit 1 mole of the metal M from a solution containing the ion M** 
requires the flow of z, moles of electrons. The number of moles of M deposited by 
a flow of charge Q is therefore Q/z,4%, and the mass m of metal M deposited is 

m=QM/z,F (16.58) 
where M is the molar mass of the metal M. This equation embodies Faraday’s laws 
Of electrolysis, 

_ The total charge that flows through a circuit during time ť' is given by integra- 
tion of (16.48) as Q = fo Idt, which equals It’ if I is constant. It isn’t easy to keep I 
‘onstant, and a good way to measure Q is to put an electrolysis cell in series in the 
ny weigh the metal deposited, and calculate Q from (16.58). Such a device is 
d a coulometer. Silver is the metal most often used. 


Measurement of Conductivity. The resistance R of an electrolyte solution cannot 
4 reliably measured using direct current, because changes in concentration of the 
Setrolyte and buildup of electrolysis products at the electrodes change the resistance 
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Measurement of the conductivity 
of an electrolyte solution using a 
Wheatstone bridge, 


of the solution. To eliminate these effects, one uses an alternating current, Platinum 
electrodes coated with colloidal platinum black are used. The colloidal Pt adsorbs 
any gases produced during each half cycle of the alternating current. The condu 
tivity cell (surrounded by a constant-T bath) is placed in one arm of a Wheatstone 
bridge (Fig. 16.13). The resistance R, is adjusted until no current flows through the 
detector between points C and D. These points are then at equal potential. From 
“Ohm's law” (16.55), we have lA¢lap = 1, Ry, [Adlac = 15R3, |A@|pp = 11Ro, and 
|Ad|cu = 13R. Since $p = bc, we have lAP sc = [Adan and |Ad|cy = |Ad|pg. There 
fore 13R3 = 1,R,, and 1,R = 1,R. Dividing the second equation by the first, w 
get R/R3 = R3/R,, from which R can be found. [This discussion is oversimplified 
since it ignores the capacitance of the conductivity cell; see J. Braunstein and G.D. 
Robbins, J. Chem. Educ., 48, 52 (1971).] R is found to be independent of the mag 
nitude of the applied ac potential difference, so Ohm’s law is obeyed. 

Once R is known, the conductivity can be calculated from (16.56) and (16.2) 
as x = 1/p = I/R, where of and | are the area of and the separation between the 
electrodes. The cell constant K., is defined as Vcd, and K = Keen/R. Instead of 
measuring | and «Z, it is more accurate to determine Keen for the apparatus by met- 
suring R for a KCI solution of known conductivity. Accurate x values for KCl al 
various concentrations have been determined by measurements in cells of accurately 
known dimensions. It is necessary to use extremely pure solvent in conduotiviy 
work, since traces of impurities can significantly affect x. The conductivity of it 
pure solvent must be subtracted from that of the solution to get x of the electrolyte. 


Molar Conductivity. Since the number of charge carriers per unit volume usual 
increases with increasing electrolyte concentration, the solution’s conductivity x eo 
ally increases as the electrolyte’s concentration increases. To get a measure of l 
current-carrying ability of a given amount of electrolyte, one defines the molar cot 
ductivity A,, (capital lambda em) of an electrolyte in solution as 


A,, = k/e (1659) 


where c is the electrolyte’s stoichiometric molar concentration. 
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he conductivity x of a 1.00 mol/dm? aqueous KCI solution at 25°C and 1 atm is 
011207! cm~ '. Find the KCI molar conductivity in this solution. 


Substitution in (16.59) gives 
x 0.11227! cm7! 103 cm? 


=-= = wl 2 =1 
Anci c  1.00moldm™? 1dm°? Be ecu mol 


which also equals 0.0112 Q~! m? mol”! 


For a strong electrolyte with no ion pairing, the concentration of ions is directly 
proportional to the stoichiometric concentration of the electrolyte, so it might be 
thought that dividing « by c would give a quantity that is independent of concen- 
tration. However, A,, for NaCl, KBr, etc., in aqueous solutions does vary somewhat 
with concentration. This is because interactions between ions affect the conductivity 
x,and these interactions change as c changes. A detailed discussion is given later 
in this section, 

Am depends on the solvent as well as on the electrolyte. We shall consider mainly 
aqueous solutions. 

Values of x and A,, for KCI in aqueous solution at various concentrations at 
25°C and 1 atm are: 


¢((mol dm~ °) jo ð |. 0.001 | 001 01 | 1 

KQ! cm~?) o | œo00147 | oo141 | 00129 | 0112 
= T a | iy T 

AA tem mol") | asy | 147 141 jo sill: 1129 O 


The Am Value at zero concentration is obtained by extrapolation. Let Aj; denote the 
infinite-dilution value: A? = lim,.9 Am: 

Figure 16.14 plots x vs. c and Am vs. cl! 2 for some electrolytes in aqueous solu- 
tion. The rapid increase in A, for CH; COOH as c > 0 is due to an increase in the 
degree of dissociation of this weak acd as c decreases. The slow decrease in A,, of 


(a) Conductivity vs, concentration 
c for some electrolyte solutions at 
25°C and 1 atm. (b) Molar 
conductivity vs. c'/? for these 
solutions. 
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HCI and KCI as ¢ increases is due to attractions between oppositely charged ion 
which reduce the conductivity. A,, for CuSO, decreases more rapidly than for Hq 
or KCI partly because of the increased degree of ion pairing (Sec, 10.7) as ¢ of this 
2:2 electrolyte increases. The higher x and A,, of HCI as compared with KCI Tesu 
from a special mechanism of transport of H,O* ions, discussed later in this Section, 

For the electrolyte M,,X,_ yielding the ions M?* and X7- in Solution, the 
quantity x/v,2,¢ is called the equivalent conductivity Asq: (A solution contain 
1 mole of completely dissociated electrolyte would contain y +24 Moles of positive 
charge.) Thus, Aeq = Am/V424. For example, for Cu;(PO,4),, we have 4 = 3,208 
2, and Asq = A,,/6. Most tables in the literature list Aeq: The TUPAC has recom: 
mended discontinuing the use of equivalent conductivity, and we shall not use itin 
this book. The concept of equivalents serves no purpose except to confuse chemistry 
students. 

The subscripts m and eq can be dispensed with if the species to which A refers is 
given in parentheses. Thus, for CuSO, in water at 25°C and | atm, experiment gives 
An = 267.27! cm? mol~!. Since V4Z4 =2, we have Aeq = 133.6 Q7! cm? equiv“! 
We therefore write A®(CuSO,) = 267.2 Q~! cm? mol~! and A*($CuSO,) = 
133.6 Q7! cm? mol™!. 


Contributions of Individual lons to the Current. The current in an electrolyte 
solution is the sum of the currents carried by the individual ions. Consider a solu 
tion with only two kinds of ions, Positive ions with charge z,e and negative ions 
with charge z_e, where e is the proton charge. When a potential difference is ap 
plied to the electrodes, the cations feel an electric field E, which accelerates them, 
The viscous frictional force exerted by the solvent on the ions is proportional to 
the speed of the ions and Opposes their motion; this force increases as the ions ate 
accelerated. When the viscous force balances the electric-field force, the cations are 
no longer accelerated and travel at a constant terminal speed v,, called the drift 
speed. We shall later see that the terminal speed is reached in about 107 13 5, which 
is virtually instantaneously. 

Let there be N, cations in the solution. In time dt, the cations move a distance 
v+ dt, and all cations within this distance from the negative electrode will reach the 
electrode in time dt. The number of cations within this distance of the electrode is 
(v+ dt/I)N ,, where 1 is the Separation between the electrodes (Fig. 16.12). The pos 
tive charge dQ, crossing a plane Parallel to the electrodes in time dt is therefore 
dQ, =(z,ev,N,/l)dt. The current density j, due to the cations is j+ = 14/9 = 
"dQ, jdt, so 

i+ = z,ev,N,/V 
where V = l is the solution's volume. Similarly, the anions contribute a current 
density j_ = |z-lev_N_/Y, where we adopt the convention that both v, and v- are 
considered positive. We have eN ,/V =eNgn,/V = Fc, where n, is the number 
of moles of the cation M?* in the solution and c, = n/V is the molar concentri: 
tion of M**. Hence jų = 24Fv4c,. Similarly, j_ = |z_|#v_c_. The observed cut 


rent density j is 16.60) 
Iti = 7, Fv.cy + |z_|Fv_c_ ( ps 
If several kinds of ions are Present in the solution, the current density jn 4¥¢ 
ion B and the total current density j are 


; 61) 
Ja=(en|Fvpcy and j=} je => |ze|F vecs (16 
B B 


the B current density jg is proportional to the molar charge 2,¥, the drift speed 
m, and the concentration Cp. 

The drift speed vg of an ion depends on the electric-field strength, the ion, the 
lent, T, P, and the concentrations of all the ions in the solution. 


flecttic Mobilities of Ions. Since j = xE, the conductivity of an electrolyte solu- 
tion is (Eq. (16.61)] x = Yn |2n|7 (vp/E)cg- For a given solution with fixed values of 
ihe concentrations cg, experiment shows Ohm’s law to be obeyed, meaning that x 
isindependent of E. This implies that, for fixed concentrations in the solution, each 
ratio vp/E is equal to a constant that is characteristic of the ion B but independent 
ofthe electric-field strength E. We call this constant the electric mobility uy of ion B: 


Up = Vg/E or Up = UpE (16.62)* 


The drift speed vg of an ion is proportional to the applied field E, and the propor- 
tionality constant is the ion’s mobility ug. 
The preceding expression for « becomes 


k= py |2p|F upes = kp (16.63) 


where kg is the contribution of ion B to the conductivity. For a solution with only 


wo kinds of ions, 
K=74Fuycy + |z| Fu cs (16.64) 


Each small portion of the conducting solution must remain electrically neutral, since 
even a tiny departure from electrical neutrality would generate a huge electric field 
(ec. 143). Electroneutrality requires that z,ec, +2 ec_ =0, or z4¢4 =|z_|c_. 
Hence (16.64) and (16.60) become for a solution with two kinds of ions 


K=724Fce,(u, +u) and j=z,Fce,(v, + v_) (16.65) 


lonic mobilities can be measured by the moving-boundary method. Figure 16.15 
stows a solution of KCI placed over a solution of CdCl, in an electrolysis tube of 
‘r0ss-sectional area o/. The solutions used must have an ion in common. When the 
current flows, the K * ions migrate upward to the negative electrode, as do the Cd?* 
tons. For the experiment to work, the cations of the lower solution must have a lower 
mobility than the cations of the upper solution: u(Cd?*) < u(K*). 

The speed v(K *) of migration of the K * ions is found by measuring the distance 
X that the boundary moves in time t. The boundary between the solutions is visible 
Th ause ofa difference in refractive index of the two solutions. We have v(K *) = xit. 
’ electric mobility u(K *) is given by (16.62) as u(K *) = o(K *)/E. From x = j/E = 

“E [Eqs. (16.51) and (16.49)], we have 
E = Ijk (16.66) 
Therefore u(K*) = x4 jIt (16.67) 


Where x is the conductivity of the KCI solution (assumed known). The product It 
“quals the charge Q that flows and is measured by a coulometer. 


Why does the boundary remain sharp, and why does the experiment measure me bat 
Not u(Cd?*)? Equation (16.62) gives 


u(Cd?*) = u(Cd? *)E(CdCl,) and o(K*) = u(K*)E(KCI) (16.68) 


— 295 | 


SECTION 16.6 


— Eg 


Moving-boundary apparatus for 
determining ionic mobility. 
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where E(CdCl,) and E(KCI) are the electric-field strengths in the CdCl, and KCl soluti 
Equation (16.66) gives E o 1/k; therefore, v oc 1/k, where x of each solution depends 
CHAPTER 16 the concentration of KCI or CdCl. By hypothesis, u(Cd?*) < u(K *), Suppose that a 
the CdCl, solution is sufficiently low to make v(Cd?*) > (K*), Equation (166) he 
gives E(CdCl,) > E(KCI). Because of their higher speed, the Cd?* ions start to MOVE ny 
the KCI solution. But as soon as they.enter this solution; they are in a region Of Loi 
electric field, and their speed becomes v(Cd? +Y = u(Cd?* )E(KC)). Since u(Cd?*) < uk) 
their speed drops below that of K *, and they are left behind, becoming part of the Cid), 
solution, thereby increasing the CdCl, concentration just below the boundary; this jr- 
creases x and decreases E in this region. Hence (Cd? *) is reduced in the region just below 
the boundary. The increase in Cd?* concentration just below the boundary must con- 
tinue until o(Cd?*) in this region has been reduced to the point where it equals 1(K*) 
above the boundary. Thus, the K* ions above the boundary and the Cd?* ions in th 
region immediately below the boundary travel at the same speed, and the boundary is 
preserved. The concentration of Cd?* just below the boundary Automatically adju 
itself by a sort of feedback mechanism to the value required to make w(Cd** equal o(k*} 
~A concentration gradient therefore-develops in the CdCl, solution. The concentration of 
“CdCl; and hence x in the Tegion just below the boundary is unknown, so only WK *) can 
~ +» be found from the experiment, 

If, on the other hand, the initial concentrations are such as to make w(Cd?*) < WK") 
the Cd?* ions will lag behind the K* ions, thereby decreasing the Cd?* concentration 
just below the boundary; this decreases x, increases E, and increases (Cd?*) in this region, 
The decrease in c(Cd?*) continues until (Cd?*) has become equal to o(K*). 

Similar reasoning shows that if the electric mobility of Cd?* were greater than thi 
of K*, the automatic adjustment of (Cd?*) need not occur and the boundary need not 
be preserved, i 

To measure u(C1™), we could use solutions of KCI and KNO, ‘\ 

To prevent convection currents, the lower solution should have a higher density than 
the upper solution. 


Some observed mobilities as a function of electrolyte concentration for K* and 
CI” ions in aqueous KCI solutions at 25°C and 1 atm are: 


¢/(mol dm~*) o ofo001 | 010 | 020 | 10 
ae hl li | i 
10K em yrs | (762) | Ng | 64 | 629 | 566 
| ANT a he Es 
1O%MCI“yem? V1 s7) | (79.1) | 746 | 682 | 656 | 593 


The values at c = 0 are extrapolations. Note the decrease in u for each ion as cii 
creases. Each ion is surrounded by an “atmosphere” in which ions of opposite ane 
predominate. This atmosphere reduces the mobility of an ion, and the density of the 
atmosphere increases as c increases, ds 
For a 0.20-mol/dm? aqueous NaCI solution at 25°C and 1 atm, one fit $ 
u(Cl™) = 65.1 x 1075 cm? V~! $71, This value differs slightly from the above-list 
u(Cl~) value in a 0.20-mol/dm? KCI solution, because of slight differences " 
Na*-Cl- interactions compared with K *-Cl~ interactions. eee 
Experimental electric mobilities extrapolated to infinite dilution for ions 10 
at 25°C and 1 atm are: 


=~ | NO 
wi 


Ion - H,0* | Li* | Na+ | Mg?* | OH™ | a- | Br 


Š — a 1 T 
10u emè V= | 363 | aor | si9 | 550 | 205 | 794 | 813 


since interionic forces vanish at infinite dilution, u®(Na*) is the same for solutions 
of NaCl, NaSO4, ete. 5 a 

For small inorganic ions, u% in aqueous solutions at 25°C and 1 atm usually 
jes in the range 40 to 80 x 1075 cm? V~'s~1. However, HO* and OH” show 
ibnormally high mobilities in aqueous solution. These high mobilities are attributed 
a special jumping mechanism that operates in addition to the usual motion through 
the solvent. A proton from an H 30* ion can jump to a neighboring H20 molecule, 
a process which has the same effect as the motion of H;O* through the solution: 


ies OS: 
H—O—H + O—H~H—O + H—O—H 
eo — ® 


The high mobility of OH ~ is due to a transfer of a proton from an H,O molecule to 
an OH” ion, which is equivalent to the motion of OH” in the opposite direction: 


is, 
O + H—070—H +0 


s~ Ə 


Aypical electric-field strength for an electrolysis experiment is 10 V/cm. (a) Cal- 
culate the drift speed for Mg? * ions in this field in dilute aqueous solution at 25°C 
ond 1 atm. (6) Compare the result of (a) with the rms speed of random thermal 
motion of these ions. (c) Compare the distance traveled by Mg?* ions in one 
second due to the electric field with the solvent diameter. 

(a) Equation (16.62) and the preceding table of u” values give 


v =uE =(55 x 1075 cm? V~! s~4)(10 V/cm) = 0.0055 cm/s 


(b) The average translational kinetic energy of random thermal motion of 
the Mg?* ions is 3kT = 4m<v2), so the rms speed of random thermal motion is 
tms = (3RT/M)"/? and 


tms = [3(8.3 J/mol-K)(298 K)/(0.024 kg/mol)]"/? = 560 m/s = 56000 cm/s 


The speed of migration toward the electrode is far, far smaller than the speed of 
fandom motion, 

(c) With a rift speed of 0.0055 cm/s, the electric field produces a displace- 
Ment of 0.0055 cm in one second. The diameter of a water molecule is listed in 


= as 3.2 A. The one-second displacement is 1.7 x 10° times the solvent 
er, 


m lonic mobilities at infinite dilution can be estimated theoretically as follows. At 
m py high dilution, interionic forces are negligible, so the only electric force an 
an ig retiences is due to the applied electric field E. From (14.3), the electric force on 
bine charge zpe has the magnitude |z,|eE. This force is opposed by the fric- 

orce, whose magnitude is fog, where f is the friction coefficient (Sec. 16.4). 
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When the terminal speed has been reached, the electric and frictional forces bal 1 

|zpleE = fog’, and the terminal speed is vg = |zpleE/f. The infinite-dilution mobily 

ug = vg /E is then 4 

up = [zple/f (166) 

A rough estimate of the friction coefficient f can be obtained by assuming tha 

the solvated ions are spherical and that Stokes’ law (16.20) applies to their motion 

through the solvent. (Because the ions are solvated, they are substantially larger than 
the solvent molecules.) Stokes’ law gives f = 6nnrp, and 


6nnrg (167) 


Equation (16.70) attributes the differences in infinite-dilution mobilities of ions en. 
tirely to the differences in their charges and radii. Of course, this equation can't hy 
used for H,0* or OH™. 

The smaller values of u” for cations than for anions (H,0* and OH” excepted) 
indicate that cations are more hydrated than anions. The smaller size of Cations pro- 
duces a more intense electric field Surrounding them, and they therefore hold on to 
more H30 molecules than anions. The average number of water molecules that move 
with an ion in solution is called the hydration number n, of the ion. Some values of h 
estimated using electric mobilities and other methods are [J. O'M. Bockris and 
P. P. S. Saluja, J. Phys. Chem., 76, 2140 (1972); ibid., 77, 1598 (1973); ibid., 79, 1230 
(1975); R. W. Impey et al., J. Phys. Chem., 87, 5071 (1983)]: 


Ion | Lit | Nat ale K* | Mg?+ F cl Br” ip 


m | ab SMa Verse awn pia | 2 | 4 pot 


The methods used to determine n, involve assumptions of uncertain accuracy, $ 
these values are approximate, The hydration number n, should be distinguished from 
the (average) coordination number of an ion in solution. The coordination number i 
the average number of water molecules that are nearest neighbors of the ion (whether 
or not they move with the ion) and may be estimated from x-ray diffraction data of 
the solution. Some values are 6 for each of Na*, K*, Cl”, and Mg?*. 

Aside from the approximation of using Stokes’ law, it is difficult to use (167) 
to predict u values because the radius rg of the solvated jon is not accurately known. 
What is often done is to use (16.70) to calculate rp from uy’. 


| EAL Bil 


Estimate the radii of Li* (aq) and Na* (aq), given that the viscosity of water at 2C 
is 0.89 cP, 


Equation (16.70), the u” value of Li+ (aq) in the table earlier in this sectio 
and the relation 1 P=0.1 Ns m`? [Eq. (16.14)] give 


i*a 1(1.6 x 107 1° C) E 
6n(0.89 x 10-3 N sm~*[40 x 10 Q0 m V s] 
7x24 x100 m=24Å 


| 


Nat and Li* have the same charges, and (16.70) gives the radii as inversely 
tional to the mobilities. Therefore, r(Na*) = (40/52)(2.4 A) = 1.8 A. The larger 
ze of Li+ (aq) (despite the smaller atomic number of Li) is due to the larger n, 


value of Li. 


Stokes’ law can be used to estimate how long it takes an ion to reach its terminal speed 
after the electric field is applied. From (16.70), the terminal speed equals |z|eE/6nnr. The 
force due to the electric field is |-leE. If we neglect the frictional resistance, Newton’s second 
law F = ma = mdv/dt gives |z\eE ~ mdv/dt, which integrates to v ~ |zļeEt/m. Setting v 
equal to the terminal speed, we get |zleEt/m ~ |z|eE/6nnr. The time needed to attain the 
terminal speed is then ¢ ~ m/6xyr, For m= 10722 &i= 107? gs} cm™!, and r= 
1078 cm, we get t = 107 13 S, Since we neglected Fpp, the actual time required is somewhat 
longer. 


The migration of charged polymeric molecules (for example, proteins, nucleic 
acids) and charged colloidal particles in an electric field is called electrophoresis. Elec- 
trophoresis can be used to separate different proteins and is often carried out using 
a gel (Sec. 13.6) as the medium. 


Transport Numbers. The transport number (or transference number) ty of ion B is 
defined as the fraction of the current that it carries: 


te = jg/j (16.71)* 


where jg is the current density of ion B and j is the total current density. Using 
(16.61) and (16.51) for jẹ and j, we have tg = jg/j = \zp|F vgcp/KE. Since vp/E = ug 
(Eq. (16.62)], we get 

ty = |z|F cpup/k (16.72) 


The transport number of an ion can be calculated from its mobility. The sum of the 
transport numbers of all the ionic species in solution must be 1. 

For a solution containing only two kinds of ions, Eqs. (16.71) and (16.60) give 
=j = fais +j-)=zevge4/(z404e4 + |z_|v_c_). The use of the elec- 
Woneutrality condition z,c, =|z_|c_ gives t, =v,/(v, + v_). The use of v, = 
uE, v. = u_E [Eq. (16.62)] then gives t, = u4/(u, +u_). Thus 


Pip Ot o_O a gee S Sa(1 6°73) 
Ji tj- vp to, uy tue Ja Fj- 

Transport numbers can be measured by the Hittorf method (Fig. 16.16a). After 
cketrolysis has proceeded for a while, one drains the solutions in each of the three 
compartments and analyzes them. The results allow t, and t_ to be found. 

Figure 16.16b shows what happens in the electrolysis of Cu(NO3)2 with a Cu 
inode and an inert cathode. Let a total charge Q flow during the experiment. Then 
A moles of electrons flow. The anode reaction is Cu > Cu?*(aq) + 2e”, so Q/2F 
aan of Cu?* enter the right compartment R from the anode. The total number of 

we of charge on the ions that pass plane B during the experiment is O/F. The 
a oe carry a fraction t, of the current, and the charge on the Cu** ions moying 
out to M during the experiment is t Q. Therefore t,Q/2¥% moles of Cu“” pass 
of R into M during the experiment. The overall change in the number of moles 
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(a) Hittorf apparatus for 
determining transport numbers of 
ions in solution. (b) Electrolysis of 
Cu(NO})z(aq) with a Cu anode 
and an inert cathode. 


of Cu?* in compartment R is QF — t QF: 
Ang(Cu? +) = (1 —1,)0/2F = t_Q/2F 


Since NO% carries a fraction t_ 

nitrate ions moving from M to 

of NOF move into R: 
Ang(NO3) = ¢_Q/F 


(16.74) 


of the current, the magnitude of the charge on the 
R during the experiment is z _ Q, and t_Q/F moles 


(1675) 


Equations (16.74) and (16.75) are consistent with the requirement that R remain elec- 


trically neutral. 

The charge on the Cu? + 
plane B. Hence t, Q/2¥ moles of Cu2+ 
and there is no change in the number of moles of Cu2* in M. 

Any(Cu?*)=0, — Any(NOS) =0 


The number of moles of NO; passing through plane B 


Passing plane A must equal that on the Cu2* 
move from M to L during the experiment, 


passing’ 


Similarly for NO;: 


equals the numbet 


Passing through plane A, so t_Q/¥ moles of NO; move out of L into M: 


Am(NO3) = —1_Q/¥ 


(16.76) 


We have t, 0/2¥ moles of Cu2+ moving from M into L. Also, the number of moles 
of Cu that plate out on the cathode must equal the number that were oxidized at 


the anode, namely, Q/2F. Therefore 
An,(Cu?*) = (t, — 1)0/2F = —t_Q/2F 


The charge 


An's. Therefore t, and t_ can be found from the above equatio 


(167 


Q is measured with a coulometer, and chemical analysis gives the 


ns. 


Since the mobilities u+ and u_ depend on concentration and do not neces 
change at the same rate as c changes, the transport numbers t, and t- depend 0 


concentration. Some values for aqueous LiCl solutions at 25°C and 1 atm are: 
¢/(mol dm~?) 0 | oor | 002 a| 202 -| 1 

Li") (0.337) 0.329 ll 0.326 0317 | 03 | 0287 

KCl") 0663 | os | o67a | asa | ass | om 


The infinite-dilution values t”(Li*) and t®(CI") are found by extrapolation. 


Observed t” values lie between 0.3 and 0.7 for most ions. H}0* and OH™ have 
jnusually high t® values in aqueous solution, because of their high mobilities. Some 
values for aqueous solutions at 25°C and I atm are ¢*(H*) = 0.82 and t®°(C17) = 
018 for HCl, ¢°(K*) = 0.49 and ¢°(Cl~) = 0.51 for KCI; t%(Ca?*) = 0.44 and 
PCI") = 0.56 for CaCl). 


In the preceding discussion, we considered only the ions Cu?* and NO, . However, in a 
Cu(NO3), solution that is not extremely dilute, there is a significant concentration of 
Cu(NO3)* ion pairs, and these must carry part of the current. When a compartment is 
chemically analyzed for Cu?*, it is the total amount of Cu present in solution that is 
determined, and individual amounts present as Cu?* and Cu(NO3)* are not found. Be- 
cause of this complication, the values t, and t_ obtained in the Hittorf method are not, 
strictly speaking, the transport numbers of the actual ions. Instead they are what are 
called ion-constituent transport numbers. The ion constituent Cu(II) exists in a Cu(NO3), 
solution as Cu?* ions and as Cu(NO,)* ions. Similarly, in the moving-boundary method, 
one obtains mobilities and transport numbers of ion-constituents. At infinite dilution, 
there is no ionic association, so £” and u” values do apply to the ions Cu?* and NO;. 
See M. Spiro, J. Chem. Educ., 33, 464 (1956); M. Spiro in A. Weissberger and B. W. 
Rossiter, (eds.), Physical Methods of Chemistry, pt. IIA, chap. IV, Wiley-Interscience, 1971. 


Molar Conductivities of lons. The molar conductivity of an electrolyte in solution 
is defined as A,, = x/c [Eq. (16.59)]. By analogy, we define the molar conductivity 


İan Of ion B as 
AmB = Kp/Cp (16.78)* 


Where ky is the contribution of ion B to the solution’s conductivity and cy is its molar 
concentration. Note, however, that cp is the actual concentration of ion B in the solu- 
tion, whereas c is the stoichiometric concentration of the electrolyte. Equation (16.63) 
gives 
Kp = |Zp|F ugcg (16.79) 
Ane = |2n|F ug (16.80)* 
since Ag. = Kp/cp [Eq. (16.78)]. The molar conductivity of an ion can therefore be 
found from its mobility. (The equivalent conductivity of ion B is defined as A.g.3 = 
Inp/lep| = Fup.) 
Substitution of A,, = «/c and (16.78) in x = Xa Kp gives 


1 
Am =- È Comp (16.81) 
cB 
ue relates A,, of the electrolyte to the 4,,’s of the ions. For a strong electrolyte 
v.Xy_ that is completely dissociated, (16.81) becomes 
Am= 7 egim ecn) 0, VC E V-A) 
Am = Vid, + Vm, — strong electrolyte, no ion pairs (16.82) 
w example, A,,(MgCl2) = Ap(Mg?*) + 24„(C17), provided there are no ion pairs. 
or a weak acid HX whose degree of dissociation is «, Eq. (16.81) gives 
An =C"(Cydg ys Fe A N An + + ehn -) 
An = 2Am,4 + 4m,-) for 1:1 weak electrolyte (16.83) 


i à weak acid in water, x” 4 1 (Sec, 11.3); therefore, Aw #4m,+ + Am,— for the 
ak acid HX in water. 
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Since the mobility u(Cl~) in an NaCl solution differs slightly from u(CI")ing 
KCI solution at nonzero concentrations, /,,(Cl~) in NaCl and KCI solutions dife 
However, in the limit of infinite dilution, interionic forces go to zero and the ion 
move independently. Therefore 4”(Cl_) is the same for all chloride salts, Some day 
for 2,,(C1~) in units of Q7! cm? mol™! for two salts in aqueous solutions at 3550 
and | atm are: 


¢/(mol dm~ +) | 0 | 0.02 | 005 | 0.10 0.20 
cee) aes 
KCl(aq) | (76.3) | 705 | 680 | 658 | 633 
| | 
NaCl(aq) | (76.3) | 70.5 [ 67.9 | 65.6 62.8 


Some 4% values in water at 25°C and | atm are: 


Cation PSO. Nae} Ks Na’ Ag* Cat | gt 
4m |(Q~* em? mol~*) | 350 736 | 735 | 50.1 61.9 118.9 | 06) 
Anion | OH™ | BR | a NO; CH,COO™ | sog 


763 | 71.4 40.8 160 


Ag (Q-* cm? mol” *) Í 198 


The |zp] factor in (16.80) tends to make 4m for +2 and —2 ions larger than for +1 
and —1 ions. 

From tabulated 4 values, we can calculate Am for a strong electrolyte as [Eq 
(16.82)]: 


Am =Vi4m.++V-A@ strong electrolyte (1684) 


since there is no ion pairing at infinite dilution. Mobilities u® can be calculated from 
Am Values using (16.80). From the u” values, t” can be calculated using (16.72). 
Infinite-dilution transport numbers and molar conductivities are simply 1 
lated. For the strong electrolyte M;,X,_, we have t, = j; /j = «,E/KE=K,|k= 
Am,+C+/Amc. In the infinite-dilution limit, there are no ion pairs and cy =46 
Therefore 
NAR Vide + 


t= =—— - strong electrolyte 
j An via + VLA2 8 


(1685) 


with a similar equation for 12. AR 

Since the solvent’s viscosity decreases as the temperature increases, the ton 
mobility ug’ ~ |zple/6xnrg [Eq. (16.70)] increases as T increases. Therefore 4w = 
|p| Fug? increases as T increases. ul 

The fundamental molecular quantity that governs an ion’s motion in an a 
electric field is its mobility ug = vg/E. The molar conductivity of an ion is the poe 
of its mobility and the magnitude of its molar charge: 1,5 = |zp|Fus- The ae 
conductivity A, of the electrolyte M, .X,_ is the sum of contributions from the gir 
and anion molar conductivities: Am =V åm, + +V Àm, for a strong electrolyte Wi 
no ion pairing. The solution’s conductivity x is related to Ap by Am = 4/6 3 
fraction of the current carried by the cations is the cation transport number t+ 
us/(us + u_). 


concentration Dependence of Molar Conductivities. Some A,, data for NaCl 


and HC,H302 in water at 25°C and | atm are: 


mol dm *) | 9 | 107% | 10" 10°? 107? 

pee o oo 4 

NCIA! em? mol”) | (1264) | 125.5 | 1237 | 1184 | 106.7 
Vem? mol’) | |. 1346. |. «492 162. | 52 


A,(CH;COOH)/(Q 


Equation (16.81) shows that the molar conductivity Am = x/c of an electrolyte 
changes with electrolyte concentration for two reasons: (a) The ionic concentrations 
cp may not be proportional to the electrolyte stoichiometric concentration c, and (b) 
the ionic molar conductivities åm, change with concentration. 

The sharp increase in A,, of a weak acid like acetic acid as ¢ goes to zero (Fig. 
16.14) is due mainly to the rapid increase in the degree of dissociation as c goes to 
zero; see Eq. (16.83). This rapid increase in A,, makes extrapolation to c = 0 very 
dificult for weak electrolytes. For strong electrolytes other than 1:1 electrolytes, part 
ofthe decrease in A,, with increasing c is due to formation of ion pairs, which reduces 
the ionic concentrations. However, even 1:1 electrolytes, which do not show signifi- 
cant ion pairing in water, show a decrease in A,, as c increases. This decrease arises 
from interionic forces, One finds that for a strong electrolyte, a plot of A,, vs. c!/? is 
linear in the region of very high dilution, and this allows reliable extrapolation to 
c=0. 

From (16.80), the ionic molar conductivity Am, equals |zp|F up. If the mobility 
ly = vp/E were independent of concentration, Åm would be independent of c. How- 
ever, the ion drift speed vg depends on c for two reasons: 


|, Each ion is surrounded in solution by an “atmosphere” in which ions of opposite 
charge predominate. When the electric field is turned on, a positive ion moves one 
way and the negative ions in its atmosphere move the opposite way. The positive 
ion thus tends to move out of its atmosphere; the atmosphere is continually re- 
forming from new negative ions, but it takes a finite time to re-form the atmo- 
sphere, and this time lag between the motion of an ion and re-formation of its 
atmosphere produces an asymmetric distribution of the ions in the atmosphere 
(Fig. 16.17). The electrical attraction between the asymmetrical atmosphere and 
the ion reduces the speed of the ion. As c increases, the density of ions in the 
aaa increases and the ionic mobility is further reduced by this asymmetry 
effect. 

2. The viscous force opposing an ion’s motion equals fig,re Where f is the friction 
Coefficient and Up,rei is the ion’s speed relative to the solvent. The ions in the 
atmosphere are moving in the direction opposite the central ion and are carrying 
With them their molecules of solvation. Therefore, the solvent in the immediate 
Vicinity of the central ion has a net motion in the direction opposite the ion’s 
Motion, and the ion’s speed relative to the solvent is greater than its speed relative 
t0 the electrodes. This so-called electrophoretic effect retards the motion of ions. 


h The asymmetry effect decreases the electrical force on an ion, and the electro- 

Phoretic effect increases the viscous force. Both these effects decrease the drift speed 

"y and the mobility uy. Therefore Am p and A,, decrease as € increases. 

is Debye and Hiickel applied their theory of ionic interactions to calculate the 
“trie mobility of ions in solution. Their treatment was improved by Onsager in 
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lon atmosphere (a) without and 
(b) with an applied electric field. 
The arrow shows the direction of 
motion of the cation, 
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(b) 
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1927. The resulting (Debye—Hiickel-) Onsager limiting law allows for the asymme 
and electrophoretic effects. For the special case of an electrolyte yielding two kinds 
of ions with z, = |z_|, the Onsager equation for Am in water at 25°C and 1 atmis 


Am = (4/6) hm + Am- ~ [az3 + bzi (42, + 4m. -)](C 4/09) 12) (1686 
4= 60.697! cm? mol", b=0.230, z, =|2_ | in HO at 25°¢ 


where c° = 1 mol/dm?. (For the derivation and the general formula when zsh 
see Eyring, Henderson, and Jost, vol. IXA, chap. 1.) 

For a strong electrolyte with no ion pairing and with z, = |z_|, we have c, =o 
and (16.86) becomes 


Ag = AZ —(az3 + bz3.AZ)(c/e?)!/2 forz, = |z. |, strong electrolyte (1637) 


where (16.84) was used. Note the c'/? dependence, in agreement with experimental 
data for strong electrolytes. | 

The Onsager equation is found to be well obeyed by solutions of 1:1 electrolytes 
with c, less than 0,002 mol/dm*. The equation is also well obeyed by very dilute 
solutions of higher-valency electrolytes if ion pairing is taken into account in calu 
lating c, and c_. 


Applications of Conductivity. Substitution of (16.78) into x = Yp Kp gives 
k=) dn aCe 
B 


Measurement of x allows the endpoint of a titration to be found, since the plot of 
K vs. volume of added reagent changes slope at the endpoint, For example, if an 
aqueous HCI solution is titrated with NaOH, x decreases before the endpoint because 
H30* ions are being replaced by Na* ions, and x increases after the endpoint as 
a result of the increase in Na* and OH ` concentrations, 

Conductivity measurements can be used to follow the concentration changes 
during a chemical reaction between ions in solution, allowing the reaction rate to be 
followed. 

Conductivity measurements can be used to determine certain ionic equilibrium 
constants. Consider a very dilute Solution of the electrolyte MX in which there is an 
ionic equilibrium. Using the measured value of Am = K/c, we can solve the Onsager 
equation (16.86) for the ionic concentration c}. From c,, the electrolyte stoichio- 
metric concentration c, and activity coefficients calculated using the Debye-Hiickel 
equation (10.70), we can find the ionic equilibrium constant K, (see Chap. 11). = A 
method has been used to determine dissociation constants of weak acids, solubility- 
product constants of slightly soluble salts, the ionization constant of water, and as- 
sociation constants for ion-pair formation. 

It is convenient to use Am = k/e [Eq. ( 16.59)] to rewrite (16.86) as 

t= cle Ae = S(c4/c)"?] forz, =|z_| 
S=az} +23 (42, 4 An.-)  ¢° = 1 mol/dm? 
where S incorporates the Onsager corrections to the conductivity, Equation (1688) 


ž $ Bo > jve 
is a cubic equation in cl’. For hand calculations, it is fastest to solve it by success! 
approximations. We rewrite the equation as 


K 
Bee 
Imt + dp = Sle, Je? 


(16.88) 
(16.89) 


C4 for z, =|z_| (1699) 


At the high dilutions to which the Onsager equation applies, the interionic-forces 
correction term S(c,/e°)'/? is much less than 1, + 22 _, so as an initial approxi- 
mation we can set C+ = 0 in the denominator on the right of (16.90). Equation (16.90) 
is then used to calculate an improved value of the cation concentration c , , which is 
then substituted in the right side of (16.90) to find a further improved c, value. The 
calculation is repeated until the answer converges. 

Problems 16.53 to 16.56 outline applications of (16.90) to ionic equilibria. 

To use (16.90), Am, and 4, — must be known. They are found by extrapolation 
of mobility or transport-number measurements on strong electrolytes, as discussed 
earlier. See also Probs. 16.41 and 16.42. 


Liquid-junction potentials. We saw in Sec. 14.9 that &,, the potential difference between 
two electrolyte solutions 1 and 2 in contact, results from different rates of diffusion of the 
ions. Equations (16.41) and (16.69) show that the diffusion coefficient of ion B is propor- 
tional to its electric mobility up; also, ug is proportional to the ionic molar conductivity 
Anp [Eq- (16.80)]. Hence, we expect that &, will be a function of the up’s or the A,,p's. 
The theoretical treatment of £; is fairly complicated, and we shall omit any derivations 
(see Ives and Janz, pp. 48-56). The accurate theoretical equation for 6, turns out to 
involve the activity coefficients of single ions, which are not readily measurable. By omit- 
ting the activity coefficients and assuming that the molality of each ion varies linearly 
with distance in the transition layer between the two bulk solutions 1 and 2, one obtains 
the Henderson equation 


6,= 62-6, ou En Am.nzn (mp,2 — ™p,1) 128 on. (16.91) 
F Yodnn(™y.2— mea) $n Åm BMp,2 

where mg; and mg > are the molalities of ion B in the bulk solutions 1 and 2 and zg is 
the charge number of ion B. The sums go over all ions in the solutions. The molar 
conductivities 4,3 in (16.91) are some sort of average values for the molality range mp, 1 
to mp,2, but since (16.91) is approximate, we might as well use the infinite-dilution values 
Amp: For an improvement on the Henderson equation, see H. W. Harper, J. Phys. Chem., 
89, 1659 (1985). 


w 


SUMMARY 


The rate of flow per unit cross-sectional area (the flux) of heat, momentum, matter, 
and charge in thermal conduction, viscous flow, diffusion, and electrical conduction 
8 proportional to the gradient of temperature, speed, concentration, and electric 
Potential, respectively, in the flow direction. The proportionality constants are the 
thermal conductivity k, the viscosity y, the diffusion coefficient D, and the electrical 
conductivity K. 

f The kinetic theory together with a hard-sphere model for intermolecular inter- 
actions gives expressions for k, n, and D in gases at pressures neither very high nor 
very low. These expressions work pretty well, deviations from experiment being due 
eg to the inadequacy of the hard-sphere model in representing intermolecular 
4 Integration of Newton’s viscosity law yields expressions for the flow rates of 
‘Quids and gases under pressure gradients. Measurement of such flow rates gives n. 
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Polymer molecular weights can be determined from measured polym 
viscosities and sedimentation rates. 

The rms displacement in a given direction for a diffusing molecule j 
the Einstein-Smoluchowski equation as (Ax),ms =(2Dr)"'?, where D and 
diffusion coefficient and the time. Diffusion coefficients in liquids can b 
by the Stokes—Einstein equation Dj, = kT/6nnyr; [Eq. (16.42)]. N 

The electric current J is defined as the rate of charge flow dQ/dt. Th 
current density is j = I/./, where of is the conductor's cross-sectional 
conductivity x of a substance is an intensive property defined by x = j/k, 
is the magnitude of the electric field producing the current flow. 

The molar conductivity of an electrolyte solution with stoichiometric con 
tion c is A,, = x/c. Ions move through a current-carrying electrolyte solutios 
drift speed vg that is proportional to the electric field strength: vp = up, wh 
the electric mobility of ion B. The conductivity of an electrolyte solution iş 
(16.63) as x = Y'3 xg = Vp |29|Fugey. The contribution of ion B to x is proj 
to its molar charge |zp|7, its mobility up, and its concentration cp- The trai 
number of an ion is the fraction of current that it carries: ty = jp/j = kpi 
lar conductivity 4,5 of ion B is Ay.» = Kp/cy = |zp| Fup. The electrolyte’s 
conductivity A,, is related to the molar conductivities and concentrations ofi 
see Eqs. (16.81) to (16.84), 

Molar conductivities decrease with increasing electrolyte concentration | 
sult of interionic forces. In dilute solutions, this decrease can be calculated f 
Onsager equation (16.86). The Onsager equation allows ionic concentration 
found from measured conductivities and therefore allows ionic equilibrium cof 
to be found. 

Important kinds of calculations discussed in this chapter include: 


* Calculation of the thermal conductivity k, the viscosity n, and the self- di 
coefficient Dj; of a gas from the hard-sphere kinetic-theory equations ( 
(16.25), and (16.39). 

* Calculation of the hard-sphere diameter of a gas from its viscosity using ( 

* Use of Poiseuille’s law (16.17) or (16.18) to calculate the flow rate of a liqui 
gas in a pipe from the viscosity, or to calculate the viscosity from the flo\ 

* Calculation of viscosity-average molecular weights of polymers from viscosi 
using (16,28). 

* Calculation of (Ax)mms in diffusion using the Einstein-Smoluchowski equ 
(AX)rms = (2002. 

* Estimation of diffusion coefficients in liquids using the Stokes~Einstein am 
Chang equations (16.42), (16.43), and (16.44), 4% 

* Calculation of polymer molecular weights from sedimentation coefficients 
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Thermal conductivity: Landolt- Börnstein, 6th ed., vol. 2, pt. 5b, pp. 39-203; Y. S. 
Touloukian and C. Y. Ho (eds.), Thermophysical Properties of Matter, vols. 1-3, 


Penum, 1970-1976. 


Viscosity: Landolt-Börnstein, 6th ed., vol. 2, pt. 5a, pp. 1-512; J. Timmermans, 
Physico-Chemical Constants of Pure Organic Compounds, vols. 1 and 2, Elsevier, 1950, 


1968. 


Diffusion coefficients: Landolt-Bornstein, 6th ed., vol. 2, pt. 5a, pp. 513-725 and 
i. 5b, pp. 1-39; T. R. Marrero and E. A. Mason, J. Phys. Chem. Ref. Data, 1, 3 (1972). 
Molar conductivities and transport numbers: Landolt-Bérnstein, 6th ed., vol. 2, 


pt 7, pp. 27-726. 


16.2 | 


wre 163 


16.5 


16.6 general 


16.4 | 
Probs, | 16.1164 16.5-16.15 16.16-16.30 
Wl If the distance between the reservoirs in Fig. 16.1 is 
Won, the reservoir temperatures are 325 and 275K, the 
substance is-an iron rod with cross-sectional area 24 cm?, 
k= 080) K7! cm~! s™!, and a steady state is present, cal- 
culate (a) the heat that flows in 60 s; (b) ASuniv in 60 s. 


162 Use the d value in (16.26) to calculate the thermal 
conductivity of He at | atm and 0°C and at 10atm and 
(WC. The experimental value at 0°C and 1 atm is 14 x 
WPJ! K! st, 

163 Use data in (16.26) and the Appendix to calculate the 
thermal conductivity of CH4 at 25°C and 1 atm. The experi- 
mental value is 34 x 1075 J cm7} K7! s7! 


Da Priionan derived the following kinetic-theory equation 
te thermal conductivity of a liquid (see Bird, Stewart, and 
Vfoot, p. 260 for the derivation): 


pee: Op ANS 
NIBY Čvor, 


r vt is the gas constant and p, x, and V are the density, 
al compressibility, and molar volume of the liquid. 

k equation works surprisingly well, especially if the factor 3 
aay ty 2.8, This is the well-known scientific principle of 
pe actor. Use this equation with the 3 changed to 2.8 
te the thermal conductivity of water at 30°C and 1 atm; 


we data in i P n 
413 my ‘oon ower Eq. (4.54). The experimental value is 


16.31-16.34 


p 


16.5 The Reynolds number Re is defined by Re = pdvydd/n, 
where p and n are the density and viscosity of a fluid flowing 
with average speed vy) in a tube of diameter d. (The two-letter 
symbol Re stands for a single physical quantity.) Experience 
indicates that, when Re < 2000, the flow is laminar. For water 
flowing in a pipe of diameter 1.00 cm, calculate the maximum 
value of vy) for laminar flow at 25°C (n = 0.89 cP). 


16.6 (a) For a certain liquid flowing through a cylindrical pipe 
of inside diameter 0.200 cm and length 24.0 cm, a volume of 
148 cm? is discharged in 120 s when the pressure drop between 
the pipe ends is 32.0 torr. The liquid’s density is 1.35 gem’. 
Find the liquid’s viscosity. (b) Calculate the Reynolds number 
(Prob. 16.5) and check that the flow is laminar, Hint: Show that 
<vy) = Vioft, where V/t is the flow rate and of is the cross- 


sectional area. 


16.7 The body-temperature viscosity and density of human 
blood are 4 cP and 1.0 g/em*. The flow rate of blood from the 
heart through the aorta is 5 L/min in a resting human. The 
aorta’s diameter is typically 2.5 cm. For this flow rate, (a) find 
the pressure gradient along the aorta; (b) find the average speed 
of flow (see Prob. 16.6b); (c) find the Reynolds number (Prob. 
16.5) and decide if the flow is laminar or turbulent. Repeat (c) 
for a flow rate of 30 L/min, the maximum flow rate during 


physical activity. 
168 The viscosity of Oz at 0°C and pressures within an order 
of magnitude of 1 atm is 1.92 x 107 * P, Calculate the flow rate 


16.35-16.59 16.60-16.61 


{in g/s) of O3 at 0°C through a tube of inside diameter 0.420 mm 
and length 220 cm when the inlet and outlet pressures are 2.00 
and 1.00 atm. 


16.9 When 10.0 mL of water at 20°C is placed in an Ostwald 
viscometer, it takes 136.5 s for the liquid level to drop from the 
first mark to the second. For 10.0 mL of hexane at 20°C in 
the same viscometer, the corresponding time is 67.3 s. Find the 
viscosity of hexane at 20°C and 1 atm. Data at 20°C and 1 atm: 
tno = 1.002 cP, Puyo = 0.998 giem’, Pesna = 0.659 g/cm’. 


16.10 Derive Poiseuille’s law as follows. (a) Consider a solid- 
cylindrical portion C of fluid of length dy, radius s, and axis 
coinciding with the pipe’s axis (Fig. 16.6). Let P and P + dP 
be the pressures at the left and right ends of C, respectively. 
(dP is negative.) As noted in Sec. 16.3, each infinitesimally thin 
cylindrical layer of fluid within C flows at constant speed and 
so is not being accelerated. Therefore the total force on C is 
zero, The force on C is the sum of the fluid-pressure forces at 
each end of C and the viscous force on the outer curved surface 
of C, due to slower-moving fluid just outside C. The area of 
the curved surface of C equals its circumference 2ns times its 
length dy, Equate the total force on C to zero to show that 


dey/ds = (s/2ndP/dy) 


Integrate this equation and use the no-slip condition ty = Oat 
s=r to show that 


Dy = (1/4n\(r? — $° —dP/dy) 


(b) Consider a thin shell of fluid between cylinders of radii s 
and s + ds, All fuid in this shell moves at speed vy. Show that 
the volume of fluid in the shell that passes a given location in 
time dt is 2xsv,dsdt. To get the total volume dV that flows 
through a given cross section of the pipe in time dt, integrate 
this expression over all shells from s = 0 to s =r, using the 
result of (a) for v, and dm = pd¥ to show that the rate of mass 
flow through the pipe is 


(16,92) 


By conservation of mass, dm/dt is constant along the pipe. For 
a liquid, p can be considered essentially constant the 
Pipe. Separate the variables P and y in (16.92), integrate from 
one end of the pipe to the other, and use dm = pd¥ to obtain 
Poiseuille’s law (16,17), (c) For a gas, p is not constant along 
the pipe, since P varies along the Pipe. Substitute p = PM/RT 
into (16.92), separate P and y, and integrate to obtain (16.18). 
16.11 Calculate the terminal speed of fall in water at 25°C of 
a spherical steel ball of diameter 1.00 mm and density 7.8 g/cm’. 


Repeat for glycerol (density 1.25 g/cm’). Use data following 
(16,14), 


508 


16.12 Some viscosities of CO.(9) at t atm are 139, iy 
436 uP (micropoise) at 0, 490, and 850°C, w 
late the apparent hard-sphere diameter of CO, 2 at cach diy 
temperatures. 


1613 The viscosity of Hz at 0°C and 1 atm is 83) gdy 
Find the viscosity of Dz at 0°C and 1 atm. 


16.14 (a) Find M, and M,, for a polymer sample tht be 
equimolar mixture of species with molecular weights 20 caf 
and 6.0 x 10°. (b) Find M, and Mw fora Polymer sample thy 
is a mixture of equal weights of species with moleculas wage 
2.0 x 10° and 6.0 x 10°, 


16.15 For solutions of polystyrene in benzene at we 
following relative viscosities were measured as a fonction d 
polystyrene mass concentration py: 


paligdm) | 1,000 | 
e 1157 f 

i 
For polystyrene in benzene at 25°C, the constants in (AN 


are K = 0.034 em*/g and a = 0.65. Find the viscosity aveng 
molecular weight of the polystyrene sample. 


16.16 (a) For Sb diffusing into Ag at 20°C, how many yam 
will it take for (Ax),,,, 10 reach | cm? See Sec. 164 Gee 
(b) Repeat (a) for Al diffusing into Cu at 20°C. 


16.17 Calculate (Ax),., for a sucrose molecule in a dha 
Aqueous solution at 25°C for times of (a) 1 min; (b) 1 hr blé 
(see Sec, 16.4 for D). 


16.18 If is the net displacement of a diffusing moled ® 
time 1, show that r,,,, = (6D1)!/?, 


16.19 Observations by Perrin on spherical particles of ja 
boge (a gum resin obtained from trees native to 

With average radius 2.1 x 10” > cm suspended in waterat IPC 
(for which n = 0.011 P) gave 10% (AX). as 7.1, 10.6, and IEIS 
for time intervals of 30, 60, and 90 s, respectively: 

values of Avogadro's number from these data, 


16.20 Suppose the following Ax values (in um) are fond ® 
Observations over equal time intervals on particles vate 
Brownian motion: — 5.3, +3.4, —1.9, —04, +05, #34 

~35, +14, +03, —1.0, +26. Calculate (Ax) and (the 


16.21 Use (16.26) to calculate Dy for O; at °C at 
atm; (b) 10.0 atm. The experimental value at C a94 
0.19 cm?/s, 


1622 Calculate Dy, at 0°C and 1,00 atm for Hy 0a 
using data from (1626), The experimental value is @ 


1623 Use (16.44) to estimate D for HzO at 25°C e 
in = 0.89 cP), The experimental valuc is 24 x 10 


3000 | 4500. | am 
| z 


1.536 1.873 2% 


Dx for N; in water at 25°C and 1 atm; use 


= ‘te 
= 16.3, The experimental value is 1.6 x 1075 


=Æ y that the rigorous theory predicts for hard- 
ar Dj = 6n/5p. (b) For Ne at 0°C and | atm, 

P. Predict D;j at 0°C and 1.00 atm. The ex- 
es ¢ is 044 em?/s. 


— 


== = Dy, for hemoglobin in water at 25°C (n = 
Cc =a that / = 48000 cm3/mol for hemoglobin. As- 
f ———— sales are spherical and estimate the volume of a 
ag E ~~a The experimental value is 7 x 1077 cm?/s. 
ESY that Eq. (16.33) can be written as xF,(t) — 

u z aa ad’ix?)/dt? — m(dx/dt)?. (b) Take the average 
in (a) over many colloidal particles, noting 
because Fy and x vary independently of each 
is as likely to be positive as negative. Show 
> =2Xe,) = kT, where (ex) is the particles’ 
energy in the x direction, and where it is as- 
«< a= > =}kT. (c) Show that mds/dt + fs = 2kT, 
de = SS. (d) Show that the equation in (c) integrates 
————— Som, ~S/™, where c is an integration constant. 
ae Ee is essentially zero for a finite time (see 
i a <—x*)/dt = 2kT/f. Show that this equation inte- 
af we let x = Oat 1 = 0. (d) In (c), we set e 7 
spherical colloidal particle of radius 10” * em 
= = <n! undergoing Brownian motion in water at 
P =æ ææ re (n ~ 0.01 P), calculate e7% for t=1 s. 


— 


= e—a constant-T-and-P diffusion in solutions of 
of all <= xa <i BP, under the assumption that AV = 0 for 
Le HE eae tions of A and B. Since AVmix = 0, the partial 
— V, and Vy are constants, From (9.14), the 
= ææ time di in the solution on one side of a plane 
~Œ Æ fusion js occurring is dV = Va dna + Vadnp, 
— æ, are the numbers of moles passing through 
sams << dı. (a) Solve the equations of (16.30) for dna 
== stiute the results in dV =0 to show that 
DygaYa(dcy/dx) = 0. (b) Use (9.16) to show 
= |. Differentiate this equation with respect 
the result with that of (a) to show that Dag = 


amw 
ine ee 
and 


the Einstein-Smoluchowski equation 

mi * follows. Consider three planes L, M, and 
= and right) perpendicular to the x axis and 
= tance (Ax),m, between L and M and between 
4AXems is for time t. Let the concentration 
constant, and let c}, and cp be the average 
the diffusing species in the regions between 
een M and R, respectively. All molecules of 
Æ es between L and M are within a distance 
are therefore capable of crossing it in time t. 


However, half these molecules have a positive Ax and half have 
a negative Ax, so only half these molecules cross M in time t. 
Similarly for molecules between M and R. Show that the net 
rate of flow of the diffusing species to the right through plane 
Mis 

dnjdt = An/At = 4(cy, — Cx) A(AX)ems/t 


where of is the area of M. Show that the concentration gradient 
at M is de/dx = (cx — Cz)/(AX)¢ms- Substitute these two expres- 
sions into Fick’s law (16.30) and obtain (AX)ms = (2D0)"/ a 


16.30 For human hemoglobin in water at 20°C, one finds 
F” = 0.749 cm3/g, D? = 6.9 x 1077 cm?/s, and s? = 4.47 x 
10713 s, The density of water at 20°C is 0.998 g/em?. Calculate 
the molecular weight of human hemoglobin. 


1631 For a current of 1.0A in a metal wire with cross- 
sectional area 0.02 cm, how many electrons pass through a 
cross section in 1.0 s? 


16.32 Calculate the resistance at 20°C of a copper wire with 
length 250 cm and cross-sectional area 0.0400 cm?, given that 
the resistivity of Cu at 20°C is 1.67 x 1076 Q cm. 


16.33 Calculate the current in a 100-Q resistor when the po- 
tential diference between its ends is 25 V. 


16.34 In an electrolysis experiment, a current of 0.10 A flows 
through a solution of conductivity « = 0.010 Q7! cm™! and 
cross-sectional area 10 cm?. Find the electric-field strength in 
the solution. 


16.35 Calculate the mass of Cu deposited in 30.0 min from a 
CuSO, solution by a 2.00-A current. 3 


16.36 The following resistances are observed at 25°C in a 
conductivity cell filled with various solutions: 411.82 Q for 
a 0.741913 wt % KCI solution; 10.875 KQ for a 0,001000-mol/ 
dm? solution of MClz; 368.0 KQ for the deionized water used 
to prepare the solutions. The conductivity of a 0.741913% KCI 
solution is known to be 0.012856 (U.S. int. Q) cm7 Pat 25°C, 
The U.S. international ohm is an obsolete unit equal to 
1.000495 Q. Calculate (a) the cell constant; (b) x of MCI, in a 
25°C aqueous 10~3-mol/dm3 solution; (c) Am of MCI, in this 
solution; (d) Aeq of MCI, in this solution. 


1637 For a 5.000-mmol/dm* aqueous solution of SrCl, at 
25°C, the conductivity is 1.242 x 107° Q7? cm” 1, For SrCl, 
in this solution, calculate (a) Am: (b) Neg: 


1638 The moving-boundary method was applied to a 
0,02000-mol/dm* aqueous NaCl solution at 25°C using CdCl, 
as the following solution. For a current held constant at 1.600 
mA, Longsworth found that the boundary moved 10.00 cm in 
3453 s in a tube of average cross-sectional area 0.1115 cm? 
The conductivity of this NaCl solution at 25°C is 2.313 x 
107° Q7! cm” Ï. Calculate u(Na *) and ¢(Na +) in this solution. 


16.39 (a) Show that the transport number fg can be calculated 
from moving-boundary data using 


tg = |s| F ca x/Q 


where Q is the charge that flows when the boundary moves a 
distance x. (b) The moving-boundary method was applied to 
a 33.27-mmol/dm°? aqueous solution of GdCl, at 25°C using 
LiCl as the following solution. For a constant current of 5.594 
mA, it took 4406s for the boundary to travel between two 
marks on the tube; the volume between these marks was known 
to be 1.111 cm?. Find the cation and anion transport numbers 
in this GdCl, solution. 


16.40 A 0.14941 wt % aqueous KCI solution at 25°C was 
electrolyzed in a Hittorf apparatus using two Ag-AgCl elec- 
trodes, The cathode reaction was AgCl(s) +e” > Ag(s) + 
Cl (aq); the anode reaction was the reverse of this. After the 
experiment, it was found that 160.24 mg of Ag had been de- 
posited in a coulometer connected in series with the apparatus 
and that the cathode compartment contained 120.99 g of solu- 
tion that was 0.19404 percent KCI by weight. Calculate t, and 
t_ in the KCI solution used in the experiment. Neglect the 
transport of water by ions. Hint: Use the fact that the mass of 
water in the cathode compartment remains constant. 


16.41 (a) The following A? values in Q`! cm? mol~! are 
found for 25°C solutions in the solvent methanol: KNO,, 
114.5; KCl, 105.0; LiCl, 90.9. Using only these data, calculate 
Am for LiNO, in CH,OH at 25°C. (b) The following AZ 
values in Q7! cm? mol! are found for 25°C aqueous solu- 
tions: HCI, 426; NaCl, 126; NaC2H,03, 91. Using only these 
data, calculate 2% + + 42 _ for HC,H,0, in water at 25°C. 


16.42 To find A” values in a given solvent, we need only one 
accurate transport number in the solvent. For the solvent 
CH3OH at 25°C, the cation transport number ¢? in NaCl has 
been found to be 0.463. Observed Am Values in Q7! cm? 
mol ~* in CHOH at 25°C are 96.9 for NaCl; 106.4 for NaNO; 
100.2 for LiNO3; 107.0 for NaCNS; 192 for HCI; 244 for 
Ca(CNS),. Find 2% in CH,OH at 25°C for Na*, Cl”, NO;, 
Li*, CNS~, H*, and Ca?*. 


16.43 For ClOg in water at 25°C, dn = 67.497! cm? 
mol” '. (a) Calculate u(ClO{) in water at 25°C. (b) Calculate 
the drift speed »*(ClO;) in water at 25°C ina field of 24 V/cm. 
(c) Estimate the radius of the hydrated perchlorate ion. 


16.44 From 4% data tabulated in Sec. 16.6, calculate A% for 
the following electrolytes in water at 25°C: (a) NH,NO,; (b) 
(NH4)2SO4; (c) MgSO4; (d) Ca(OH),. 


16.45 Use 4, data in Sec. 16.6 to calculate t°(Mg?*) and 
1°(NO3 ) for Mg(NO3)3(aq) at 25°C. 


cm? mol~! and t? = 0.386. Using only these number i 
j 


4m of Na* (aq) and of SO} (aq) at 25°C and 1 atm, 


16.46 For Na,SO,(aq) at 25°C and 1 atm, A? = 2596 97! 


16.47 A very dilute solution of AgNO; (aq) is electrolyzed ang 
1,00 mmol of Ag is deposited. Use infinite-dilution data in Seg 
16.6 to estimate the number of moles of NO3 (aq) that crossed 
the plane midway between the electrodes during the electrolysis 


16.48 The charge of Mg?* is twice that of Na*, and from Fy 
(16.70) one might therefore expect Mg? *(aq) to have a much 
greater uv” than Na *(aq). Actually, these ions have very similar 
mobilities. Explain why. 


16.49 (a) Which of the following quantities must be the same 
for CaCl,(aq) as for NaC\(aq) at the same temperature and 
pressure: A (C17), r°(Cl~), u®(C17)? (b) Must u(Cl>) be the 
same in 1.00 mol/dm* NaCl and KCI solutions at the same T 
and P? 


16.50 For an NaC\(aq) solution, which of the following quan- 
tities go to zero as the NaCl concentration goes to zero? Assume 
the solvent’s contribution to the conductivity has been sub- 
tracted off. (a) Am; (b) x; (c) Ap (Na); (d) (Na *). 


16.51 (a) Use (16.70) to show that 
dinis 1 dy 
dT dT 


(b) Viscosities of water at 1 atm and 24, 25, and 26°C are 09111, 
0.8904, and 0.8705 cP, respectively. Approximate dn/dT by 
An/AT and show that the equation in (a) predicts d In Jq/dT = 
0.023 K~? for all ions in water at 25°C. Experimental values 
for this quantity are typically 0.018 to 0.022 K™". (c) Estimate 
4m for NO3 (aq) at 35°C and 1 atm from the tabulated 25°C 
value. 


16.52 (a) Use the Onsager equation to calculate M and 
«for a0.00200-mol/dm? solution of KNO; in water at 25 Cant 
1 atm. (b) Find the resistance of this solution in a conductivity 
cell with electrodes of area 1.00 cm? and separation 10.00m 


16.53 The conductivity of pure water at 25°C and 1 alm 
54; x 107 Q! cm~!. [H.C. Duecker and W. Bag 
Phys. Chem., 66, 225 (1962).] Use (16.90) to find K, for the 
ization of water at 25°C. 


the concentration-scale K,, for CaSO, in water a at 
Does the existence of CaSO, ion pairs in the solu 
error in the result for (a)? 


16.55 The conductivity of a 0.001028-mol/dm* aque 
tion of HC,H,0, at 25°C is 4.95 x 1075 Q7? om 


ous soll 
- 1 Use 


(1690) to find K, for the ionization of acetic acid in water at 


ye. 

1656 The conductivity of a 2.500 x 1074 mol/dm? aqueous 
olution of MgSO, at 25°C is 6.156 x 1075 Q! cem™t. Use 
(1690) to calculate K, for the ion-pair-formation reaction 
wget + S047 = MgSO, (aq) at 25°C. 


1657 Verify that, if the correction term S(c4./c°)"!? is omitted 
from (16.90), the degree of dissociation of the weak acid HX is 
given by a S Amm, + + Am,—), an equation due to Arrhenius. 


1658 Find A% for SrCl, in water at 25°C from the following 
data on aqueous 25°C SrCl, solutions: 
«ltnmol/dm?) 


0.25 | 0.50 2.50 


263.8 | 260.7 248.5 


Ag” x cm?/mol) 


16.59 Use (16.91) to estimate the liquid-junction potential at 
25°C between (a) 0.100 mol/kg HCI and 0.0100 mol/kg HCI; 
(b) 0.0100 mol/kg HCI and 0.100 mol/kg HCI; (c) 0.100 mol/kg 
HBr and 0.200 mol/kg KCI; (d) 0.100 mol/kg HBr and 4.00 
mol/kg KCI. The second-listed solution is on the right of the 
cell diagram, and all solutions are in water. 


16.60 For the ion Mg” *(aq) at 25°C, estimate the rms dis- 
tances traveled in the x direction in 1 s and in 10 s as a result 
of random thermal motion. 


16.61 State whether each of the following properties increases 
or decreases as intermolecular attractions increase: (a) viscosity 
of a liquid; (b) surface tension of a liquid; (c) normal boiling 
point; (d) molar heat of vaporization; (e) critical temperature; 
(f) van der Waals a. 
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REACTION KINETICS 
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REACTION KINETICS 


We began our study of nonequilibrium processes in Chap. 16, which deals with phys 
ical kinetics (the rates and mechanisms of transport processes). We now move onto 
chemical kinetics. 

Chemical kinetics, also called reaction kinetics, is the study of the rates and 
mechanisms of chemical reactions. A reacting system is not in equilibrium, so reaction 
kinetics is not part of thermodynamics but is a branch of kinetics (Sec. 16.1). This 
chapter deals mainly with experimental aspects of reaction kinetics. The theoretial 
calculation of reaction rates is discussed in Chap. 23. 

Applications of reaction kinetics abound. In the industrial synthesis of com 
pounds, reaction rates are as important as equilibrium constants, The thermodyname 
equilibrium constant tells us the maximum possible yield of NH3 obtainable at at) 
given T and P from N, and H3, but if the reaction rate between Nz and Hy is (0? 
low, the reaction will not be economical to carry out. Frequently, in organic prepir 
ative reactions, several possible competing reactions can occur, and the relative rales 
of these reactions usually influence the yield of each product. What happens to p° 
lutants released to the atmosphere can be understood only by a kinetic analysis 0 
atmospheric reactions. An automobile works because the rate of oxidation of hydi 
carbons is negligible at room temperature but rapid at the elevated temperita 
the engine. Many of the metals and plastics of modern technology are therm : 
namically unstable with respect to oxidation, but the rate of this oxidation is S0 
at room temperature. Reaction rates are fundamental to the functioning of living 
ganisms. Biological catalysts (enzymes) control the functioning of an organism by 
lectively speeding up certain reactions. In summary, to understand and pedi 
behavior of a chemical system, one must consider both thermodynamics and kine! 


We begin with some definitions. A homogeneous reaction is one that occurs 
entirely in one phase. A heterogeneous reaction involves species present in two or 
more phases. Sections 17.1 to 17.16 deal with homogeneous reactions. Section 17.17 
deals with heterogeneous reactions. Homogeneous reactions are divided into gas- 
hase reactions and reactions in (liquid) solutions. Sections 17.1 to 17.13 apply to 
both gas-phase and solution kinetics. Section 17.14 deals with aspects of kinetics 
que to reactions in solution. 


wni : 
Consider the homogeneous reaction 


aA + bB +e: + eE+ fF +" » (17.1) 


where a, b,..., e, f,..- are the coefficients in the balanced chemical equation and 
A,B,..-, E, F,... are the chemical species. In this chapter, it is assumed (unless 
otherwise stated) that the reaction occurs in a closed system. The rate at which any 
reactant is consumed is proportional to its stoichiometric coefficient; therefore 


dny/dt a 1 dna TE.. dng 


dnẹ/dt b an eae Ba 


where ¢ is the time and ny is the number of moles of A. The rate of conversion J 
for the homogeneous reaction (17.1) is defined as 


_tdna _ 1 dng dng ldnge_ (172) 


vee pk edt f dt 
Since A is disappearing, dn,/dt is negative and J is positive. At equilibrium, J = 0. 
Actually, the relation —a~' dn,/dt =e‘ dng/dt need not hold if the reaction 
hasmore than one step. For a multistep reaction, the reactant A may first be converted 
to some reaction intermediate rather than directly to a product. Thus the instanta- 
neous relation between dna/dt and dng/dt may be complicated. If, as is frequently 
true, the concentrations of all reaction intermediates are very small throughout the 
reaction, their effect on the stoichiometry can be neglected. 
The conversion rate J is an extensive quantity and depends on the system’s size. 
The conversion rate per unit volume, J/V, is called the rate of reaction r. 


red nt (a4) (17.3) 
V 


rìs an intensive quantity and depends on T, P, and the concentrations in the ho- 
Mogeneous system. In most (but not all) systems studied, the volume is either con- 
stant or changes by a negligible amount. When V is essentially constant, we have 
WY(dn jdi) = d(ny/V)/dt = de,/dt = d[A]/dt, where cą = [A] is the molar con- 
Centration [Eq. (9.1)] of A. Thus, for the reaction (17.1) 


r= 1AA] _ 1 aB] 1- d[E) hae , const. V (17.4)* 


a dt b dt edt f dt 


We Shall assume constant volume in this chapter. Common units for r are mol dm~ 
$ < and mol cm~? N 
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SECTION 17.1 
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| EXAMPLE I 


Give the expressions for r of (a) N, + 3H, > 2NH;; (b) 0 > y vA; [Eq (49 
Also, state the conditions of applicability of these expressions, 

(a) From (17.4), r = —d[N]/dt = —4d[H,]/dt = $d[NH3]/dt. 

(b) The quantities —a, —b,...,e, f,... in (17.4) are the stoichiometric co. 
eficients (Sec. 4.9) for the reaction (17.1). Therefore (17.4) gives r = (vaai 
as the rate of the general reaction 0 > Y; v;A;. For these expressions to be 
valid, V must be constant and any reaction intermediates must have Negligible. 
concentrations. i 


For many (but not all) reactions, r is experimentally found to have the form 


r= k(AP[B] + [L] ms 
where the exponents a, B,..., A are usually integers or half-integers G3...) Th 
proportionality constant k, called the rate constant or rate coefficient, is a function 
of temperature and pressure. The pressure dependence of k is small and is usually 
ignored. The reaction is said to have order a with respect to A, order f with respect 
to B, etc. The exponents x, $, . . . are also called partial orders, The suma +f +4 
4 = n is the overall order (or simply the order) of the reaction. Since r has units of 
concentration over time, k in (17.5) has units concentration! ~" time~!. Most com- 
monly, k is given in (dm*/mol)"~! $~ t, A first-order (n = 1) rate constant has unis 
s`! and is independent of the units used for concentration. i 
The expression for r as a function of concentrations at a fixed temperature is 
called the rate law. Some observed rate laws for homogeneous reactions are 


k(H][Br2]"? 
(1) H, + Br, > 2HBr 14 jPHBr]/[Bry] 
Q) 2N,0, + 4NO, +0, r=k[N3Os] 
(3) H, +1, > 2HI ` r = k[H] [1] 
(4) 2NO +0, > 2N0, r = k[NO] [O] (174 
(5) CH,;CHO > CH, + CO r = k[CH,CHO}*? 
(6) 2H,0,+42H,0 +0, r= «(H,0,]00] 

af 

(D He +TP* son att r= eT 


where the values of k depend strongly on temperature and differ from one reaction 
to another; in reaction (1), Jj is a constant. Reactions (1) to (5) are gas phase; bein 
(6) and (7) are in aqueous solution. For reaction (1), the concept of order is w 
cable. Reaction (5) has order 3. In reaction (6), the species I~ speeds up the me 
but does not appear in the overall chemical equation and is therefore a catin 
reaction (7), the order with respect to Hg?* is —1. Note from reactions (1) OF 
(6), and (7) that the exponents in the rate law can differ from the coefficients e 
balanced chemical equation. Rate laws must be determined from measurements" 
action rates and cannot be deduced from the reaction stoichiometry. i 

Actually, the use of concentrations in the rate law is strictly correct om 
ideal systems. For nonideal Systems, see Sec. 17.9. 


ly for 


Suppose all the concentrations in (17.5) have the order of magnitude 1 mol/dm?. 
With the order-of-magnitude approximation a[E]/dt ~ A[E]/At, Eqs. (17.4) and (17.5) 
give for 1-mol/dm? concentrations: A[E]/At ~ k(1 mol/dm?)", where n is the reaction 
order and e has been omitted since it doesn’t affect the order of magnitude of things. 
For a substantial amount of reaction, A[E] will have the same order of magnitude 
aA], namely, 1 mol/dm*. Therefore, 1/k [multiplied by (dm3/mol)"~! to make 
things dimensionally correct] gives the order of magnitude of the time needed for 
asubstantial amount of reaction to occur when the concentrations have the order 
of magnitude 1 mol/dm*. For example, reaction (3) in (17.6) has k = 0.0025 dm? 
mol! s~! at 629 K; for this reaction, it will take on the order of 400 s for a substan- 
tial amount of reaction to occur when the concentrations are 1 mol/dm?, which cor- 
responds to partial pressures of 50 atm. 

Equation (17.1) gives the overall stoichiometry of the reaction but does not tell 
us the process or mechanism by which the reaction actually occurs. For example, the 
I”-catalyzed decomposition of H,O,(aq) [reaction (6) in (17.6)] has been postulated 
to occur by the following two-step process: 


H,0, + I” + H,O +107 


10> + H,0; > H,O + 0, +17 gn 


The overall stoichiometry of the two steps is 2H,0, > 2H,O + O, and does not 
contain the intermediate species IO~ or the catalyst I~ (which is consumed in the 
first step and regenerated in the second). A species like IO~ in (17.7), that is formed 
in one step of a mechanism and consumed in a subsequent step so that it does not 
appear in the overall reaction, is a reaction intermediate. 

There is good evidence that the gas-phase decomposition of NO with overall 
raction 2N,0; + 4NO, + O, occurs by the following multistep mechanism: 


Step (a): N20; = NO, + NO; 
Step (b): NO, + NO; > NO + O, + NO, (17.8) 
Step (c); NO + NO; > 2NO2 


Here, there are two reaction intermediates, NO, and NO. Any proposed mechanism 
must add up to give the observed overall reaction stoichiometry. Step (c) consumes 
the NO molecule produced in step (b), so step (c) must occur once for each occurrence 
of (b). Steps (b) and (c) together consume two NO3’s; since step (a) produces only 
one NO3, the forward reaction of step (a) must occur twice for each occurrence of 
Steps (b) and (c). Taking 2 times step (a) plus 1 times step (b) plus 1 times step (c), 
We get 2N205 + 4NO, + Oy, as we should. 

The number of times a given step in the mechanism occurs for each occurrence 
of the overall reaction as written is the stoichiometric number s of the step. For the 
Overall reaction 2N,0, + 4NO, + O}, the stoichiometric numbers of steps (a), (b), 
eid G in the mechanism (17.8) are 2, 1, and 1, respectively. Don’t confuse the stoichio- 
Metric number s of a step with the stoichiometric coefficient v of a chemical species. 

Each step in the mechanism of a reaction is called an elementary reaction. 
eons reaction consists of a single elementary step. A complex (or composite) 
ea Consists of two or more elementary steps. The N3205 decomposition 
i a 1S complex. The Diels-Alder addition of ethylene to butadiene to give 
Vlohexene is believed to be simple, occurring as the single step CH,=CH, + 

2=CHCH=CH, > CgH io. 


____Emi 
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The form of the rate law is a consequence of the mechanism 
Sec. 17.6. For some reactions, the form of the rate law changes with temp He 
indicating a change in mechanism. Sometimes one finds that data for a given i 
geneous reaction are fitted by an expression like r = KCA]: This indicates 
the reaction probably proceeds by two different simultaneously occurring 
that produce different orders. Thus, it is likely that one could get as good or bete 
a fit with an expression like r = k'[A] + K”[A]?. 

An important concept is that of pseudo order. For the hydrolysis of Sucrose, | 


of the reaction 


C12H2201; + H20 > C,H, ,0, + C6H 1206 (119, 


Glucose Fructose 


one finds the rate to be given by r= k[C,H,,0, 1]. However, since the solvent 
H,0 participates in the reaction, one would expect the rate law to have the form 
r = k[C,,H220,,]"[H,0]”. Because H20 is always present in great excess, ily 
concentration remains nearly constant during a given run and from One run to 
another. Therefore [H,O]” is essentially constant, and the rate law is apparently 
r = k[C,,H>,0,,], where k = K'[H20]". This reaction is said to be pseudo fits 
order. It is difficult to determine v, but kinetic data indicate v x 6, (This can be ex 
plained by a reaction mechanism that involves a hexahydrate of sucrose,) 

Pseudo order is involved in catalyzed reactions. A catalyst affects the rate with 
out being consumed during the reaction, The hydrolysis of sucrose is acid-catalyzed | 
During a given run, the H,O* concentration remains fixed, However, when [H,0*] 
is varied from one run to another, it is found that the rate is in fact first order wih 
respect to H;O*. Thus, the correct rate law for the hydrolysis of sucrose is r= 
k’[C,,H20, 1][H20] [H,O +], and the reaction has order 8. During a given run, 
however, its apparent (or pseudo) order is 1. 
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MEASUREMENT OF REACTION RATES 


To measure the reaction rate r [Eq. (17.4)], one must follow the concentration ofa 
eactant or product as a function of time. In the chemical method, one places severtl 
reaction vessels with identical initial compositions in a constant-temperature bath 
At convenient intervals, one Withdraws samples from the bath, slows down or stops 
the reaction, and rapidly analyzes the mixture chemically, Methods for slowing the 
reaction include cooling the sample, removing a catalyst, greatly diluting the reaction 


ume decreases, and dilatometry is the most common way of measuring polymeriza- 
tion rates. If one of the species has a characteristic spectroscopic absorption band, 
ihe intensity of this band can be followed. If one of the species is optically active, 
the optical rotation can be followed. The first quantitative kinetics experiment was 
Wihelmy's 1850 work on the hydrolysis of sucrose. All three sugars in (17.9) are 
optically active but have different specific rotations. Wilhelmy followed the reaction 
in a polarimeter. Tonic reactions in solution can be followed by measuring the elec- 
trical conductivity. The refractive index of a liquid solution can be measured as a 
function of time. 

Most commonly, the reactants are mixed and kept in a closed vessel; this is 
the static method. In the flow method, the reactants continuously flow into the re- 
action vessel (which is maintained at constant temperature), and products continu- 
ously flow out. After the reaction has run for a while, a steady state (Sec. 1.2) is 
reached in the reaction vessel and the concentrations at the outlet remain constant 
with time. The rate law and rate constant can be found by measuring the outlet 
concentrations for several different inlet concentrations and flow rates. (Flow systems 
are widely used in industrial chemical production.) 

The above-mentioned “classical” methods of kinetics are limited to reactions 
with half-lives of at least a few seconds. (The half-life is the time it takes for the con- 
centration of a reactant to be cut in half.) Many important chemical reactions have 
half-lives (for typical reactant concentrations) in the range 10° to 10~* s, and may 
be called fast reactions. Examples include gas-phase reactions where one reactant is 
afte radical and many aqueous-solution reactions that involve ions. (A free radical 
isa species with one or more unpaired electrons; examples are CH, and Br.) More- 
over, many reactions in biological systems are fast; for example, the rate constants 
for formation of complexes between an enzyme and a small molecule (substrate) are 
typically 10° to 10° dm? mol! s~‘. Methods used to study the rates of fast reac- 
tions are discussed in Sec. 17.13. 

There are many pitfalls in kinetics work. A review of solution kinetics stated: 

“Iis a sad fact that there are many kinetic data in the literature that are worthless 
and many more that are wrong in some important respect. These faulty data can be 
found in papers old and new, authored by chemists of small reputation and by some 
of the best known kineticists . . .” (J. F. Bunnett in Lewis, p. 187). 
_ One must be sure the reactants and products are known. One must check for 
Side reactions, The reagents and solvent must be carefully purified. Certain reactions 
ate sensitive to trace impurities that are difficult to remove; for example, dissolved 
0; from the air may strongly affect the rate and products of a free-radical reaction. 
Traces of metal ions catalyze certain reactions. Traces of water strongly affect certain 
Tactions in nonaqueous solvents. To be sure that the rate law has been correctly 
determined, it is best to make a series of runs varying all concentrations and following 
the reaction as far to completion as possible. Data that appear to lie on a straight 
line for the first 50 percent of a reaction may deviate greatly from this line when the 
Faction is followed to 70 or 80 percent of completion. 

Because of the many possible sources of error, reported rate constants are fre- 
quently of low accuracy, 
be Benson has developed methods to estimate the order of magnitude of gas-phase 
i Constants. See S. W. Benson and D. M. Golden in Eyring, Henderson, and 
Ost, Vol. VII, pp. 57-124; S. W. Benson, Thermochemical Kinetics, 2d ed., Wiley- 
Interscience, 1976. i . 
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INTEGRATION OF RATE LAWS 


Kinetics experiments (Sec. 17.2) yield concentrations of reacting species as function 
of time. The rate law (Sec. 17.1) that governs a reaction is a differential equation ty 
gives the rates of change d[A]/dt, etc., in the concentrations of the reacting specj 
Methods for deducing the rate law from kinetics data are discussed in the next section, 
Most of these methods compare concentrations of reacting species predicted by the 
possible rate laws with the experimental data. To obtain the concentrations vs, tine 
predicted by a rate law, one must integrate the rate law, Therefore, this section inte. | 
grates the commonly occurring rate laws. 

In the following discussion, it is assumed unless stated otherwise that: (a) The 
reaction is carried out at constant temperature. With T constant, the rate constant k 
is constant. (b) The volume is constant. With V constant, the reaction rate r is give 
by (17.4). (c) The reaction is “irreversible,” meaning that no significant amount of 
reverse reaction occurs. This will be true if the equilibrium constant is very large or 
if one studies only the initial rate. 


First-Order Reactions. Suppose the reaction aA — products is first order withr= 
k[A]. From (17.4) and (17.5), the rate law is 


pe TAY L kea] (1710 


Defining k4 as ką = ak, we have 
a[A]/dt = -k [A] where ky = ak (17.11) 


The subscript in ka reminds us that this rate constant refers to the rate of change in 
the concentration of A. Chemists are inconsistent in their definitions of rate con- 
stants, so in using measured k values one must be sure of the definition. 

The variables in (17.11) are [A] and t. To solve this differential equation, we 
rearrange it to separate [A] and t on Opposite sides. We have d[A]/[A] = -kąd 
Integration gives f? d[A]/[A] = =f? k, dt, and 


In ([A]2/[A],) = —ka(ts — t,) (1711) 


Equation (17.12) is valid for any two times during the reaction. If state 1 is the state 
at the start of the reaction when [A] = [A]o and t = 0, then (17.12) becomes 


, [A] 1713) 
In = — kyr w 
[Alo ~** hae 
where [A] is the concentration at time 1. Use of (1.65) gives [A]/[A]o =@ "^an 
[A] = [A] e*t aw 


For a first-order reaction, [A] decreases exponentially with time (Fig. 17.1a). tof 
If the reaction is first-order, Eq. (17.13) (multiplied by — 1) shows that a plo a 
in ((AJo/[A}) vs. t gives a straight line of slope k,- A plot of log [A] vs. Bi 
Straight line of slope —k4/2.303, a ife 
The time required for [A] to drop to halfits value is called the reaction’s on 
‘1/2: Setting [A] = $[A]p and £ = t, in (17.13) or [A]2/[A], = and tz —t1 ="? 


LAIITA lo 


t X [Aloka 


(a) (b) 
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in(17.12), we get —katı;2 = ln } = —0.693. For a first-order reaction, 
kalyj2 = 0.693 first-order reaction (17.15)* 


Second-Order Reactions. The two most common a of second-order rate laws 
aer=k[A]? and r = k[A][B], where A and B are two different reactants. 
Suppose the reaction is aA + products and r = k{A]?. Then —a™ ' d[A]/dt = 
KAP. Defining ką = ak as in (17.11) and separating variables, we have 
d{A] reel j 
mal sche a k 2 — d{A] = —k dt 
dt a[A]’ and f [AP [A] aji 


1 1 1 1 


a une eS agree sh 7.16 
[A] [A] oe Aly pale “si ca 
[A] a 
[Al = ir kate’ irig 


From (17.16), a plot of 1/[A] vs. t gives a straight line of slope ka if r = KAY. 
The half-life is found by setting [A] = 4[A]o and t = t1/2 in (17.16), to give 


ty = 1/[A]ok, second-order reaction with r = k[A]? (17.17) 


For a second-order reaction, t,2 depends on the initial A concentration, which is in 
contrast to a first-order reaction; t,). doubles when the A concentration is cut in half. 
Thus it takes twice as long for the reaction to go from 50 to 75 percent completion 
as from 0 to 50 percent completion (Fig. 17.10). 

Now suppose the reaction is aA + bB — products with rate law r = k[A][B]. 
Then (17.4) and (17.5) give 


1a{A] _ _ gray] (17.18) 
a dt 

There are three variables in (17.18), namely, [A], [B], and t. To integrate (17.18), we 
must eliminate [B] by relating it to [A]. The amounts of B and A that react are 
ia Portional to their coefficients b and a in the reaction, so Ang/An, = b/a. Division 
y the volume gives b/a = A{B]/A[A] = ([B] - (B]o)/(LA] —[Alo) where [Blo 


Reactant concentrations vs. time 
in (a) a first-order reaction; (b) a 
second-order reaction. 


CHAPTER 17 


and [A]Bo are the initial concentrations of B and A. Solving for [B], we find 
[B] = [B]o — ba *[A]p + ba~ '[A] w 
Substituting (17.19) into (17.18), separating [A] and ¢, and integrating, we get 


2 1 2 
J 1 [AB = ba TA] + ba Tay “141 = ~ I _ eee 
A table of integrals gives 


1 1 p+sx 
dx = ——In for p40 

f ER px p (ay 
To verify this relation, differentiate the right side of (17.21). Using (17.21) with p= 
[B]o — ba” '[A]o, s = ba™ t, and x = [A], we get for (17.20) 


l n Blo = ba'a] + baita 
[B]o — ba” '[A]o In [A] | = ak(t, — t,) 
wa iie In [B] ' = k(t} = t,) 
a[B]o = b[A]o [A] 1 
7 y oip 


a[B]o — b[A]o |" [A]/[Ap 


where (17.19) was used. In Eq. (17.22), [A] and [B] are the concentrations at time 
and [A] and [B]p are the concentrations at time 0. A plot of the left side of (172) 
vs. t gives a straight line of slope k. The concept of reaction half-life is inapplicable 
to (17.22), since when [B] = }[B]o, [A] will not equal 4[A]o, unless the reactants 
are mixed in stoichiometric Proportions, aen 

A special case of (17.18) is where A and B are initially present in stoichiometric 
proportions, so that [B]o/[A]o = b/a. Equation (17.22) does not apply here, since 
a[B]o — b[A]p in (17.22) becomes zero. To deal with this special case, we recognize 
that B and A will remain in stoichiometric proportions throughout the reaction: 
[B]/[A] = b/a at any time. This follows from (17.19) with [B] = (b/a)[A]p. Equation 
(17.18) becomes (1/B[A]*)4[A] = —kadt. Integration gives a result similar to (17.16, 
namely, 


2 unt ~ = bkt (17.23) 


, 


Third-Order Reactions. The three most common third-order rate laws are ibe 
KAP’, r = k[AŢP[B], and r= K{A][B][C]. The tedious details of the integrati 
are left as exercises for the reader (Probs. 17.8 and 17.15). 
The rate law d[A]/dt = =k [A]? integrates to 
1 1 [A]o (17.24) 
ara = 2k A] = ——_“0_, 
[A] faqs? “st or TAl= 7 ray? J 
The rate laws a`! d[A]/dt = —k[A]?[B] and a`? d[A]/dt = —K{AJBIL 
yield complicated expressions that are given in Prob. 17.15. i 


„h-Order Reaction. Of the many nth-order rate laws, we consider only 


d[A]/dt = —k,[A]" (17.25) 
- Integration gives 3 3 
i [A] "d[A] = e f TALE (17.26) 
1 1 
-a*t PAJ n*i 
ay Se forn#1 (17.27) 


Multiplication of both sides by (1 — n)[A]o* gives 


A l-n 
(E) =1+[A]} t(n- Ikat forn#1 (17.28) 
[A]o 
setting [A] =4[A]o and t = ty), we get as the half-life 
ae | 


= 2 
t12 G DAL tka forn # 1 (17.29) 
Forn = 1, integration of (17.26) gives a logarithm. Equations (17.14) and (17.15) give 
for this case 


[A] = [A]oe "^, tı2 = 0.693/ky forn=1 (17.30) 


Note that (17.28) and (17.29) apply to all values of n except 1. In particular, these 
equations hold for n = 0, n =4, and n=}. 


Reversible First-Order Reactions. So far, we have neglected the reverse (or back) 
reaction, an assumption which is strictly valid only if the equilibrium constant is in- 
finite but which holds well during the early stages of a reaction. We now allow for 
the reverse reaction, 

Let the reversible reaction A = C (with stoichiometric coefficients of 1) be first 
order in both the forward (f) and back (b) directions, so that rp = k,[A] and r, = 
kC]. The stoichiometric coefficient of A is — 1 for the forward reaction and 1 for 
the reverse reaction. If (d{A]/dt), denotes the rate of change of [A] due to the for- 
ward reaction, then —(d[A]/dt), = rp = k [A]. The rate of change of [A] due to 
the reverse reaction is (d{A]/dt), =r, = ky[C] (assuming negligible concentrations 
of any intermediates). Then 


a[A]/at = (aLA]/dt), + (@[AT/dt), = —K [A] + Kalc] (1731) 
We have ALC] = —A[A], so [C] — [C]o = —([A] — [A]o). Substitution of [C] = 
[Cho + [A]o — [A] into (17.31) gives 
ALA /dt = ky[C]o + ka[A]o — (ky + ko LAT (17.32) 
Before integr.iing this equation, we simplify its appearance. In the limit as £ + 0, 
the system reaches equilibrium, the rates of the forward and reverse reactions having 
d ome equal. At equilibrium the concentration of each species is constant, and 
[A]/at is 0. Let [A], be the equilibrium concentration of A. Setting d[A]/dt = 0 
ind [A] = [A]. in (17.32), we get 


ks[C]o + keLAlo = (ky + eLATeq (17.33) 
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The use of (17.33) in (17.32) gives d[A]/dt = (k s t+ k(TA]eq — [A] Using the 
EA tity J (x + s)7 + dx = In (x + s) to integrate this equation, we get 
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[A] - [Ala 
Ab Ala * 
CATA AoA * where jks, an 


where [A]. can be found from (17.33). Note the close resemblance to the first-order 
rate law (17.14). Equation (17.14) is a special case of (17.34) with [A]eq = Oand k, =) 
A plot of [A] vs. t resembles Fig. 17.1a, except that [A] approaches [A]eq rather 
than 0 as t > oo. 

Discussion of opposing reactions with orders greater than 1 is omitted, 


In 


Consecutive First-Order Reactions. Frequently a product of one reaction become 
a reactant in a subsequent reaction. This is true in multistep reaction mechanisms, 
We shall consider only the simplest case, that of two Consecutive irreversible first 
order reactions: A > B with rate constant kı, and B + C with rate constant k; 


A4 B&C (1738) 


where for simplicity we have assumed stoichiometric coefficients of unity. The rates 
of the first and second reactions are rı = k,[A] and r, = k,[B]. The rates of change 
of [B] due to the first reaction and to the second reaction are (d[B]/dt), = k,[A] 
and (d[B]/dt), = —k,[B], respectively. Thus d[B]/dt = (d[B]/dt), + (d[B]/dt), = 
k,[A] — k,[B]. We have 
a[A]/dt = -k [A],  d[B]/dt = ki[A] — ka[B],  d[C]/dt = k,[B] (1139 
Let only A be present in the system at t = 0: 
[Alo #0,  [Bh=0 [Ch =0 (1137 


We have three coupled differential equations. The first equation in (17.36) is the same 
as (17.11), and use of (17.14) gives 


[A] = [A] e7" (1738) 
Substitution of (17.38) into the second equation of (17.36) gives 
a[B]/de = k [A] oe" — k,[B] (1739) 


The integration of (17.39) is outlined in Prob. 17.10. The result is 
ki[A]o  _ s 17.40) 
B] = Uo kit kat ( 
[B] Ban Ei) 


PE 
To find [C], it is simplest to use conservation of matter. The total mimba 
moles present is constant with time, so [A] + [B] + [C] = [A]o. The use of (17: 
and (17.40) gives 


k. i. k e (1741) 
=fA iF 2 kıt 1 te) 
[C1 = talo( Bone tpt. 


, imum 
Figure 17.2 plots [A], [B], and [C] for two values of kz/k;. Note the maxim! 
in the intermediate species [B]. 


[Aly 
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Competing First-Order Reactions. Frequently a species can react in different 
ways to give a variety of products. For example, toluene can be nitrated at the ortho, 
meta, or para positions. We shall consider the simplest case, that of two competing 
irreversible first-order reactions: 


AC and AD (17.42) 
where the stoichiometric coefficients are taken as 1 for simplicity. The rate law is 
d[A]/dt = —k,[A] — k2[A] = (ky + k,)[A]} (17.43) 


This equation is the same as (17.11). with ką replaced by k, + kz. Hence (17.14) gives 
[A] = [Alpe +o, 

-For C, we have d[C]/dt = k,[A] = ky[A]oe * **™™. Multiplication by dt and 
integration from time 0 (where [C]o = 0) to an arbitrary time t gives 


k 
[C] = Kii (Pee ey (17.44) 
1 +h 
Similarly, integration of d[D]/dt = k,[A] gives 
[py = Ale q ro gs Att Ral) (17.45) 
1 FB 


i sum of the rate constants k; + kz appears in the exponentials for both [C] and 
Division of (17.44) by (17.45) gives at any time during the reaction 


[C]/[D] = kı/k2 (17.46) 


The amounts of C and D obtained depend on the relative rates of the two com- 
Peting reactions. Measurement of [C]/[D] allows k,/k2 to be determined. 

In this example we assumed the competing reactions to be irreversible. In general, 
this will not be true, and we must also consider the reverse reactions 


CESA and DSA (17.47) 


Moreover, the product C may well react to give the product D, and vice versa: 
ce D. If we wait an infinite amount of time, the system will reach equilibrium and 
€ ratio [C]/[D] will be determined by the ratio K,/Kz of concentration-scale 


Concentrations vs. time for the 
consecutive first-order reactions 
A=B>C. 
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equilibrium constants for the reactions in (17.42): K,/K, = ([C] /[A]) 
[C]/[D] at t= 00, where an ideal system was assumed. This sit 
thermodynamic control of products; here, the product with the mo 
favored. On the other hand, during the early Stages of the reaction 
reaction or interconversion of C and D can be neglected, Eq. (17.4 
we have kinetic control of products. If the rate constants k- and k_, for the revere 
reactions (17.47) and the rate constants for interconversion of the products CandD 
are all much, much less than k, and k, for the forward reactions (17.42), the pro 
will be kinetically controlled even when A has been nearly all consuméd, It frequently 
happens that k,/k, > 1 and K,/K3 < 1, so C is favored kinetically and D iş favored 
thermodynamically; the relative yield of products then depends on whether there 
kinetic or thermodynamic control. 


= (DYE 
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d[A]/dt can be approximated by A[A]/Ar, and we have A[A] ~ —k[A] Ar. Starting from 
[A]o at t = 0, we calculate the values [A],,[A]>,... at times tis fay... as [A], = [A= 


DETERMINATION OF THE RATE LAW 


This section discusses how the rate law is found from experimental data. We restrict 
the discussion to cases where the rate law has the form 


r= KATIB] -++ [L]? HA 


as in Eq. (17.5). It is usually best to find the orders a, ee: ne À first and then find the 
Tate constant k. Four methods for finding the orders follow. 


i" 
1. Half-life method. This method applies when the rate law has the form r = KAT’ 


hag lf 
Then Eqs. (17.29) and (17.30) apply. If n = 1, then ty) is independent of [A]o i 
n # 1, then (17.29) gives 


Ssa | 17.49) 
DUAA 57 aaa 1) log [A ]o 

P jent 

A plot of log t, J2 VS. log [A]o gives a Straight line of slope 1 — n. This pai 

is also valid for n = 1. To use the method, one plots [A] vs. ¢ for a run. "the time 

any [A] value, say [AY and finds the point where [A] has fallen to i [A] AJ One 

interval between these two points is ty) for the initial concentration : p. After 
then picks another point [A]” and determines 1/2 for this A concentration. 


repeating this process several times, one plots log t; 2 vs. the log of the correspond- 
ing initial A concentration and measures the slope. 

The half-life method has the disadvantage that, if data from a single run are 
used, the reaction must be followed to a high percentage of completion. An im- 
provement is the use of the fractional life t,, defined as the time required for 
[A]p to fall to a[A]o. (For the half-life, « = 4.) If r = k[A]", the result of Prob. 
17.17 shows that a plot of log t, vs. log [A]po is a straight line with slope 1 — n. 
A convenient value of « is 0.75. 


jeune 


Data for the dimerization 2A —> A, of a certain nitrile oxide (compound A) in 
ethanol solution at 40°C follow: 


[A](mmol/dm*) 68.0 50.2 | 40.3 | 33.1 [ 28.4 | 22.3 18.7 | 14.5 


(min 0 a | so | i | 10 | 20 300 | 420 
find the reaction order using the half-life method. 

Figure 17.3a plots [A] versus t. We pick the initial [A] values 68, 60, 50, 40, 
ond 30 mmol/dm?, read off the times corresponding to these points, and read 
of the times corresponding to half of each of these [A] values. The results are 


(units as above) 


(A | 68 +34 6+30 j| 30425 | 40-20 | 30-15 


t | 0> 114 14 => 146 | “42 + 205 | 82 + 280 | 146 — 412 


(Ihe fact that the half-life is not constant tells us that the reaction is not first 
order.) The [A] and corresponding t,,2 values and their logs are: 


[A]o/(mmol/dm*) 68 60 50. 40 30 
ty/2/min 114 132 163 198 266 
log (ty )2/min) 2057) AL 2212" 2297 2425 


log {[A]o/(mmol/dm3)} 1.833. 1.778 1.699 1.602 1.477 


— a 
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We plot logty2 vs. log[A]o in Fig. 17.36; the slope of this phot 
(2.415 — 2.150)/(1.500 — 1.750) = —1.06 = 1 — n, and n=2.06. The reaction 
second order. 


2. Powell-plot method. This method (Moore and Pearson, pp. 20-21) applies when 
the rate law has the form r = k[A]". Let the dimensionless parameters g and ġ be 
defined as j| 

w=[AV/[A]o, b= kaLA]S t: ia 


æ is the fraction of A unreacted. Equations (17.28) and (17.13) become 


at"—t=(n—1)p forn#¥1 
Ina=—-@ forn=1 


For a given n, there is a fixed relation between « and ¢ for every reaction of orde 
n. These equations are used to plot « vs. log @ for commonly occurring values 
of n to give a series of master curves (Fig. 17.4). From the data for a run ina 
kinetics experiment, one plots « vs. log t on translucent graph paper using the 
same scales as in the master plots. (Ordinary graph paper can be made translucent 
by applying a little oil. Alternatively, one can make a transparency of the master 
curves using a copying machine that gives copies with exactly the same size as the 
original.) Since log ġ differs from log t by log (k,{ AJ} +), which is a constant for 
a given run, the experimental curve will be shifted along the horizontal axis bya 
constant from the applicable master curve. One slides the experimental curve back 
and forth (while keeping the horizontal log @ and log r axes of the master and 
experimental plots superimposed) until it coincides with one of the master curves 
This gives n. The Powell-plot method requires the initial investment of time needed 
to make the master plots, but once these are prepared, the method is quick, easy, 
and fun to use. Table 17.1 gives the data needed to make the master plots. 


Powell-plot master curves for the 
determination of reaction order. 
(a = 0 is at the top.) 
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ues OF log $ FOR POWELL-PLOT MASTER CURVES 


1e 09 08 0.7 0.6 05 0.4 03 0.2 0.1 


1000 0.699 —0.523 —0.398 —0301 -0.222 —0.155 — 0.097 —0.046 
0989 0.675 0.486 —0.346 —0232  —0.134 —0.044 0.044 0.136 
-0.977 —0.651 —0.448 —0.292 —0.159  —0.038 0.081 0.207 0.362 
0.966 —0.627 —0.408 —0.235 —0.082 0.065 0.218 0.393 0.636 
—0.954 —0.602 —0.368 —0.176 0.000 0.176 0.368 0.602 0.954 
-0931 —0.551 —0.284 —0.051 0.176 0.419 0.704 1.079 


It might seem that methods 1 and 2 are of little value, since they apply only 
whenr = k[A]". However, by taking the initial concentrations of reactants in stoi- 
chiometric proportions, the rate law (17.48) is reduced to this special form, provided 
the products do not appear in the rate law. Thus, if the reaction is aA + bB > 
products, and if [A]o = as, [B]o = bs, where s is a constant, then the relation 
An; = vč [Eq. (4.95)] gives [A] = [A]o — ač/V = a(s — €/V) and [B] = b(s — ¢/V); 
the rate law (17.48) becomes r = ka*b/(s — €/V)**? = const. x [A]**#. Methods 1 
and 2 will give the overall order when the reactants are mixed in stoichiometric 
proportions. 

3, Initia-rate method. Here, one measures the initial rate rp for several runs, vary- 
ing the initial concentration of one reactant at a time. Suppose we measure ro for 
the two different initial A concentrations [A]o,; and [A]o,2 while keeping [B]o; 
[C]o,... fixed. With only [A]o changed and with the rate law assumed to have 
the form r = k[A]*[B]’-- [L]Ż, the ratio of initial rates for runs 1 and 2 is 
roalto,, = ({Alo.2/[A Jo,1)% from which « is readily found. For example, if tripling 
[A] is found to multiply the initial rate by 9, then 9 = 3*, and « = 2. A more 
reliable result can be found by making several runs in which only [A] is varied 
over a wide range. Since log ro = log k + a log [A]o + B log [B]o +++, a plot of 
logro versus log [A]g at constant [B]o, -+ - has slope a. [See J. P. Birk, J. Chem. 
Educ., 53, 704 (1976) for further discussion. ] The orders £, y, . - . are found similarly. 

The initial rate rọ can be found by plotting [A] versus t and drawing the 
tangent line at t = 0. 

4, Isolation method, Here, one makes the initial concentration of reactant A much 
less than the concentrations of all other species: [B]o > [A]o; [C]o > [A]o, ete. 
Thus, we can make [A]o = 107° mol/dm* and all other concentrations at least 
0.1 mol/dm?, Then the concentrations of all reactants except A will be essentially 
Constant with time. The rate law (17.48) becomes 


pa kKLAP[B]o? rs Ek? =j[A]* (17.51) 
j= k[B]o’ Hai iE (17.52) 


where j is essentially constant. The reaction has the pseudo order « under these 
conditions. Gne then analyzes the data from the run using method 1 or 2 to find æ. 
To find 8, we can make [B]o < [A]o, [B]o < [C]o» -- - and proceed as we did in 
finding q, Alternatively, we can keep [A]o fixed at a value much less than all other 
concentrations but change [B]e to a new value [B]o; with only [B]o changed, we 
evaluate the apparent rate constant j' that corresponds to [B]o; Eq. (17.52) gives 
iii = ([B]o/[B]o)’, so £ can be found from j and j'. 
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Many books suggest that the overall reaction order be obtai 
error, as follows. If the rate law is r = k[A]", one plots log [A] vs. t, 
[A]~? vs. t and obtains a straight line for one of these plots accor 
n = 1, 2, or 3, respectively. This method is dangerous to use, since it 
to decide which of these plots is most nearly linear. (See Prob, 17.20.) Thus, the ong 
order can be obtained, especially if the reaction has not been followed very far H 
Fig. 17.4. Moreover, if the order is 3, it is not hard to conclude erroneously th 
n=lorn=2. 

Once the order with respect to each species has been obtained by one of thy 
above methods, the rate constant k is found from the slope of an appropriate graph 

For example, if the rate law has been found to be r= K[A][B], Eq. (17.22) shows 
that a plot of In ([B]/[A]) vs. t gives a straight line of slope K(a[B]o — b[A]p). The 
best straight-line fit can be found by a least-squares treatment (Prob. 6.35), A proper 
least-squares treatment when the variables have been changed to yield a linear equa. 
tion requires the use of statistical weights (which chemists often fail to do); see sec, 3 
of R. J. Cvetanovic et al., J. Phys. Chem., 83, 50 (1979), which is an excellent reference 
on treatment of kinetic data. 

The procedure of using the integrated rate law to calculate values of k from pairs 
of successive observations (or from the initial conditions and each observation) and 
then averaging these k’s yields quite inaccurate results and is best avoided; see Moore 
and Pearson, p. 69; Bamford and Tipper, vol. 1, pp. 362-365. 

Rate constants span an enormous range of values. In aqueous solution, the 
fastest known second-order elementary reaction is H 30 (aq) + OH (aq) => 2H,0, 
for which k = 1.4 x 101! dm3 mol~! $~? at 25°C (Sec. 17.13). For gas-phase rea 
tions, an upper limit to rate Constants is set by the collision rate. Using (15.62) for 
Zygc, one finds (Prob. 17.83) that if reaction occurs at every collision (this is not true 
for most reactions), k for the elementary reaction Big) + C(g) + products will be on 
the order of 101! dm? mol! s=! at 300 K. Gas-phase radical combination reat 
tions (for example, 2C1;C- + ©,Cl,) often have k values of this magnitude. There is 

no lower limit on rate constants. The rates of extremely slow reactions can be met 
sured by radioactively labeling a reactant, allowing the reaction to run for a few days 
or weeks, separating a radioactive product from the reaction mixture, and mei 
Suring its radioactivity. With this Procedure, second-order rate constants as small as 
107"? dm? mol~! s~! have been measured, and a first-order reaction with a half 


of 10° years was followed: see the references in E. S. Lewis et al, J. Org. Chem, 44 
255 (1969), 
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RATE LAWS AND EQUILIBRIUM CONSTANTS FOR ELEMENTARY REACTIONS 


The examples in Eq. (17.6) show that the orders in the rate law of an overall reaction 


‘ ions 
of the elementary reaction. Molecularity is defined only for elementary ie 
and should not be used to describe overall reactions that consist of more tha 


dementary step. The elementary reaction A + products is unimolecular. The elemen- 
tury reactions A + B — products and 2A — products are bimolecular. The elemen- 
nry reactions A + B + C > products, 2A + B > products, and 3A > products are 
trimolecular (or termolecular). No elementary reactions involving more than three 
molecules are known, because of the very low probability of near-simultaneous colli- 
sion of more than three molecules. Most elementary reactions are unimolecular or 
bimolecular, trimolecular reactions being uncommon because of the low probability 
of three-body collisions. 

Consider a bimolecular elementary reaction A + B > products, where A and B 
may be the same or different molecules. Although not every collision between A and 
Bwill produce products, the rate of reaction r = J/V in (17.3) will be proportional 
(0 Zag, the rate of A-B collisions per unit volume. Equations (15.62) and (15.63) show 
that in an ideal gas, Z,, is proportional to (n,/V)(ng/V), where n,/V = [A] is the 
molar concentration of A. Therefore r for an elementary bimolecular ideal-gas reac- 
tion will be proportional to [A][B]; r = k[A][B], where k is the proportionality 
constant, Similarly, for a trimolecular elementary reaction in an ideal gas, the reaction 
rate will be proportional to the rate of three-body collisions per unit volume and 
therefore will be proportional to [A][B][C]; see Sec. 23.1. 

For the unimolecular ideal-gas reaction B + products, there is a fixed probabil- 
ity that any particular B molecule will decompose or isomerize to products in unit 
time. Therefore, the number of molecules reacting in unit time is proportional to the 
tumber N present, and the reaction rate r = J/V is proportional to Ny/V and hence 
to [B]; we have r = k[B]. A fuller treatment of unimolecular reactions is given in 
Sec, 17.10. 

Similar considerations apply to reactions in an ideal or ideally dilute solution. 

In summary, in an ideal system, the rate law for the elementary reaction 
oh + bB > products is r = k[A]*[B]’, where a + b is 1, 2, or 3. For an elementary 
reaction, the orders in the rate law are determined b y the reaction’s stoichiometry. Don’t 
overlook the word elementary in the last sentence. 

The rate law for elementary reactions in nonideal systems is discussed in Sec. 
179. Kinetics data are usually not accurate enough to cause worry about deviations 
from ideality, except for ionic reactions. 

We now examine the relation between the equilibrium constant for a reversible 
¢kmentary reaction and the rate constants for the forward and reverse reactions. 
Consider the reversible elementary reaction 


k 
aA + bB = cC +dD 


kp 

Man ideal system. The rate laws for the forward (f) and back (b) reactions are 

CAT EBY and r, = k,[C]‘[D]‘. At equilibrium these opposing rates must be 
al Th eq = Th eqs OF 


kp _ CC] Da" 
k a 3 ci d ies q: q 
MAND B] ea)? = ke(LCeq)([D eq)’ and k AELS 


mt the quantity on the right side of this last equation is the concentration-scale 
quilibrium constant K, for the reaction. Therefore 


K, = ky/ky elementary reaction (17.53)* 


— Ea 
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If ky > kp, then K, > 1 and the equilibrium position favors Products. The rela 
Ex between k,, kp, and K, for an overall reaction is discussed in Sec, 17.8, 
CHAPTER 17 


For a reaction in solution where the solvent is a reactant or product, the equilibrium gop, 

stant K, in (17.53) differs from the K, used in thermodynamics. In thermodynamics, k 

mole-fraction scale (rather than the concentration scale) is used for the solvent; for ae 
tions in an ideally dilute solution, the solvent is usually omitted from the thermodynanjy 

K,, since its mole fraction is approximately 1. Therefore, if va is the Stoichiometric coef}, 

cient of the solvent A in the elementary reaction, then Kein = Koal ATA where KA 

the thermodynamic K, and Ke xin is the kinetic K,, as in Eq. (17.53). If the reaction ordes 

with respect to solvent are unknown, the solvent is omitted from the forward and revery 

rate laws, and Kekin = Kora- 


17.6 


REACTION MECHANISMS 


The observed rate law provides information on the mechanism of a reaction, in 
that any proposed mechanism must yield the observed rate law. Usually an exact 
deduction of the rate law from the differential rate equations of a multistep mech- 
anism is not possible, because of mathematical difficulties in dealing with a system 
of several interrelated differential equations. Therefore, one of two approximation 
methods is generally used, the tate-determining-step approximation or the steady- 
state approximation. 


The Rate-Determining-Step Approximation. In the rate-determining-step approxi 
mation (also called the rate-limiting-step approximation or the equilibrium approxi 
mation), the reaction mechanism is assumed to consist of one or more reversibl 
reactions that stay close to equilibrium during most of the reaction, followed bya 
relatively slow rate-determining step, which in turn is followed by one or more rapid 
reactions. In special cases, there may be no equilibrium steps before the rate 
determining step or no rapid reactions after the rate-determining step. 

As an example, consider the following mechanism composed of unimolecular 
(elementary) reactions 


apc (1754) 


Where step 2 (B = C) is assumed to be the rate-determining step. For this we 
tion to be valid, we must have k_, > k3. The slow rate of B + C compared m 
B = A ensures that most B molecules go back to A rather than going to C, mena 
ensuring that step 1 (A => B) remains close to equilibrium. Furthermore, ye a 
have k, > k, and ky > k_, to ensure that step 2 acts as a “bottleneck” and 
Product D is rapidly formed from C. The overall rate is then controlled by the i 
determining step B > C, (Note that since k3 > k-z, the rate-limiting step 8 ai 
equilibrium.) Since we are examining the rate of the forward reaction A > ne 
further assume that k,[B] > k_,[C]. During the early stages of the reaction, me 
centration of C will be low compared with B, and this condition will hold. m 
neglect the reverse reaction for step 2. Since the rate-controlling step is taken iting 
essentially irreversible, it is irrelevant whether the rapid steps after the ee 
Step are reversible or not. The observed rate law will depend only on the natt 


the equilibria that precede the rate-determining step and on this step itself. (Examples 
are given below.) 

The relative magnitude of k; compared to k, is irrelevant to the validity of the 
rate-limiting-step approximation. Hence, the rate constant k, of the rate-determining 
step might be larger than k,. However, the rate r} = k,[B] of the rate-determining 
step must be much smaller than the rate ry = k,[A] of the first step. This follows 
from ky < k—, and ky/k_, ~[B]/[A]. 

For the reverse overall reaction, the rate-determining step is the reverse of that 
for the forward reaction. For example, for the reverse of (17.54), the rate-determining 
step is C + B. This follows from the above inequalities k, < k3 (which ensures that 
step D=C is in equilibrium) and k_, > k, (which ensures that B — A is rapid). 


The rate law for the Br -catalyzed aqueous reaction 
H* + HNO, + ¢NH, = #NZ + 2H,0 
(where ġ stands for C6H5) is observed to be 


r = k[H*][HNO,][Br7] (17.55) 
Aptoposed mechanism is 
H* + HNO, = Hj,NOf rapid equilib, 
3 
H,NOf + Br” -$ ONBr + H0 slow (17.56) 


ONBr + NH, “+ @N} +H,0+Br~ fost 
Deduce the rate law for this mechanism and relate the observed rate constant 
kin (17.55) to the rate constants in the assumed mechanism (17.56). 

The second step in (17.56) is rate-limiting. Since step 3 is much faster than 
step 2, we can take d[ Nf ]/dt as equal to the rate of formation of ONBr in 
step 2. Therefore the reaction rate is 

r=k,[H,NO}] [Br] (17.57) 
(Since step 2 is an elementary reaction, its rate law is determined by its stoi- 
chiometry, as noted in Sec. 17.5.) The species H,NO} is a reaction intermedi- 
‘i and we want to express rin terms of reactants and products. Since step 1 
$ in near equilibrium, Eq. (17.53) gives 


k [H,NO}] i 
Rive aed +7 = (k,/k_,)[H*][HNO 
>A k;  [H*][HNO,] and [H,NOz] = (ky/k-)[H “IL 2] 
Substitution in (17.57) gives 
r = (k,k2/k_,)[H* ][HNO.][Br] 


iN agreement with (17.55). We have k = kıkz/k-1 = Kz,1k2. The observed rate 
Constant contains the equilibrium constant for step 1 and the rate constant for 
e tate-determining step 2. 
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Note from Eq. (17.57) that the rate of the overall reaction equals the 
the rate-determining step; this is true in general, provided the stoichiome 
number of the rate-determining step equals 1, so that the overall reaction ocous 
once for each occurrence of the rate-determining step. 


The Steady-State Approximation. Multistep reaction mechanisms usually inyolye 
one or more intermediate species that do not appear in the overall equation, For 
example, the postulated species H 2NO} in the mechanism (17.56) is such a reaction 
intermediate. Frequently, these intermediates are very reactive and therefore do not 
accumulate to any significant extent during the reaction; that is, [1] < [R] and 
[1] < [P] during most of the reaction, where I is an intermediate and R and P ar 
reactants and products. Oscillations in the concentration of a species during a reap. 
tion are very rare, so we can assume that [I] will start at 0, rise to a maximum, 
[T]max, and then fall back to 0. (For a discussion of oscillations, see I. R, Epstein, 
Chem. Eng. News, March 30, 1987, pp. 24-36.) If [I] remains small during the reac. 
tion, [Imax Will be small compared with [R] max and [P],,,, and the curves of [R], 
[1], and [P] vs. ¢ will resemble those of Fig. 17.2a, where the reactant R is A, the 
intermediate I is B, and the product P is C, Note that, except for the initial period 
of time (called the induction period) when B is rising rapidly, the slope of the B curve 
is much less than the slopes of the A and C curves. In the R, I, P notation, we have 
d[I]/dt < d[R]/dt and d[1]/dt < d[P]/dt. 

It is therefore frequently a good approximation to take d[T]/dt = 0 for each 
reactive intermediate. This is the steady-state (or stationary-state) approximation, The 
Steady-state approximation assumes that (after the induction period) the rate of for- 
mation of a reaction intermediate essentially equals its rate of destruction, so as to 
keep it at a near-constant Steady-state concentration. 


ETTA = 


Apply the steady-state approximation to the mechanism (17.56), dropping the 
assumptions that steps 1 and —1 are in near equilibrium and that step 2 is So 
We have 


r= a[oN} ]/dt = k3[ONBr][#NH,] 
The intermediates are ONBr and H 2NO}. To eliminate the intermediate 
ONBr from the rate expression, we apply the steady-state approxima 
d[ONBr]/dt = 0. The species ONBr is formed by the elementary step 2 at i 
rate (d[ONBr]/dt), = ka[H;NO}][Br7] and is consumed by step 3 ye 
(@[ONBr/dt), = —k,[ONBr][¢NH,]. The net rate of change of [ONBr] ea 
the sum (4[ONBr]/dt), + (4[ONBr]/dt),, and we have 
4[ONBr]/dt = 0 = k[H,NO} ][Br~] — ks[ONBr][¢NH2] 
[ONBr] = ka[H2NO} ][Br~]/k3[¢NH] 
Substitution of this expression for [ONBr] in the above equation for r gives 


r= ke[H;NO}][Br-] ne 


To eliminate the intermediate HNO; from r, we use the steady-state 
imation d[H NO} ]/dt = 0. Since H,NO} is formed by step 1 in (17.56) 
ond consumed by steps —1 and 2, we have 


d[H, NO} ]/dt = 0 = k,[H *][HNO,] — k- ,[H2NO} ] — ka[H;NO} ] [Br] 
kı[H*][HNO;] 


H,NO}] = 
[H2NOz] k_, +k[Br] 


substitution in (17.58) gives 
kıka[H* ][HNO,][Br~] 
k_, +k,[Br-] 


which is the rate law predicted by the steady-state approximation. To obtain 
agreement with the observed rate law (17.55), we must further assume that k — ; > 
k [Br ], in which case (17.59) reduces to (17.55). The assumption k_, > k,[Br~] 
means that the rate k _ ,[ H2NO} ] of reversion of H,NO} back to H* and HNO, 
smuch greater than the rate k,[H,NO} ] [Br] of reaction of HNO} with Br’; 
thisis the condition for steps 1 and — 1 of (17.56) to be in near equilibrium, as in the 
ate-limiting-step approximation. 


(17.59) 


The steady-state approximation usually gives more complicated rate laws than 
the rate-limiting-step approximation. In a given reaction, one or the other or both 
orneither of these approximations may be valid. Noyes has analyzed the conditions 
of validity of each approximation (R. M. Noyes, in Lewis, pp. 489-538). 

Computer programs have been developed to numerically integrate the differ- 
ential equations of a multistep mechanism without any approximations. These pro- 
grams have shown that the widely used steady-state approximation can sometimes 
My to substantial error. [See L. A. Farrow and D. Edelson, Int. J. Chem. Kinet., 6, 

(1974).] 


fom Rate Lawto Mechanism. So far in this section, we have been considering how, 
starting from an assumed mechanism for a reaction, one deduces the rate law implied 
bythis mechanism, We now examine the reverse process, namely, how, starting with the 
experimentally observed rate law, one devises possible mechanisms that are consistent 
With this rate law. 

The following rules help in finding mechanisms that fit an observed rate law. 
See also J. O. Edwards, E. F. Greene, and J. Ross, J. Chem. Educ., 45, 381 (1968); 
H, Taube, ibid., 36, 451 (1959); J. P. Birk, ibid., 47, 805 (1970); J. F. Bunnett, in Lewis, 


a Rules 1 to 3 apply only when the rate-limiting-step approximation is 
Valid, 


la, If the rate law is r = k[A]"[B]f (Ly, where a, B,..., 4 are positive integers, 
the total composition of the reactants in the rate-limiting step is aA + BB ++- * + 
AL. Specification of the “total composition” of the reactants means specification 
of the total number of reactant atoms of each type and of the total charge on 
the Teactants; however, the actual species that react in the rate-limiting step cannot 
be deduced from the rate law. 
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z The gas-phase reaction 2NO + O, > 2NO, has the observed rate low p= 
k[NO}?[0,]. Devise some mechanisms for this reaction that have a rate-dete,. 
mining step and that lead to this rate law. 

The total reactant composition for the rate-limiting step is given by rule a 
as 2NO + O, = N,0,. One plausible mechanism is 


2NO = N,0, equilib. 
N20, +0, > 2NO, slow (170 


A second possible mechanism is 
NO + 0, = NO, equilib. 


NO3 + NO > 2NO, slow (17an 
A third possible mechanism is the one-step trimolecular reaction 
2NO + O2 + 2NO, (17.60) 


Each of these mechanisms adds up to the overall stoichiometry, and each has 
N20; as the total reactant composition in the rate-limiting step. The reader can 
verify (Prob, 17.38) that each mechanism leads to the rate law r = k[NO] {0} 
Which of these mechanisms is the correct one is not known; each mechanism 
has its supporters, 


1b. Ifthe rate law isr = k[A]}*[B]? --- [L)*/[M}"[N]"- +> [R]’, where a, B,....4 1h 
¥,...+, p are positive integers, the total composition of the reactants in the rate- 
limiting step is «A + PB+---+ AL — uM — vN —-++— pR; moreover the 
species uM, vN,..., pR appear as products in equilibria that precede the rate- 
limiting step, and these Species do not enter into the rate-limiting step. 


EE 


The reaction Hg3* + TI?+ — 2Hg?+ + TI* in aqueous solution has the rate kw 


-p Eei m+] (17.63) 
[Hg**] 

(a) Devise a mechanism consistent with this rate law. (b) Is the rate of thé 

reaction infinite at the start of the reaction when [Hg?*] = 0? tal 
(a) According to rule 1b, the rate-determining-step reactants have the to : 

composition Hgz* +TI5* — Hg2+ = HeTi3*: also, the species Hg?* $ M 

reactant in the rate-limiting step but is a product in an equilibrium that preced 

the rate-limiting step. One possible mechanism (see also Prob. 17.34) is 


r 


kı ói 
Hg3* = Hg?* + Hg equilib. 1768) 


Hg + TI? + $ Hg?+ + T+ slow 


ne second step is rate-limiting, so r = k,[Hg][TI5 +]. To eliminate the reaction 
intermediate Hg, we use the equilibrium condition for the first step: 


k, _[He?* [He] ki[He3*] 
i; e hon ae ae eer 


therfore r = kika[TI? + ][Hg3 * ]/k- [Hg+] in agreement with (17.63). 

(b) An apparently puzzling thing about the rate law (17.63) is that it seems 
topredict r = œ% at the start of the reaction when the concentration of the prod- 
uct Hg+ is zero. Actually, Eq. (17.63) is not valid at the start of the reaction. In 
deriving (17.63) from the mechanism, we used the equilibrium expression (17.65). 
Hence (17.63) is valid only for times after the equilibrium Hgł* = Hg?* + Hghas 
been established. Since this equilibrium is rapidly established compared with the 
rate-limiting second step, any deviation of the tate from (17.63) during the first few 
instants of the reaction will have no significant influence on the observed kinetics. 


(17.65) 


2, If, as is usually true, the order with respect to the solvent (S) is unknown, the 
total reactant composition of the rate-limiting step is «A + BB +-+: + AL = 
uM — VN —+-: — pR + xS, where the rate law is as in rule 1b, and x can be 0, 
lee Dice: 3 

For example, the reaction H3AsOq + 31° + 2H* > HAsO, + 13; + H20 
in aqueous solution has the rate law r = k[H3AsOq][1” ][H +], where the order 
with respect to H20 is unknown. The total composition of the rate-limiting-step 
reactants is then H4AsO4 + I~ + H* + xH,0 = AsIH4 4 2x044x- Any value of 
x less than —2 would give a negative number of H atoms, so x = —2 and the 
rate-limiting-step reactants have one As atom, one I atom, at least two O atoms, 
and possibly some H atoms. 

3. If the rate law has the factor [A]!/?, the mechanism probably involves splitting 
an A molecule into two species before the rate-limiting step. 

An example is a reaction that is catalyzed by H+, where the source of the 
H* is the ionization of a weak acid: CH;COOH = H* + CH3;COO . Suppose 
the rate-limiting step is H* + A > B + C, where the catalyst H* is regenerated 
in a subsequent rapid step. Then r = k[H* ][A]. Since H* is regenerated, its 
concentration remains essentially constant during the reaction and we have 
[H+] = [CH,COO “ ]. Letting K, be the acetic acid ionization constant, we have 
K.=[H* }?/[CH,COOH], and [H*] = K}/2[CH;COOH]'””. Therefore r = 
kK}?[A][CH,COOH]}!””. 

Half-integral orders frequently occur in chain reactions (Sec. 17.12), The rate- 
limiting-step approximation is usually not applicable to chain reactions, but the 
half-integral orders still result from splitting of a molecule, usually as the first 
step in the chain reaction. 

4. A rate law with a sum of terms in the denominator indicates a mechanism with 
one or more reactive intermediates to which the steady-state approximation is 
applicable (rather than a rate-limiting-step mechanism). An example is (17.59). 

5. Elementary reactions are usually unimolecular or bimolecular, rarely trimolec- 
ular, and never of molecularity greater than 3. 


There are usually a few plausible mechanisms that are compatible with a given 
observed rate law. Confirming evidence for a proposed mechanism can be obtained 
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by detecting the postulated reaction intermediate(s). If the intermediates are relative 
stable, the reaction can be slowed drastically by cooling or dilution, and the reaotiy 
mixture analyzed chemically for the Suspected intermediates. For example, 
chilling of a bunsen-burner flame followed by chemical analysis shows the pi 

of CH20 and peroxides, indicating that these species are intermediates in hydro. 
carbon combustion. 

Usually, the intermediates are too unstable to be isolated. Reactive intermedi 
ates can frequently be detected spectroscopically. Thus, certain bands in the emite 
sion spectrum of an H2~O, flame have been shown to be due to OH Tadicals, The 
absorption spectrum of the blue intermediate species NO, in the N20 decompos. 
tion [Eq. (17.8)] has been observed in shock-tube studies, 

Many gas-phase intermediates (for example, OH, CH,, CH 3» H, O, C6H5) haw 
been detected by allowing some of the reaction mixture to leak into a mass spectrom- 
eter. Species with unpaired electrons (free radicals) can be detected by electron-spip. 
resonance spectroscopy (Sec. 21.13). Frequently, radicals are “trapped” by condensing 
a mixture of the radical and an inert gas on a cold surface. Most gas-phase reactions 
have been found to be complex and to involve radicals as intermediates, 

Evidence for a postulated reaction intermediate can often be obtained by seeing 
how the addition ofa Suitably chosen species affects the reaction rate and the products. 
For example, the hydrolysis of certain alk yl halides in the mixed solvent acetone—water 
according to RCI + H20 + ROH + H* + CI“ is found to have r = k[RCI], The 
Proposed mechanism is the slow, rate-determining step RC] + R* + CI”, followed 
by the rapid step R* + H,O > ROH +H‘. Evidence for the existence of the 
carbonium ion R * is the fact that in the Presence of N3 , the rate constant and rate 
law are unchanged, but substantial amounts of RN; are formed. The Nọ combines 
with R* after the rate-determining dissociation of RCI and does not affect the rate 

Isotopically substituted species can help clarify a mechanism. For example, iso- 
topic tracers show that in a reaction between a primary or secondary alcohol and an 
organic acid to give an ester and water, the oxygen in the water usually comes from 
the acid: R!*OH + R'C(O)!°OH > R'C(O)!*OR + H!°OH. The mechanism mist 
involve breaking the C—OH bond of the acid. b 

The stereochemistry of reactants and products is an important clue to the reaction 
mechanism. For example, addition of Br, to a cycloalkene gives a product in which 
the two Br atoms are trans to each other; this indicates that Br, does not add to 
the double bond in a single elementary reaction. The relation between mechanism 
and stereochemistry is discussed in any modern organic chemistry text. 

Ifthe mechanism ofa reaction has been determined, the mechanism of the revers 
reaction is known, since the reverse reaction must proceed by a series of steps thal 
is the exact reverse of the forward mechanism, provided the conditions of temperi 
ture, solvent, etc., are unchanged. This must be so, because the laws of particle mh 
tion are symmetric with Tespect to time reversal (Sec. 3.8). Thus, if the pa 
of the reaction H3 + I, + 2HI happened to be I, = 21, followed by 21 + Hz k: 
the decomposition of HI to H3 and I; at the same temperature would proceed by 
the mechanism 2HI + 21 + Hy, followed by 21=1,. sole to 

Once the mechanism of a reaction has been determined, it may be possible 
use kinetic data to deduce rate constants for some of the elementary steps in i 
mechanism. In a reaction with a rate-limiting step, the observed rate pa 
usually the product of the rate constant of the rate-limiting step and the equilil pE 
constants of the steps preceding this step. Equilibrium constants for gas-phase 


tions can frequently be found from thermodynamic data or statistical mechanics (Sec. 
28), thereby allowing the rate constant of the rate-limiting step to be calculated. 
Knowledge of rate constants for elementary reactions allows the various theories of 
reaction rates to be tested. 

It is wise to retain some skepticism toward proposed reaction mechanisms. The 
reaction H, + Iz + 2HI was found to have the rate law r = k[H3] [12] by Bodenstein 
in the 1890s. Until 1967, most kineticists believed the mechanism to be the single 
bimolecular step Hz + Iz > 2HI. In 1967 Sullivan presented strong experimental 
evidence that the mechanism involves I atoms and might well consist of the rapid 
equilibrium T2 = 21 followed by the rate-limiting trimolecular reaction 21 + H} > 
JHI. (The reader can verify that this mechanism leads to the observed rate law.) 
Sullivan’s work convinced most people that the one-step bimolecular mechanism was 
wrong. However, further theoretical discussion of Sullivan’s data has led some workers 
to argue that these data are not inconsistent with the bimolecular mechanism. Thus, 
the mechanism of the H~I, reaction is now an open question. [See G. G. Hammes 
and B. Widom, J. Am. Chem. Soc., 96, 7621 (1974); R. M. Noyes, ibid., 96, 7623.) 

The largest compilation of proposed reaction mechanisms is Bamford and Tipper, 
vols. 4-25. 

Let us summarize the steps used to investigate the kinetics of a reaction. (a) The 
reactants and products are established, so that the reaction’s overall stoichiometry 
is known, (b) One observes concentrations as functions of time for several kinetics 
runs with different initial concentrations. (c) The data of (b) are analyzed to find the 
rate law. (d) Plausible mechanisms that are consistent with the rate law are thought 
up, and these mechanisms are tested by, for example, attempting to detect reaction 
intermediates. 
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TEMPERATURE DEPENDENCE OF RATE CONSTANTS 


Rate constants depend strongly on temperature, typically increasing rapidly with 
increasing T (Fig. 17.5a). A rough rule, valid for many reactions in solution, is that 
near room temperature k doubles or triples for each 10-°C increase in temperature. 

In 1889 Arrhenius pointed out that the k(T) data for many reactions fit the 


expression 
k = Ae™ EIRT (17.66)* 


Where A and E, are constants characteristic of the reaction and R is the gas con- 
stant, E, is the Arrhenius activation energy and A is the pre-exponential factor or 
the Arrhenius A factor. The units of A are the same as those of k. The units of E, 
ite the same as those of RT, namely, energy per mole; E, is usually expressed in 
kcal/mol or kJ/mol. Arrhenius arrived at (17.66) by arguing that the temperature de- 
pendence of rate constants would probably resemble the temperature dependence of 
‘quilibrium constants, By analogy to (6.36), (11.32), and the equation in Prob. 6.13, 
Arrhenius wrote d In k/dT = E,/RT?, which integrates to (17.66) if Ea is assumed in- 
dependent of T., 
Taking logs of (17.66), we get 


E, Ea 
= dakie = = 17.67 
Ink=InA apie log k = log A 2303RT ( ) 
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(a) Rate constant vs. temperature 
for the first-order decomposition 
reaction 2N,O0, + 4NO, + O3. 
(b) Arrhenius plot for this reaction. 
Note the long extrapolation 
needed to find A. 
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If the Arrhenius equation is obeyed, a plot of log k vs. 1/T is a straight line with 
slope — E,/2.303R and intercept log A. This allows E, and A to be found. [For more 
accurate procedures, see sec. 7 of R, J. Cvetanovic et al., J. Phys. Chem., 83, 50 (1979) 
A typical experimental error in E, is 1 kcal/mol and in A is a factor of 3. 


Ema 


Use Fig. 17.5 to find 4 and Ea for 2N,05 + 4NO, + O}. 

Equation (17.67) is slightly defective in that one can take the log of onya 
dimensionless number. From the label on the vertical axis of Fig. 17.54 kf 
this (first-order) reaction has units of s~}, Therefore A in (17.66) has units ofs 
Rewriting (17.67) ina dimensionally correct form for a first-order reaction, we have 
log (k/s~*) = log (A/s~') — E,/2.303RT. The intercept of the log (k/s~') vs.1/T pit 
is log (4/s~'), Figure 17.56 gives this intercept as 13.5. Therefore log (A/s')= 134 
A[s * =3 x 10", and A =3 x 101? s~ 1, The slope in Fig. 17.50 is —5500K, 9 


—3500 K = — E,/2.303R, which gives E, = 25 kcal/mol = 105 kJ/mol. 


Equation (17.66) is found to hold well for nearly all elementary homoge 
reactions and for most complex reactions. A simple interpretation of (17.66) ie n 
two colliding molecules require a certain minimum kinetic energy of relative motio 
to initiate the breaking of the appropriate bonds and allow new compounds A t 
formed. (For a unimolecular reaction, a certain minimum energy is needed to “0 
ize or decompose the molecule: the source of this energy is collisions; see Set. d = 
The Maxwell-Boltzmann distribution law (15.52) contains a factor e vat pis 
finds (Sec. 23.1) that the fraction of collisions in which the relative kinetic energy 0 
the molecules along the line of the collision exceeds the value £a is proportion 


rill = 7 FelRT where Ea = N4êa is the molecular kinetic energy expressed on a 
-mole basis. 

Note from (17.66) that @ low activation energy means a fast reaction and a high 
activation energy means a slow reaction, The rapid increase in k as T increases is due 
mainly to the increase in the number of collisions whose energy exceeds the activation 
nergy. 
; A the Arrhenius expression (17.66), both A and E, are constants. Sophisticated 
theories of reaction rates (Sec. 23.4) yield an equation similar to (17.66), except that 
Aand E, both depend on temperature. When E, > RT (which is true for most 
chemical reactions), the temperature dependences of E, and A are usually too small 
tobe detected by the rather inaccurate kinetic data available, unless a wide tempera- 
ture range is studied. 

The general definition of the activation energy Ea of any rate process, applica- 
ble whether or not E, varies with T, is 
dink 


aT 


(which resembles the equation in Prob. 6.13). If E, is independent of T, integration 
of(17.68) yields (17.66), where A is also independent of T. Whether or not E, depends 
on T, the pre-exponential factor A for any rate process is defined, in analogy with 
(17.66), as 


E,= RT? (17.68) 


A = ket RT (17.69) 


From (17.69), we get k = Ae~£#/87, a generalized version of (17.66), in which both A 
and E, may depend on T. A simple physical interpretation of E, in (17.68) is provided 
by the following theorem. In a gas-phase elementary bimolecular reaction, 6, = E,/Na 
isequal to the average total energy (relative translational plus internal) of those pairs 
ofreactant molecules that are undergoing reaction minus the average total energy of 
ty of reactant molecules. For proofs, see the references in sec. 3.1.2 of Laidler 
(1987), 

Observed activation energies lie in the range 0 to 80 kcal/mol (330 kJ/mol) for 
most elementary chemical reactions and tend to be lower for bimolecular than uni- 
molecular reactions. Unimolecular decompositions of compounds with strong bonds 
have very high E, values; for example, E, is 100 kcal/mol for the gas-phase decom- 
position CO, + CO + O. An upper limit on observed E, values is set by the fact 
that reactions with extremely high activation energies are too slow to observe. 

For unimolecular reactions, A is typically 1012 to 10!5s~'. For bimolecular 
reactions, A is typically 108 to 10!2 dm? mol™* s™ t. 

Recombination of two radicals to form a stable polyatomic molecule requires 
no bonds to be broken, and most such gas-phase reactions have zero activation 
energies. Examples are 2CH > CH, and CH, + Cl + CHGCl. (For the recor- 
bination of atoms, see Sec. 17.11.) With zero activation energy, the rate constant is 
essentially independent of T. 


(aune | 


Calculate E, for a reaction whose rate constant at room temperature is doubled 
bya 10-°C increase in T. Then repeat the calculation for a reaction whose rate 
Constant is tripled, 
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Ratio of rate constants at 310 K 
and 300 K vs. activation energy. 
The larger the E, value, the faster 
the rate constant increases with T. 
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Equation (17.66) gives 


k(T3) Ae ERT B, Ta — Ti 7 
= Je ERT; = XP 
K(T;) Ae Re RT 


Taking logs, we get 


Ea = RT,TAT)~" In [kK(T3)/k(T,)] 
= (1.987 cal mol” ' K~1)(298 K)(308 K)(10 K)~! In (2 or 3) 
13 keal/mol = 53 kJ/mol for doubling 
Ais = kcal/mol = 84 kJ/mol for tripling 
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Calculate the room-temperature ratio of the rate constants for two reaction 
that have the same A value but have E, values that differ by (a) 1 kcal/mol 
(6) 10 kcal/mol. 

Equation (17.66) gives 


ky AeW Bai Rr E2 — Ea. 
ky Ae~EaalRT = Exp = 


RT 
1kcalmol~! or 10 kcal mol~! 
P (1.987 x 107? keal moi! K~)298 K) 
5.4 for part (a) 
A x10’ for part (b) 


Each 1-keal/mol decrease in £, multiplies the room-temperature rate by 54, 


Figure 17.6 plots ks o/k399, the ratio of rate constants at 310 K and 300K, w- 
the activation energy E,, using the equation from the next-to-last example. 

The rates of many Physiological processes vary with T according to the Arth- 
nius equation. Examples include the rate of chirping of tree crickets (E, = 12 kcal/mol) 
the rate of firefly light flashes (E, = 12 kcal/mol), and the frequency of human alpht 
brain waves (E, =7 kcal/mol) as measured as a function of body temperature. [Se 
K. J. Laidler, J. Chem. Educ., 49, 343 (1972).] y 

Let ky and ky be the forward and reverse rate constants of an ae 
action, and let E,,7 and E,» be the Corresponding activation energies. ab? 
(17.53) gives k p/k, = K,, where K, is the concentration-scale equilibrium constan 
the reaction. Hence, In k s> Inky =In K.. Differentiation with respect to T gives 
din k,/dT — d In ky/dT = d In K,jT an 

t 
Equation (1 7.68) gives d In k,/dT = E,,;/RT? and d In k,/dT = E,,5/R rT. ee 
for Prob. 6.13 gives din K JAT = AUSIRT? for an ideal-gas reaction, where 1 g 
the change in standard-state molar internal energy for the reaction and is rela! 


Products 


(a) (b) 
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AH” by (5.10). Hence, for an ideal-gas elementary reaction, Eq. (17.70) becomes 
Eas — Eap =AU° elementary reaction (17.71) 


Figure 17.7 illustrates Eq. (17.71) for positive and negative AU° values. 


For reactions in solution, things are a bit more complicated. The K, in (17.70) is Ke xin 
and includes the concentration of the solvent A raised to its stoichiometric coefficient v4 
(recall the discussion at the end of Sec. 17.5). From the relation K, xin =Kea[AJ’* and 
the equation in Prob. 11.31c, we get for a reaction in solution that @In Kexin/ôT = 
AH®/RT? — ay Yi vi where æ} is the thermal expansivity of the solvent and the sum 
goes over all species. The term «4 J; v is generally quite small compared with AH”/RT?. 
Moreover, AH® (which is the change in standard-state enthalpy values using the molality 
scale for solutes) differs negligibly from AU” for a condensed-phase reaction. Hence we 
can take d In K,/dT = AU°/RT? for reactions in solution, with no significant error. (In 
the spirit of neglecting the pressure dependence of rate constants, we take K, to depend 
on T only.) Thus Eq. (17.71) holds well for reactions in solution. To calculate AU® for 
a reaction in solution, we use the standard-state enthalpy values for the species in the 
relevant solvent. 


Now consider the temperature dependence of the rate constant k of an overall 
reaction composed of several elementary steps. If the rate-limiting-step approxima- 
tion is valid, k will typically have the form k,k3/k_,, where k; and k_, are the for- 
Ward and reverse rate constants of the equilibrium step preceding the rate-determining 
step 2. (See the first example in Sec. 17.6.) Using the Arrhenius equation, we have 


-E -Ea,a/RT 
kika Aye Fa/RT Ajer FaalRT  AyAy e- Ea,1-Ea, -1 +Ea,2)/RT 
= Ae Bene 7a 


Therefore, writing k in the form k = Ae~™®*/RT, we have for the overall activation 
‘nergy E, = Ey) — Ep -1 + Eq: 

_ Ifa reaction proceeds by two competing mechanisms, the overall rate constant 
Will not obey the Arrhenius equation. For example, suppose the reactions in (17.42) 
ate elementary. Then Eq. (17.43) gives the overall rate constant k as k = k; + kz, 

k= Aje™EanlRT | A,e~ Ea2/RT which does not have the form (17.66). With two 
ompeting mechanisms, Eq. (17.68) shows that the one with the higher E, will increase 
' rate more rapidly as T increases. At low T, the mechanism with the lower E, will 


Relation between forward and 
back activation energies and AU®, 
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predominate; at intermediate T, both mechanisms will contribute; at high T 
mechanism with the higher E, will predominate, provided it has a substantially ihe 

A factor. A plot of log k vs. 1/T will be linear at low T and at high T, witha noni 
transition region at intermediate T. . 
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RELATION BETWEEN RATE CONSTANTS AND EQUILIBRIUM 
CONSTANTS FOR COMPLEX REACTIONS 


For an elementary reaction, K, equals k slka [Eq. (17.53)]. For a complex reaction 
consisting of several elementary steps, this simple relation need not hold, A thorough 
discussion of the relation between k J» ky, and K, is complicated [see R. K. Boyd, 
Chem. Rev., 77, 93 (1977)], so the treatment of this section is restricted to reactions 
where the rate-limiting-step approximation is valid and where the system is ideal, 

Let the overall reaction be aA + bB = cC + dD. When the rate-limiting.step 
approximation holds, the forward and reverse reaction rates will have the foms 
r= k [A] [BI [C] [D] and r, = k [A ]”[B]”[C]”[D]*. Both reactants ani 
products can occur in the forward rate law, as shown by the example (17.64). ni 
the observed rate when the concentrations of products are much less than those of 
reactants; r, is the rate when the concentrations of reactants are much less than those 
of products. 

Before presenting the general relation between kp, kp, and K, we look at a spt 
cific example. The reaction 


2Fe?* + 2Hg?* = 2Fe3* + Hg3* (172) 


in an aqueous perchloric acid solution is found to have the forward rate law ry = 
k,[Fe?*][Hg?*]. A plausible mechanism compatible with this rate law is 


ky 
Fe?* + Hg?* = Fe3+ + Hy? slow 
ia z any 


2Hg* = He?+ rapid 
k-2 
where step 1 is rate-limiting. Then 
ry = 4d[Fe? de = 4k, [Fe? +J[Hg? “J= k,[Fe? + (He? +] (1774) 


The factor $ occurs because the stoichiometric coefficient of Fe?* is 2 in the ovni 
reaction (17.72); see the definition (17.4) of r. Since we are examining the forw 
rate with product Fe?* present in only small amounts, we don’t include the ENS 
of the rate-limiting step 1; see the discussion in Sec. 17.6. Likewise in considere 
reverse reaction below, we consider only the reverse of step 1 with rate cont -l 

For the reverse of reaction (17.72), the mechanism is the reverse of l stp 
namely, the rapid equilibrium Hg3* = 2Hg* followed by the rate-limiting k 
Fe?* + Hgt > Fe2* 4 Hg?* with rate constant k_,. The reverse rate 18 ie 
4d[Fe?* ]/dt = 2k_,[Fe**][Hg*}]. From the equilibrium step, we get the rela! 
[Hg *] = (k- 3/k2)" [Hg +]"2 Therefore 


1134] 
ry = 4k- (k_9/ky)"/?[ Fe *][He2*]!? = &,[Fe?*][He3*]!? C l 


At equilibrium, ry = rp, and (17.74) and (17.75) give 


ky _ [Fe aH eg)? a 
hy OF Neale dy 9 


where K, is the equilibrium constant for (17.72). 
In 1957 Horiuti proved that for a reaction with a rate-limiting step, 


ky/ky = Ke” (17.77) 


where s is the stoichiometric number (Sec. 17.1) of the rate-limiting step. For the 
reaction (17.72), the rate-limiting step is step 1 of (17.73); step 1 must occur twice for 
tach occurrence of (17.72) since step 1 consumes one Fe?* ion and the overall 
eaction (17.72) consumes two Fe?* ions. Thus s = 2 for the mechanism (17.73) and 
the overall reaction (17.72); Eq. (17.77) becomes k p/k, = K}/?, as found above. Only 
when s= 1 is K, = ky/k,. For a proof of (17.77), see J. Horiuti and T. Nakamura, 
‘Adv, Catal., 17, 1 (1967). 

The relation between the equilibrium constant for the overall reaction and the 
rate constants of the elementary steps of the mechanism (valid whether or not the 
ate-limiting-step approximation applies) is given in Prob. 17.53. 


THE RATE LAW IN NONIDEAL SYSTEMS 


For an elementary reaction in an ideal system, the rates of the forward and reverse 
reactions contain the concentrations of the reacting species, as does the equilibrium 
constant K.. In a nonideal system, the equilibrium constant for the elementary re- 
ation aA + bB = cC + dD is [Eq, (11.6)] K° = (dcjeq)(4D,e4)/(a,eq)(49,ca)» Where 
{eq is the activity of A at equilibrium. It seems reasonable therefore that the rate 
hws for an elementary reaction in a nonideal system would be 


ry Zk yay"dy” and r, 2 kacan. (17.78) 

Setting ry = r, at equilibrium and using (17.78), we get K° = kp/kp. 
In the 1920s it was generally believed that (17.78) was correct. However, suppose 

that instead of (17.78) we write 

rp=kpYay"ay? and r,=kpYacidp’ elem. react. (17.79) 
. Where Y is some unspecified function of T, P, and the concentrations. Then at equilib- 
tlum, rr = ry, and (17.79) also leads to K° = ky/kp, since Y cancels. In fact, kinetic 
data on ionic reactions in aqueous solution clearly show that (17.78) is wrong and 


that the Correct form of the rate law is (17.79). f 
Thus, in a nonideal solution, the rate law for the elementary reaction aÀ + 


> products is 


r = k” YALA] Ys[B]? = kapp[ A] [B]? elem. react. (17.80) 


pe the y’s are the concentration-scale activity coefficients, Y is a parameter that 
pends on T, P, and the concentrations, and the apparent rate constant is defined 
H kop = k” Y(y 4)"(yp)”. The reason for the oo superscript on k will become clear 
Mortly, In the limit of an infinitely dilute solution, ideal behavior is reached, and r 
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must equal k*[A][B]? as discussed in Sec. 17.5. Since the y's become | ath 
dilution, Y in (17.80) must go to 1 in the infinite-dilution limit, Therefore, the 
rate constant k” can be determined by measuring kapp as a function of cone 
tion and extrapolating to infinite dilution. Once k™ is known, Y can be cal 
for any solution composition from Y = kapp/k® (a) Op). 

In Sec. 23.8, we shall give a physical interpretation of Y. T 
data is generally too low to detect deviations from ideality excep 


17.10 


UNIMOLECULAR REACTIONS 


Most elementary reactions are either bimolecular (A + B => 
lecular (A + products). Unimolecular reactions 
ample, cis-CHCI=CHC! — trans-CHCI>CHCI, or decompositions, for example, 
CH3CH,I > CH,=CH, + HI. It is easy to understand how a bimolecular elemen- 
tary reaction occurs: The molecules A and B collide, and if their relative kinetic en. 
ergy exceeds the activation energy, the collision can lead to the breaking of bonds 
and the formation of new bonds. But what about a unimolecular reaction? Why 
should a molecule spontaneously break apart or isomerize? It seems reasonable that 
an A molecule would acquire the necessary activation energy by collision with another 
molecule. However, a collisional activation seems to imply second-order kineties, in 
contrast to the observed first-order kinetics of unimolecular reactions, The answer 
to this problem was given by the physicist F. A, Lindemann in 1922. 


Lindemann proposed the following detailed mechanism to explain the unimo- 
lecular reaction A + B (+0). 


he accuracy of 
t for ionic reacti 


on 


Products) or unin 
are either isomerizations, for w 


k 
A+M=A* +M 
k- (1781) 
A*—> B(+C) 
In this scheme, A* is an A molecule that has sufficient vibrational energy to decom: 
pose or isomerize (its vib 


activated complex (this term will be defined in Chap. 23) but is simply an A molecu 
in a high vibrational energy level.) The energized species A* is produced by collision 
of A with an M molecule (step 1); in this collision, kinetic energy of M is transfer 
into vibrational energy of A, Any molecule M can excite A to a higher be 
level; thus M might be another A molecule, or a product molecule, or a molecule 0 
a species present in the gas or solution but not appearing in the overall unimolecular 
reaction A > products: Once A* has been produced, it can either (a) be de-energ! i 
back to A by a collision in which the vibrational energy of A* is transferred to ma 
energy of an M molecule (step — 1), or (b) be transformed to products B wA 
having the extra vibrational energy break the appropriate chemical bond(s) to cau 
decomposition or isomerization (step 2). 


The reaction rate is r = d[B]/dt = k,[A*]. Applying the steady-state appro" 
mation to the reactive Species A*, we have 
a[A*V/dt = 0 = ki [A][M] — k_,[A*][M] — k,[A*] 
pas) - _Æ[AIM] 
k_,[M] +k, 


substituting in r = k2[A*], we get 


— Kik2[AJ[M] 


kM] +e ra 


The rate law (17.82) has no definite order. 
There are two limiting cases for (17.82). If k- [M] > kz, the k, term in the 
denominator can be dropped to give 


r= (kyky/k—)[A] for k_,[M]> kz (17.83) 
Ifk, > k-,[M], the k_,[M] term is omitted and 
r=k,[AJ[M] for ky > k_,[M] (17.84) 


In gas-phase reactions, Eq. (17.83) may be called the high-pressure limit, since at 
high pressures, the concentration [M] is large and k_ ,[M] is much larger than kz. 
Equation (17.84) is the low-pressure limit. 

The high-pressure rate law (17.83) is first order. The low-pressure rate law (17.84) 
is second order but is more subtle than it looks. The concentration [M] is the total 
concentration of all species present. If the overall reaction is an isomerization, A > B, 
the total concentration [M] remains constant as the reaction progresses and one 
observes pseudo-first-order kinetics. If the overall reaction is a decomposition, A > 
B+C, then [M] increases as the reaction progresses; however, the decomposition 
products B and C are generally less efficient (that is, have smaller k, values) than A 
inenergizing A (see Prob. 17.56), and this approximately compensates for the increase 
in [M]; thus, k,[M] remains approximately constant during the reaction, and again 
we have pseudo-first-order kinetics. 

In the high-pressure limit where k_ ,[M] > kz, the rate k_ ,[A*][M] of the de- 
energization reaction A* + M —> A + M is much greater than the rate k,[A*] of 
A*> B+C, and steps 1 and —1 are essentially in equilibrium; the unimolecular 
step 2 is then rate-controlling, and we get first-order kinetics [Eq. (17.83)]. In the 
low-pressure limit k_ 1[M] < kz, the reaction A* + B + C is much faster than the 
te-energization reaction, the rate-limiting step is the bimolecular energization reaction 
A+M > A* + M (which is relatively slow because of the low values of [M] and 
[A), and we get second-order kinetics [Eq. (17.84)]. 

A key idea in the Lindemann mechanism is the time lag that exists between the 
‘nergization of A to A* and the decomposition of A* to products; this time lag allows 
A* to be de-energized back to A, and the near equilibrium of steps 1 and — 1 produces 
fist-order kinetics, In the limit of zero lifetime of A*, the reaction would become 
A+M +B (+C) and would be second order. Note also that in the limit k} > 00, 
Bq, (17.82) gives second-order kinetics, The vibrationally excited species A* has a 
nonzero lifetime because the molecule has several bonds, and it takes time for the 
Vibrational energy to concentrate in the particular bond that breaks in the reaction 

> Products. It follows that a molecule with only one bond (for example, I2) cannot 
decompose by a unimolecular reaction (see also Sec. 17.11). 
P The experimental unimolecular rate constant kun; is defined by r = kuni[ A], where 
'S the observed rate. Equation (17.82) gives 


a Kako[M] n kika (17.85) 
mi = KTM] + ky kay + kM] 
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[nous +70 M 


Observed rate constant for the 
unimolecular reaction CH;NC + 
CH,CN at 230°C as a function of 
initial pressure Po. The scales are 
logarithmic, 


CH3 NC > CH, CN at 230°C 
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The high-pressure limit of kyn; is Kunip= om = kyk2/k_,. As the initial pressure Po for 
a run is decreased, kyn; decreases, since [M] decreases, At very low initial pressures 
kuni equals k,[M], and kyn; decreases linearly with decreasing Po. This predicted 
falloff of kyn; with decreasing Py has been experimentally confirmed for most unk 
molecular gas-phase reactions by measuring the initial rate To as a function of the 
initial gas pressure Po. Figure 17.8 shows a typical result, Significant falloff of ky, 
from its high-pressure value usually begins in the range 10 to 200 torr, 

The Lindemann mechanism also applies to reactions in liquid solutions. How- 
ever, in solutions, it is not possible to observe a falloff of Kuni Since the presence of 
the solvent keeps [M] high. Thus the rate law is (17.83) in solution. 

Steps 1 and — 1 of the Lindemann mechanism (17.81) are not elementary chemical 
reactions (since no new compounds are formed) but are elementary physical reactions 
in which energy is transferred. Such energy-transfer processes occur continually in 
any system. The reasons for considering steps 1 and — 1 in addition to the unimolects 
lar elementary chemical reaction of step 2 are (a) to explain how collisional activation 
can produce first-order kinetics and (b) to deal with the low-P falloff of gas-phase 
unimolecular rate constants, Unless one is dealing with a gas-phase system in the 
low-P range, it is not necessary to consider steps 1 and — 1 explicitly, and a ull 
molecular reaction can be written simply as A + products. 


a = 


TRIMOLECULAR REACTIONS 


Trimolecular (elementary) reactions are quite uncommon. The best examples of gi 
phase trimolecular reactions are the recombinations of two atoms to form a diatom 
molecule. The energy released on formation of the chemical bond becomes Vi 
tional energy of the diatomic molecule, and unless a third body is present to €? 
away this energy, the molecule will dissociate back to atoms during its first vibrate” 
Thus, the recombination of two I atoms to form an I, molecule occurs as these 
elementary step 1786) 
I+Il+M+1,+M ie 


where M can be any atom or molecule. The observed rate law is r = k[I]?[M]. A 
reaction like CH; + CH; + C2H6 does not require a third body, since the extra 
vibrational energy attained on formation of the C,H, molecule can be distributed 
among vibrations of several bonds and no bond vibration need be energetic enough 
to break that bond. A few special cases are known in which the recombination of 
atoms can occur in the absence of a third body, the excess energy being removed by 
emission of light from an excited state of the molecule. 

The rate constant for (17.86) has been measured as a function of T in flash- 
photolysis experiments (Sec. 17.13). Since no bonds are broken in (17.86), one would 
expect it to have zero activation energy. Actually, the rate constant decreases with 
increasing T, indicating a negative E, [see Eq. (17.68)]. Increasing the temperature 
increases the trimolecular collision rate. However, as the energy of a trimolecular 
collision increases, the probability decreases that a given I +I + M collision will 
result in transfer of energy to M accompanied by formation of I,. The activation 
energy for the recombination of atoms (A +B +M — AB + M) is typically 0 to 
-4kcal/mol (0 to — 17 kJ/mol). 

The decomposition of I, (or any diatomic molecule) must occur by the reverse 
of (17,86) (see Sec. 17.6). Thus, the diatomic molecule AB decomposes by the bimo- 
lecular reaction AB + M + A + B + M, where the atoms A and B may be the same 
(asin 1,) or different (as in HCI). Since E, for (17.86) is slightly negative, Eq. (17.71) 
shows that E, for the decomposition of a diatomic molecule is slightly less than AU? 
for the decomposition. For decomposition of a polyatomic molecule to two radicals, 
E, equals AU® since E, for the recombination is zero (as noted in Sec. 17.7). 

A recombination reaction to give a triatomic molecule often requires a third 
body M to carry away energy. A triatomic molecule has only two bonds, and the 
extra vibrational energy produced by recombination might rapidly concentrate in 
one bond and dissociate the molecule unless a third body is present. For example, 
the recombination of O, and O is O +O, + M > O3 + M. Reversal of this ele- 
mentary reaction shows that O, decomposes by a bimolecular step (see Prob. 17.36). 
Molecules with several bonds can decompose by a unimolecular reaction and do not 
require a third body when they are formed in a recombination reaction, 

The gas-phase reactions of NO with Cl, Brz, and O; are kinetically third 
order, Some people believe the mechanism to be a single elementary trimolecular 
step (for example, 2NO + Cl, + 2NOCI), but others consider the mechanism to be 
two bimolecular steps, as in (17.60) or (17.61). 

In solutions, trimolecular (elementary) reactions are also uncommon. 


za 


CHAIN REACTIONS AND FREE-RADICAL POLYMERIZATIONS 


A chain reaction contains a series of steps in which a reactive intermediate is con- 
sumed, reactants are converted to products, and the intermediate is regenerated. 
Regeneration of the intermediate allows this cycle to be repeated over and over 
‘gain. Thus a small amount of intermediate leads to production of a large amount 
at Product, Most combustions, explosions, and addition polymerizations are chain 
"actions and involve free radicals as intermediates. 

One of the best-understood chain reactions is that between H, and Brz. The 
Overall stoichiometry is H, + Br. > 2HBr. The observed rate law for this gas-phase 
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reaction in the temperature range 500 to 1500 K is 
_1d{HBr] _ k{H,][Br,]'/? 
"2. d 1+j{HBr]/[Br,] am 


where k and j are constants. Since the stoichiometric coefficient is 2 for HBr, w 
include a factor 3 in (17.87) [see Eq. (17.4)]. The constant j has only a very sligh 
temperature dependence and equals 0.12. During the early stages of the Teaction, ye 
have [HBr]/[Br,] < 1, and the second term in the denominator can be neglected: 
hence r ~ k[H>][Br]"/? for [HBr] < [Br,]. Since an increase in [HBr] decreas 
r in (17.87), the product HBr is said to inhibit the reaction. 

The 4-power dependence of r on [Br] suggests that the mechanism involves 
splitting a Br, molecule (recall rule 3 in Sec. 17.6). Br, can split only into two Br 
atoms. A Br atom can then react with H, to give HBr and H. Each H atom pro 
duced can then react with Br, to give HBr and Br, thereby regenerating the reactive 
intermediate Br. The mechanism of the reaction is thus believed to be 


k 
Br + M = 2Br + M 
= 
kz 
Br + H, — HBr + H (17.88) 
-5 


H + Br, “3 HBr + Br 


In step 1, a Br, molecule collides with any species M, thereby gaining the energy 
to dissociate into two Br atoms. Step —1 is the reverse process, in which two br 
atoms recombine to form Br}, the third body M being needed to carry away part ol 
the bond energy released (see Sec. 17.1 1). Step 1 is the initiation step, since it genet 
ates the chain-carrying reactive species Br. Step —1 is the termination (or chait | 
breaking) step, since it removes Br. 

Steps 2 and 3 form a chain that consumes Br, converts H, and Bry into HBr, 
and regenerates Br (Fig. 17.9). Steps 2 and 3 are propagation steps. Step -) 
(HBr + H > Br + H,) is an inhibition step, since it destroys the product HBr and 
therefore decreases r. Note from steps —2 and 3 that HBr and Br, compete for H 
atoms; this competition leads to the J[HBr]/[Br,] term in the denominator of 
For each Br atom produced by step 1, we get many repetitions of steps 2 and 3 (We 
shall see below that k, < k, and kı < k3). The reactive intermediates H and Br that 
Occur in the chain-propagating steps are called chain carriers. Adding steps 2 and 
we get Br + H, + Br, > 2HBr + Br, which agrees with the overall stoichiomelt) 
H, + Br, > 2HBr. Other possible steps (for example, the reverse of reaction 3) at 
too slow to contribute to the mechanism; see Prob. 17.58. 

The mechanism (17.88) gives the rate of product formation as 


d[HBr]/dt =r, —r_, + r3 = k,[Br][H,] — k_2[HBr][H] + se a 


Scheme for the H, + Br, + 2HBr 
chain reaction. 


pes: hiw and r, are the rates of steps 2, —2, and 3. Equation (17.89) contains 
concentrations of the free-radical intermediates H and Br. Applying the steady- 
proximation to these reactive intermediates, we get 
d[H]/dt = 0 =r, —r-2 -r3 (17.90) 
d[Br]/dt = 0 = 2r; — 2r- — r2 +r_, + r3 (17.91) 


The factors of 2 are present because Eq. (17.4) gives r, = $(d[Br]/dr), for step 1 and, 
similarly. for step —1. Addition of (17.90) and (17.91) gives 0 = 2r; — 2r_,. Thus 


sate aP! 


hy =r 
k,[Br2][M] = k_,[Br]?[M] 
[Br] = (k,/k_,)'?[Br,}*? (17.92) 


The eq uation r, = r_, States that the initiation rate equals the termination rate; this 
ia consequence of the steady-state approximation. To find [H], we use (17.90), 


whic gives 
0 = k,[Br][H2] — k_,[HBr][H] — k3[H][Br2] 


Substituting (17.92) for [Br] into this equation and solving for [H], we get 


E= kəlkı/k- 1)" [Brz] "P [H3] _ kalkı/k- 1)" [H] [Br] "> 
O ky[Br}] + k_2[HBr] ks + k-a[HBr]/[Br2] 


By substituting (17.93) and (17.92) into (17.89), we can find d[HBr]/dt as a 


(17.93) 


imion of [H3], [Br], and [HBr]. To avoid the tedious algebra involved, we. 


Note fram (17.90) that r, = rz + r3. Substitution of this expression in (17.89) gives 


HBr] /a@z = 2r, = 2k;[H][Br>]. Use of (17.93) for [H] gives the desired result: 


1 d[HBr] _ ko(k,/k—,)'/?[H3)[Br2]"? 
"ihi = 94 
= d 1 + (k-2/k3)[HBr]/[Br3] ae 


Which happily agrees with the observed form of the rate law, Eq. (17.87). We have 
k=ka(k,/k_,)/? and j=k_2/ks (17.95) 


The activation energies for all five steps in this mechanism can be estimated. 
tim lecular recombination reaction, step — 1, must have an E, that is essentially 
210 of even slightly negative (see Sec. 17.11); we thus take E,; % 0. For step 1, 
Sk Hy amic data give AU® = 45 kcal/mol, and Eq. (17.71) therefore gives E,; © 
akalo. The ratio k,/k_, in (17.95) is the equilibrium constant K,, for the 
ag reaction Br, = 2Br, and K, (T) can be found from thermodynamic 
rat T ate constant k in (17.87) is known as a function of T from measurement 
©rent temperatures. The first equation in (17.95) then allows us to find the 

ry rate constant k, as a function of T. The use of (17.68) then gives the 


a ©Mergy for step 2. The result is E,.. = 18 kcal/mol. Thermodynamic data 
fOr reaction 2 as 17 kcal/mol; Eq. (17.71) then gives E,,-> = 1 kcal/mol. 


For th 
P23 tant j, we have from (17.95) and (17.66): 


Sine j J= ka afk = (Aa Ag)e or Fe RT 
i 
‘bag © Bsenved to be essentially independent of T, we must have E, ; ~ E,,-2 = 


htt Noe that E,,, (45 kcal/mol) is much greater than E, 2 (18 kcal/mol) and 
ol). 


. 
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In the mechanism (17.88), the chain reaction is thermally initiated by heating: 
reaction mixture to a temperature at which some Br,-M collisions have enoud 
tive kinetic energy to dissociate Br, to the chain carrier Br. The H,-Br, chain rey 
can also be initiated photochemically (at lower temperatures than required for 
thermal reaction) by absorption of light, which dissociates Br, to 2Br, Still anote 
way to initiate a chain reaction is by addition of a substance (called an initiator) 
reacts to produce chain carriers. For example, Na vapor added to an H2-Bry mixt 
will react with Br, to give the chain carrier Br: Na + Br, => NaBr + Br, 

Since each atom or molecule of chain carrier produces many product molecules, 
a small amount of any substance that destroys chain carriers will greatly slow dow 
(or inhibit) a chain reaction. For example, NO can combine with the chain-cartying 
radical CH, to give CH,NO. O; is an inhibitor in the H,—Cl, chain reaction, sing | 
it combines with Cl atoms to give CIO}. Vitamin E inhibits the chain-reaction me 
oxidation of lipids (fats) in organisms by reacting with the chain-carrying radial 
ROO, 

Each of the steps 2 and 3 in the chain of the H,~Br, reaction consumes on 
chain carrier and produces one chain carrier. In certain chain reactions, the chain 
produces more chain carriers than it consumes; this is a branching chain reactim. 
For a branching chain reaction, the reaction rate may increase rapidly as the reaction 
proceeds, and this increase may lead to an explosion; obviously, the steady-state 
approximation doesn’t apply in such a situation. One of the most studied branching 
chain reactions is the combustion of hydrogen: 2H, + O, > 2H,0. The chain- 
branching steps include H + O, + OH + O and O + H, > OH + H. Each of these 
reactions produces two chain carriers and consumes only one. 

A highly exothermic reaction that is not a chain reaction may lead to an explosion 
if the heat of the reaction is not transferred rapidly enough to the surroundings. Th 
increase in system temperature increases the reaction rate until the system explods 

Branching chain reactions occur in the oxidation of gaseous hydrocarbons 
Pb(C,H,), added to gasoline reacts with radicals, thereby breaking the chain and 
regulating the oxidation to avoid engine “knocking.” Formation of atmospheric smog 
involves chain reactions that oxidize hydrocarbons; initiation occurs photochemically 
when the pollutant gas NO, absorbs light and dissociates to give chain-carrying 0 
atoms that attack pollutant gaseous hydrocarbons. ait 

Addition polymers are formed by chain reactions. For example, polymerizatt 
of ethylene can be initiated by an organic radical R- (the radical being formed bs 
thermal decomposition of, for example, an organic peroxide): R*+ CH=CH; 
RCH3CH3*. The reactive radical product then attacks another monomer, genet 
ing another reactive radical: RCH,CH,+ + CH,=CH, > RCH;CH,CH,CHy 
Addition of monomer continues until terminated by, for example, the combination 
of two polymeric radicals. Joo! 

In chain reactions, the carriers are commonly free radicals (including atoms) “ 
can also serve as chain carriers. For example, polymerization of CHy=C(CH3) ff 
occur through cation chain carriers, as follows: H* + CH,;=C(CHs3)2 > (CHsht' 
(CH3)3C* + CH,=C(CH), — (CH3);CCHC(CH;)s: etc. 


Free-Radical : ae free’ 
; al Polymerization. We now develop the kinetics of tiquid-pba N 
radical addition polymerizations. These are carried out either in a solvent ke 
pure monomer, with some initiator added. Let I and M stand for the inita 


the monomer. The reaction mechanism is 
14 2R- 
Re +MŽS RM: 
RM: + MŽ RM3, RM3 +M 3 RM3; 
RM, + RM,’ =S RMm+R — form=0,1,2,..24 n= 0,1,2, 


In the initiation step with rate constant k;, the initiator thermally decomposes to a 
small extent to yield R- radicals. An example is the decomposition of benzoyl perox- 
ide: (CgHsCOO)2 ~> 2C,HsCOO-. In the addition step R- + M > RM: with rate 
constant kas R* adds to the monomer. In the propagation steps with rate constants 
ko kpay +++» Monomers add to the growing chain. In the termination steps, chains 
combine to yield polymer molecules. In some cases, termination occurs mainly by 
transfer of an H atom between RM, and RM,," (disproportionation) to yield two 
polymer molecules, one of which has a terminal double bond. 

To keep life simple, one assumes that the radical reactivities are independent of 
sae so that all propagation steps have the same rate constant, which we call kp: 


kp = Kya = °° Shp 


For discussion of this approximation, see Allcock and Lampe, pp. 273-274.) Likewise, 
weassume that radical size does not affect the termination rate constants. However, 
kma does depend on whether or not m equals n. The rates d[RMm+nR]/dt and 
d{RM,,R]/dt for the elementary termination reactions RM„* + RM," > RMm+nR 
ind 2RM,* > RM3,R are proportional to the rate at which the reactant molecules 
encounter each other in unit volume of solution. Just as the collision rate per unit 
volume Zyy of Eq, (15.63) is obtained by putting c =b in Za and multiplying by 4, 
the encounter rate per unit volume for like molecules contains an extra factor of 
as compared with the encounter rate per unit volume for unlike molecules, Hence 
the rate constant for termination between like molecules is 4 that for termination 
between unlike molecules: k, nn = $Kr,mn for M # N. Letting k, denote the termination 
fate constant for like molecules, we have 


ke = Kenn foralln and kim = 2k, form#n (17.96) 


(Conflict exists in the polymer-chemistry literature, since some workers define k, as 
the termination rate constant for unlike molecules.) 
The rate ry of consumption of the monomer is 
ty = —d[M]/dt = ky[R=]EM] + kp[RM-IEM] + kpfRMaIIM] + =: 
d[M o 
> a Vk EM] $ [RM,] = kel M IER] (1797) 
n=0 
pe [Ria] is the total concentration of all radicals. Since there are hundreds or 
i ousands of terms of significant magnitude in (17.97), the approximation of changing 
ato k, in the first term is of no consequence. hake 
t To find [Ria] and hence —d[M]/dt, we apply the steady-state approximation 
0 each radical: d[R«]/dt = 0, d[RM:]/dt = 0, d[RMa“}/dt = 0+ +- + ‘Addition of 
equations gives 


[Riou ]/at = 9 (17.98) 


Where [Ria] = Deo [RM,"} 
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For the addition step R- + M > RM- and for each propagation step, one radi 
cal is consumed and one radical is produced. Hence these Steps do not affect TR; 
and d[R,,."]/dt. We therefore need consider only the initiation and termination ses 
in applying the steady-state condition d[R,, *J/dt = 0. 

The contribution of the initiation step to d[R,,*]/dt equals (d[R-]/dt), the tile 
at which R- is formed in the initiation step. Not all radicals R- initiate polymer 
chains. Some recombine to I in the solvent “cage” (Sec. 17.14) that Surrounds them, 
and others are lost by reacting with the solvent. Therefore one writes 


(@[Riou]/dt); = (d[R-]/dt), = 2fk,[1] (17.99) 


where f is the fraction of radicals R- that react with M. Typically, f lies between 03 
and 0.8. 

Termination of the radical RM,„* occurs by 2RM,, > RM,,R or by RM," + 
RM,,* > RM, 4mR with m = 0, 1, 2,..., but m 4 n. The contribution of the termina. 
tion steps to the rate of disappearance of those radicals that contain n monomers is 


(=) = -2k nl My]? — km [RM,] Y ERM gy 


—2k,[RM,,"] Ly [RMy*] = — 2k, [RM ][R o] (17.100) 
m=0 


where (17.96) was used. The total rate of consumption of radicals in the termination 
steps is found by summing over (17.100): 


(e1) = Š. (n) = ~2k [Ri] y [RM,] = —2k [Ra] 
EmA t n=0 
(17.101) 


Adding (17.99) and (17.101) and applying the steady-state approximation, we 
have 


[Riot ‘at = (ALR o *)/dt); T (A[Ro *]/dt), = 2fk [1] — 2k [Riot T =0 


[Rio] = (fki/k) P 0"? (17.102) 
Substitution in (17.97) gives 
—d[M]/de = ky(fk;/k)" [M]? (17.103) 


The reaction is first order in monomer and $ order in initiator. f 

The degree of polymerization DP of a polymer molecule is the number a 
monomers in the polymer. In a tiny time dt during the polymerization reaction, a 
pose that 10* monomer molecules M are consumed and 10 polymer molecules e 
varying chain length are produced. By the steady-state approximation, the coas 
trations of the intermediates RM-, RM,,, etc., are not changing significantly. bi 
fore, by conservation of matter, the 10 polymer molecules must contain a total ol dl 
monomer units, and the average degree of polymerization during this time ne 
is (DP) = 104/10 = 10°. We see that DP) = —d[M]/d[P,,,}, where [Piot] i 
total concentration of polymer molecules: 


— ZALM] _ —a[M]/dt (17.104) 
Pe = aaa AP lias 


Since one polymer molecule is formed whenever two radicals combine, the rate 
of polymer formation is half the rate of consumption of radicals in the termination 
steps: 
dLPra]/dt = = [Rio "1/40, = Kyo}? = fe (17.108) 
where (17.101) and (17.102) were used. 

Substitution of (17.103) and (17.105) in (17.104) gives 


kM] 
(Skik) P"? 


Ifthe dominant mode of termination is disproportionation, (DPY is half (17.106). A 
low initiator concentration compared with monomer favors a high (DP). 

Liquid-phase polymerization reactions are usually run at temperatures for which 
hisin the range 107" to 1076 s~ '. At 50°C, k is typically 10° to 10° dm? mol ~+ s~! 
(the high values are due to the high reactivity of radicals with one another), and k, is 
typically 10? to 10* dm? mol” ' s~'. For [M] = 5 mol/dm? and [1] = 0.01 mol/dm?, 
we find that typically [R "] = 1078 mol/dm? and <DP) = 7000. Despite the fact 
that k, > kp, the very low concentration of radicals compared with monomers makes 
itmuch more likely for a radical to react with a monomer than with another radical; 
therefore the chain grows quite long before termination. 


FAST REACTIONS 


Many reactions are too fast to follow by the classical methods discussed in Sec. 17.2. 
One way to study fast reactions is with rapid-flow methods. A schematic diagram 
of a liquid-phase continuous-flow system is given in Fig. 17.10. Reactants A and B 
are rapidly driven into the specially designed mixing chamber M by pushing in the 
Plungers of the syringes. Typically, mixing occurs in 4 to 1 ms. The reaction mixture 
then flows through the narrow observation tube. At point P along the tube one 
measures the light absorption at a wavelength at which one species absorbs to deter- 
mine the concentration of that species. For gas-phase reactions, the syringes are 
replaced by bulbs of gases A and B, and flow is caused by pumping at the exit of 
the observation tube. 

Let the speed at which the mixture flows through the observation tube be v and 
the distance between the mixing chamber M and the observation point P be x. Then 
the familiar rule “distance equals rate times time” gives the time t after the reaction 
Started as ¢ = x/v. For a typical flow speed of 1000 cm/s and a typical x value of 
10 cm, observation at P gives the concentration of a species 10 ms after the reaction 
has begun. Because the mixture at point P is continuously replenished with newly 
mixed reactants, the concentrations of species remain constant at P. By varying the 


<DP> = for termination by combination (17.106) 
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A continuous-flow system with 
rapid mixing of reactants. 
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A stopped-flow system. 


observation distance x and the flow speed v, one obtains reactant Concentrations at 
various times. 

A modification of the continuous-flow method is the stopped-flow method (Fig 
17.11). Here, the reactants are mixed at M and rapidly flow through the observation 
tube into the receiving syringe, driving its plunger against a barrier and thereby 
stopping the flow; this plunger also hits a switch which stops the motor-driven 
plungers and triggers the oscilloscope sweep. One observes the light absorption al 
P as a function of time, using a photoelectric cell, which converts the light signal to 
an electrical signal that is displayed on the oscilloscope screen. Because of the rapid 
mixing and flow and the short distance between M and P, the reaction is observed 
essentially from its start. The stopped-flow method is actually a static method with 
rapid mixing, rather than a flow method. 

The continuous-flow and stopped-flow methods are applicable to reactions with 
half-lives in the range 10! to 107 s. 

The main limitation on the rapid-flow techniques is set by the time required (0 
mix the reactants. The mixing problem is eliminated in relaxation methods (developed 
mainly by Eigen in the 1950s). Here, one takes a system that is in reaction equilibrium 
and suddenly changes one of the variables that determine the equilibrium position 
By following the approach of the system to its new equilibrium position, one caf 
determine rate constants. Details of the calculation are given later in this section, 
Relaxation methods are useful mainly for liquid-phase reactions. The scientific mean- 
ing of relaxation is the approach of a system to a new equilibrium position after it 
has been perturbed. 

The most common relaxation method is the temperature-jump (T-jump) method 
Here, one abruptly discharges a high-voltage capacitor through the solution, raising 
its temperature from T, to T, in about | us (1 microsecond = 107° s). Typically, 
Tz —T, is 3 to 10°C. Discharge of the capacitor triggers the oscilloscope A 
which displays the light absorption of the solution as a function of time, as in t i 
stopped-flow method; the oscilloscope trace is photographed. Another way to S 
the solution in 1 ys is by a pulse of microwave radiation (recall microwave ovens; 
this method has the advantage of being applicable to nonconducting Meer 
the disadvantage of producing only a small temperature rise (~ 1 °C). Provided ; 
is not zero, Eq. (11.32) shows that the equilibrium constant K(T3) differs from se 

In the pressure-jump method, a sudden change in P shifts the equilibrium [' i 
Eq. (11.33)]. In the electric-field-jump method, a suddenly applied electric field $ 
the equilibrium of a reaction that involves a change in total dipole moment. 

A limitation on relaxation methods is that the reaction must be reversible, 
detectable amounts of all species present at equilibrium. 


with 


Oscilloscope 
Flashlamp 


Photoelectric 


Light beam 
—_ 


Photoelectric 
allier EE 


SECTION 17.13 
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Rapid-flow and relaxation techniques have been used to measure the rates of 
proton-transfer (acid-base) reactions, electron-transfer (redox) reactions, complex-ion- 
formation reactions, ion-pair-formation reactions, and enzyme-substrate-complex 
formation reactions. 

Relaxation methods apply rather small perturbations to a system and do not 
generate new chemical species. The flash-photolysis and shock-tube methods apply 
alarge perturbation to a system, thereby generating one or more reactive species 
whose reactions are then followed. 

In flash photolysis (Fig. 17.12), one exposes the system to a very high-intensity, 
short-duration flash of visible and ultraviolet light. The method is applicable to both 
gas and solution reactions. Molecules that absorb the light flash either dissociate 
to radicals or are excited to high-energy states. The reactions of these species are 
followed by measurement of light absorption. The oscilloscope sweep in Fig. 17.12 is 
triggered by a photoelectric cell that detects light from the flash. With a flashlamp, 
the light flash lasts about 10 ps. Use of a laser instead of a flashlamp typically gives 
apulse of 10-ns duration (1 nanosecond = 107°? s). With special techniques, one can 
generate a laser light pulse with the incredibly short duration of 1 ps (1 picosecond = 
10°! s), thereby allowing rate processes in the picosecond range to be studied. Pico- 
second spectroscopy is being used to study the mechanisms of photosynthesis and 
vision. 

: In a shock tube, the reactant gas mixture at low pressure is separated by a thin 
diaphragm from an inert gas at high pressure. The diaphragm is punctured, causing 
a shock wave to travel down the tube; the sudden great increase in pressure and 
temperature produces excited states and free radicals. The reactions of these species 
are then followed by observation of their absorption spectra. 


Kinetics of Relaxation. In relaxation methods, a system in equilibrium suffers a 

small perturbation that changes the equilibrium constant, The system then relaxes to 

ils new equilibrium position. We now integrate the rate law for a typical case. 
Consider the reversible elementary reaction 


ks, 
A+B=ÆC 
ko 


where the forward and reverse rate laws are r, = K,[AJ[B] and r, = k,[C]. Suppose 
the perature is suddenly changed to a new value. For all times after the T jump, 
we have 

d{AJ/dt = —k[A][B] + K[C] (17.107) 


A flash-photolysis experiment. 
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Let [A]Jeq: [B]ea; and [C].q be the equilibrium concentrations at the new tem 
ture T3, and let x = [A]., — [A]. For every mole of A that reacts, 1 mole 
and 1 mole of C is formed. Hence [B],, — [B] = x and [C],,— [GE Aly 
d[A]/dt = —dx/dt. Equation (17.107) becomes “a 
—dx/dt = =k ALA] — x)([Bleq —x)+ k([C]eq +x) 
dx/dt = k [A]. [B]eq — kelC]eq — xkr([A]eq + [Bleq + ksk a) (C71 
When equilibrium is reached, d[A]/dt = 0, and ( 17.107) gives 


KpLA JeqlBleg — Kol C]eq = 0 (17. 


Furthermore, the perturbation is small, so the deviation x of [A] from its equilibrium 
value is small and x « [A]eq + [B]e Using (17.109) and neglecting the x in paren. 
theses in (17.108), we` get 


dx/dt=—t~'x  wherer= {k(LA]eq + [BJeq) + ky} 7? (17.1 


ofB Teacls 


This integrates to x = xye~'/*, where Xo is the value of x the instant after the T jump 
is applied at t = 0. Since x = [A] = [A] = [C] — [C]eq, we have 


[A] po [Aeq = ([A]o = lla 


with similar equations holding for [B] and [C]. Thus the approach of each spe 
to its new equilibrium value is first order with rate constant 1/r [see Eq. (1714) 
This result holds when any elementary reaction is subjected to a small perturbation 
from equilibrium. Of course, the definition of t depends on the stoichiometry of the 
elementary reaction. See Prob. 17.63 for another example. The constant + is called 
the relaxation time; t is the time it takes the deviation [A] — [A], to drop to If 
of its initial value. 


For the elementary reaction Ht + OH> = H 20, the relaxation time has ben 
measured as 36 ys at 25°C. Find k fs 

The reaction has the form A + B = C, so the preceding treatment apples 
Equations (17.110) and (17.109) give 


tT'= kH + a + [OH Jeq) it ky and ky[H20 Jeg z k{H* JeqlOH Ie 
Eliminating k, and using [OH]. = [H*].q, we get 
tis kH Jeq + [H*]2,/[H20]eq) 


Using [H*]eq = 1.0 x 1077 mol/dm3 and [H20].q = 55.5 mol/dm?, we find ky= 
1.4 x 10"! dm? mol~! s~!, 


17.14 


REACTIONS IN LIQUID SOLUTIONS 


k pha% 
Most of the ideas of the previous sections of this chapter apply to both gas y 0 
and liquid-phase kinetics, We now examine aspects of reaction kinetics unig 

reactions in liquid solutions, 


solvent Effects on Rate Constants. The difference between a gas-phase and a 
liquid-phase reaction is the presence of the solvent. The reaction rate can depend 
strongly on the solvent used. For example, rate constants at 25°C for the second-order 
substitution reaction CH3I + Cl” + CH,Cl + I7 in three different amide solvents 
are 0.00005, 0.00014, and 0.4 dm? mol~! s~* in HC(O)NH,, HC(O)N(H)CHG, and 
HC(O)N(CH3)2, respectively. Thus the rate constant k for a given reaction is a func- 
tion of the solvent as well as the temperature. 

Solvent effects on reaction rates have many sources, The reacting species are 
usually solvated (that is, are bound to one or more solvent molecules), and the degree 
of solvation changes with change in solvent, thus affecting k. Certain solvents may 
catalyze the reaction. Most reactions in solution involve ions or polar molecules as 
reactants or reaction intermediates, and here the electrostatic forces between the re- 
acting species depend on the solvent’s dielectric constant. The rate of very fast reac- 
tions in solution may be limited by the rate at which two reactant molecules can 
difluse through the solvent to encounter each other, and here the solvent’s viscosity 
influences k. Hydrogen bonding between solvent and a reactant can affect k. 

For a reaction that can occur by two competing mechanisms, the rates of these 
mechanisms may be affected differently by a change in solvent, so the mechanism 
can differ from one solvent to another. 

For certain unimolecular reactions and certain bimolecular reactions between 
species of low polarity, the rate constant is essentially unchanged on going 
ftom one solvent to another. For example, rate constants at 50°C for the bi- 
molecular Diels-Alder dimerization of cyclopentadiene (2C;H, > C,oH,,) are 
6x 1076 dm? mol! s~! in the gas phase; 6 x 1076, 10x 107°, and 20x 
1076 dm? mol~! s~* in the solvents CS,, C6H6, and C,H,OH, respectively. 

When the solvent is a reactant, it is usually not possible to determine the order 
with respect to solvent. 


lonic Reactions. In gas-phase kinetics, reactions involving ions are rare. In solu- 
tion, ionic reactions are abundant. The difference is due to solvation of ions in solu- 
tion, which sharply reduces AH® (and hence AG’) for ionization. 

Tonic gas-phase reactions occur when the energy needed to ionize molecules is 
Supplied by outside sources. In a mass spectrometer, bombardment by an electron 
beam knocks electrons out of gas-phase molecules, and the kinetics of ionic reactions 
1 gases can be studied in a mass spectrometer. In the earth’s upper atmosphere, ab- 
Sorption of light produces OF, N}, O*, and He* ions, which then undergo various 
reactions, 


Information about the effects of a solvent on an ionic reaction can be obtained by study- 
ing the reaction in the gas phase using a technique called ion cyclotron resonance (ICR) 
and comparing the results with those in solution. For example, to study the gas-phase 
reaction Cl~ + CH,Br > CHC! + Br”, one passes a pulse of electrons through CCl4 
vapor to produce CIT ions. CHBr vapor is then introduced. After a timed interval, the 
amount of Cl~ present is determined by measuring the amount of energy these ions ab- 
Sorb from an oscillating applied electric field while the ions moye on a circle in an applied 
Magnetic field, tm 
One finds that the gas-phase rate constant for Cl” + CH3Br > CH3Cl + Br” is 
3 x 10° times that in acetone and 10'5 times that in water. In water, the solvation shells 
around the CIT and CHBr species must be partly disrupted before these species can 
Come in contact, and this requires a substantial amount of activation energy, making the 
reaction far slower than in the gas phase. The reaction is faster in acetone than in water, 
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FIGURE 17.14 
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because the degree of solvation is less in acetone. For more on ICR, see R, T. Me, 
Scientific American, Nov. 1980, p. 186. Mely 


For ionic reactions in solution, activity coefficients must be used in analyz 
kinetic data (Sec. 17.9). Since the activity coefficients are frequently unknown, o 
often adds a substantial amount of an inert salt to keep the ionic strength (and heny 
the activity coefficients) essentially constant during the reaction. The apparent rate 
constant obtained then depends on the ionic strength. 

Many ionic reactions in solution are extremely fast; see the discussion beloy 
on diffusion-controlled reactions. 


Encounters, Collisions, and the Cage Effect. Ina gas at low or moderate pres 
sure, the molecules are far apart and move freely between collisions. In a liquid, there 
is little empty space between molecules, and they cannot move freely. Instead, a given 
molecule can be viewed as being surrounded by a cage formed by other molecules, 4 
given molecule vibrates against the “walls” of this cage many times before it “squeezes” 
through the closely packed surrounding molecules and diffuses out of. the cage. A 
liquid’s structure thus resembles somewhat the structure of a solid. 

This reduced mobility in liquids hinders two reacting solute molecules B and( 
from getting to each other in solution. However, once B and C do meet, they will 
be surrounded by a cage of solvent molecules that keeps them close together fora 
relatively long time, during which they collide repeatedly with each other and with 
the cage walls of solvent molecules, A process in which B and C diffuse together to 
become neighbors is called an encounter. Each encounter in solution involves many 
collisions between B and C while they remain trapped in the solvent cage (Fig. 1713) 
In a gas, there is no distinction between a collision and an encounter. 

Various theoretical estimates indicate that in water at room temperature, wo 
molecules in a solvent cage will collide 20 to 200 times before they diffuse out of 
the cage. [See, for example, Table I in A. J. Benesi, J. Phys. Chem., 86, 4926 (1982)] 
The number of collisions per encounter will be greater the greater the viscosity of the 
solvent. Although the rate of encounters per unit volume between pairs of solute 
molecules in a liquid solution is much less than the corresponding rate of collisions 
in a gas, the compensating effect of a large number of collisions per encounter in sol- 
tion makes the collision rate roughly the same in solution as in a gas at comparable 
concentrations of reactants. Direct evidence for this is the near constancy of rate 
constants for certain reactions on going from the gas phase to a solution (see tht 
above data on the C5H6 dimerization), Although the collision rate is about the a 
in a gas and in solution, the pattern of collisions is quite different, with collisions m 
solution grouped into sets. Peds 

What experimental evidence exists for the cage effect? In 1936, Rabinowiteh a 
Wood placed balls on a tray that was shaken mechanically. They found that, w ; 
the number of spheres was increased to the point where there was not much e 
space (as would be true in a liquid), the collisions between a given pair of mar i 

spheres (representing two solute molecules) occurred in sets, with short time PE 
between successive collisions of any one set and long intervals between succes 
sets of collisions (Fig. 17.14), 


Collision pattern in a liquid. 


{HL fi MN au 


Time —> 


Playing around with marbles is all well and good, but one would like more di- 
rect evidence. In 1961, Lyon and Levy photochemically decomposed mixtures of the 
isotopic species CH3NNCH; and CD;NNCD3. Absorption of light dissociates the 
molecules to N, and 2CH, (or 2CD3;). The methyl radicals then combine to give 
thane, When the reaction was carried out in the gas phase, the ethane formed con- 
sted of CH3CH 3, CH3CD3, and CD3CD;, in proportions indicating random mixing 
of CH; and CD; before recombination. When the reaction was carried out in the 
inert solvent isooctane, only CH,;CH, and CD3CD3 were obtained; the absence of 
CH;CD3 showed that the solvent cage kept the two methyl radicals formed from a 
given parent molecule together until they recombined. 


Difusion-Controlled Reactions. Suppose the activation energy for the bimolecular 
elementary reaction B + C — products in solution is very low, so that there is a sub- 
stantial probability for reaction to occur at each collision. Since each encounter in 
solution consists of many collisions, it may well be that B and C will react every time 
they encounter each other. The reaction rate will then be given by the number of 
BC encounters per second, and the rate will be determined solely by how fast B 
and C can diffuse toward each other through the solvent. A reaction that occurs 
whenever B and C encounter each other in solution is called a diffusion-controlled 
reaction, 

In 1917, Smoluchowski derived the following theoretical expression for the rate 
constant kp of the elementary diffusion-controlled reaction B + C > products: 


kp =4nNa(rg +ro)(Ds + De) where B # C, nonionic (17.111) 


In this equation, N, is the Avogadro constant, rp and rç are the radii of B and C 
(or simplicity, the B and C molecules are assumed spherical), and Dg and De are the 
diffusion coefficients (Sec. 16.4) of B and C in the solvent. A derivation of (17.111) is 
outlined in Sec. 23.8. 

The rates d[D]/dr of the diffusion-controlled elementary reactions B + C > 
D+EandB+B—> D +F are each proportional to the encounter rate per unit 
Volume. (The proportionality constant is 1/N, as Which converts from molecules to 
moles.) Just as the collision rate per unit volume Z», of Eq. (15.63) is obtained by 
putting c = b in Z, and multiplying by 4, the encounter rate per unit volume for 
like molecules contains an extra factor of 4, as compared with the encounter rate 
Per unit volume for unlike molecules. Hence the diffusion-controlled rate constant 
for like molecules is found by multiplying (17.111) by 4: 


kp = 2nNa(rg +ro(Dg + Do) where B = C, nonionic (17.112) 
Where ry = rc and Dy = De. 

___ Equations (17.11 1) and (17.112) apply when B and C are uncharged. However, 
TB and C are ions, the strong Coulomb attraction or repulsion will clearly affect 
the encounter rate. Debye in 1942 showed that for ionic diffusion-controlled reactions 
"Very dilute solutions 


(17.113) 


Ww as 
kp = 41N (Ds + Dorp + ro) eae where B # C, ionic 
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In this definition of W, SI units are used, £, is the solvent dielectric Cons 
and zç are the charge numbers of B and C, k is Boltzmann’s Constant, e is the Proto, 
charge, and eg is the permittivity of vacuum. The quantity rg + re is the same a4 
in the Debye—Hiickel equation (10.67). Since a typically ranges from 3to8Ag Ie. 
sonable value for rg + rcis 5 Å =5 x 10710 m. Using the SI values of «, e, and 

and the values, = 78.4 for water at 25°C, one finds for H30 at 25°C and T+ 1¢=5h 


tn 20 -= | r aan ih ae e al a a 2-1 
Wie” —1) 045 | 0.17 eens l 19 3.0 


Equations (17.111) to (17.113) set upper limits on the rate 
in solution. To test them, we need reactions with essentially zero activation energy, 
Recombination of two radicals to form a stable molecule has E, ~ 0, Using fash 
photolysis, one can produce such species in solution and measure their recombing. 
tion rate. A precise test of the equations for kp is usually not possible, since the 
diffusion coefficients of such radicals in solution are not known; however, Dz and 
De can be estimated by analogy with stable species having similar Structures, Re. 
combination reactions studied include I + I + I, in CCl}, OH + OH > H,O% in 
H,0, and 2¢Cl, > C,Cl¢ in cyclohexene. One finds that recombination rates in 
solution are generally in good agreement with the theoretically calculated values, 


actions of H;O* with bases (for example, OH”, C H30); ) are found to be diffusion 
controlled. Most termination reactions in liquid-phase free-radical polymerizations 
(Sec. 17.12) are diffusion controlled. The majority of thè reactions of the hydrated 
electron e~ (aq), produced along with other species by irradiating an aqueous solution 
with a brief pulse of high-energy electrons or X-rays, are diffusion controlled, 

Equations (17.111) to (17.113) for kp can be simplified by assuming the appli 
cability of the Stokes -Einstein equation ( 16.42) relating the diffusion coefficient of 
a sphere to the viscosity of the medium it moves through: Dp = kT /6nnrg and De® 


kT/6nrc, where n is the solvent’s viscosity and k is Boltzmann’s constant. Equation 
(17.111) becomes 


2 2 
ie RT (rg + re) =F (2+ Bat 
3n alc +3 rc Tp 


The value of 2 + TB/rc + rc/rg is rather insensitive to the ratio rp/Tc. Since the treat- 
ment is approximate, we might as well set rg = rc to get 


) where B # C, nonionic 


~ JSRT/3n where B # C, nonionic pels 
>” (4RT/3n > where B = C, nonionic (17.1 


For water at 25°C, n = 8.90 x 1074 kgm~'s~!, and substitution in ey 
gives kp = 0.7 x 101° dm? mol`! s`} for a nonionic diffusion-controlled er 
with B 4 C. The W/(e” — 1) factor multiplies kp by 2 to 10 for oppositely charged 
ions and by 0.5 to 0.01 for like charged ions. Thus, kp is 108 to 10! dm? mols 
in water at 25°C, depending on the charges and sizes of the reacting species. hi 

The majority of reactions in liquid solution are not diffusion controlled; n AE 
only a small fraction of encounters lead to reaction. Such reactions are called ¢ 


plyioontrollea ma peen rate depends on the probability that an encounter will 
kad to chemical reaction. 


Activation Energies. Gas-phase reactions are commonly studied at temperatures 
upto 1500 K, whereas reactions in solution are studied up to 400 or 500 K. Hence, 
reactions with high activation energies will proceed at negligible rates in solution. 
Therefore, most reactions observed in solution have activation energies in the range 
2 to 35 kcal/mol (8 to 150 kJ/mol), compared with —3 to 100 kcal/mol (—15 to 
400 kJ/mol) for gas-phase reactions. The 10-°C doubling or tripling rule (Sec. 17.7) 
indicates that many reactions in solution have E, in the range 13 to 20 kcal/mol. 

For a nonionic diffusion-controlled reaction, Eqs. (17.114), (17.115), and (17.68) 
show that E, depends on n} dn/dT. For water at 25°C and 1 atm, one finds (Prob. 
17.66) a theoretical prediction ‘of E, ~ 43 Kcal/mol = 19 kJ/mol. 
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CATALYSIS 


A catalyst is a substance that increases the rate of a reaction and can be recovered 
chemically unchanged at the end of the reaction. The rate of a reaction depends on 
the rate constants in the elementary steps of the reaction mechanism. A catalyst pro- 
vides an alternate mechanism that is faster than the mechanism in the absence of the 
catalyst. Moreover, although the catalyst participates in the mechanism, it must be 
regenerated, A simple scheme for a catalyzed reaction is 


Rial Pa (17.116) 
I1+R,>P,+C 


where C is the catalyst, R and R, are reactants, P, and Pz are products, and I is 
an intermediate. The catalyst is consumed to form an intermediate, which then reacts 
to regenerate the catalyst and give products. The mechanism (17.116) is faster than 
the mechanism in the absence of C. In most cases, the catalyzed mechanism has a 
lower activation energy than that of the uncatalyzed mechanism; in a few cases, the 
catalyzed mechanism has a higher E, (and a higher A factor); see J. A. Campbell, 
J. Chem. Educ., 61, 40 (1984). 

An example of (17.116) is the mechanism (17.7). In (17.7), R, and R are H20, 
ind H0>, the catalyst C is I~; the intermediate I is IO~, the product P, is H,0, 
ind P, is H,O + O3. Another example is (17.119), below, in which the catalyst is 
Cl and the intermediate is CIO. In many cases, the catalyzed mechanism has several 
steps and more than one intermediate. 

In homogeneous catalysis, the catalyzed reaction occurs in one phase. In het- 
Negi catalysis (Sec. 17.17), the reaction occurs at the interface between two 
Phases, 

_ The equilibrium constant for the overall reaction R; + Rz = P, + P3 is deter- 
mined by AG" (according to AG? = —RT In K°) and is therefore independent of the 
"action mechanism. Hence a catalyst cannot alter the equilibrium constant of a re- 
Action. This being so, a catalyst for a forward reaction must be a catalyst for the 
"verse reaction also. Note that reversing the mechanism (17.1 16) gives a mechanism 
Whereby catalyst is consumed to produce an intermediate which then reacts to re- 
Senerate the catalyst. Since the hydrolysis of esters is catalyzed by HO”, the esteri- 
fication of alcohols must also be catalyzed by H,0*. 
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Although a catalyst cannot change the equilibrium constant, a homogen 
catalyst can change the equilibrium composition of a system, The Mole-fracti i 
equilibrium constant is K° = J]; (ai,cq)”', where a; = y;x;. A catalyst present inte 
same phase as the reactants and products will change the activity Coefficients y 
Unless the changes in reactant and Product y; values happen to offset each site, 
the presence of the homogeneous catalyst will change the equilibrium 
of reactants and products. Since a catalyst is usually Present in sma 
effect on the equilibrium composition is usually small. See F. A. Gi 
Educ., 63, 382 (1986). 

The rate law for a catalyzed reaction frequently has the form 

T= kof A} [L]? + keaLA]® -+ [L]*[cat.]° (aau) 
where kọ is the rate constant in the absence of catalyst ([cat.] =0) and kon is the 
rate constant for the catalyzed mechanism. The order with respect to catalyst is 
commonly 1. If the lowering of E, is substantial, the first term in (17.117) is negligible 
compared with the second, unless [cat.] is extremely small. The activation energies 


for the uncatalyzed and catalyzed reactions can be found from the temperature de. 
pendences of kọ and ken: The reaction 2H 202(aq) > 2H,0 + O; has the following 


mole fraction; 
ll amounts, ity 
TECO, J, Che 


Many reactions in solution are catalyzed by acids or bases or both. The hydrol- 
ysis of esters is catalyzed by H,0* and by OH” (but not by other Bronsted acids 
or bases). The rate law for ester hydrolysis generally has the form 


r = ko[RCOOR’] + ky.[H,0* J[RCOOR’] + kon- [OH ][RCOOR'] (17119 


where the rate constants include the concentration of water raised to unknown 
powers. Strictly speaking, OH” is not a catalyst in ester hydrolysis, but is a reactant, 
since it reacts with the product RCOOH. P 
An autocatalytic reaction is one where a product speeds up the reaction. An 
example is the HO * -catalyzed hydrolysis of esters, RCOOR’ + H,0 > RCOOH + 
R'OH; here, H,0* from the ionization of the product RCOOH increases the H30 
concentration as the reaction proceeds, and this tends to speed up the reaction. At- 
other kind of autocatalysis occurs in the elementary reaction A + B > C + A 
rate law is r = k[A][B]. During the reaction, the A concentration increases, and this 
increase offsets the decrease in r produced by the decrease in [B]. A spectacular 
example is an atomic bomb; here A is a neutron. fa 
An inhibitor (or negative catalyst) is a substance that decreases the rate a 
Teaction when added in small quantities. Inhibitors may destroy a catalyst pres 
in the system or may react with reaction intermediates in a chain reaction. gW 
The catalytic destruction of ozone in the earth’s stratosphere (the poe 
the atmosphere from 10 or 15 km to 50 km— F; ig. 15.15) is of major current ae 
Stratospheric ozone is formed when O, absorbs ultraviolet radiation and dissoct me 
to O atoms (O, + hy > 20, where Ay denotes a photon of ultraviolet daiak 
Sec. 18.2); the O atoms combine with O, to form O, (O + O, + M => Ong diation © 
Sec. 17.11). The O; can break down to O, by absorption-of ultraviolet ra Ni d 
(O; + hv > O, + O) and by reaction with O (O3 + O.—> 203). The net res 


these reactions is an approximately steady-state O, stratospheric concentration of 


afew parts per million. 
Chlorine atoms catalyze the decomposition of stratospheric O, as follows: 


CI+ O, + CIO +0, 


clo+05¢Cl+0, (7119) 


The net reaction is O3 + O > 20). Other species with an odd number of electrons 
also catalyze the O decomposition; examples are H, OH, NO, and Br. Depletion 
of ozone is undesirable, since it would increase the amount of ultraviolet radiation 
reaching us, thereby increasing the incidence of skin cancer and cataracts, reducing 
crop yields, and altering the climate. According to James Anderson, a principal in- 
vestigator of stratospheric composition, “If the amount of stratospheric ozone were 
to fall by as little as ten percent, the implications would be extremely serious for 
plants and animals; and if it fell by half, the effects would prove devastating for 
virtually all life on earth.” 

The chlorofluorocarbons CFCl, and CF,Cl, are used as working fluids in 
refrigerators and air conditioners, as solvents, and as propellants for aerosol sprays. 
When released to the atmosphere, these gases diffuse to the stratosphere, where they 
produce Cl atoms by absorbing ultraviolet radiation. Because of the danger to strato- 
spheric ozone, the United States and several other countries have banned chloro- 
fluorocarbon aerosol propellants, but other uses continue. An accurate forecast of the 
elects of chlorofluorocarbons and other pollutants on future stratospheric ozone 
levels is very difficult to make because of the many interrelated reactions involved. 
In 1987, an international agreement to reduce the use of chlorofluorocarbons was 
reached (Time, Sept. 28, 1987, p. 35). 

For further discussion of stratospheric ozone depletion, see Chem. Eng. News, 
Nov. 24, 1986, pp. 16-56; S. Elliott and F. S. Rowland, J. Chem. Educ., 64, 387 (1987). 


ENZYME CATALYSIS 


Most of the reactions that occur in living organisms are catalyzed by molecules called 
enzymes, Enzymes are proteins with molecular weights ranging from 10* to 10°. An 
tnzyme is specific in its action; many enzymes catalyze only the conversion of a par- 
ticular reactant to a particular product (and the reverse reaction); other enzymes 
catalyze only a certain class of reactions (for example, ester hydrolysis). Enzymes 
Speed up reaction rates very substantially, and in their absence most biochemical 
reactions occur at negligible rates. The molecule an enzyme acts on is called the 
substrate. The substrate binds to a specific active site on the enzyme to form an 
énzyme—substrate complex; while bound to the enzyme, the substrate is converted 
to product, which is then released from the enzyme. Some physiological poisons act 
by binding to the active site of an enzyme, thereby blocking (or inhibiting) the action 
of the enzyme. The structure of an inhibitor may resemble the structure of the enzyme’s 
Substrate, Cyanide acts by blocking the enzyme cytochrome oxidase. 

The single-celled Escherichia coli, a bacterium that flourishes in human colons, 
contains about 3000 different enzymes and a total of 10° enzyme molecules. 
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There are many possible schemes for enzyme catalysis, but we Shall Consider 
only the simplest mechanism, which is 


eein 
E+S=ES—E+P anm | 


where E is the freë enzyme, S is the substrate, ES is the enzyme—substrate complex, 

and P is the product. The overall reaction is S > P. The enzyme is consumed in step 

1 and regenerated in step 2. j 
In most experimental studies on enzyme kinetics, the enzyme Concentration js 

much less than the substrate concentration: [E] < [S]. Hence the concentration of 

the intermediate ES is much less than that of S, and the steady-state approximation 

can be used for ES: 


a[ES]/dt = 0 = k, [E][S] — k- [ES] — k,[ES] + k-a[E]EP] (1712 
If [E]p is the initial enzyme concentration, then [E] = [E] + [ES]. Since the enzyme 
concentration [E] during the reaction is generally not known while [E]p is known, 
we replace [E] by [E]o — [ES]: 
0 = ([E]o — [ES])(k, [S] + k_2[P]) — (k_, + k,)[ES] 
ki[S] + k-a[P] 
S]= E 
[ES] k-ı +k, + k,[S] + k_,[P] [Elo 
The reaction rate is r = —d[S]/dt, and (17.120) gives 
r = ki [E][S] — k- [ES] = k,([E]) — [ES])[S] — k- i[ES] 
r = ky [E]o[$] — (k, [S] + k- [ES] (17.123) 
Since the concentration of the intermediate ES is very small, we have —d[S]/dt = 
d[P]/dt. Substitution of (17.122) into (17.123) gives 
ky k2[S] - k- ,k—-[P] 7 
2 l E (17.124) 
ki[S] + k_,[P] + k_, +k, [E] 
Usually, the reaction is followed only to a few percent completion and the initial 


rate determined. Setting the product concentration [P] equal to 0 and [S] equal to 
[S]o, we get as the initial rate To 


ae ki k2[S]oLE]o a ka[E]o[S]o (17.125) 
o kilSJo+ ky +k, Ky +[S]o 


where the Michaelis constant Ky is defined by Ky, = (k; + k2)/k,. The reciprocal 
of (17.125) is 


(17.122) 


hie Ke al 1 (17.126) 


To ka[E]o (Slo * kaLE]o 

Equation (17.125) is the Michaelis-Menten equation, and (17.126) is the iT 
Burk equation. One measures To for several [S]o values with [E]o held fixed. m 
constants k, and Ky are found from the intercept and slope of a plot of he 
1/[S], since [E]o is known. Strictly speaking, rọ is not the rate at t = 0, since i 
is a short induction Period before Steady-state conditions are established. Howevet 
the induction period is generally too short to detect. imit of high 

Figure 17.15 plots To in (17.125) against [S]o for fixed [E]o. In the limit 0 v 
concentration of substrate, virtually all the enzyme is in the form of the ES comple 


ro/k2(Eo) 


0.5 


ISo} /Kw 
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and the rate becomes a maximum that is independent of substrate concentration; Eq. 
(17125) gives Tomax = k2[E]o for [S]o > Km. At low substrate concentrations, 
(17.125) gives ro = (k2/Ky)[E]o[S]o, and the reaction is second order. Equation 
(17,124) predicts that r is always proportional to [E]ọ provided that [E]o < [S]o, so 
steady-state conditions hold. t 

The quantity ro max/[E]o is the turnover number of the enzyme. The turnover 
number is the maximum number of moles of product produced in unit time by 1 mole 
of enzyme and is also the maximum number of molecules of product produced in 
unit time by one enzyme molecule. From the preceding paragraph, rp max = k2[E]o, 
so the turnover number for the simple model (17.120) is k}. Turnover numbers for 
enzymes range from 107? to 10° molecules per second, with 10° s~* being typical. 
One molecule of the enzyme carbonic anhydrase will dehydrate 6 x 10° HCO, 
molecules per second; the reaction H,CO,(aq) = H,O + CO,(aq) is important in 
the excretion of CO, from the capillaries of the lungs. For comparison, a typical 
turnover rate in heterogeneous catalysis (Sec. 17.17) is 1s~'; one of the highest 
turnover rates in heterogeneous catalysis is the 10* to 10° s~" rate in the Pt-catalyzed 
conversion of ortho H, to para H3. 

Although many experimental studies on enzyme kinetics give a rate law in agree- 
ment with the Michaelis-Menten equation, the mechanism (17.120) is grossly over- 
simplified. For one thing, there is much evidence that, while the substrate is bound 
to the enzyme, it generally undergoes a chemical change before being released as 
product. Hence a better model is 


E+S=ES=EP=E+P (17.127) 


The model (17.127) gives a rate law that has the same form as the Michaelis-Menten 
equation, but the constants k, and Ky are replaced by constants with different sig- 
hificances. (See Lewis, pp. 647-648.) Another defect of (17.120) is that it takes the 
catalytic reaction as S => P, whereas most enzyme-catalyzed reactions involve two 
Substrates and two products: A + B = P + Q. The enzyme then has two active sites, 
one for each substrate. With two substrates, there are many possible mechanisms. 
For details, see Lewis, pp. 656-659. f 
Enzyme reactions are quite fast but can be studied using “classical” methods by 
Keeping [E] and [S] very low. Typical values are [E] = 107° mol dm `° and [S] = 
mol dm~*. The ratio [S]/[E] must be large to ensure steady-state conditions. 
Modern methods of studying fast reactions (for example, rapid flow, relaxation) pro- 
Vide more information than the classical methods, in that rate constants for individual 
steps in a multistep mechanism can be determined. 


Initial rate vs. initial substrate 
concentration for the Michaelis- 
Menten mechanism. 
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HETEROGENEOUS CATALYSIS 


The majority of industrial chemical reactions are run in the presence of solid Catal, 
Examples are the Fe-catalyzed synthesis of NH; from N, and H3; the Si0,/Al,0, 
catalyzed cracking of relatively high-molecular-weight hydrocarbons to gasoline: 
Pt-catalyzed (or V,0.-catalyzed) oxidation of SO, to SOs, which is then real 
with water to produce H,SQ4, the leading industrial chemical (annual United States 
production, 10"? Ib). The liquid catalyst H3PO,, distributed on diatomaceous earth, 
is used in the polymerization of alkenes. 

Solid-state catalysis can lower activation energies substantially, For 2HI4 
H, +13, the activation energy is 44 kcal/mol for the uncatalyzed homogeneous re. 
action, is 25 kcal/mol when catalyzed by Au, and is 14 kcal/mol when catalyzed by 
Pt. The A factor is also changed. 

For a solid catalyst to be effective, one or more of the reactants must be chemi- 
sorbed on the solid. Physical adsorption is believed to be of little or no importane 
in heterogeneous catalysis. 

The mechanisms of only a few heterogeneously catalyzed reactions are known, 
In writing such mechanisms, the adsorption site is commonly indicated by a star. 
For example, deuterium tracer studies led to the following postulated mechanism for 
the hydrogenation of ethylene on a metallic catalyst: 


H,C=CH,(g) + 2+ > SAT ii and Hlg) + 2 i 


S irig * 
aoe +H = H,C—CH, + 2» 
yee all 
fl + ie => H3;C—CH,(g) + 2» 


* * 
where each star is a metal atom on the solid’s surface. [Modern surface-science work 
has shown that the mechanism of this reaction is more complex and rather different 
than that shown above. See G. A. Somorjai, Philosoph. Trans. R. Soc. London, Ser. 
A, 318, 81 (1986); A. Wieckowski et al., J. Am. Chem Soc., 107, 5910 (1985).] 
Most heterogeneous catalysts are metals, metal oxides, or acids, Common metal 
catalysts include Fe, Co, Ni, Pd, Pt, Cr, Mn, W, Ag, and Cu. Many metallic catalysts 
are transition metals with partly vacant d orbitals that can be used in bonding t0 
the chemisorbed species. Common metal oxide catalysts are Al2O3, Cr203, V205: 
ZnO, NiO, and Fe,03. Common acid catalysts are H;PO, and H,SO4. ; 
A good catalyst should have moderate values for the enthalpies of adsorption 
of the reactants. If |AB,as] is very small, there will be little adsorption and hence & 
slow reaction. If |AF,a,| is very large, the reactants will be held very tightly at thei 
adsorption sites and will have little tendency to react with each other. sé 
To increase the exposed surface area, the catalyst is often distributed on the F 
face of a porous support (or carrier). Common supports are silica gel (SiO3), peel 
(Al,03), carbon (in the form of charcoal), and diatomaceous earth. The support m4 
be inert or may contribute catalytic activity. dition 
The activity of a catalyst may be increased and its lifetime extended by ad a 
of small amounts (5 or 10 Percent) of substances called promoters. The iron cataly 


nsed in NH3 synthesis contains small amounts of the oxides of K, Ca, Al, Si, Mg, Ti, 
Zr, and V; the Al,O3 acts as a barrier that prevents the tiny crystals of Fe from 
ioining together (sintering); formation of larger crystals decreases the surface area 
and the catalytic activity. 

Small amounts of certain substances that bond strongly to the catalyst can in- 
activate (or poison) it. These poisons may be present as impurities in the reactants 
or be formed as reaction by-products. Catalytic poisons include compounds of S, N, 
and P having lone pairs of electrons (for example, HS, CS}, HCN, PH3, CO) and 
certain metals (for example, Hg, Pb, As). Because lead is a catalytic poison, lead-free 
gasoline must be used in cars equipped with catalytic converters used to remove 
pollutants from the exhaust. 

The amount of poison needed to eliminate the activity of a catalyst is usually 
much less than needed to cover the catalyst’s surface completely. This indicates that 
the catalyst’s activity is largely confined to a fraction of surface sites, called active 
sites (or active centers). The surface of a solid is not smooth and uniform but is rough 
onan atomic scale. The surface of a metal catalyst contains steplike jumps that join 
relatively smooth planes (Fig. 24.25); there is evidence that hydrocarbon bonds break 
mainly at these steps and not on the smooth planes (Chem. Eng. News, Dec. 8, 1975, 
p. 23). 

The following five steps are involved in fluid-phase reactions catalyzed by solids: 
(1) diffusion of reactant molecules to the solid’s surface; (2) chemisorption of at least 
one reactant species on the surface; (3) chemical reaction between adsorbed reactants 
or between an adsorbed reactant and fluid-phase molecules colliding with the surface; 
(4) desorption of products from the surface; (5) diffusion of products into the bulk 
fluid, 

A general treatment involves the rates for all five steps and is complicated. In 
many cases, one of these steps is much slower than all the others, and only the rate 
of the slow step need be considered, Diffusion (steps 1 and 5) is generally fast in gases. 
We shall consider mainly solid-catalyzed reactions of gases where step 3 is much 
slower than all other steps. 

If the rate-determining step 3 is between species chemisorbed on the surface, the 
reaction is said to occur by a Langmuir—Hinshelwood mechanism. If step 3 involves 
a chemisorbed species reacting with a fluid-phase species, the mechanism is called 
Rideal-Eley. Langmuir-Hinshelwood mechanisms are more common than Rideal- 
Eley ones. 

Step 3 may consist of more than one elementary chemical reaction. In the 
C,H, +H, example above, step 3 involves two elementary reactions. Since the de- 
tailed mechanism of the surface reaction is usually unknown, we adopt the simplifying 
assumption of taking step 3 to consist of a single unimolecular or bimolecular ele- 
mentary reaction or a slow (rate-determining) elementary reaction followed by one 
or more rapid steps. This assumption may be compared with the assumption of the 
grossly oversimplified mechanism (17.120) for enzyme catalysis. 

Since we are assuming the adsorption and desorption rates to be much greater 
as the chemical-reaction rate for each species, aiieorplion=diesorption pantiri 
fa leper each species during the reaction; we can therefore use the Langmuir 

therm, which is derived by equating the adsorption and desorption rates for a 
given species (see Sec. 13.5). The Langmuir isotherm assumes a uniform surface, which 
is far from true in heterogeneous catalysis, so use of the Langmuir isotherm is one 


More Oversimplification in the treatment. 
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The conversion rate J of a heterogeneously catalyzed reaction is defined by(t) 
as vg ' dng/dt, where Yp is the stoichiometric coefficient (Sec. 4.9) of any creda 
the overall reaction. Since the chemical reaction occurs on the Catalyst’s surf 
will clearly be proportional to the catalyst’s surface area s, Let r be the conversio 
rate per unit surface area of the catalyst. Then 


£ A Avy dt any 

If Z is unknown, one uses the rate per unit mass of catalyst, 

Suppose the elementary reaction on the surface is the unimolecular step A 
C + D. Then r, the reaction rate per unit surface area, will be proportional to the 
number of adsorbed A molecules per unit surface area (ng/o), and this in tur will | 
be proportional to 04, the fraction of adsorption sites occupied by A molecules 
Therefore, r, = kO,, where k is a rate constant with units mol cm~% 57}, Since the 
products C and D might compete with A for adsorption sites, we use the form of the 
Langmuir isotherm that applies when more than one species is adsorbed. Equation 
(13.37) generalized to several nondissociatively adsorbed species is 


baPa 
an 17.128) 
A+ Dy bP, (ae 
where the sum goes over all Species. The rate law r, = kô, becomes 
he ons ae (171%) 


1+ byPy + bePc + bpPp 
If the products are very weakly adsorbed (bcP¢ and bpPp <1 + bP), then 


PREMON (17.131) 


"14 byP, 
The low-pressure and high-pressure limits of (17.131) are 


rig kb, P at low P 
ahi at high P 


At low P, the reaction is first order; at high P, zero order. At high pressure, the 
surface is fully covered with A, so an increase in P, has no effect on the rate. Note 
the resemblance to the low-substrate and high-substrate limits of the Michaelis- 
Menten equation (17.125). In fact, Eqs. (17.125) and (17.131) have essentially the 


being first order below 1072 torr and zero order above 1 torr. The decompostin 
of N20 on Mn30, has r, = kPyio/(1 + bPy,o + cP42); this rate law is similar 


with N30 for the active sites, thereby inhibiting the reaction. d 

Suppose the elementary surface reaction is bimolecular, A + B > C + D, “tf 
both reactants are adsorbed on the surface. Reacting molecules in a liquid or ga8 0" 
fuse through the fluid until they collide and Possibly react, and the elementary rt? 


tion sate is proportional to the product of the volume concentrations (n4/V)(np/V). 
Similarly, reactant molecules adsorbed on a solid surface can migrate or diffuse from 
one adsorption site to the next, until they meet and possibly react, and the reaction 
rate is proportional to the product of the surface concentrations (ng/sf)(ng/), which 
in turn is proportional to 0,0y. Thus r, = k0,9. Use of the Langmuir isotherm 
(17.129) gives for nondissociatively adsorbed species 


a ik babpPaPp . 
"+ baPa + bpPp + bePc + bpPp)” 
c D 


(17.132) 


A particularly interesting case of (17.132) is when the reactant B is adsorbed 
much more strongly than all other species: bgPg > 1+ bPa + bcPc + bpPp. Then, 
„= kbaP a/bgP B> and the reactant B inhibits the reaction. This seemingly paradox- 
ical situation can be understood by realizing that when reactant B is much more 
strongly adsorbed than reactant A, the fraction of surface occupied by A goes to 
zro; hence r, = k0ĘÔg goes to zero. The maximum rate occurs when the two reac- 
tants are equally adsorbed. An example of inhibition by a reactant is the Pt-catalyzed 
reaction 2CO +O, + 2CO,, whose rate is inversely proportional to the CO pressure. 
CO also binds more strongly than O, to the Fe atom in hemoglobin and so is a 
physiological poison. 

For the Rideal—Eley bimolecular mechanism A(ads) + B(g) > products, the rate 
is proportional to @,Px, since the rate of collisions of B with the surface is propor- 
tional to Py. Use of the Langmuir isotherm (17.129) for 0, gives a rate law that 
differs from (17.132). 

The rate law for NH, synthesis on promoted iron catalysts cannot be fitted to 
aLangmuir-type equation. Here, the rate-determining step is the adsorption of Na 
(step 2 in the above scheme). See Wilkinson, pp. 246-247. 


Kinetics of Adsorption, Desorption, and Surface Migration of Gases on Solids. 
A full understanding of heterogeneous catalysis requires knowledge of the kinetics 
ofadsorption, desorption, and surface migration. The rate r, = —(1/)(dng/dt) of the 
adsorption reaction B(g) > B(ads) (nondissociative adsorption) or B(g) > C(ads) + 
D(ads) (dissociative adsorption) is rs = kaas f! (6)[B(g)], where f(@) is a function of the 
fraction 0 of occupied adsorption sites. In the Langmuir treatment (Sec. 13.5), f(0) = 
1-0 for nondissociative adsorption and f(0) = (1 — 6) for dissociative adsorption, 
where two adjacent vacant adsorption sites are needed. The adsorption rate constant 
is kuas = Aase Eaea"/*T, where Ea aas is the activation energy for adsorption—the 
minimum energy a B molecule needs to be adsorbed. For most common gases on clean 
metal surfaces, chemisorption is found to be nonactivated, meaning that Ea,aas ¥ 0. 

The very high rate of collisions of gas molecules with a surface at ordinary pres- 
sures and the fact that Ea sas is often zero means that chemisorption is very rapid at 
ordinary pressures, To study its kinetics, contaminating background gases must be 
at extremely low pressures (107 10 torr or less), and the initial pressure of the gas 
being studied must be very low (typically, 10-7 torr). By monitoring the pressure 
Versus time of contact between gas and solid held at a fixed T, one can follow the 
Tate of adsorption. Alternatively, the clean solid can be exposed to a certain gas 
Pressure for a short time, after which the gas is pumped out. The solid is then heated 
to a temperature sufficiently high to desorb all adsorbent, and the amount of gas 
desorbed is measured. 


SECTION 17.17 


ms displacement d in a given direction of an adsorbed species in time £ is given by 
dæ QDI)", which is (16.32). 


NUCLEAR DECAY 


The decay of a radioactive isotope follows first-order kinetics. Each nucleus of a 
particular radioactive isotope has a certain probability of breaking down in unit 
time, The number —dN of nuclei that decay in a small time dt is therefore propor- 
tional to the number N of radioactive nuclei currently present in the system and also 
to the length of the small time interval: —dN o N dt, or 


dN/dt = —AN (17,133) 
where the proportionality constant / is called the decay constant. The number of 
radioactive nuclei is decreasing with time, so dN is negative. For radioactive decay, 
the decay rate is expressed in terms of the number of elementary particles (atoms or 


nuclei), rather than in terms of molar concentrations. Equation (17.133) has the same 
form as (17.11); by analogy to (17.14), Eq. (17.133) integrates to 


N =No” (17.134) 


where No is the number of radioactive nuclei present at t = 0. 
Since the kinetics is first order, the isotope’s half-life, given by Eq. (17.15), is 


tyj2 = 0.693/4 (17.135)* 


Some half-lives and decay modes are: 


| in 12N 140 | 238) 
Half-life 15 min 0.01 s 5730 yr | 4.5 x 10° yr 
Decay mode Bo pt Bo a 


An « particle consists of two protons and two neutrons and is a *He nucleus. 
The decay of ?38U is 238U + tHe + 234Th. The ?°4Th nucleus is itself unstable 
and decays by beta emission to ?°4Pa, which is unstable; the ultimate decay product 
of 8U is 206Ph, The mass number A of a nucleus equals the number of protons 
plus neutrons and is written as a left superscript. The atomic number Z equals the 
number of protons and is written as a left subscript. 

A ` particle is an electron. The free neutron is unstable, decaying into a proton, 
an electron, and an antineutrino (symbol 7): ån + tp + -9e + 9¥- The antineutrino 
has zero charge and zero rest mass and travels at the speed of light. (It is not certain 
that the antineutrino mass is zero. This mass might be very small but nonzero, in 
Which case, the particle would travel at slightly less than the speed of light.) The 
‘mission of an electron from a nucleus can be described as the breakdown of a neu- 
tron in the nucleus into a proton, which remains in the nucleus, and an electron and 
intineutrino, which are ejected from the nucleus. The decay equation for 14C is 
6c MIN + e+ 27. The symbol !4N in this equation stands for a nucleus of 14N; 
mission of a beta particle by !4C produces a }#N* ion, which eventually picks up 
ån electron from the surroundings to become a neutral '*N atom. 

A B* particle is a positron. A positron has the same mass as an electron and a 
charge equal in magnitude but opposite in sign to the electron charge. The positron 


— Ea 
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| 572 | is the antiparticle of the electron. When a Positron collides with an electron, thyy 
annihilate each other, producing two high-energy photons. (Photons a: ; 
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a ; re dis 
in Sec. 18.2.) Positrons are not constituents of ordinary matter. Several Synthetic 


nuclei decay by positron emission; an example is "2N — "EC + Ye + 2y, where y 
a neutrino. The particles v and 7 are antiparticles of each other. 

Just as the electrons in atoms can exist in excited states (Chap. 19), the nucleus 
possesses excited states. An excited nucleus can lose energy by emission of g high 
energy photon (a gamma ray). In gamma emission, the charge and mass number of 
the nucleus remain unchanged; the nucleus simply goes from a high energy leve] to 
a lower one. 

The activity A of a radioactive sample is defined as the number of disintegra. 
tions per second: A = —dN/dt. Equation (17.133) gives 


A=1N (17.136) 

where N is the number of radioactive nuclei Present. Substitution in (17.134) gives 
A= Ape” (17131) 

Radioactive decay is a probabilistic process, and the discussion of Sec. 3,7 shows 

that fluctuations on the order of A‘/? are to be expected in the observed activity, 
The activity of a 10-mg sample of 23*U is only 100 dis/s, and easily observed flu- 
tuations of 10 dis/s, or 10 percent, occur in the decay rate. Anyone who has ever 
heard a Geiger counter clicking will have noted the fluctuations in counting rate. In 


a chemical reaction, the number of particles reacting per unit time is extremely large, 
and fluctuations in rate are unobservable. 


A 1.00-g sample of *?°Ra emits 3.7 x 10!° alpha particles per second. Find 4 and 

ty/2. Find A after 999 years, 
We have 
Ny = 1.00 ¢ 1 mol Ra 6.02 x 1073 atoms 
226 g 1 mol 
4 = Ao/No = (3.7 x 101° s~4)/(2.66 x 1021) = 1.39 x 1071! 57! 
S12 = 0.693/2 = 5.0 x 10!° s = 1600 years 

A= Age * = (3.7 x 101° s~!) exp [(—1.39 x 1071! s7 1)(3.15 x 10!°s)} 

= 2.4 x 10'° dis/s 


SUMMARY 


The rate r of the homogeneous reaction 0 > Di WA; in a system with negligbi? 
volume change and negligible concentrations of intermediates is r = (1/v) d[ Adit 
where v; is the stoichiometric Coefficient of species A; (negative for earn 
Positive for products) and d[A;]/dt is the rate of change in the concentration © aA 
The expression for r as a function of concentrations at fixed temperature is called t rt 
rate law. Usually (but not always), the rate law has the form r = kay [B] [L ‘ 
where the rate constant k depends strongly on temperature (and very weakly 0 


= 2.66 x 10?! atoms 


pesare) and a, B,..., 4 (the partial orders) are usually integers or half-integers. The 
Jorder isa + B+--° +4 The partial orders in the rate law may differ from 
ihe coefficients in the chemical reaction and must be determined by experiment. 

Reaction rates are measured by following the concentrations of species as func- 
jons of time using physical or chemical methods. Special techniques (for example, 
ow systems, relaxation, flash photolysis) are used to follow very fast reactions. ~~ 

Various forms of the rate law were integrated in Sec. 17.3. For a first-order 
reaction, the half-life is independent of initial reactant concentration. 

If the rate law has the form r = k[A]", the order n can be determined by the 
factional-life or Powell-plot method. By making the concentration of reactant A 
much less than that of the other reactants (the isolation method), one reduces the rate 
jaw to the form r = j[A]*, and the partial order « can be found using the fractional- 
lie or Powell-plot method. The partial orders can also be found from the changes 
ininitial rates produced by changes in the initial reactant concentrations. Once the 
partial orders have been found, the rate constant is evaluated from the slope of the 
appropriate straight-line plot. 

The majority of chemical reactions are complex, meaning that they consist of a 
aries of steps, each step being called an elementary reaction. The series of steps is 
called the reaction mechanism. The mechanism generally involves one or more re- 
ation intermediates that are produced in one step and consumed in a later step. 

The rate law for the elementary reaction aA + bB > products is r = k[A]'[B]’ 
inan ideal system. The quantity a + b (which may be 1, 2, or, rarely, 3) is the 
molecularity of the elementary reaction. The equilibrium constant for an elementary 
reaction equals the ratio of the forward rate constant to the reverse rate constant: 
K,=k,/k,. None of these statements is necessarily true for a complex reaction. 

To arrive at the rate law predicted by a mechanism, one usually uses either the 
file-determining-step or the steady-state approximation. The rate-determining-step 
approximation assumes the mechanism contains a relatively slow rate-determining 
step; this step may be preceded by steps that are in near equilibrium and may be 
followed by rapid steps. One sets the overall rate equal to the rate of the rate- 
Actermining step (provided this step has a stoichiometric number equal to 1) and 
Gliminates any reaction intermediates from the rate law by solving for their concen- 
trations using the equilibria that precede the rate-determining step. In the steady-state 
pproximation, one assumes that after a brief induction period the concentration of 
tach reaction intermediate I is essentially constant; one sets d[1]/dt = 0, solves for 
[I], and uses the result to find the rate law. 

_ Various rules for devising mechanisms consistent with an observed rate law were 
Ben, If the reaction has a rate-determining step, then the total reactant composition 
Of this step is found by summing the species in the rate law (rule 1 in Sec. 17.6). 

The temperature dependence of the rate constants of elementary reactions re 
Most complex reactions can be represented by the Arrhenius equation k= Ae * » 
Where A and E, are the pre-exponential factor and the Arrhenius activation energy. 

„In unimolecular reactions, molecules receive the energy needed to decompose 
orisomerize by collisional activation into states of high vibrational energy; an activated 
Molecule either loses its extra vibrational energy in a collision or reacts to form 
Products, 

A chain reaction contains an initiation step that produces a reactive intermediate 

Na free radical), one or more propagation steps that consume the reactive inter- 
Mediate, produce products, and regenerate the intermediate, and a termination step 
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that consumes the intermediate. The kinetics of free-radical addition po 
was discussed. aq 

For reactions in liquid solutions, the solvent may strongly affect th 
stant. Each encounter between two reacting species A and B in solutii 
many collisions between A and B while they are trapped in a surround 
solvent molecules. If A and B molecules react whenever they encounter e 
the reaction rate is controlled by the rate at which A and B diffuse t 
other. Theoretical expressions for the rates of such diffusion-controlled 7 
given. d 

A catalyst speeds up the rate of a reaction but does not affect the, 
constant, The catalyst participates in the reaction mechanism but is regen 
changed at the end of the reaction. The functioning of biological organism 
on catalysis by enzymes. A simple model (the Michaelis-Menten mod 
kinetics was given. Most industrial reactions are run in the presence of soli 
The Langmuir isotherm was used to rationalize observed kinetic behavior 
geneous catalysis, The kinetics of gas—solid adsorption, surface migration, j 
tion was examined. 

Radioactive decay follows first-order kinetics. 

Important kinds of calculations discussed in this chapter include: 


* Calculation of the amounts of reactants and products present at a given 
the integrated rate law and the initial composition. ; 

* Determination of reaction orders from kinetics data. 

* Determination of the rate constant from kinetics data. 

* Use of the Arrhenius equation k = Ae~**/®T to calculate A and E, frol 
data or to calculate k(T,) from K(T,) and A and E,. 

* Calculation of <DP) in radical addition polymerizations, 

* Calculation of k for a diffusion-controlled reaction. } 

* Calculation of the parameters in the Michaelis-Menten equation (17. 
rate-vs.-concentration data. i 

* Calculation of the activity of a radioactive sample at time ¢ from its hal 
initial activity using 2t,,. = 0.693 and A = Ape *, 
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114 For the gas-phase reaction 
2N,05 + 4NO; + O2 


the rate constant k is 1.73 x 1075 s~! at 25°C. The observed 
mte law is given in Eq. (17.6). (a) Calculate r and J for this 
reaction in a 12.0-dm° container with P(N,O) = 0.10 atm at 
38°C, (b) Calculate d[N,Os]/dt for the conditions of part (a). 
le) Calculate the number of NO molecules that decompose 
in 1s for the conditions of (a). (d) What are k, ry and J for the 
= of (a) if the reaction is written N20 + 2NO, + 
2) 

172 In gas-phase kinetics, pressures instead of concentrations 
are sometimes used in rate laws. Suppose that for aA = prod- 
ucts, one finds that —a~!dP,/dt = kpP 4", where kp is a con- 
stant and P, is the partial pressure of A. (a) Show that kp = 
HRT)!" (b) Is this relation valid for any nth-order reaction? 
le) Calculate kp for a gas-phase reaction having k = 2.00 x 
1074 dm? mol! s~* at 400 K. 


113 _ Reactions 1 and 2 are each first order, and k, > kz ata 
certain temperature T. Must r; be greater than r at T 


174 For the mechanism 


A+B>+C+D 
2C >F 
F+B72A+G 


(0) give the stoichiometric number of each step and give the 
Overall reaction; (b) classify each species as reactant, product, 
intermediate, or catalyst. 


115 The gas-phase reaction 2NO, + O3 > N205 + O3 has 
fate constant k = 2.0 x 10* dm? mols! at 300K. 
t is the order of this reaction? 


Hi The first-order reaction 2A + 2B + C is 35 percent com- 

He afer 325s. (a) Find k and ka, where ka is defined in 

cen ).(b) How long will it take for the reaction to be 70 per- 
complete? 90 percent complete? 


17.7 (a) Use information in Prob. 17.1 to calculate the half- 
life for the N,Os decomposition at 25°C. (b) Calculate [N205] 
after 24.0 hr if [N205]o = 0.010 mol dm~ 3 and the system is 
at 25°C. 

178 Derive the integrated rate law (17.24). 

179 For the gas-phase reaction 2NO, + Fz = 2NO,F, the 
rate constant k is 38 dm? mol~! s~! at 27°C. The reaction is 
first order in NO, and first order in F3. (a) Calculate the num- 
ber of moles of NO, Fz, and NO,F present after 10.0 $ if 
2,00 mol of NO, is mixed with 3.00 mol of Fz in a 400-dm* 
vessel at 27°C. (b) For the system of (a), calculate the initial 
reaction rate and the rate after 10.0 s. 


17.10 (a) The differential equation dy/dx = f(x) + a(x)y, where 
f and g are functions of x, has as its solution 


y= [feroa + e} w(x) = foa 


where c is an arbitrary constant. Prove this result by substi- 
tuting the proposed solution into the differential equation. (b) 
Use the result for (a) to solve the differential equation (17.39); 
use (17.37) to evaluate c. 


17.11 Does the term “reversible” have the same meaning in 
kinetics as in thermodynamics? 

17.12 Let the reaction aA + products have rate law r= 
k{A]*. Write down the equation that gives r of this reaction 
as a function of time. 

17.13 If the reaction A =» products is zero order, sketch [A] 
vs. b 


17.14 For the rate law r = k[A]", for what values of n does 
the reaction go to completion in a finite time? 


17.15 Let 54, = a[B]o — b[A]o» Sae = a{Clo — c[A]o, and 
öre = b[C]o ~ c[B]o; For the reaction aA + bB — products, 
show that the rate law a” * d[A]/dt = —k{A}[B] integrates 


to (use a table of integrals) 


= —kt 


at 1b BUBI 
a Ge T ae ees 


where [B] is given by (17.19). (For aA + bB + cC > products, 
the rate law a~' d[A]/dt = —k[A][B][C] integrates to 


[Bye peg” 
“fale Coa. "Blo St, The” 


but it’s not worthwhile to spend the time to derive this.) 


17.16 Suppose d[A]/dt = —k,[A]. For ką =0.15s7! and 
[A]o = 1 mol/dm?, use the procedure outlined at the end of 
Sec. 17.3 to numerically integrate the rate law to find [A] at 
t= 1s; take At = 0.5 s and then repeat with At = 0.2 s. Com- 
Pare your results with the exact answer. This problem is a lot 
more fun if done with a programmable calculator; if you have 
one, repeat the calculation with At = 0.1 s. 


17.17 Show that, if r = k[A]", then 


ei [A] b 
Sab5 ac 


In —kt 


ama] 
log t, = ar mer (n—1)log[A]o  forn#1 
ta = —(In a)/ky forn=1 


where t is the fractional life. 


17.18 For « = 0.05 in (17.50), calculate the Powell-plot pa- 
rameter log @ for n = 0, 4, 1, 3, 2, and 3. 


17.19 For the decomposition of (CH3)2O (species A) at 777 
K, the time required for 


[A]o to fall to 0.69[A]o as a function 
of [A]p is: Nl 
10°[A]o/(mol/dm?) | BUR) if. .644 E J ras 
to.69/5 so | 665 | 900 | 1140 
(a) Find the order of the reaction, (b) Find ky in d[A]/dt = 
—k,[A]". 


17.20 It was noted in Sec. 17.4 that the trial-and-error method 
of determining reaction orders is poor. Data for the decomposi- 
tion of (CH3);COOC(CH;),(9), species A, at 155°C are (where 
c° = 1 mol/dm?): 


t/min Ra A s Fat peas 
1o7aye | 635 sav | sea | 531 
t/min | 2 | 4 18 21 
waye | so | 474 i 4.46 [ae 


(a) Plot log 10°[A] vs. t and (103[A])~* vs. t and see if you 
can decide which plot is more nearly linear. (b) Make a Powell 
plot and see if this allows the order to be determined. 
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17.21 The reaction n-C3H,Br + $,02- 5 ¢, 
Br in aqueous solution is first order in C3H,Br 
in S2037. At 37.5°C, the following data were obtain 
c° = 1 mol/dm? and 1 ks = 103 s): j 


10°[S20}7]/e° | %6 | 904 | 863 | 766 
t/ks 


| 0 l Luo | 2.010 l 


The initial C3H-Br concentration was 39,5 mmol/d 
the rate constant using a graphical method, 


17.22 Att = 0, butadiene was introduced into an 
at 326°C and the dimerization reaction 2C4H,6 > 
lowed by monitoring the pressure P. The followi 
obtained (1 ks = 10° s): 


t/ks Pftorr | t/ks Phtorr | t/ks 

0 632.0 1.751 535.4 5.403 
0.367 606.6 2.550 509.3 7.140, 
0.731 584.2 3.652 482.8 10.600. 
1.038 567.3 | f 


(a) Find the reaction order using a Powell plot or the! 
life method. (b) Evaluate the rate constant. 


17.23 Initial rates rọ for the reaction 2A +C + 
300 K at various sets of initial concentrations 
(where ¢° = 1 mol/dm?); 


[A]o/c° 0.20 0.60 0.20 060 

[B]o/c° 0.30 0.30 0.90 0.30 
[C]o/c° 0.15 0.15 0.15 045 
100r/(c°/s) 0.60 1.81 5.38 181 


(a) Assume that the rate law has the form (17.5) and d 
the partial orders. (b) Evaluate the rate constant. 
why determining a rate law and rate constant using 0 ly 
Tate data can sometimes give erroneous results. (Hi 
17.1.) 


17.24 For the reaction A + B > C + D, a run wi ! 
400 mmol dm~* and [B]y = 0.400 mmol dm~? gai 
lowing data (where c° = 1 mol/dm?): 


360 


n] 
0 


240 
1ce | 


3.50 


and a run with [A], = 0.400 mmol dm~? and 
1000 mmol dm~? gave 


10™°t/s e | 69 | 208 
10*[C]/e° o | 200 | 3.00 


Find the rate law and the rate constant. Note that the numbers 
have been chosen to make determination of the orders simple. 
1725 For the reaction A > products, data for a run with 


[Alo = 0.600 mol dm™? are: 


so MAb | ts TAMAD 
pE dia 
) 1 400 0.511 
100 0.829 600 0.385 
0.688 1000 0.248 
w 0.597 


(a) Find the order of the reaction. (b) Find the rate constant. 
1726 For the reaction 2A + B + C + D + 2E, data for a rùn 
with [A]o = 800 mmol dm~* and [B]y = 2.00 mmol dm=* 
are: 

tks | 8 | 14 | 20 | 30 | 90 


[B]/[B]o | oss | 0745 | osso | 0582 | 0452 | 0318 


and data for a run with [A]o = 600 mmol dm™° and [B]o = 
200 mmol dm ~* are: 


thks | 8 | 2» | 9 
BMB} | ogo | 0787 | 0593 | 0453 


| 90 


Find the rate law and rate constant. 


1727 The rate constant for the elementary gas-phase tẹ- 
ation N20, => 2NO, is 4.8 x 104s" at 25°C. Use data 
in the Appendix to calculate the rate constant at 25°C for 
INO, > N,O4. 


1128 For the elementary reaction A + B + 2C with rate con- 
stant k, express d[A]/dt and d[C]/dt in terms of the reaction 
tate r; then express d[A]/dt and d[C]/dt in terms of k and 
molar concentrations. 


129 For the reaction OCI~ +17 + OIT + Cl” in aqueous 
Solution at 25°C, initial rates ro as a function of initial concen- 
trations (where c° = 1 mol/dm°) are: 


3) a 

wao ye 400 2.00 200 200 

p e 200 400 20 200 

MIOR Je 1000 1000 1000 250 
Tolle? s~*) 0.48 0.50 0.24 0.94 


Dia the rate law and the rate constant. (b) Devise a mech- 
ism consistent with the observed rate law. 


1730 The gas-phase reaction 2NO,Cl + 2NO; + Cl has 


ae NOC} Devise two mechanisms consistent with this 
aw. 


17.31 The gas-phase reaction 2NO, + F} ~ 2NO2F has r = 
k{NO, ][F2]. Devise a mechanism consistent with this rate law. 


17.32 The gas-phase reaction XeF4 + NO + XeF, + NOF 
has r = k[XeF,4][NO]. Devise a mechanism consistent with 
this rate law. 


17.33 The gas-phase reaction 2C],0 + 2N,0, => 2NO,;Cl + 
2NO,CI + O, has the rate law r = k[N20s]. Devise a mech- 
anism consistent with this rate law. 


17.34 For the reaction Hg}* + TI? * + 2Hg?* + TI*, de- 
vise another mechanism besides (17.64) that gives the observed 
rate law (17.63). 


17.35 Explain why itis virtually certain that the homogeneous 
gas-phase reaction 2NH3; + N3 + 3H, does not occur by a 
one-step mechanism. 


17.36 The gas-phase decomposition of ozone, 203; — 303, is 
believed to have the mechanism 
k 


-4 
ka 
=> 


0O,;+M 0,+0+M 


0+0, +4 20, 


where M is any molecule. (a) Verify that d[O,]/dt= 
2ks[O][O3] + kiLOs][M] — k-,[02][O][M]. Write down 
a similar expression for d[O,]/dt. (b) Use the steady-state ap- 
proximation for [O] to simplify the expressions in (a) to 
d[O,]/dt = 3k,[O3][O] and d[O5]/de = —2k,[05][O]. (9) 
Show that, when the steady-state approximation for [O] is 
substituted into either d[O, ]/dt or d[O3]/dt, one obtains 


aus ki kalOs}? s 
k- [02] + ka[03]/[M] 

(d) Assume step 1 is in near equilibrium so that step 2 is rate- 

determining, and derive an expression for r. Hint: Because 0 

appears as a product in both the rate-determining step 2 and 

the preceding step 1, this problem is tricky. From the overall 

stoichiometry, we have r = 4d[O.]/dt, The Oz production rate 

in the rate-determining step 2 is (d[Oz]/dt), = 2k,[O][Os]. 

However, for each time step 2 occurs, step 1 occurs once and 

produces one O, molecule. Hence three O, molecules are pro- 

duced each time the rate-determining step occurs, and the total 

O, production rate is d[O,]/dt = 3k,[OJ[Os]. (e) Under what 
condition does the steady-state approximation reduce to the 
equilibrium approximation? 

17.37 (a) Apply the steady-state approximation to the N05 
decomposition mechanism (17.8) and show that r = kKIN205], 
where k = kgky/(k—q + 2ky). Hint: Use the steady-state approx- 
imation for both intermediates. (b) Apply the rate-determining- 
step approximation to the N,05 mechanism, assuming that 
step b is slow compared with steps —a and c, (c) Under what 
condition does the rate law in (a) reduce to that in (b)? (d) The 
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rate constant for the reaction in Prob. 17.33 is numerically 
equal to the rate constant for the NzO decomposition. Devise 
a mechanism for the reaction in Prob. 17.33 that will explain 
this fact. 


17.38 Verify that each of the mechanisms (17.60), (17.61), and 
(17.62) gives r = k[NO}*[O,]. 


17.39 The reaction 2DI + D, +1, has k = 1.2 x 107° dm? 
mol! s~! at 660 K and E, = 177 kJ/mol. Calculate k at 720 K 
for this reaction. 


17.40 Rate constants for the gas-phase reaction H: +l, > 
2HI at various temperatures are (c° = 1 mol/dm*): 


10k! s71) | 0s 


25 j 
| 
T/K | 


| 
Les 
599 | 629 


Find £, and A from a graph. 


1741 For the reaction 2HI > H, +1, values of k are 
1.2 x 107° and 3.0 x 1075 dm? mol! s~! at 700 and 629 K, 
respectively. Estimate E, and A. 


1742 What value of k is predicted by the Arrhenius equation 
for T + 00? Is this result physically reasonable? 


17.43 The number of chirps per minute of a snowy tree cricket 
(Oecanthus fultoni) at several temperatures is 178 at 25.0°C, 
126 at 20.3°C, and 100 at 17.3°C, (a) Find the activation energy 
for the chirping process. (b) Find the chirping rate to be ex- 
pected at 14.0°C. Compare the result with the well-known rule 
that the Fahrenheit temperature equals 40 plus the number of 
cricket chirps in 15 seconds. 


17.44 The gas-phase reaction 2N205 + 4NO, + O, has 

k = 2.05 x 10"? exp (—24.65 kcal mol” !/RT)s~! 
(a) Give the values of A and Ea. (b) Find k(0°C). (c) Find tyj2 
at — 50°C, 0°C, and 50°C. 


17.45 For a system with the two competing elementary reac- 
tions in (17.42), show that the observed activation energy is 


Ri KATIE + KAT)E,.2 
n kT) + kT) 


17.46 For the elementary gas-phase reaction CO +NO, > 
CO, + NO, one finds that E, = 116 kJ/mol. Use data in the 
Appendix to find E, for the reverse reaction. 


17.47 For the mechanism (1) A+B=C+D; (2) 205 
G +H, step 2 is rate-determining. Given the activation en- 
ergies E, , = 30 kcal/mol, E,,-, = 24 kcal/mol, and E,2= 
49 kcal/mol, find E, for the overall reaction. 


17.48 (a) Find the activation energy of a reaction whose 
rate constant is multiplied by 6.50 when T is increased from 


300.0 K to 310.0 K. (b) For a reaction with Ẹ =19 
(4.5 kcal/mol), by what factor is k multiplied when pa" 
from 300.0 K to 310.0 K? Son 


17.49 AG7,700 of HI is —11.8 kJ/mol, For Hy +] -A 
use data in Probs. 17.40 and 17.41 to find (a) the stoi fi 
number of the rate-determining step; (b) K, at 629K. 


17.50 For the aqueous-solution reaction 
BrO; + 3803~ > Br> + 39023 


one finds r = k[BrO; ][SO3~][H*]. Give the expression be 
the rate law of the reverse reaction if the Fate-determining se 
has stoichiometric number (a) 1; (b) 2. 


17.51 For a gas-phase reaction whose rate-limiting step ka 
stoichiometric number s, show that E,,y — Enp = AUs 


17.52 Show that (17.77) is valid when the designations off 
ward and reverse reactions are interchanged. 


17.53 When an overall reaction is at equilibrium, the formai 
rate of a given elementary step must equal the reverse rated 
that step. Also, the elementary steps multiplied by their sa 
chiometric numbers add to the overall reaction, Use these fae 
to show that the equilibrium constant K, for an overall tee 
tion whose mechanism has m elementary steps is related toe 
elementary rate constants by K, = [Jf ; (ki/k-%, wheel, 
k-i, and s; are the forward and reverse rate constants and ite 
stoichiometric number for the ith elementary step, 


17.54 For the NO, mechanism (17.8), what is the rate w 
for the reverse reaction 4NO, + O, - 2N,Oz if step (b) iib 
rate-determining step? 


17.55 For the unimolecular isomerization of cyclopropases 
propylene, values of k,n; vs. initial pressure Pp at 470°C ae 


Po/torr 


10%kyqi/s? 


110 | 211 


|_| 


9.58 | 10.4 
Take the reciprocal of Eq. (17.85) and plot these data = 
that gives a straight line. From the slope and inte d 
ate kuni,P=œ and the Lindemann parameters k, and k~it 


17.56 Explain why the products B and C in the ale 
decomposition A + B + C are each less effective than 
ergizing A. 


1757 An oversimplified version of the CH;CHO devon 
sition mechanism is 


CH,CHO “3 CH, + CHO 


CH, + CH,CHO “} CH, + CH,CO 


CH,CO ©} CO + CH3 


(4) 


2CH; = CH6 


CHO reacts to form minor amounts of various species.) 
Identify the initiation, propagation, and termination steps, 
What is the overall reaction, neglecting minor products 

formed in initiation and termination steps? (c) Show that r = 
ych,cHo)””, where k = k2(ky/2k4)"/?. 
#788 In the treatment of the H + Brz chain reaction, the 

ing elementary reactions were not considered: (I) Hy + 

M= 2H + M; (11) Br + HBr + H + Bra; (111) H + Br +M ~ 

ie + M. Use qualitative reasoning involving activation en- 
and concentrations to explain why the rate of each of 

ese reactions is negligible compared with the rates of those 

in (17.88). 

1189 For the reversible reaction CO + Cl, => COCI,, the 

mechanism is believed to be 


Sup |: Cl, + M= 2Cl+M 
Step 2: CI + CO + M = COCI + M 
Step 3: COC! + Cl, = COCl; + Cl 


jo) Identify the initiation, propagation, and termination steps. 
i Assume steps 1 and 2 cach to be in equilibrium, and find 
the rate law for the forward reaction. (c) What is the rate law 
for the reverse reaction? 


1160 Let E, be the activation energy for the rate constant k 
(17.95), (a) Relate E, to Ey.4, Ea,- 1, and E,,2. (b) Measure- 
ment of K(T) gives E, = 40.6 kcal/mol and A= 1.6 x 10'* 
dm’? mol” '/? > !, Use data in the Appendix to evaluate Ey,» 
and find an expression for the elementary rate constant ky as 
function of T. 


161 (a) For a free-radical addition polymerization with k; = 
$x 1075871, f=05, k,=2x 107 dm? molts 1, and 
h,= 3 x 10° dm? mol”! s~!, and with initial concentrations 
[M] =2mol/dm? and [1] = 0.008 mol/dm’, calculate the fol- 
wing quantities for the early stages of the reaction when 
[M] and [1] are close to their initial values: [Ryo*}, <DP), 
=d[M)/dt, and d[P,.,]/dt; assume that termination is by com- 
bination, (b) Repeat the calculations of (a) when termination is 
by disproportionation. 


1162 For some free-radical addition polymerizations, one 

feed not include an initiator substance I. Rather, heating the 

Monomer produces free radicals that initiate the polymeriza- 

lon. Suppose that I is absent and that the initiation reac- 

lon is 2M + 2R- with rate constant kj. Find expressions for 

~4M)/dt, [Ra], and CDP) by modifying the treatment in 
‘ext, Assume termination is by combination. 


ns For the elementary reaction A == 2C, show that if a 
a. in equilibrium is subjected to a small perturbation, then 
a Alea is given by the equation following (17.110) if z is 

ast l E ky + 4kylCleq: 


17.64 For the photolysis of CH} NNC3H s, what products will 
be obtained if the reaction is carried out (a) in the gas phase; 
(b) in solution in an inert solvent? 


1765 For I in CCl, at 25°C, the diffusion coefficient is esti- 
mated to be 4.2 x 107% cm? s™*, and the radius of I is about 
2 Å. Calculate kp for 1 + 1 — 1, in CCl, at 25°C and compare 
with the observed value 0.8 x 10'° dm? mol”! s~}. 


17.66 (a) Show that for a nonionic diffusion-controlled reac- 
tion, E, * RT — RT*y~* dn/dT. (b) Use data in Prob. 16.51 
to calculate E, for such a reaction in water at 25°C. 


17.67 The reaction CO,(aq) + H,O + H* + HCOs cata- 
lyzed by the enzyme bovine carbonic anhydrase was studied in 
a stopped-flow apparatus at pH 7.1 and temperature 0.5°C. 
For an initial enzyme concentration of 28 x 107° mol dm” ?, 
initial rates asa function of (CO, ]o are(where c" = 1 mol/dm’); 


125. | 250 | 5.00 | 20.0 


10°[COs]o/c” ] 
oso | 


10*ro/(e" s7) 028 | oss | L55 


Find k, and Ky from a Lineweaver-Burk plot. 


17.68 Forthe Michaelis-Menten mechanism, show that, when 
[S]o is equal to Ky and [P] is negligible, then [ES}/[E]o = 0.5 
(that is, half the enzyme active sites are filled) and ro = So. mar 


17.69 Observed half-lives for the W-catalyzed decomposition 
of NH, at 1100°C as a function of initial NH, pressure Po 
for a fixed mass of catalyst and a fixed container volume are 7.6, 
3.7, and 1.7 min for Po values of 265, 130, and 58 torr, respec- 
tively, Find the reaction order, 


17.70 It is believed that N3 and H, are chemisorbed on Fe 
as N and H atoms, which then react stepwise to give NH, 
What would be the stoichiometric number of the rate-deter- 
mining step in the Fe-catalyzed synthesis of NH, if the rate- 
determining step were: (a) N, + 2+ = 2Ne; (b) Hy + 26 = 
2He; (c) Ne + He =» NH + s; (d) #NH + He ~ #NHy +; 
(e) #NH, + He = ¢NHy +% (/) *NHy = NH3 +e? Rate 
measurements using isotopic tracers indicate that the stoichio- 
metric number of the rate-determining step is probably 1 for the 
NH, synthesis on iron, What does this indicate about the rate- 
determining step? Write the overall reaction with the smallest 


possible integers. 
17.71 Derive the Langmuir isotherm (13.38) for dissociative 


adsorption A2(g) — 2A(ads), using a procedure similar to that 
used to derive the nondissociative isotherm (13.35), 


17.72 When CO(g) is nondissociatively chemisorbed on the 
(111) plane of a Pt crystal at 300 K, the maximum amount of 
CO adsorbed is 2.3 x 107° mol per om? of surface. (a) How 
many adsorption sites does this surface have per cm’? (b) The 
product Pr of the gas pressure and the time the solid surface 


is exposed to this pressure is often measured in units of lang- 
muirs, where one langmuir (L) equals 1076 torr s. When a clean 
Pt(111) surface of area 5.00 cm? is exposed to 0.43 langmuirs 
of CO(g) at 300 K, 9.2 x 107° mol of CO is chemisorbed. 
Find the fraction 8 of occupied sites. Estimate so, the sticking 
coefficient at 0 = 0. 


17.73 For CO nondissociatively adsorbed on the (111) plane 
of Ir, Ages = 2.4 x 10'4 s~! and E,des = 151 kJ/mol. Find the 
half-life of CO chemisorbed on Ir(111) at (a) 300 K; (b) 700 K. 


17.74 For nitrogen atoms chemisorbed on the (110) plane of 
W, Do = 0.014 cm/s and E, mig = 88 kJ/mol. Find the rms dis- 
placement in a given direction of such a chemisorbed N atom 
in 1 s and in 100s. 


17.75 For a chemisorbed molecule, a typical Ages value might 
be 10'S s-t, For a molecule whose chemisorption is*nonac- 
tivated, estimate the half-life on the adsorbent surface at 300 K 
if |AH ag] is (a) 50 kJ/mol; (b) 100 kJ/mol; (c) 200 kJ/mol. 


17.76 Show that for a half-reaction at an electrode of a gal- 
vanic or electrolytic cell, the conversion rate per unit surface 
area is r, = j/nF, where n is the number of electrons in the 
half-reaction and j = I/.of is the current density, 


17.77 A sample of 0.420 mg of 7°*UF, shows an activity of 
9.88 x 10* counts per second. Find t,,2 of ?33U. 


17.78 (a) The half-life of °H is 12.4 years. Calculate the activ- 
ity of 20.0 g of HNO; containing 0.200 mole percent 7HNO3. 
(b) Find the activity after 6.20 years. 


17.79 The half-life of '+C is 5730 years. The activity of carbon 
in living beings is 12.5 counts per minute per gram of carbon. 
(a) Calculate the percent of carbon in living beings that is '*C. 
(b) Calculate the activity of carbon from the remains of an 
organism that died 50000 years ago. (c) Find the age of wood 
from an Egyptian tomb that shows an activity of 7.0 counts 
per minute per gram of carbon. 


17.80 The uranium present on earth today is 99.28 percent 
?98U and 0.72 percent 235U. The half-lives are 4.51 x 10° years 
for ?38U and 7.0 x 108 years for ?35U. How long ago was 
this uranium 50 percent 7**U and 50 percent 235U? Isotopic 
abundances are given on an atom-percent basis. 


17.81 Show that the activity of a radioactive sample is given 
by A = Ag(4)!!""72, 


17.82 The dominant mechanism of nuclear fusion of hydrogen 
to helium in the sun is believed to be 


tH + tH + 7H + %e+y 
TH + IH > 3He +y 

3He + 3He > tHe + 21H 
fe + le> 2y 


where the last reaction is electron—positron annihilation, (a) 
What is the overall reaction? What is the stoichiometric number 
of each step in the mechanism? (b) The isothermal AU for this 
fusion reaction is —2.6 x 10° kJ/mol. The sun radiates 3,9 x 
107° J/s. How many moles of tHe are produced each second 
in the sun? (c) The earth is on the avei age 1.5 x 108 km from 
the sun. Find the number of neutrinos that hit a square centi- 
meter of the earth in 1 s. Consider the square centimeter to be 
perpendicular to the earth~sun line. (Experiments indicate the 
actual neutrino flux from the sun to be far less than the theo- 
retically calculated value, so a revision in current views of solar 
structure or neutrino properties may be required.) 


17.83 (a) For the elementary reaction B(g) + C(g) + products, 
show that if reaction occurs at every collision, then kma = 
Zpc/N a[B][C]. (b) Calculate kmax at 300 K for the typical val- 
ues Mp = 30 g/mol, Mc = 50 g/mol, rp + re = 4 A. 


17.84 True or false? (a) The half-life is independent of initial 
concentration only for first-order reactions. (b) The units of a 
first-order rate constant are s~'. (c) Changing the temperature 
changes the rate constant. (d) Elementary reactions with mo- 
lecularity greater than 3 generally don’t occur. (e) For a homo- 
geneous reaction, J = dé/dt, where J is the conversion rate and 
¢ is the extent of reaction. (f) K, = kp/ky for every reaction in 
an ideal system. (g) If the partial orders differ from the coeffi- 
cients in the balanced reaction, the reaction must be complex. 
(h) If the partial orders are equal to the corresponding coeffi- 
cients in the balanced reaction, the reaction must be simple. 
(i) For an elementary reaction, the partial orders are determined 
by the reaction stoichiometry. (j) For a reaction with E, > 0, 
the greater the activation energy, the more rapidly the rate con- 
stant increases with temperature. (k) The presence of a homo- 
geneous catalyst cannot change the equilibrium composition 
of a system. 


CHAPTER 


QUANTUM MECHANICS 


Wenow begin the study of quantum chemistry, which applies quantum mechanics to 
chemistry. Chapter 18 deals with quantum mechanics, the laws governing the behav- 
such as electrons and nuclei. Chapters 19 and 20 apply 
quantum mechanics to atoms and molecules. Chapter 21 applies quantum mechanics 
lospectroscopy, the study of the absorption and emission of electromagnetic radia- 
tion, Quantum mechanics is used in statistical mechanics (Chap. 22) and in theoretical 
temical kinetics (Chap. 23). 

Unlike thermodynamics, quantum mechanics deals with systems that are not 
part of everyday macroscopic experience, and the formulation of quantum mechan- 
isis quite mathematical and abstract. This abstractness takes a while to get used 
Wand it is natural to feel somewhat uneasy when first reading Chap. 18. 

In an undergraduate physical chemistry course, it is not possible to give a full 
presentation of all the postulates and procedures of quantum mechanics and com- 
pte derivations of all the theorems of quantum mechanics. Derivations of results 
that are given without proof may be found in quantum chemistry texts listed in the 


Bibliography. 


HACKBODY RADIATION AND ENERGY QUANTIZATION 


Chssical physics is the physics developed before 1900. It me 
i (Sec, 2.1), Maxwell’s theory of electricity. magnetism, and electromagnetic radia- 


in (Sec. 21.1), thermodynamics, and the kinetic theory of gases (Chaps. 15 and 16). 
Inthe late nineteenth century, some physicists believed that the theoretical structure 
Of physics was complete, but in the last quarter of the nineteenth century, various 


‘perimental results were obtained that could not be explained by classical physics. 
&se results led to the development of quantum theory and the theory of relativity. 


brof microscopic particles 


consists of classical mechan- 
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CHAPTER 18 


An understanding of atomic structure, chemical bonding, and molecular spectrosco 
must be based on quantum theory, which is the subject of this chapter. We shall not 
need to consider relativity theory explicitly, since the valence electrons in atoms and 
molecules move at average speeds much less than the speed of light. 

One failure of classical physics was the incorrect Cy values of polyatomic mol- 
ecules predicted by the kinetic theory of gases (Sec. 15.10). A second failure was the 
inability of classical physics to explain the observed frequency distribution of radiant 
energy emitted by a hot solid. 

When a solid is heated, it emits light. The classical picture of light is that itisa 
wave consisting of oscillating electric and magnetic fields, an electromagnetic ware, 
(See Sec, 21.1 for a fuller discussion.) The frequency v and wavelength A of an electro. 
magnetic wave traveling through vacuum are related by 


dv=c 


where c = 3.0 x 10!° cm/s is the speed of light in vacuum. The human eye is sensitive 
to electromagnetic waves whose frequencies lie in the range 4 x 10!4 to 7x 10!* 
cycles/s. However, electromagnetic radiation can have any frequency (see Fig, 21,2) 
We shall use the term “light” as synonymous with electromagnetic radiation, not re- 
Stricting it to visible light. 

Different solids emit radiation at different rates at the same temperature, To 
simplify things, one deals with the radiation emitted by a blackbody. A blackbody 
is a body that absorbs all the electromagnetic radiation that falls on it. A good ap- 
proximation to a blackbody is a cavity with a tiny hole. Radiation that enters the 
hole is repeatedly reflected within the cavity (Fig. 18.1a); at each reflection, a certain 
fraction of the radiation is absorbed by the cavity walls, and the large number of 
reflections causes virtually all the incident radiation to be absorbed. When the cavity 
is heated, its walls emit light, a tiny portion of which escapes through the hole. It 
isn’t hard to show that the rate of-radiation emitted per unit surface area of a black- 
body is a function of only its temperature and is independent of the material of which 
the blackbody is made. (See Zemansky and Dittman, sec. 4-14, for a proof.) 

By using a prism to separate the various frequencies emitted by the cavity, one 
can measure the amount of blackbody radiant energy emitted in a given narrow 
frequency range. Let the frequency distribution of the emitted blackbody radiation be 
described by the function R(v), where R(v) dv is the energy with frequency in the 
range v to v + dv that is radiated Per unit time and per unit surface area. (Recall the 


(a) A cavity acting as a blackbody, 
(b) Frequency distribution of 
blackbody radiation at two 
temperatures, (The visible region is 
from 4 x 10'* to 7 x 1014571) 


RW) 
10-°Wm=?5 


v/(10!4 s=!) 


(a) (b) 


jgcussion of distribution functions in Sec. 15.4.) Figure 18.1b shows experimentally 
swerved R(v) curves at two temperatures. As T increases, the maximum in R(v) shifts 
wp higher frequencies. When a metal tod is heated, it first glows red, then orange- 
elow, then white, then blue-white. (White light is a mixture of all colors.) Our bodies 
yenot hot enough to emit visible light, but we do emit infrared radiation. 

In June 1900, Lord Rayleigh attempted to derive the theoretical expression for 
fe function R(v). Using the equipartition-of-energy theorem (Sec. 15.10), he found 
jut classical physics predicted R(v) = (2nkT/c?)v?, where k and c are Boltzmann’s 
‘ygstant and the speed of light. But this result is physically absurd, since it predicts 
jut the amount of energy radiated would increase without limit as v increases, In 
xtuality, R(v) reaches a maximum and then falls off to zero as v increases (Fig. 18.1h). 
Thus, classical physics fails to predict the spectrum of blackbody radiation. 

On Oct. 19, 1900, the physicist Max Planck announced to the German Physi- 
al Society his discovery of an empirical formula that gave a highly accurate fit to the 
observed curves of blackbody radiation. Planck’s formula was R(v) = av?/(e°"/" — 1), 
where aand b are constants with certain numerical values. Planck had obtained this 
formula by trial and error and at that time had no theory to explain it. On Dec. 14, 
(900, Planck again appeared before the German Physical Society and presented a 
theory that yielded the blackbody-radiation formula he had found empirically a few 
weeks earlier. Planck’s theory gave the constants a and b as a = 2h/c? and b = h/k, 
where h was a new constant in physics. Planck’s theoretical expression for the fre- 
quency distribution of blackbody radiation is then 


2nh v8 
Ri) =~" wk — 1 (18.1) 


To derive (18.1), Planck introduced the hypothesis that the radiating atoms or 
molecules of the blackbody could emit and absorb electromagnetic energy of fre- 
quency v only in amounts of hv, where h is a constant (later called Planck’s constant) 
tuving the dimensions of energy x time. If AE is the energy change in a blackbody 
itom due to emission of electromagnetic radiation of frequency V, then AE = hy, 
This assumption then leads to Eq. (18.1). (For Planck’s derivation, see M. Jammer, 
The Conceptual Development of Quantum Mechanics, McGraw-Hill, 1966, sec. 1.2.) 
Planck obtained a numerical value of h by fitting the formula (18.1) to the observed 
thickbody curves, The modern value is 


h = 6.626 x 10734 J+s = 6.626 x 10° *’ erg's (18.2)* 


In classical physics, energy takes on a continuous range of values, and a system 
&an Tose or gain any amount of energy. Planck proposed that a blackbody atom 
"idiating light of frequency v was restricted to emitting an amount of energy given by 
Planck called this definite amount of energy a quantum of energy (the Latin word 
quantum means “how much”). In classical physics, energy is a continuous variable. ud 
Mentum physics, the energy of a system is quantized, meaning that the energy can take 
M only certain values. Planck introduced the idea of energy quantization in one 
ticular case, the emission of blackbody radiation. In the years 1900- 1926. the 


mn of energy quantization was gradually extended to oc eet eo 
om i izati as originally in i 
S assumption of energy quantization was h S at the end of the deri- 


“lculationa] devi 

i evice, and he planned to take the limit i 

ition. He found, however, fi taking this limit gave the wrong Seem I Da 
he obtained the correct formula (18.1). Expanding the exponential in ti 
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a Taylor series, we get —1 + e”*? = -1 +1 +hv/kT + h?y?/2k272 4, T 
goes to hv/kT as h > 0. Hence, (18.1) approaches 2nv?kT/c? as h + 0, which ig i 
(erroneous) classical result of Rayleigh. 

The concept of quantization of energy was a revolutionary departure from clas. 
sical physics, and most physicists were very reluctant to accept this idea. One Of the 
most reluctant was Planck himself, whose conservative temperament was offended 
by energy quantization. In the years followin g 1900, Planck tried repeatedly to deriye 
(18.1) without using energy quantization, but he failed. 


THE PHOTOELECTRIC EFFECT AND PHOTONS 


The person who recognized the value of Planck’s idea was Einstein, who applied the 
concept of energy quantization to electromagnetic radiation and showed that this 
explained the experimental observations in the photoelectric effect, 

In the photoelectric effect, a beam of electromagnetic radiation (light) shining on 
a metal surface causes the metal to emit electrons; electrons absorb energy from the 
light beam, thereby acquiring enough energy to escape from the metal, A practical 
application is the photoelectric cell, used to measure light intensities, to prevent ele- 
vator doors from crushing people, and in smoke detectors (light scattered by smoke 
particles causes electron emission, which sets off an alarm). 

Experimental work by Lenard and others around 1900 had shown that: (a) 
Electrons are emitted only when the frequency of the light exceeds a certain mini- 
mum frequency vo (the threshold frequency). The value of vo differs for different 
metals and lies in the ultraviolet for most metals. (b) Increasing the intensity of the 
light increases the number of electrons emitted but does not affect the kinetic energy 
of the emitted electrons. (c) Increasing the frequency of the radiation increases the 
kinetic energy of the emitted electrons. 


In 1905, Lenard received the Nobel physics prize for his work on cathode rays, In 1933, 
Lenard wrote: “The most important example of the dangerous influence of Jewish 
circles in the Study of nature has been provided by Einstein with his mathematically 
botched-up theories.” In his book German Physics, published in the mid-1930s, Lenard 
wrote: “German physics? one asks, I might also have said Aryan physics or the physics 
of the Nordic species of man; the physics of those who have explored the depths of reality, 
seekers of truth, the physics of the very founders of science.” 


Lenard’s observations on the Photoelectric effect cannot be understood using 
the classical picture of light as a wave. The energy in a wave is proportional to its 
intensity but is independent of its frequency, so one would expect the kinetic energy 
of the emitted electrons to increase with an increase in light intensity and foe 
independent of the light’s frequency. Moreover, the wave picture of light ann 
predict the photoelectric effect to occur at any frequency, provided the light is su’ 
ficiently intense. i 

In 1905, Einstein explained the photoelectric effect by extending Planck’s ear 
cept of energy quantization to electromagnetic radiation. (Planck had applied mh 
ergy quantization to the emission Process but had considered the electromag 
radiation to be a wave.) Einstein Proposed that in addition to having oe 
Properties, light could also be considered to consist of particlelike entities (quan! 


quantum of light having an energy hy, where h is Planck’s constant and v is the 


ch we 
i f the light. These entities were later named photons, and the energy of a 


frequency © 
poton is 
Ephoton = hv (18.3)* 


The energy in a light beam is the sum of the energies of the individual photons and 
itherefore quantized. 
Let electromagnetic radiation of frequency v fall on a metal. The photoelectric 
fect occurs when an electron in the metal is hit by a photon. The photon disap- 
rs, and its energy hv is transferred to the electron. Part of the energy absorbed 
jy the electron is used to overcome the forces holding the electron in the metal, and 
the remainder appears as kinetic energy of the emitted electron. Conservation of 


ergy therefore gives 
hv = Wy (18.4) 


where the work function W is the minimum energy needed by an electron to escape 
tke metal and 4mv? is the kinetic energy of the free electron. The valence electrons 
inmetals have a distribution of energies (Sec. 24.11), so some electrons need more 
mergy than others to leave the metal. The emitted electrons therefore show a distri- 
tution of kinetic energies, and 4mv? in (18.4) is the maximum kinetic energy of emit- 
ted electrons, 

Einstein's equation (18.4) explains all the observations in the photoelectric effect. 
Ifthe light frequency is such that hy < W, a photon does not have sufficient energy 
wallow an electron to escape the metal and no photoelectric effect occurs. The 
minimum frequency vo at which the effect occurs is given by hyo = W. (The work 
function W differs for different metals, being lowest for the alkali metals.) Equation 
(184) shows the kinetic energy of the emitted electrons to increase with v and to be 
independent of the light intensity. An increase in intensity with no change in frequency 
increases the energy of the light beam and hence increases the number of photons 
Rrunit volume in the light beam, thereby increasing the rate of emission of electrons. 

Einstein's theory of the photoelectric effect agreed with the qualitative obser- 
vations of Lenard, but it wasn’t until 1916 that R. A. Millikan made an accurate 
{uantitative test of Eq. (18.4). The difficulty in testing (18.4) is the necessity of main- 
tining a very clean surface of the metal, Millikan found accurate agreement between 
(184) and experiment. ; 

At first physicists were very reluctant to accept Einstein’s hypothesis of pho- 
bons. Light shows the phenomena of diffraction and interference (Halliday and Res- 
tick, chaps. 45 and 46), and these effects are exhibited only by waves, not by particles. 
Eventually, physicists became convinced that the photoelectric effect could be un- 
derstood only by viewing light as being composed of photons. However, diffrac- 
ton and interference can be understood only by viewing light as a wave and not as 


collection of particles. iyati 
Thus, light seems to exhibit a dual nature, behaving like waves in some situations 
tnd like particles in other situations. This apparent duality is logically contradictory, 
ince the wave and particle models are mutually exclusive. Particles are Gerri K 
Space, but waves are not. The photon picture gives a quantization of the light energy, 
Ut the wave picture does not. In Einstein’s equation Epnoton = hv, the quantity 
Enam is a particle concept, but the frequency ¥ is a wave concept, SO this equa- 
tonis, in a sense, sel f-contradictory. An explanation of these apparent contradictions 


S given in Sec, 18.4. 
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In 1907, Einstein applied the concept of energy quantization to the vibraj 
of the atoms in a solid, thereby showing that the heat capacity of a solid oe 
zero as T goes to zero, a result in agreement with experiment but in disagree 
with the classical equipartition theorem. See Sec. 24.12 for details, 


THE BOHR THEORY OF THE HYDROGEN ATOM 


The next major application of energy quantization was Niels Bohr’s 1913 theory of 
the hydrogen atom. A heated gas of hydrogen atoms emits electromagnetic radi. 
ation containing only certain distinct frequencies (Fig. 21.30). During 1885 to 1910, 
Balmer, Rydberg, and others found that the following empirical formula correctly 
reproduces the observed H-atom spectral frequencies: 


ye 1 1 
-=- -(2,-5) Mp SS 2s n, PE yA sit na > ny (185) 
A My Ng 
where the Rydberg constant R equals 1.096776 x 105 cm~!, There was no explana- 
tion for this formula until Bohr’s work. 

If one accepts Einstein’s equation Ephoton = hv, the fact that only certain fre- 
quencies of light are emitted by H atoms indicates that contrary to classical ideas, 
a hydrogen atom can exist only in certain energy states. Bohr therefore postulated 
that the energy of a hydrogen atom is quantized: (1) An atom can take on only 
certain distinct energies E}, E>, E3,... . Bohr called these allowed states of con- 
stant energy the stationary states of the atom. This term is not meant to imply that 
the electron is at rest in a stationary state. Bohr further assumed that: (2) An atom 
in a stationary state does not emit electromagnetic radiation. To explain the line 
spectrum of hydrogen, Bohr assumed that: (3) When an atom makes a transition 
from a stationary state with energy E, to a lower-energy stationary state with energy 
E,, it emits a photon of light. Since E photon = hv, conservation of energy gives 


E, — E, = hv (18.6)" 


where E, — E, is the energy difference between the atomic states involved in the 
transition and v is the frequency of the light emitted. Similarly, an atom can make 
a transition from a lower-energy to a higher-energy state by absorbing a photon of 
frequency given by (18.6). The Bohr theory provided no description of the transition 
Process between two stationary states: somehow, the electron made a very rapid 
“jump” between states a and b. Of course, transitions between stationary states can 
occur by means other than absorption or emission of electromagnetic radiation; ¢& 
an atom can gain or lose electronic energy in a collision with another atom. y 
Equations (18.5) and (18.6) give E, — Ep = Rhc(1/m,” — 1/n,7), which strong) 
indicates that the energies of the H-atom stationary states are given by E = mes! 
with n = 1,2,3,... . Bohr then introduced further postulates to derive a me 
expression for the Rydberg constant. He assumed that (4) the electron in an H-alo i 
stationary state moves in a circle around the nucleus and obeys the laws of classi 
mechanics. The energy of the electron is the sum of its kinetic energy and the Lge 
energy of the electron—nucleus electrostatic attraction. Classical mechanics sho 
that the energy depends on the radius of the orbit. Since the energy is quant! 


ain orbits are allowed. Bohr used one final postulate to select the allowed 
lost books give this postulate as (5) the allowed orbits are those for which 
on's angular momentum mor equals nh/2z, where m and v are the electron’s 
mass and speed, r is the radius of the orbit, and n = 1, 2,3,... . Actually, Bohr 
wd ifferent postulate which is less arbitrary than 5 but less simple to state. The 
Bohr used is equivalent to 5 and is omitted here. (If yowre curious, see 
and Porter, sec. 1.4.) 
his postulates, Bohr derived the following expression for the H-atom energy 
i = —2n?me'*/h7n*, where e’ is the proton charge in statcoulombs (Sec. 19.1). 
Therefore, Bohr predicted that Rhe = 2n?me't/h? and R = 2n?me'*/hc. Substitution 
ofthe values of m, e’, h, and c gave a result in good agreement with the experi- 
mental value of the Rydberg constant, indicating that the Bohr model gave the correct 
energy levels of H. 
Although the Bohr theory is of great historical importance for the development 
of quantum theory, postulates 4 and 5 are in fact false, and the Bohr theory was 
in 1926 by the Schrédinger equation, which provides a correct picture of 
¢ketronic behavior in atoms and molecules. Since the Bohr-theory derivation of the 
Hatom energy levels is based partly on false premises, we omit giving it. Although 
postulates 4 and 5 are false, postulates 1, 2, and 3 are consistent with quantum 


Inthe years 1913 to 1925, attempts were made to apply the Bohr theory to atoms 
With more than one electron and to molecules. However, all attempts to derive the 
| f such systems using extensions of the Bohr theory failed. It gradually became 
| thar that there was a fundamental error in the Bohr theory. The fact that the Bohr 
heory orks for H is something of an accident. 

A key idea toward resolving these difficulties was advanced by the French 
| physicist Louis de Broglie (1892-1987) in 1923. The fact that a heated gas of atoms 
f or molecules emits radiation of only certain frequencies shows that the energies of 
| atoms and molecules are quantized, only certain energy values being allowed. Quan- 
|! ition of energy does not occur in classical mechanics; a particle can have any en- 
| egy in classical mechanics, Quantization does occur in wave motion. For example, a 

d fixed at each end has quantized modes of vibration (Fig. 18.2). The string 
‘Gin vibrate at its fundamental frequency v, at its first overtone frequency 2v, at its 
pe ertone frequency 3v, etc.; frequencies lying between these integral multiples 

Vare not allowed, 

De Broglie therefore proposed that just as light shows both wave and particle 
eat matter also has a “dual” nature. As well as showing particlelike behavior, 
elton could also show wavelike behavior, the wavelike behavior manifesting 
tads. pe quantized energy levels of electrons in atoms and molecules. Holding the 

à string fixed quantizes its vibrational frequencies; similarly, confining an 
d Be in an atom quantizes its energies. 3 
Ri Broglie obtained an equation for the wavelength / to be associated with a 
“Stein's g ‘Particle by reasoning in analogy with photons. We have Ephoton = AY- Ein- 
Pecial theory of relativity gives the photon energy as Ephoton = mc”, where c 
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Diffraction rings observed when 
electrons are passed through a thin 
polycrystalline metal sheet. 


is the speed of light. In this equation, m is the relativistic mass of the | 
photon has zero rest mass, but photons always move at speed ¢ in vacu 1 
never at rest. At speed c, the photon has a nonzero mass m. Equating the ty 
sions for E,notons We get hy = mc?. But v = c/A, where 4 is the wavelength o 
Hence, he// = mc? and 2 = h/me for a photon. By analogy, de Broglie 
a material particle with mass m and speed v would have a wavelength À gj 


À = h/mv 


Noté that mv = p, where p is the particle’s momentum. 
The de Broglie wavelength of an electron moving at 1.0 x 10° m/s is 
6.6 x 107°4J s 


‘iia (9.1 x 107°! kg)(1.0 x 10° m/s) 


=7x 107! m=7Å 


This wavelength is on the order of magnitude of molecular dimensions and i 
that wave effects are important in electronic motions in atoms and molecule 
macroscopic particle of mass 1.0 g moving at 1.0 cm/s, a similar calculati 
4=7x 10°?’ cm, The extremely small size of 4 (which results from the smal 
of Planck’s constant h in comparison with mv) indicates that quantum e 
unobservable for the motion of macroscopic objects. 
De Broglie’s bold hypothesis was experimentally confirmed in 1927 b 
son and Germer, who observed diffraction effects when an electron beam 
flected from a crystal of Ni; G. P. Thomson observed diffraction effects when{ 
were passed through a thin sheet of metal. See Fig. 18.3. Similar diffractio 
have been observed with neutrons, protons, helium atoms, and hydrogen 
indicating that the de Broglie hypothesis applies to all material partic 
electrons. Some applications of the wavelike behavior of microscopic p 
the electron microscope and the use of electron diffraction and neutron diff 
to obtain molecular structures (Secs. 24.9 and 24.10). 
Electrons show particlelike behavior in some experiments (for exal 
cathode-ray experiments of J. J. Thomson, Sec. 19.2) and wavelike behavior i 
“experiments. As noted in Sec. 18.2, the wave and particle models are in 
with each other. An entity cannot be both a wave and a particle. How can We! 
the apparently contradictory behavior of electrons? The source of the diffic 
attempt to describe microscopic entities like electrons by using concepts 
from our experience in the macroscopic world. The particle and wave cone 
developed from observations on large-scale objects, and there is no guar ¥ 
they will be fully applicable on the microscopic scale. Under certain expen 
conditions, an electron behaves like a particle; under other conditions, it beha 
a wave. However, an electron is neither a particle nor a wave. It is something 
cannot be adequately described in terms of a model we can visualize. É 
A similar situation holds for light, which shows wave properties in som 
tions and particle properties in others. Light originates in the microscopic Wi 
atoms and molecules and cannot be fully understood in terms of models 
by the human mind. b i 
Although both electrons and light exhibit an apparent “wave~particle d 
there are significant differences between these entities. Light travels at 
vacuum, and photons have zero rest mass. Electrons always travel at speeds Ie 
c and have a nonzero rest mass. 


mE UNCERTAINTY PRINCIPLE 


The apparent wave-particle duality of matter and of radiation imposes certain 
imitations on the information we can obtain about a microscopic system. Consider 
a microscopic particle traveling in the y direction. Suppose we measure the x coor- 
dinate of the particle by having it pass through a narrow slit of width w and fall on 
a fluorescent screen (Fig. 18.4). If we see a spot on the screen, we can be sure the 
particle passed through the slit. Therefore, we have measured the x coordinate at the 
time of passing the slit to an accuracy w. Before the measurement, the particle had 
gro velocity Dx and zero momentum py = mvx in the x direction, Because the 
microscopic particle has wavelike properties, it will be diffracted at the slit. Pho- 
tographs of electron-diffraction patterns at a single slit and at multiple slits are given 
inC. Jonsson, Am. J. Phys., 42, 4 (1974). 

Diffraction is the bending of a wave around an obstacle. A classical particle would 
go straight through the slit, and a beam of such particles would show a spread of 
length w in where they hit the screen. A wave passing through the slit will spread 
out to give a diffraction pattern. The curve in Fig. 18.4 shows the intensity of the 
waye at various points on the screen; the maxima and minima result from constructive 
and destructive interference between waves originating from various parts of the slit. 
Interference results from the superposition of two waves traveling through the same 
region of space; when the waves are in phase (crests occurring together), constructive 
interference occurs, with the amplitudes adding to give a stronger wave; when the 
waves are out of phase (crests of one wave coinciding with troughs of the second 
wave), destructive interference occurs and the intensity is diminished. 

The first minima (points P and Q) in the single-slit diffraction pattern occur at 
places on the screen where waves originating from the top of the slit travel one-half 
wavelength less or more than waves originating from the middle of the slit. These 
waves are then exactly out of phase and cancel each other. Similarly, waves originat- 
ing from a distance d below the top of the slit cancel waves originating a distance d 
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below the center of the slit. The condition for the first diffraction minimum jg 
DP — AP = 4} = CD in Fig. 18.4, where C is located so that CP = be 
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the distance from the slit to the screen is much greater than the slit Width, angle is . 
is nearly zero and angles PAC and ACP are each nearly 90°, Hence, angle ACD i 
essentially 90°. Angles PDE and DAC each equal 90° minus angle ADC: these tio 
angles are therefore equal and have been marked @. We have sin 0 = DCAD- 
24/łw = 2/w. The angle 0 at which the first diffraction minimum Occurs is given by 
sin 0 = A/w, 

For a microscopic particle passing through the slit, diffraction at the slit will 
cause the particle to change its direction of motion. A particle diffracted by 
8 and hitting the screen at P or Q will have an x component of momentum hs 
p sin 0 at the slit (Fig. 18.4), where p is the particle’s momentum. The intensity cune 
in Fig. 18.4 shows that the particle is most likely to be diffracted by an angle lying in 
the range — to +6, where @ is the angle to the first diffraction minimum. Heng 
the position measurement results in an uncertainty in the p, value given by 
p sin 0 —(—p sin 0) = 2p sin 0. We write Ap, = 2p sin 0, where Apy gives the un- 
certainty in our knowledge of Px at the slit. We saw above that sin 0 = A/w, s 
Ap, = 2på/w. The de Broglie re ation (18.7) gives A = h/p, so Ap, = 2h/w, The une 
certainty in our knowledge of the x coordinate is given by the slit width, so Ax =w. 
Therefore, Ax Ap, = 2h. 

Before the measurement, we had no knowledge of the particle's x coordinate, 
but we knew that it was traveling in the y direction and so had Px = 0. Thus, before 
the measurement, Ax = oo and Ap, = 0, The slit of width w gave the x coordinate 
to an uncertainty w (Ax = w) but introduced an uncertainty Ap, = 2h/w in py By 
reducing the slit width w, we can measure the x coordinate as accurately as we please, 
but as Ax = w becomes smaller, Ap, = 2h/w becomes larger. The more we know 
about x, the less we know about Px. The measurement introduces an uncontrollable 
and unpredictable disturbance in the system, changing p, by an unknown amount. 

Although we have analyzed only one experiment, analysis of many other experi- 
ments leads to the same conclusion: the product of the uncertainties in x and py of 
a particle is on the order of magnitude of Planck’s constant or greater: 


Ax Ap, 2 h (188) 


This is the uncertainty principle, discovered by Heisenberg in 1927. A general proof of 
(18.8) that starts from the postulates of quantum mechanics was given by Robertson 
in 1929; see Gatz, sec. 6e, Similarly we have Ay Ap, 2 h and Az Ap, Z h. 

The small size of h makes the uncertainty principle of no consequence for 
macroscopic particles. 


QUANTUM MECHANICS 


The fact that electrons and other microscopic “particles” show wavelike as Wee 
Particlelike behavior indicates that electrons do not obey classical mechanics. © (8 
sical mechanics was formulated from the observed behavior of macroscopi¢ pe 
and does not apply to microscopic particles. The form of mechanics obey S ai 
croscopic systems is called quantum mechanics, since a key feature of this mecha ; 
is the quantization of energy. The laws of quantum mechanics were discover 


Heisenberg, Born, and Jordan in 1925 and by Schrédinger in 1926. Before discuss- 
ing these laws, we consider some aspects of classical mechanics. 

* The motion of a one-particle, one-dimensional classical-mechanical system is 
governed by Newton's second law F = ma = md?x/dt. To obtain the particle’s posi- 
ion x as a function of time, this differential equation must be integrated twice with 
respect to time. The first integration gives dx/dt, and the second integration gives x. 
Fach integration introduces an arbitrary integration constant. Therefore, integration 
of F= ma gives an equation for x that contains two unknown constants c, and c3; 
we have x = f(t, C1, €2), where f is some function. To evaluate c, and c}, we need 
wo pieces of information about the system. If we know that at a certain time fg, the 
particle was at the position Xx» and had speed vo, then c, and cz can be evaluated 
from the equations Xo = f (to, C1, C2) and vo = f'(to, Cy, C2), where f” is the derivative 
aff with respect to t. Thus, provided we know the force F and the particle's initial 
position and velocity (or momentum), we can use Newton's second law to predict 
the position of the particle at any future time. A similar conclusion holds for a three- 
dimensional many-particle classical system. 

The state of a system in classical mechanics is defined by specifying all the forces 
ating and all the positions and velocities (or momenta) of the particles. We saw in 
the preceding paragraph that knowledge of the present state of a classical-mechanical 
system allows its future state to be predicted with certainty. 

The Heisenberg uncertainty principle, Eq. (18.8), shows that simultaneous speci- 
fication of position and momentum is impossible for a microscopic particle. Hence, 
the very knowledge needed to specify the classical-mechanical state of a system is 
unobtainable in quantum theory. The state of a quantum-mechanical system must 
therefore involve less knowledge about the system than in classical mechanics. 

In quantum mechanics, the state of a system is defined by a mathematical 
function ¥ (capital psi) called the state function or the time-dependent wave function. 
Yis a function of the coordinates of the particles of the system and (since the state 
may change with time) is also a function of time. For example, for a two-particle 
sstem, Y = P(x1, 94,24, X2, Y2, Z2, t), Where x1, Y1, Z1 and x2, Y2, Z2 are the coordi- 
mtes of particles 1 and 2, respectively. The state function is in general a complex 
Quantity; that is, ¥ = f + ig, where f and g are real functions of the coordinates and 
tine and i= /—1. The state function is an abstract entity, but we shall later see 
how Y is related to physically measurable quantities. 
$ The state function changes with time. For an n-particle system, quantum me- 

anics postulates that the equation governing how ¥ changes with ¢ is 


se (ow PE PF Ne (Ow Fv ow 
ia” “Im, i K ay 7) wa panei (S ay," 5) "AAS 
(18.9) 
In this equation, h (h bar) is Planck’s constant divided by 27, 
X h=h/2n (18.10)* 
‘By —1, Mi, ..., M, are the masses of particles 1,..., n, X4, Y1, Z1 are the spatial 


coordi i 

tial Minato Particle 1, and V is the potential energy of the system. Since the poten- 

coordina Is energy due to the particles’ positions, V is a function of the particles’ 
lates. Also, V can vary with time if an externally applied field varies with time. 


lence. y ic « i 
» V is in general a function of the particles’ coordinates and the time. V is 
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derived from the forces acting in the system; see Eq. (2.21). The dots in Eq, (189), 
for terms involving the spatial derivatives of particles 2, 3,..., » — L ta 

Equation (18.9) is a complicated partial differential equation. For 
problems dealt with in this book, it will not be necessary to use (18.9), so don't 

The concept of the state function ¥ and Eq. (18.9) were introduced 
Austrian physicist Erwin Schrödinger (1887-1961) in 1926, Equation (189) is te 
time-dependent Schrödinger equation. Schrödinger was inspired by the de 
hypothesis to search for a mathematical equation that would resemble the di 
equations that govern wave motion and that would have solutions giving the allows 
energy levels of a quantum system. Using the de Broglie relation 4 = h/p and æ 
tain plausibility arguments, Schrödinger proposed Eq. (18.9) and the related tne 
independent equation (18.19) below. Since chemistry students are usually not family. 
with the partial differential equations of wave motion, such plausibility argumas 
have been omitted. It should be emphasized that these arguments can at best malè 
the Schrödinger equation seem plausible. They can in no sense be used to derive æ 
prove the Schrödinger equation. The Schrödinger equation is a fundamental postuli 
of quantum mechanics and cannot be derived. The reason we believe it to be truei 
that its predictions give excellent agreement with experimental results. 


In 1925, several months before Schrödinger’s work, Werner Heisenberg (1901-1976), Ma 
Born (1882-1970), and Pascual Jordan developed a form of quantum mechanics beet 
on mathematical entities called matrices, A matrix is a rectangular array of number 
matrices are added and multiplied according to certain rules, The matrix mechanics of hse 
workers turns out to be fully equivalent to the Schrödinger form of quantum mechass 
(which is often called wave mechanics). We shall not discuss matrix mechanics. 

Schrédinger also contributed to statistical mechanics, relativity, and the then a 
color vision and was deeply interested in philosophy. In an epilogue to his 1944 bak 
What Is Life?, Schrödinger wrote: “So let us see whether we cannot draw the correct, n 
contradictory conclusion from the following two premises: (i) My body functions æi 
pure mechanism according to the Laws of Nature. (ii) Yet I know, by incontroverttt 
direct experience, that I am directing its motions... . The only possible inference ine 
these two facts is, I think, that I—I in the widest meaning of the word, that is to mh 
every conscious mind that has ever said or felt ‘I'—am the person, if any, who cont 
the ‘motion of the atoms’ according to the Laws of Nature.” 


The time-dependent Schrédinger equation (18.9) contains the first derivative d 
F with respect to t, anda single integration with respect to time gives us ¥. Integra® 
of (18.9) therefore introduces only one integration constant, which can be evaluat 
if MP is known at some initial time tọ. Therefore, knowing the initial ae 
mechanical state P(x... Zn to) and the potential energy V, we can use (189) 
predict the future quantum-mechanical state. The time-dependent Schrödinger ee 
tion is the quantum-mechanical analog of Newton’s second law, which A 
future state of a classical-mechanical system to be predicted from its present 
We shall soon see, however, that knowledge of the state in quantum mechanics 
involves a knowledge of only probabilities, rather than certainties, as 1 
mechanics. jos? E» 

What is the relation between quantum mechanics and classical porn 
periment shows that Macroscopic bodies obey classical mechanics (pror n 
speed is much less than the speed of light). We therefore expect that in r 
mechanical limit of taking h + 0, the time-dependent Schrödinger equation © 


ewton’s second law. This was shown by Ehrenfest in 1927; for Ehrenfest’s 
Park, sec. 3.3, s 
sat is the meaning of the state function ¥? Schrödinger originally conceived 
ihe amplitude of some sort of wave that was associated with the system. It 
me clear that this interpretation was wrong. For example, for a two-particle 
is a function of the six spatial coordinates x,, Y4, 21, X2, Y2, 22, Whereas 
‘moving through space is a function of only three spatial coordinates. The 
shysical interpretation of ¥ was given by Max Born in 1926, Born postulated 
‘ives the probability density for finding the particles at given locations in 
bility densities for molecular speeds were discussed in Sec. 15.4.) To be 
suppose a one-particle system has the state function (x, y, z, t’)attimet’, 
. ¢)|? dxdydz is the probability at time r’ that the particle has its 
ial coordinates in the ranges x to x + dx, y to y + dy, and z to z + dz; this is 
ity that a measurement of position at time ¢’ will show the particle to 
y rectangular box located at point (x, y, z) in space and having edges dx, 


‘state function ¥ is a complex quantity, and |¥] is the absolute value of Y. 

f + ig, where f and g are real and i = /—1. The absolute value of ¥ is de- 
= (f? +’). For a real quantity, g is zero, and the absolute value be- 
)\\?, which is the usual meaning of absolute value for a real quantity. The 
conjugate Y* of P is defined by Y* = f — ig; to get Y*, we just replace i by 
Wer it occurs, Note that 


YY = (f — ig)(f + ig) = f? — Pg? = f? + 9? =|¥/? 


s instead of |'¥|?, we can write ¥*Y. The quantity ||? = ¥*Y = f? + g? 
onnegative, as a probability density must be. 

O-particle system, [M(x 1, Y1, Z1, X2, Yay Z2, l’)|? dx, dy, dz; dx dyz dzz is 
y that, at time ¢’, particle 1 is in a tiny rectangular-box-shaped region 
int (x1, Y1, Z;) and having dimensions dx,, dy,, dz}, and particle 2 is 
sously in a box-shaped region at (x2, Y2, Z2) with dimensions dx», dyz, dz3. 
stulated interpretation of ¥ gives results fully consistent with experiment. 
one-particle, one-dimensional system, [P(x |? dx is the probability that 
tich is between x and x + dx at time t. The probability that it is in the region 
nd b is found by summing the infinitesimal probabilities over the interval 
b to give the definite integral f$ ||? dx. Thus 

i 


b 
Pras x <b)= Í |¥|?dx one-particle, one-dim. syst. 
= a 


ty of finding the particle somewhere on the x axis must be 1. Hence, 
= 1. When Y satisfies this equation, it is said to be normalized. The nor- 
Condition for a one-particle, three-dimensional system is 


E f | | [W(x, y, z, t|? dxdydz =1 (18.11) 


three-dimensional system, the integral of |¥|? over all 3n coordi- 
cach integrated from —co to oo, equals 1, 

al in (18.11) is a multiple integral. In a double integral like 
One first integrates f(x, y) with respect to x (while treating y as a 
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constant) between the limits c and d, and then integrates the result with re 
For example fp fg xy + »")dx dy = fj (x?y + 29°) dy = [i (16y 4 4g 
To evaluate a triple integral like (18.11), first integrate with respect to x whil 
y and z as constants, then integrate with respect to Y while treating z asg 
and finally integrate with respect to z. 

The normalization requirement is often written 


feai 


where fdr is a shorthand notation that stands for the definite integral over 
ranges of all the spatial coordinates of the system. For a one-particle, thre 
sional system, fdr implies a triple integral over x, y, and z from —c to ow | 
coordinate [Eq. (18.11)]. 

By substitution, it is easy to see that, if ¥ is a solution of (18.9), then 
where c is an arbitrary constant. Thus, there is always an arbitrary multipl 
constant in each solution to (18.9). The value of this constant is chosen so as to! 
the normalization requirement (18.12). 

From the state function ¥, we can calculate the probabilities of the 
possible outcomes when a measurement of position is made on the system, | 
Born’s work is more general than this. It turns out that gives informatio 
outcome of a measurement of any property of the system, not just positi 
example, if ¥ is known, it is possible to calculate the probability of cach 
outcome when a measurement of Px, the x component of momentum, is mad 
same is true for a measurement of energy, or angular momentum, ete. [The pro 
for calculating these probabilities from is discussed in Levine (1983), sec. 

The state function ¥ is not to be thought of as a physical wave, Instea 


State function . Instead of saying “the state described by the function 
just as well say “the state Y.” The information given by is the probabilll 
the possible outcomes of measurements of the system’s physical properties: 
The state function describes a physical system. In Chaps. 18 to 21, the 
will usually be a particle, atom, or molecule. One can also consider the state fu 
of a system that contains a large number of molecules, for example, a mole 0 
compound; this will be done in Chap. 22 on statistical mechanics. > 
Classical mechanics is a deterministic theory in that it allows us to predig 


Some philosophers have used the Heisenberg uncertainty principle and the nonde 
istic nature of quantum mechanics as arguments in favor of human free wil 
The probabilistic nature of quantum mechanics disturbed many physicists, at 
Einstein, Schrédinger, and de Broglie. (Einstein wrote in 1926; “Quantum nail i 
says a lot, but does not really bring us any closer to the secret of the Old One- oti 


alight wave’s intensity in each small region of space as being proportional to the proba- 
bility of finding a photon in that region, Einstein replied, “A good joke should not be 

ated too often.”) These scientists believed that quantum mechanics does not furnish 
a complete description of physical reality. However, all attempts to replace quantum 
mechanics by an underlying deterministic theory have failed. There appears to be a 


fundamental randomness in nature at the microscopic level. 


summary. The state of a quantum-mechanical system is described by its state 
{yyetion ¥, which is a function of time and the spatial coordinates of the particles 
of the system. The state function provides information on the probabilities of the 
outcomes of experimental measurements on the system. For example, when a position 
measurement is made on a one-particle system at time r’, the probability that the 
particle's coordinates are found to be in the ranges x to x + dx, y to y + dy, z to 
++ dzis given by |¥(x, y, z, ¢)|? dx dy dz. The function ||? is the probability density 
for position. Because the total probability of finding the particles somewhere is 1, 
the state function is normalized, meaning that the integral of ||? over the full range 
ofall the spatial coordinates is equal to 1. The state function Y changes with time 
woording to the time-dependent Schrödinger equation (18.9), which allows the future 
state (function) to be calculated from the present state (function). 


18.7 
THE TIME-INDEPENDENT SCHRODINGER EQUATION 


For an isolated atom or molecule, the forces acting depend only on the coordinates 
of the charged particles of the system and are independent of time; therefore, 
the potential energy V is independent of t. For systems where V is independent 
ol time, the time-dependent Schrödinger equation (18.9) has solutions of the form 
Vix), “Zm 0) = f(OW(X,,..., Zp}, Where y (lowercase psi) is a function of the 3n 
coordinates of the n particles and / is a certain function of time. We shall demonstrate 
this for a one-particle, one-dimensional system. 


sy 4 one-particle, one-dimensional system with V independent of t, Eq. (18.9) 
mes 


h? aw how 
aaa ieS = ees 18.13 
2m dx* sae i ôt $ ; 
Let us look for those solutions of (18.13) that have the form 
Hx, ) = OW) ley 


A have 0°¥/0x? = f(t)d?y/dx? and O¥/ét = y(x) df/dt. Substitution into (18.13) 
Owed by division by fy = P gives 


ea ae, h 1 df(t) 
Im way dxt O= ae 


Wi 
wri defined the parameter E by E = — (h/f OfO) 
tof x A definition of E, it is equal to a function of t only and hence is indepen- 
finction ofa merens (18.15) shows that E = —(h?/2mw"(xy W(x) + V(x), which is a 
lndevenie only and is independent of t. Hence, E is independent of t as well as 
M of x and must therefore be a constant. Since the constant E has the 


=E (18.15) 
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same dimensions as V, it has the dimensions of energy., Quantum mechanics - 


lates that E is in fact the energy of the system. 

Equation (18.15) gives df/f = —(iE/h) dt, which integrates to In f = —ipyy n 
Therefore f = ee” #4 — Ae iE where A = ef is an arbitrary constant, TN 
stant A can be included as part of the y(x) factor in (18.14), so we Omit it from f. This 


fit) = eB (ny 
Equation (18.15) also gives 
h? d?yi(x) 
Ng Peay V(x)W(x) = E(x) (181) 


which is the (time-independent) Schrodinger equation for a one-particle, one-dimen. 
sional system. Equation (18.17) can be solved for W when the Potential-energy 
function V(x) has been specified. 

For an n-particle, three-dimensional system, the same procedure that led to Egi. 
(18.14), (18.16), and (18.17) gives 


E E Yis Zire es Xps Yn» 2p) (1818) 
where the function y is found by solving 
h (Ow oy ay (yp ay ay 
= + + =e = 
2m, (<5 dy,” zt) 2m, (5 T dYa” T =) +R 
(18.19)' 


The solutions w to the time-independent Schrödinger equation (18.19) are the (time 
independent) wave functions, States for which is given by (18.18) are called ste 
tionary states. We shall see that for a given system there are many different solutions 
to (18.19), different solutions corresponding to different values of the energy E. In 
general, quantum mechanics gives only probabilities and not certainties for the out 
come of a measurement. However, when a system is in a stationary state, a measurt- 
ment of its energy is certain to give the particular energy value that corresponds to 
the wave function W of the system. Different systems have different forms for the 
potential-energy function V(x1,...,2Z,), and this leads to different sets of allowel 
wave functions and energies when (18.19) is solved for different systems. All this wil 
be made clearer by the examples in the next few sections. 
For a stationary state, the probability density ||? becomes 


jw}? = Ify o Wy*fu a Strfy = ef Eth eg iEthy = ww i W? 


where we used (18.14) and the identity (fy)* = f*y* (Prob. 18.15). Hence, for 
stationary state, |¥|? = |y|?, which is independent of time. For a stationary state, 
Probability density and the energy are constant with time. There is no implicat 
however, that the particles of the system are at rest in a stationary state. 

It turns out that the Probabilities for the outcomes of measurements of any 
physical property involve ||, and since |¥| = ||, these probabilities are indep 
of time for a stationary state. Thus, the e~‘*"* factor in (18.18) is of no conseque at 
and the essential part of the state function for a stationary state is the time-indepe 
wave function Y(x,,...,2z,). For a stationary state, the normalization com 
(18.12) becomes Slide =1. 


The wave function yw of a stationary state of energy E must satisfy the time- | 597 | 


independent Schrödinger equation (18.19). However, quantum mechanics postulates RACH AES 
tall functions that satisfy (18.19) are allowed as wave functions for the system. j 


that no! : 3 = 

In addition to being a solution of (18.19), a wave function must meet the following 

three conditions: (a) The wave function must be single-valued. (b) The wave function 

must be continuous. (c) The wave function must be quadratically integrable. Condi- O Ficure 13.5 | 

tion (a) means that y has one and only one value at each point in space. The func- (á) A multivalued fanction. 

tion of Fig, 18.54, which is multiple-valued at some points, is not a possible wave (b) A discontinuous function, 

function for a one-particle, one-dimensional system. Condition (b) means that y (c) A function that is not 
quadratically integrable. 


makes no sudden jumps in value. A function like that in Fig. 18.5b is ruled out. Con- 
dition (c) means that the integral over all space J ly]? dr is a finite number. The func- 
tion x? (Fig. 18.5c) is not quadratically integrable, since [2 x4 dx = (x°/5)|2,, = 
»-(—0) = 0. Condition (c) allows the wave function to be multiplied by a con- 
stant that normalizes it, that is, that makes f \w|? dt = 1. A function obeying conditions 
(a), (b), and (c) is said to be well-behaved. 

Since E occurs as an undetermined parameter in the Schrödinger equation (18.19), 
the solutions y that are found by solving (18.19) will depend on E as a parameter: 
¥=Wx,,..., Zn; E). It turns out that y is well-behaved only for certain particular 
values of E, and it is these values that are the allowed energy levels. An example is 


x 
(a) 
given in the next section. 
We shall mainly be interested in the stationary states of atoms and molecules, 
since these give the allowed energy levels. For a collision between two molecules or = 
lor a molecule exposed to the time-varying electric and magnetic fields of electro- = 


magnetic radiation, the potential energy V depends on time, and one must deal with 
the time-dependent Schrödinger equation and with nonstationary states. ti 


Summary. In an isolated atom or molecule, the potential energy Vis independent 
of time and the system can exist in a stationary state, which is a state of constant 


energy and time-independent probability density. For a stationary state, the prob- 
ability density is given by wl?, where the time-independent wave function y is a func- 
tion of the coordinates of the particles of the system. The possible stationary-state 
x 
(ce) 


etn and energies for a system are found by solving the time-independent 
chrödinger equation (18.19) and picking out only those solutions that are single- 
Valued, continuous, and quadratically integrable. 


FIGURE 18.6 


Potential-energy function for a 


TH 
i PARC NA ONE-DIMENSIONAL BOX particle in a one-dimensional box. 


æ o 


To ha oduction to quantum mechanics in the last two sections is quite abstract. 
nE on okies ideas of quantum mechanics more understandable, this section 
By this H ationary states of a very simple system, a particle ina one-dimensional 
¥ and subject nee a single microscopic particle of mass m moving in one dimension ; s n 
zro for x be © the Potential-energy function of Fig. 18.6. The potential energy is 
tween 0 and a (region II) and is infinite elsewhere (regions I and III): 
v= p for0<x<a 


(oe) for x < 0 and for x >a 
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l 


This potential energy confines the particle to move in the region between 0 
on the x axis. No real system has a V as simple as Fig. 18.6, but the particle iad la 
can be used as a crude model for dealing with pi electrons in conjugated molecula 
(Sec. 20.9). 

We restrict ourselves to considering the states of constant energy, the Statio 
states. For these states, the (time-independent) wave functions \ are found by solvi 
the Schrodinger equation (18.19), which for a one-particle, one-dimensional systemi 


Rom i Vý = Ey (182% 


Since a particle can’t have infinite energy, there must be zero Probability of findi 
the particle in regions I and III, where V is infinite. Therefore, the probability density 
|W? and hence y must be zero in these regions: ¥ = 0 and yy = 0, or 


y=0 for x < 0 and for x >a (18.2) 
Inside the box (region IT), V is zero and (18.20) becomes 


d? 2mE 
mney forO<x<a (182) 


To solve this equation, we need a function whose second derivative gives us the 
same function back again, but multiplied by a constant. Two functions that behave 
this way are the sine function and the cosine function, so let us try as a solution 
W = Asin rx + B cos sx, where A, B, r, and s are constants. Differentiation gives 
ay /dx? = — Ar? sin rx — Bs? cos sx. Substitution of the trial solution in (18.22) ives 


— Ar’? sin rx — Bs? cos sx = —2mEh 7A sin rx — 2mEh~2B cos sx (183) 


If we take r = s = (2mE)!/24,-1, Eq. (18.23) is satisfied. The solution of (182)i 
therefore 


Y = A sin [(2mE)" hx] + B cos [(2mE)"7h~'x] — for0<x<a (8M) 


A more formal derivation than we have given shows that (18.24) is indeed the genera 
solution of the differential equation (18,22), 

As noted in Sec, 18.7, not all solutions of the Schrédinger equation are acceptable 
wave functions. Only well-behaved functions are allowed. The solution of the partic- 
in-a-box Schrödinger equation is the function defined by (18.21) and (18.24), a 
A and B are arbitrary constants of integration. For this function to be continuou 
the wave function inside the box must go to zero at the two ends of the bor, m 
Y equals zero outside the box. We must require that y in (18.24) go to zero as an 
and as x > a. Setting x = 0 and Y = 0 in (18.24), we get 0 = A sin 0 + B cosh, 
B = 0. Therefore 1825) 

Y = A sin [(2mE)" 2} tx] ! i 
Setting x = a and ý = 0 in (18.25), we get 0 = sin [(2mE)!/2h~ 4a]. The sine funcion 
vanishes at 0, +r, +£2z,..., +nz, so we must have 


(2mE)"?h-"q = +nn 


. « i ra 
Substitution of (18.26) in (18.25) gives y = A sin (+nnx/a) = +A sin on 
sin (—z) = —sin z. The use of —n multiplies y by —1. Since A is pe io a 
doesn’t give a solution different from the +n solution, so there is no nee 


(1829 


sider the -n values. Also, the value n = 0 must be ruled out, since it would make 
= Qeverywhere (Prob. 18.20), meaning there is no probability of finding the particle 


in the box. The allowed wave functions are therefore 


y = Asin (nrx/a) where n = 1, 2, 3,... 
The allowed energies are found by solving (18.26) for E to get 


nh? 
E=—; n= 1,253, 20% (18.27)* 


where h = h/2n was used. It is only these values of E that make w a well-behaved 
(continuous) function. Confining the particle to be between 0 and a requires that y 
bezero at x = 0 and x = a, and this quantizes the energy. An analogy is the quanti- 
ution of the vibrational modes of a string that occurs when the string is held fixed 
at both ends, The energy levels (18.27) are proportional to n’, and the separation 


between adjacent levels increases as n increases (Fig. 18.7). 
The magnitude of the constant A in w is found from the normalization con- 
dition (18.12): f |y|? dt = 1. Since y = 0 outside the box, we need only integrate from 


(to a, and 
l= F \y|2dx = ji y|? dx = |A]? f sin? (=) dx 
-æ o o a 


Atable of integrals gives f sin? cx dx = x/2 — (1/4¢) sin 2cx, and we find |A| = (2/a)"’?. 
The normalization constant A can be taken as any number having absolute value 
Q/a)', We could take A = (2/a)"/?, or A= —(2/a)!/?, or A = i(2/a)!/? (where 
i= /=1), etc, Choosing A = (2/a)'/?, we get 


ae > 
y= £) sin  wheren=1,23... (18.28) 
a 


The state functions for the stationary states of the particle in a box are given 
or (1814) (18.16), and (18.28) as ¥ = e~ !£"/"(2/a)"/? sin (nnx/a), where E = n?h?/8ma? 
and n= 1, 2,3 


Loum i 


find the wavelength of the light emitted when a 1 x 10727 g particle in a 3-A 
eon box goes from the n = 2 to the n = 1 level. 
E he wavelength 4 can be found from the frequency v. The quantity hv is the 
shea of the emitted photon and equals the energy diference between the 

vels involved in the transition [Eq. (18.6)]: 

hv = E, — E, = 27h?/8ma? — 1?h?/8ma? and v= 3h/8ma? 
Where (18.27) was used. Use of 1 = c/v gives 
2 3 

p= Smate _ 8(1 x 10-27 8)(3 x 1078 cm)23 x 10!° cm/s) _ 
e 3h 3(6.6 x 10777 erg s) E 

mass m is that of an electron, and the wavelength lies in the ultraviolet.) 


1 x 1075 cm 


— EA 
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Lowest four energy levels of a 
particle in a one-dimensional box. 
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FIGURE 18.8 


Wave functions and probability 
densities for the lowest three 
particle-in-a-box stationary states, 


Let us contrast the quantum-mechanical and classical pictures, Classical 
particle can rattle around in the box with any nonnegative energy; Eo: a 
any number from zero on up. (The potential energy is zero in the box, so the part 


energy is entirely Kinetic. Its speed v can have any nonnegative value, so Imo? 


Classically, the minimum energy is zero, Quantum-mechanically, the particle in 
a box has a minimum energy that is greater than zero. This energy, h? [8ma? iste 
zero-point energy. Its existence is a consequence of the uncertainty Principle, Sy 
pose the particle could have zero energy. Since its energy is entirely kinetic, its speed 
Yx and momentum mv, = p, would then be zero. With p, known to be preci 
zero, the uncertainty Ap, is zero, and the uncertainty principle Ax Ap, 2 h gi 
Ax = œ. However, we know the Particle to be somewhere between X= Oandx=¢ 
so Ax cannot exceed a. Hence, a zero energy is impossible for a Particle in a boy, 

The stationary states of a Particle in a box are specified by giving the value of 
the integer n in (18.28). n is called a quantum number. The lowest-energy state (=i) 
is the ground state. States higher in energy than the ground state are called excita 


Figure 18.8 plots the wave functions Y and the probability densities Jy? for the 
first three particle-in-a-box stationary states. For n = 1, nzx/a in the wave function 
(18.28) goes from 0 to z as x goes from 0 to a, so y is half of one cycle of a sine 


Classically, all locations for the Particle in the box are eq ually likely. Quantum- 
mechanically, the probability density is not uniform but shows oscillations. In the 
limit of a very high quantum number n, the oscillations in |y|? come closer and closet 
together and ultimately become undetectable; this corresponds to the classical result 
of uniform probability density. The relation 8ma?E/h? = n? shows that fora macro 
scopic system (E, m, and a having macroscopic magnitudes), n is very large, so the limit 
of large n is the classical limit. 


we n= n 


© 


A point at which Y = 0 is called a node. The number of nodes increases by 1 
foreach increase in n. The existence of nodes is surprising from a classical viewpoint. 
forexample, for the n = 2 state, it is hard to understand how the particle can be found 
in the left half of the box or in the right half of the box but never at the center. The 
behavior of microscopic particles cannot be rationalized in terms of a visualizable 

l, 
Ee wave functions y and probability densities ly]? are spread out over the 
length of the box, much like a wave (compare Figs. 18.8 and 18.2). However, quantum 
mechanics does not assert that the particle itself is spread out like a wave; a measure- 
ment of position will give a definite location for the particle. It is the probability 
function y that is spread out in space and obeys a wave equation. 


(o) For the ground state of a particle in a one-dimensional box of length a, find 
the probability that the particle is within +0.001a of; the point a/2; the point a/4. 
(b) For the particle-in-a-box stationary state with quantum number n, write down 
(out do not evaluate) an expression for the probability that the particle will be 
found between a/4 and a/2. (c) For a particle-in-a-box stationary state, what is 
the probability that the particle will be found in the left half of the box? 

(a) The probability density (the probability per unit length) is equal to |y|?. 
figure 18.8 shows that |y|? for n = 1 is essentially constant over the very small 
interval 0,002a, so we can consider this interval to be infinitesimal and take wl? dx 
98 the desired probability. For n = 1, Eq. (18.28) gives ||? = (2/a) sin? (nx/a). With 
t=a/2 and dx = 0.002a, the probability is |y|? dx = (2/a) sin (x/2) x 0.002a = 
0004. With x = a/4, we get (2/a) sin? (7/4) x 0.002a = 0,002. From Fig. 18.8 it is 
Gear that in the n = 1 state, the probability of being close to a/4 is less than that 
of being close to a/2. 

(b) From the equation preceding Eq. (18.11), the probability that the par- 
tele is between points ¢ and d is f? yer dx. But |¥|? = |y]? for a stationary state 
Gec. 18,7), so the probability is f2 y|? dx. Using (18.28) for y, we have the desired 
Pobability as {2/3 (2/a) sin? (nnx/a) dx. 
ear For each particle-in-a-box stationary state, the graph of ||? is symmetric 
i ut the midpoint of the box. so the probabilities of being in the left and right 

ves are equal and are each equal to 0.5. 


n If Y, and y; are particle-in-a-box wave functions with quantum numbers n; and 
'» One finds (Prob, 18.22) that 


i yřýjdt=0 forn #1; (18.29) 
oO 


Wi 

ae Ooy” sin (nyx/a) and Y; = (2/a)"/? sin (njxx/a). The functions f and g 

Tange of th orthogonal when f f*gdz = 0, where the integral goes over the full 

spond to Saag Coordinates. One can show that two wave functions that corre- 
ilerent energy levels of a quantum-mechanical system are orthogonal. 


_______Kaa 
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THE PARTICLE IN A THREE-DIMENSIONAL BOX 


The particle in a three-dimensional box is a single particle of mass m confined jp 
remain within the volume of a box by an infinite potential energy outside the fe 
The simplest box shape to deal with is a rectangular parallelepiped. The potential 
energy is therefore V = 0 for points such that 0 < x < a, 0 < Y <b, and O<zge 
and V = œ elsewhere. The dimensions of the box are a, b, and c. In later chapten, 
this system will be used to give the energy levels for translational motion of ideal. 
gas molecules in a container. l 

Let us solve the time-independent Schrödinger equation for the stationary-state 
wave functions and energies. Since V = œ outside the box, y is zero Outside the 
box, just as for the corresponding one-dimensional problem. Inside the box, V=), 
and the Schrödinger equation (18.19) becomes 


h (Py y oy) _ 
A a) = a 


Let us assume that solutions of (18.30) exist that have the form X(x) YOZ 
where X(x) is a function of x only and Y and Z are functions of y and z. For an 
arbitrary partial differential equation, it is not in general possible to find solutions in 
which the variables are present in separate factors. However, it can be proved mathe- 
matically that, if we succeed in finding well-behaved solutions to (18.30) that have 
the form X(x)Y(y)Z(z), then there are no other well-behaved solutions, so we shall 
have found the general solution of (18.30). Our assumption is then 


Ww = X(x)¥(y)Z(z) (18:31) 


Partial differentiation of (18.31) gives ĝ?y/ðx? = X"(x)¥(y)Z(2), Pya = 
X(x)¥"(V)Z(2), and 8?y/ðz? = X(x)¥(y)Z"(z). Substitution in (18,30) followed by 
division by X(x)¥(y)Z(z) = W gives 


Buy X"@) h? YY r Z"@) _ E (183) 
2m X(x) 2m Y(y) 2m Z(z) 
Let E, = —(h?/2m)X"(x)/X(x). Then (18.32) gives 
2 yn i 2 ot. 
Boe) cag FO) EZO (183) 
2m X(x) 2m Y(y) 2m Z(2) 


From its definition, Ex is a function of x only. However, the relation Ex “i 
WY"/mY + h? Z" /2mZ in (18.33) shows E, to be independent of x. Therefore Ex 
a constant, and we have from (18.33) 

(18:34) 


particle in 
spective 
x)= 00! 
tside the 


—(h?/2m)X"(x) = E,.X(x) forO0<x<a 


Equation (18.34) is the same as the Schrödinger equation (18.22) for a 
a one-dimensional box if X and E, in (18.34) are identified with y and E res 
in (18.22). Moreover, the condition that X(x) be continuous requires that X( 
x= 0 and at x =a, since the three-dimensional wave function is zero 2 l 
box. These are the same requirements that y in (18.22) must satisfy. Therefore, i 
well-behaved solutions of (18.34) and (18.22) are the same. Replacing y an 


(1827) and (18.28) by X and E,, we get 


2 nyax n2he 
X(x)= 6) sin F ` E; x, a L re bets (18.35) 


8ma? 


where the quantum number is called Ny. 
Equation (18.32) is symmetric with respect to x, y, and z, so the same reasoning 


that gave (18.35) gives 


2 nay nh? 
THA aA An a ar TAES) 
E E nak 
Z(2) = £) sin E; = Sma?’ es NS ic We (18.37) 
where, by analogy to (18.33), 
h? Y") h? Z'(2) 
y= =a Wy)’ s-a 18.3 
E= Om YO) z= om Z(2) (18:38) 


We assumed in Eq. (18.31) that the wave function y is the product of separate 
factors X(x), Y(y), Z(z) for each coordinate. Having found X, Y, and Z [Eqs. (18.35), 
(1836), and (18.37)], we have as the stationary-state wave functions for a particle in 
athree-dimensional rectangular box 


8 1/2 
v= ( o) sin gin ee (18.39) 
a b c 


abe 


Equations (18.32), (18.33), and (18.38) give E = E, + Ey + Ez, and use of (18.35) to 
(1837) for Ey, Ey, and E, gives the allowed energy levels as 


2 2 2 2 
: ($ + a) (18.40) 
a c 


The quantities E,, Ey, and E, are the kinetic energies associated with motion in the 
X% y, and z directions. 

Ji The procedure used to solve (18.30) is called separation of variables. The con- 
ditions under which it works are discussed in Sec. 18.11. 

There are three quantum numbers because this problem is a three-dimensional 
one. The quantum numbers n,, ny, and n, vary independently of one another. The 
state of the particle in the box is specified by giving the values of n,, ny» and n,. The 
ound state is n, = 1, n= 1 n= 1 


wa 


DEGENERACY 


Sı n 
eee the sides of the box of the last section have equal lengths: a = b = c. Then 
+39) and (18.40) become 
Y = (2/a)*? sin (nynx/a) sin (nyry/a) sin (n;72/a) (18.41) 
i E = (n? +n? + n,?)h?/8ma? (18.42) 
t ; 
kity ang subscripts on y to specify the nx, ny, and nz values. The lowest- 
ate is W111 with E = 3h2/8ma?. The states W211, V121» and W112 each have 
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Lowest few stationary states for a 
particle in a cubic box. 


E i 
221 212 122 
—-— CU — 
211 121 112 


energy 6h?/8ma*. Even though they have the same energy, these are 
With n, = 2, n, = 1, n, = 1 in (18.41), we get a different wave 
n, = 1, n, = 2, n, = 1. The 21, state has zero probability d 
particle at x = a/2 (see Fig. 18.8), but the 5, state has a 
density at x = a/2. 

The terms state and energy level have different meanings in 
A stationary state is specified by giving the wave function A 
different state. An energy level is specified by giving the value oj 
different value of E-is a different energy level. The three different 
states W211, W121, and 12 belong to the same energy level, 6h2) 
shows the lowest few stationary states and energy levels of a parti 

An energy level that corresponds to more than one state is said’ 
The number of different states belonging to the level is the deg 
of the level. The level 6h7/8ma? is threefold degenerate. The 
generacy arises when the dimensions of the box are made equal, D 
arises from the symmetry of the system. 


EI 


OPERATORS 


Operators. Quantum mechanics is most conveniently formulated 
ators. An operator is a rule for transforming a given function into al 
For example, the operator d/dx transforms a function into its 
(d/dx)f(x) = f'(x). Let A symbolize an arbitrary operator. (We shall u 
to denote an operator.) If A transforms the function f(x) into the 
write Af(x) = g(x). If A is the operator d/dx, then g(x) = f'(x). If Â 
“multiplication by 3x2.” then g(x) = 3x?f(x). If Â = log, then g(x) 
The sum of two operators A and B is defined by 


(4 + B)f(x) = Af(x) + Bx) è 
For example, (log + d/dx) f(x) = log f(x) + f'(x). The square of an 
fined by Af(x) = AAP (x)]. For example, É 
(d/dx)f(x) = (d/dx)[(d/dx) f(x)] = (d/dx)[ f'(x)] = f") = (d 
Therefore, (d/dx)? = d?/dx?. The product of two operators is defined b 
(AB) f(x) = ALBf(x)] 


The notation A[B/(x)] means that we first apply the operator B to the 
to get a new function, and then we apply the operator A to this ney 


EE = 


Let the operators 4 and Ê be defined as Â = x and B = d/dx. Find 
BAf(x). Are the operators AB and BA equal? 
The definition of the Operator product gives 
ABY(x) = A[Bi(x)] = x[(d/dx) fx) =") 
BAf(x) = BLAf(x)] = (d/dx)[xf(x)] = xf'(x) +f) 


ors are equal if they produce the same result when acting on every 

In this example, AB and BA produce different results when they oper- 

zoon f(x). so AB and BA are not equal. In multiplication of numbers, the order 
doesn't matter. In multiplication of operators, the order may matter. 


In quantum mechanics, each physical property of a system has a correspond- 
ing operator, The operator that corresponds to p,, the x component of momentum 
ofa particle, is postulated to be (h/i)(0/0x), with similar operators for p, and p,: 

wie ree HC ho 

Pa Tax? Py = 7 ay? ið 
where p, is the quantum-mechanical operator for the property py and i = 4—1. The 
operator that corresponds to the x coordinate of a particle is multiplication by x, 
and the operator that corresponds to f(x, y, z), where f is any function, is multipli- 
cation by that function, Thus, 


f=xx, f=yx, ĉ=zx, fixyd=fey2x (1844)* 


Î; (18.43)* 


To find the operator that corresponds to any other physical property, we write 
down the classical-mechanical expression for that property as a function of cartesian 
ordinates and corresponding momenta and then replace the coordinates and mo- 
menta by their corresponding operators (18.43) and (18.44), For example, the energy 
ofa one-particle system is the sum of its kinetic and potential energies; E = K + 
V= fmo? + v,? + v,) + V(x, y, z, t). To express E as a function of the momenta 
ànd coordinates, we note that p, = mv,, Py = mvy, Pz = mwy. Therefore, 


1 
E= mP + py? + pa?) + V(x y, z, t) =H (18.45)* 


The expression for the energy as a function of coordinates and momenta is called 
the system's Hamiltonian H [after William Rowan Hamilton (1805-1865), who re- 


gg Newton’s second law in terms of H]. The use of Eq. (18.43) and ?P=-1 
ves 


Bx f(x, y, 2) = (A/O AOS] = (h?/i2) af /dx? = =h? 8? ôx? 


% p,’ = —h? 92/ax? and p,2/2m = —(h?/2m)d2/ax2, From (18.44), the potential- 
aby operator is simply multiplication by V(x, y, z, t). (Time is a parameter in quan- 
um mechanics, and there is no time operator.) The energy operator, or Hamiltonian 
perator, for a one-particle system is therefore 


a a h? / 8? g? ð? 
E=H= -i (riata) V(x, y, 2, t) x (18.46) 
To save time in writi A 2 P 

red") ng, we define the Laplacian operator V? (read as “del 
ua, . sy . 
rome ey V? = 0/dx? 4 6? /dy? + ð?/ðz? and write the one-particle Hamiltonian 
A = —(h?/2m)V? + V (18.47) 
the multiplication sign after V is understood. 


—— Ka 
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For a many-particle system, we have f, , = (h/i)0/Ax, for Particle 1 and the 
Hamiltonian operator is readily found to be : 


2 


ee ei AA 
ag ~ 2m, “1 2m > m, Va + Visis Zat) RA 
putt ge 
V = sa t+ t 
Oxy? ayy? Oz? ao 


with similar definitions for V,7,..., V„?. The terms on the right side of (18.48) ar 
the operators for the kinetic energy of particle 1, the kinetic energy of particle 2... 
the kinetic energy of particle n, and the potential energy of the system. $ 

From (18.48), we see that the time-dependent Schrödinger equation (18.9) can 
be written as 


--— =Y (185), 


and the time-independent Schrödinger equation (18.19) can be written as 
Ay = Ew (i851) 


where V in (18.51) is independent of time. Since there is a whole set of allowed 
stationary-state wave functions and energies, it might be better to write (18.51) a 
Hy; = E\W;, where the subscript j labels the various wave functions and energies 

When an operator B applied to the function f gives the function back again but 
multiplied by the constant c, that is, when Bf = cf, one says that f is an eigenfunction 
of B with eigenvalue c. The wave functions yọ in (18.51) are eigenfunctions of the 
Hamiltonian operator, the eigenvalues being the allowed energies E. 

Operator algebra differs from ordinary algebra. From Ay = Ew [Eq (18.51) 
one cannot conclude that Ê = E. Ĥ is an operator and E is a number, and the two 
are not equal. Note, for example, that (d/dx)e?* = 2e?*, but d/dx # 2. 


Lume: a 


Verify directly that Hy = Ey for the particle in a one-dimensional box.  , ; 

Inside the box (Fig. 18.6), V = 0 and Eq. (18.46) gives H = —(h?/2m)d' [dx 
for this one-dimensional problem. The wave functions are given by (18.28) % 
W = (2/a)"’? sin (nix/a). We have, using (1.27) and (18.10): 


PS hè d? P/N "2 2 1/2 2g? \ , nax 
Hy = =——|(=) sin TR OE) 2 (-r sin—~ 
2m dx? | \a a 4nx*(2m) \a a a 


since E = n*h?/8ma? (Eq. (18.27)]. 


e-particle, om 


Average Values. From (15.38), the average value of x for a on prob 


dimensional quantum-mechanical system equals [® ,, xg(x) dx, where g(x) i$ the 
ability density for finding the particle between x and x + dx. But the Bow oy 
(Sec. 18.6) gives g(x) = |'¥(x)|?. Hence, <x) = f? „ x|P(x)|? dx. Since (P|! = * $ 
have <x) = [2 p P*x¥ dx = f2 W*SY dx, where (18.44) was used. 


What about the average value of an arbitrary physical property M for a general 
hanical system? Quantum mechanics postulates that the average value 


quintum-mec 2 Sadi oh 2 
| property M in a system whose state function is ¥ is given by 


ofany physical 
<M) = ventas (18.52) 


where M is the operator for the property M and the integral is a definite integral over 
al space. In (18.52), M operates on to produce the result MY, which is a func- 
‘ion; the function MP is then multiplied by ¥*, and the resulting function '¥*MY 
isintegrated over the full range of the spatial coordinates of the system. For exam- 
pe, Eq. (18.43) gives the py operator as p, = (h/i) 0/x, and the average value of py 
fora one-particle, three-dimensional system whose state function is ¥ is <px) = 
Mfes EA Sy Y*(0ðY/ðx)dx dy dz. 

The average value of M is the average of the results of a very large number of 
measurements of M made on identical systems, each of which is in the same state ¥ 
just before the measurement. 

For a stationary state, ¥ equals e~'*/*y [Eq. (18.18)]. Since M doesn’t affect 
the e~#" factor, we have 


wey = eE y* Me = IRR = e'E'he Etny My = y*My 


Therefore, for a stationary state, 
<M) = forsvar (18.53)* 


For example, for a particle in a one-dimensional box, the stationary-state wave 
functions are y = (2/a)'/ sin (nmx/a) [Eq. (18.28)] and the average value of x? 
for the stationary state with quantum number n is given by (18.53) as (x7) = 
(a) {5 x sin? (nzx/a) dx, since the operator x? is simply multiplication by sas 


Separation of Variables. Let Gis q2» - - ++ qp be the coordinates of a system. For 
Sample, for a two-particle system, q; = X1, q2 = Y1» +++» q6 = Z2. Suppose the Ham- 
ilonian operator has the form 


A=A,+A,+--°+A4, (18.54) 


ai the operator Ê, involves only q,, the operator H involves only go, etc. An 
Ximple is the particle in a three-dimensional box, where one has A=H,+ A, pr 
Horna = —(h?/2m) 0?/Ax?, etc. We saw in Sec. 18.9 that, for this case, Y = 
tha and E= E, + E, +E, where A,X(x) = E,X(x), Ĥ,Y(y) = £,Y0), 

' The -Z(2) (Eqs. (18.34) and (18.38)]. a 

ihe ta, type of argument used in Sec. 18.9 shows (Prob. 18.30) that when H 
Bis ae Separate terms for each coordinate, as in (18.54), then each stationary- 
unction is the product of separate factors for each coordinate and each 


Sationary- z h 5 
ty-state energy is the sum of energies for each coordinate: 


Y = fila) falda) > Sa) (18.55) 
E =E; +E; + +E, (18.56) 


-. and the functions f}, f,,... are found by solving 
Aifi= Efo Âf = Erf» > Ah = Eh (18.57) 


here E,, E,,. 
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Potential-energy function for a 
one-dimensional harmonic 


oscillator, 


y 


The equations in (18.57) are, in effect, separate Schrödinger equations, One for ea 
coordinate. 


Noninteracting Particles. An important case where separation of variables 

is a system of n noninteracting particles, meaning that the particles exert no fora 
on one another. For such a system, the classical-mechanical energy is the SUM of the 
energies of the individual particles, so the classical Hamiltonian H and the quanto 
mechanical Hamiltonian operator H have the forms H = H, + Hy +o4h, w 
A = Ĥ, + A, ++ Â, where Ê, involves only the coordinates of particle |, f 
involves only particle 2, etc. Here, by analogy to (18.55) to (18.57), we have i 


Y = Si(Xi Vis 21) Sa0%25 Yo 22) °° Sans Yas Zn) (18S 
E=E,+E,+--'+E, (189 
Hifi = Efir Hof, =Exfo, o, Ant = Enh, (ta 


For a system of noninteracting particles, there is a separate Schrödinger equation f 
each particle, the wave function is the product of wave functions of the individual Á 
ticles, and the energy is the sum of the energies of the individual particles, (Fot n 
interacting particles, the probability density |4|? is the product of probability densities 
for each particle: |y|? = [f1]? A|? = |/f,|. This is in accord with the theorem tha 
the probability that several independent events will all occur is the product of te 
probabilities of the separate events.) 


10.12 E 


THE ONE-DIMENSIONAL HARMONIC OSCILLATOR 


The one-dimensional harmonic oscillator is a useful model for treating the vibratie 
of a diatomic molecule (Sec. 21.3) and is also relevant to vibrations of polyatomk 
molecules (Sec. 21.8) and crystals (Sec. 24.12). 

Before examining the quantum mechanics of a harmonic oscillator, we reii 
the classical treatment (Halliday and Resnick, chap. 15), Consider a particle of mat 
m that moves in one dimension and is attracted to the coordinate origin by a fot 
Proportional to its displacement from the origin: F = —kx, where k is 
force constant. When x is positive, the force is in the —x direction, and when x3 
negative, F is in the +x direction. A physical example is a mass attached to à a 
less spring, x being the displacement from the equilibrium position, From (2214F : 
~dV/dx, where V is the potential energy, Hence —dV/dx = — kx, and views 3 
The choice of zero of potential energy is arbitrary. Choosing the integration 
c as zero, we have (Fig. 18.10) 


V =Akx? te 
Newton's second law F = ma gives md?x/dt? = —kx. The solution t0 w 
ferential equation is (18 


x = A sin [(k/m)'/?t + b] i 
as can be verified by substitution in the differential equation (Prob. 18.37) bl 
A and b are integration constants. The maximum and minimum values 0 
function are +1 and —1, so the particle’s x coordinate oscillates back 
between +A and —A. A is the amplitude of the motion. 


od t (tau) of the oscillator is the time required for one complete cycle 
on, For one cycle of oscillation, the argument of the sine function in (18.62) 
ase by 2x, since 27 is the period of a sine function. Hence the period satis- 
2 = 2n, and t = 2n(m/k)'!*. The frequency v is the reciprocal of the period 
ils the number of vibrations per second (v = 1/z); thus 


1 fk)? 
(*) (18.63)* 


v= — 
2n \m 


energy of the harmonic oscillator is E = K + V = 4mv,? + 4kx?. The use of 
x and of v, = dx/dt = (k/m)'/7A cos [(k/m)'/?t + b] leads to (Prob. 18.37) 


E = 4kA? (18.64) 


(18.64) shows that the classical energy can have any nonnegative value. As 
sle oscillates, its kinetic energy and potential energy continually change, but 
gy remains constant at $kA?. 

ly, the particle is limited to the region —A < x < A. When the particle 
:x=A or x = —A, its speed is zero (since it reverses its direction of motion 
d — A) and its potential energy is a maximum, being equal to 4kA?. If the 
to move beyond x = +A, its potential energy would increase above 
his is impossible for a classical particle. The total energy is 4kA? and the 
is nonnegative, so the potential energy (V = E — K) cannot exceed the 


h? ay 

———— > + jk? y = E 18.65 
mide Aesth pea 

ly, the mathematics involved in the solution of this equation is too com- 

dr an undergraduate physical chemistry course, so we can omit the solution 

see any quantum chemistry text) and only quote the results. One finds that 

lly integrable (Sec. 18.7) solutions to (18.65) exist only for the following 


E=(v+4)hv — where v =0,1,2,.-. (18.66)* 


Vibrational frequency v is given by (18.63) and the quantum number v 
nnegative integral values. [Don’t confuse the typographically similar 
) and v (vee).] The energy is quantized. The allowed energy levels (Fig. 
s equally spaced (unlike the particle in a box). The zero-point energy is thy. 

ection of harmonic oscillators in thermal equilibrium, all the oscillators 
è ground state as the temperature goes to absolute zero; hence the name 
gy.) For values of E other than (18.66), one finds that the solutions 
to infinity as x goes to + co, so these solutions are not quadratically 
and are not allowed as wave functions. 

-behaved solutions to (18.65) turn out to haye the form exp (=ax?/2) 
olynomial of degree v in x, where x = 2nvm/h. The explicit forms of the 
l wave functions Wo, Wi, Wa, and ya (where the subscript on Y gives the 
= quantum number v) are given in Fig. 18.12, which plots these y's. As 
ticle in a one-dimensional box, the number of nodes increases by one 
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o = (a/m)! erax?/2 
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Ya = (a/4)"4 ax? = jei 


V3 = (0/9) alx- 3a yea 


a = Invm/fi 


Wave functions for the lowest four 
harmonic-oscillator stationary 
states. 


for each increase in the quantum number. Note the qualitative resemblance of the 
wave functions in Figs. 18.12 and 18.8. 

The harmonic-oscillator wave functions fall off exponentially to zero asx > +0. 
Note, however, that even for very large values of x, the wave function y and the 
probability density |4|? are not zero; there is some probability of finding the parti 
at an indefinitely large value of x. For a classical-mechanical harmonic oscil 
with energy (v + 4)hv, Eq. (18.64) gives (v + 4)hv = $kA2, and A = [(2v + Ih] 
A classical oscillator is confined to the region —A < x < A. However, a een 
mechanical oscillator has some probability of being found in the classically forbi n 
regions x > A and x < — A, where the potential energy is greater than the Laer 
total energy. This penetration into classically forbidden regions is called ot 
Tunneling occurs more readily the smaller the particle's mass and is most he 
in chemistry for electrons, protons, and H atoms. Tunneling influences the a 
reactions involving these species (see Secs, 23.3 and 23.4). Electron tunt 
basis for the scanning tunneling microscope, a remarkable device that gives P! 
of the atoms on the surface of a solid (Sec. 24.10). 


TWO-PARTICLE PROBLEMS 


: s : ; eX 
Consider a two-particle system where the coordinates of the particion y 
and x3, Y2, Z2. The relative (or internal) coordinates x, y, z are define 


yy 


(18.67) 


Mi 


Z27271 


X=X2-xX, y 


J2 — Vis z 


mheseare the coordinates of particle 2 in a coordinate system whose origin is attached 
io particle 1 and moves with it. 


In most cases, the potential energy V of the two-particle system depends only 
onthe relative coordinates x, y, z. For example, if the particles are electrically charged, 
the Coulomb's law potential energy of interaction between the particles depends only 
on the distance r between them, and r= (x? + y? + z?) Let us assume that 
y= V(x, y, 7). Let X, Y, Z be the coordinates of the center of mass of the system; X 
is given by (mX + m3x2)/(m, + m2), where m, and my are the masses of the parti- 
cles (Halliday and Resnick, sec. 9-1). If one expresses the classical energy (that is, the 
dassical Hamiltonian) of the system in terms of the coordinates x, y, Z, X, Y, Z, 
instead of Xy, Yis Z1 X2» Y2» 72> it turns out (see Prob. 18.40) that 


1 2 1 
H= È (p7 + PA +p.) + V(x, y, »| + È (A py? + r| (18.68) 


where M is the system’s total mass (M = m; + m2), the reduced mass p is defined by 


mm 


i aa (18.69)* 


and the momenta in (18.68) are defined by 


i DE, (18.70) 
py=Mvy, Ppy=Mvy, pz = Mrz 


where v, = dx/dt, etc., and vy = dX/dt, ete. 

Equation (18.45) shows that the Hamiltonian (18.68) is the sum of a Hamiltonian 
fora fictitious particle of mass 4 and coordinates x, y, z that has the potential energy 
V(x, y, z) and a Hamiltonian for a second fictitious particle of mass M =m, + m3 
and coordinates X, Y, Z that has V = 0. Moreover, there is no term for any interaction 
between these two fictitious particles. Hence, Eqs. (18.59) and (18.60) show that the 
quantum-mechanical energy E of the two-particle system is given by E = E, + Ey, 
Where E, and Ey, are found by solving 


FW,AX, y, 2) = Eyy(X, y2) and Ay (X, Y, Z)= EmbalX, Y, Z) 


The Hamiltonian operator Â, is formed from the terms in the first pair of brackets 
in (18.68), and Hy, is formed from the terms in the second pair of brackets. 
Introduction of the relative coordinates x, y, z and the center-of-mass coordinates 
X, Y, Z reduces the two-particle problem to two separate one-particle problems. We 
solve a Schrödinger equation for a fictitious particle of mass 1 moving subject to the 
‘ie energy V(x, y, z), and we solve a separate Schrödinger equation for a ficti- 
lous particle whose mass is M (=m, + m3) and whose coordinates are the system’s 
sehr coordinates X, Y, Z. The Hamiltonian Ay involves only kinetic en- 
iy oe two particles are confined to a box, we can use the particle-in-a-box ener- 
asa es for Ey. The energy E M is translational energy of the two-particle system 
i bitette e. The Hamiltonian H,, involves the kinetic energy and potential energy of 
relative of the particles relative to each other, so E,, is the energy associated with this 
or “internal” motion. 
Nhe Manel total energy E is the sum of its translational energy Ey and its 
Ofthe at nergy E,,. For example, the energy of a hydrogen atom in a box is the sum 
atom’s translational energy through space and the atom’s internal energy, which 
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Lowest four energy levels of a 
two-particle rigid rotor. 
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FIGURE 18.14 


A two-particle rigid rotor. 


is composed of potential energy of interaction between the electron and the pro 
and kinetic energy of motion of the electron relative to the proton. 


THE TWO-PARTICLE RIGID ROTOR 


The two-particle rigid rotor consists of particles of masses m, and m, constrained to 
remain a fixed distance d from each other. This is a useful model for treating the 
rotation of a diatomic molecule; see Sec. 21.3. The system’s energy is wholly kinetic, 
and V = 0. Since V = 0 is a special case of V being a function of only the relative 
coordinates of the particles, the results of the last section apply. The quantum. 
mechanical energy is the sum of the translational energy of the system as a whole 
and the energy of internal motion of one particle relative to the other. The inter- 
particle distance is constant, so the internal motion consists entirely of changes in 
the spatial orientation of the interparticle axis; the internal motion is a rotation of 
the two-particle system. 

Solution of the Schrédinger equation for internal motion is complicated, so we 
shall just quote the results without proof. [For a derivation, see, for example, Levine 
(1983), sec. 6.3.] The allowed rotational energies turn out to be 


h? 
Ew = J(+ 1) z Where J =0,1,2,... (18.71)* 


where the rotor’s moment of inertia I is 
1 = yd? (18.2) 


with u = mym/(m, + m3). The spacing between adjacent rotational energy levels in- 
creases with increasing quantum number J (Fig. 18.13). There is no zero-point rota- 
tional energy. 

The rotational wave functions are most conveniently expressed in terms of the 
angles 0 and ¢ that give the spatial orientation of the rotor (Fig. 18.14), One finds 
Veo = Osm,(0)® u ($), where ©jy,, is a function of @ whose form depends on the wo 
quantum numbers J and M,, and ®,,, is a function of ġ whose form depends on M; 
These functions won't be given here but will be discussed in Sec. 19.3. A 

Ordinarily, the wave function for internal motion of a two-particle system is & 
function of three coordinates. However, since the interparticle distance is held fixed 
in this problem, Y,a is a function of only two coordinates, @ and ¢. Since there a 
two coordinates, there are two quantum numbers, J and M z. The possible values 
M; turn out to range from —J to J in steps of 1: 


+ 
Mjah (1819 
For example, if J = 2, then M; = —2, —1, 0, 1, 2. For a given J, there are 2 iu 
values of M;. The quantum numbers J and M z determine the rotational wave m 
tion, but E,,, depends only on J. Hence, each rotational level is (2J + 1 
erate. For example, the value J = 1 corresponds to one energy level (Ero: = Ki) dit 
corresponds to the three M z values —1, 0, 1; therefore for J = 1 there are three 
ferent Yo functions, that is, three different rotational states. 


id the two lowest rotational energy levels of the *H*°Cl molecule, treating it 
ssoriid rotor. The bond distance is 1.28 A in HCI. Atomic masses are listed in 
ble 21.2 of Sec. 21.12. 
From (18.69), (18.72), and Table 21.2: 
mm, _ [(1.01 g/mol)/Na]LG5.0 g/mol)/N,] _ 0.982 g/mol 


KZ Tm, [0101 g/mol) + (35.0 g/mol)]/N, 6.02 x 107*/mol 


21.63 x 10°74 g 
[= (1.63 x 10777 kg)(1.28 x 107 1° m}? = 2.67 x 10747 kg m? 


tetwo lowest rotational levels have J =OandJ = 1, and (18.71) gives Ez=o = 0 


ond 
1(2)(6.63 x 10734 Js)? 


LENO? ema eed meee 
Fy=1 = 3()2(2.67 x 10-7 kg m’) 


APPROXIMATION METHODS 


Fora many-electron atom or molecule, the interelectronic repulsion terms in the 
potential energy V make it impossible to solve the Schrédinger equation (18.19) 
actly. One must resort to approximation methods. 

The most widely used approximation method is the variation method. From the 
postulates of quantum mechanics, one can deduce the following theorem (for the 
poof, see any quantum chemistry text). Let A be the time-independent Hamiltonian 
operator of a quantum-mechanical system. If is any normalized, well-behaved func- 
tion of the coordinates of the particles of the system, then 


[orto dt>E,, for ¢ normalized (18.74) 


Where E,, is the system's true ground-state energy and the integral goes over all 
space, (Do not confuse the variation function @ with the angle $ in Fig. 18.14.) 

To apply the variation method, one takes many different normalized, well- 
behaved functions %4, $2, .. ., and for each of them one computes the variational 
integral { * A dt. The variation theorem (18.74) shows that the function giving the 
lowest value of | ¢*H¢@ dz provides the closest approximation to the ground-state 
nergy. This function can serve as an approximation to the true ground-state wave 
function and can be used to compute approximations to ground-state molecular 
Moperties in addition to the energy (for example, the dipole moment). 5 

Suppose we were lucky enough to guess the true ground-state wave function 
h Substitution of $ = Y in (18.74) and the use of (18.51) and (18.12) give the vari- 

= integral as f wx Ygs dt = | YZE ghas dt = Eps f WAV gst = E; We would 

Set the true ground-state energy. tie 
M A the variation function ġ is not normalized, it must be multiplied by a nor- 

alization constant N before being used in (18.74). The normalization condition is 
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INI? = Ji (1879 


Use of the normalized function Nø in place of ¢ in (18.74) gives J N**A(N6)dt= 
|N]? J ¢*H¢ dr > E,,. [Ê contains things like ?/2x? and V x, and these Operators 
don’t affect the constant N, so H(N@) = NH¢.] Substitution of (18.75) into the la 


inequality gives 
J O*Hd dt 
Jogi = es (18.76 


where ġ need not be normalized but must be well behaved. 


EXAMPLE 


Devise a trial variation function for the particle in a one-dimensional box and 
use it to estimate E,,. 

The particle in a box is exactly soluble, and there is no need to resort to on 
approximate method. For instructional purposes, let's pretend we don't know 
how to solve the particle-in-a-box Schrödinger equation. We know that the tue 
ground-state wave function is zero outside the box, so we take the variation fune- 
tion ġ to be zero outside the box. Equations (18.74) and (18.76) are valid only i 
¢ is a well-behaved function, and this requires that @ be continuous, For ¢ to be 
Continuous at the ends of the box. it must be zero at x = 0 and at x = a, whee 
a is the box length. Perhaps the simplest way to get a function that vanishes 
at 0 and a is to take = x(a — x) for the region inside the box: as noted above 
$ = 0 outside the box. Since we made no effort to normalize @, Eq. (18.76) mus 
be used. For the particle in a box, V = 0 and ff = —(h?/2m) d?/dx? inside the box 
We have 


ae a ee 
ġ*Hġdt= | x(a—x) om) oe [x(a — x)] dx 


a SETI ha? 
ak am A Ha x)(=2)dx = 6m 
Also, | $*q dt = fẹ x?(a — x)? dx = a5/30. The variation theorem (18.76) i ia 
(ha*]6m) = (a*/30) > Ey, Or Eps < Sh?/4n?ma? = 0.12665h?/ma?. From Eq. (18: ) 
the true ground-state energy is Eg, = h?/8ma? = 0.125h?/ma?. The variation fun 
tion x(a — x) gives a 1.3 percent error in Eps 


One usually chooses a variation function that has one or more undetermined 
parameters and varies these parameters to minimize the variational integral. me 

A common form for variational functions in atomic and molecular quantum 
chanics is the linear variation function b = Cf, t+ cafa +*+ Cube wheres j 
are functions and ¢,,..., Cn are variational parameters whose values are aan con 
by minimizing the variational integral. Let W be the left side of (18.76). Then! ok 
ditions fora minimum in W are 2W/dc, = 0, 2W/éc, = 0, . . . , 0W/6c, = 0. The 


ditions Jead to a set of equations that allows the c’s to be found. It turns out that there 
are n different sets of coefficients Cis: On that satisfy OW/dc, = + -+ = ôW/ðc, = 0, 
gowe end up with n different variational functions ;...-, $n and n different values 
for the variational integral Wj,.. -> wi where W, =| tHo, dt/{ $to dr, etc. If 
these W's are numbered in order of increasing energy, it can be shown that W; > Egs» 
p, 2 Byst 1» ete» where Egs Egs+1» » - - are the true energies of the ground state, the 
wxtlowest state, etc. Thus, use of the linear variation function cy fi +° + Cafn 
gives us approximations to the energies and wave functions of the lowest n states in 
thesystem. (In using this method, one deals separately with wave functions of different 


symmetry.) : ii i 
Another quantum-mechanical approximation method is perturbation theory; see 


Prob. 18.44. 


SUMMARY 


Electromagnetic waves of frequency v and wavelength Å travel at speed c = Ay in 

vacuum. Processes involving absorption or emission of electromagnetic radiation (for 
example, blackbody radiation, the photoelectric effect, spectra of atoms and mole- 
cules) can be understood by viewing the electromagnetic radiation to be composed 
of photons, each photon having an energy hy, where h is Planck’s constant. When 
aatom or molecule absorbs or emits a photon, it makes a transition between two 
energy levels E, and E, whose energy difference is hv; E, — Ep = hv. 

De Broglie proposed that microscopic particles such as electrons have wavelike 
properties, and this was confirmed by observation of electron diffraction. Because of 
this wave-particle duality, simultaneous measurement of the precise position and mo- 
mentum of a microscopic particle is impossible (the Heisenberg uncertainty principle). 

The state of a quantum-mechanical system is described by the state function 
Y, which is a function of the particles’ coordinates and the time. The change in Y 
with time is governed by the time-dependent Schrödinger equation (18.9) [or (18.50)], 
Which is the quantum-mechanical analog of Newton's second law in classical mechan- 
its. The probability density for finding the system’s particles is hae For example, 
for a two-particle, one-dimensional system, |P(x4, X25 t)|? dx, dx, is the probability 
of simultaneously finding particle 1 between x, and x, + dx, and particle 2 between 
xy and x» + dx, at time t. 

; When the system’s potential energy V is independent of time, the system can 
ape one of many possible stationary states. For a stationary state, the state func- 
cn is P = e~'/hy. The (time-independent) wave function y is a function of the par- 
kies’ coordinates and is one of the well-behaved solutions of the (time-independent) 
jrsdinger equation A = Ey, where E is the energy and the Hamiltonian operator 
Sh it iden operator that corresponds to the classical quantity E. 
kea e operator corresponding toa classical quantity M, one writes down the 
ide mechanical expression for M in terms of cartesian coordinates and momenta 
Bee replaces the coordinates and momenta by their corresponding quantum- 

WE it operators: $; =x; X, Êx = (ħ/i)ð/ðx,, ete. For a stationary state, 
In vi and the probability density and energy are independent of time. 5 

nee rae with the probability interpretation, the state function is normalized 
isfy f |P]? dt = 1, where f dr denotes the definite integral over the full range 
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of the particles’ coordinates. For a Stationary state, the normalization condition by. 
comes f y|? dr = 1. 

The average value of property M for a system in Stationary state Y is Mys 
Juy dt, where M is the quantum-mechanical operator for Property M, 

The stationary-state wave functions and energies were found for the follow 
systems. (a) Particle in a one-dimensional box (V.= 0 for x between 0 and a; vom 
elsewhere); E = n7h?/8ma?, Y = (2/a)!/ sin (nzx/a) n=1,2,3 0. (b) Pane 
in a three-dimensional rectangular box with dimensions a, b, ç E= (hfn): 
(n,7/a? + n,?/b? + n,2/c2). (c) One-dimensional harmonic oscillator (V = dy?) Be 
(0 + Dhy, v = (1/2n)(k/m)"?, v =0, 1, 2... (d) Two-particle rigid rotor (particles 
at fixed distance d and energy entirely kinetic): E = J(J + 1)h?/21, 1 = ud? J=) 
LQ eS mm /(m, + m3) is the reduced mass. 

When more than one state function corresponds to the same energy level, that 
energy level is said to be degenerate. There is degeneracy for the Particle in a cubje 
box and for the two-particle rigid rotor, 

For a system of noninteracting particles, the Stationary-state wave functions are 
products of wave functions for each Particle and the energy is the sum of the energies 
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The variation theorem states that for any well-behaved trial variation function 
$, one has |oo dz/{ ġ*b dt > E,,, where H is the System’s Hamiltonian operator 
and E,, is its true ground-state energy. 


Important kinds of calculations discussed in this chapter include: 


e Use of Av =e to calculate the wavelength of light from the frequency, and vice 
versa. 

* Use of AE = hy to calculate the frequency of the photon emitted or absorbed when 
a quantum-mechanical system changes its energy by AE. 

* Use of energy-level formulas such as E = n*h?/8ma? for the particle in a box ot 
E = (v + Ahy for the harmonic oscillator to calculate energy levels of quantum- 
mechanical systems, 

e Fora one-particle, one-dimensional, Stationary-state system, use of Wl? dx to at 
culate the probability of finding the particle between x and x + dx and of ik [pld 
to calculate the probability the particle is between a and b. 

* Use of <M) = fu*My dr to calculate average values. 

* Use of the variation theorem to estimate the ground-state energy of a quantum- 
mechanical system. 


FURTHER READING 


Gatz, chaps. 1-4, 8: Hanna, chap. 3; Karplus and Porter, chap. 2; Levine (1983), We 
1-4, 8; Lowe, chaps. 1-3, 7: McQuarrie (1983), chaps. 1-5; Atkins, chaps. 1-5, 8. 


PROBLEMS 


Sec. 18.1 a 182 [184 es | 18.6 18.7 | 188 
Probs. 18.1-18.2 183-186 | 18.7-18.8 189-1810 | 1811-1813 | 1814-18415 | 1816-1823 
Sec. 18.10 | 18.11 18.12 18.13 | 1814 | 18.15 | general 

Probs. 18.24 T 18.25-18.30 18.31-18.39 1840. | 18.41 | 18.42-18.45 | 18.46-18.49 


Let Vmax be the frequency at which the blackbody- 
function (18.1) is a maximum. Show that vmar = 
ere x is the nonzero solution of x + 3e” * = 3. Since 
tant, Ymax increases linearly with T. (b) Use a calcu- 
mor with an e” key to solve the equation in (a) by trial and 
error, To save time, use interpolation after you have found the 
successive integers that x lies between. (c) Calculate Vmax for a 
blackbody at 300 K and at 3000 K. Refer to Fig. 21.2 to state 
in which portions of the electromagnetic spectrum these fre- 
quencies lie. (d) The light emitted by the sun conforms closely 
‘othe blackbody radiation law and has Vmax = 3.5 x 10! s7}. 
the sun’s surface temperature. (e) The skin temper- 
ature of humans is 33°C, and the emission spectrum of human 
«kin (both black and white) at this temperature conforms closely 
to blackbody radiation. Find Vmax for human skin at 33°C. 
What region of the electromagnetic spectrum is this in? 


182 (a) Use the fact that f [2*/(e* — 1)] dz = x*/15 to show 
that the total radiant energy emitted per second by unit area 
ofa blackbody is 2n°k*7'*/15c7h*. Note that this quantity is 
yoportional to 7* (Stefan’s law), (b) The sun’s diameter is 
14x 10° m and its effective surface temperature is 5800 K. 
Assume the sun is a blackbody and estimate the rate of energy 
loss by radiation from the sun. (c) Use E = mc? to calculate 
the relativistic mass of the photons lost by radiation from the 
sun in 1 year, 


181 (a) 
radiation 
Th, wi 
yis a const 


Estimate 


83 The work function of K is 2.2 eV and that of Ni is 5.0 
eV, where 1 eV = 1.60 x 107° J. (a) Calculate the threshold 
frequencies and wavelengths for these two metals. (b) Will 
violet light of wavelength 4000 A cause the photoelectric effect 
in K? In Ni? (c) Calculate the maximum kinetic energy of the 
electrons emitted in (b). 


184 Calculate the energy of a photon of red light of wave- 
length 700 nm. (1 nm = 107° m.) 


185 A 100-W sodium-vapor lamp emits yellow light of wave- 
length 590 nm. Calculate the number of photons emitted per 
second, 

186 Millikan found the following data for the photoelectric 
hect in Na: 


12 
10" Knax/ergs 


Pees | 341 | 26 i l 1.95 | 075 
Hh 312s | 3650 | 407 | 5461 
Where K 


td dj mak is the maximum kinetic energy of emitted electrons 
s the wavelength of the incident radiation. Plot Kan VS- 


v from the sl : 
i ope and 3 
tion for Na, pi intercept, calculate h and the work func: 


187 Calculate ti 


hi ‘ 
Movingat60 x 1 e de Broglie wavelength of (a) a,neutron 


0° cm/s; (b) a 50-g particle moving at 120 cm/s. 


188 Calculate the relativistic mass of a photon of wave- 
length (a) 1000 nm; (b) 100 nm. (1 nm = 107° m.) 


18.9 A beam of electrons traveling at 6.0 x 10° cm/s falls on 
a slit of width 2400 A. The diffraction pattern is observed on a 
screen 40 cm from the slit. The x and y axes are defined as in 
Fig. 18.4. Find (a) the angle @ to the first diffraction minimum; 
(b) the width of the central maximum of the diffraction pattern 
on the screen; (c) the uncertainty Ap, at the slit. 


18.10 Estimate the minimum uncertainty in the x component 
of velocity of an electron whose position is measured to an 
uncertainty of 1 x 107!° m. 


18.11 Find the absolute value of (a) —2; (b) 3— 2i; (c) 
cos 0 + i sin 0; (d) ye'**. 


18.12 Verify that, if ¥ is a solution of the time-dependent 
Schrödinger equation (18.9), then c¥ is also a solution, where 
c is any constant. 


18.13 Show that 
EM, 
a Je Js 


where the limits are constants. 


t d 


b 
S()g(Oh(p) dr dð d = f ma | aoao | hip) dd 


18.14 Which is more general, the time-dependent Schrödinger 
equation or the time-independent Schrédinger equation? 


18.15 Prove that (fg)* = f*g*, where f and g are complex 
quantities. 

18.16 Calculate the wavelength of the photon emitted when 
a 1.0 x 10727 g particle in a box of length 6.0 A goes from the 
n=5 to the n= 4 level. 


18.17 (a) For a particle in the stationary state n of a one- 
dimensional box of length a, find the probability that the par- 
ticle is in the region 0 < x < a/4. (b) Calculate this probability 
for n = 1, 2, and 3. 

18.18 Fora 1.0 x 10776 g particle in a box whose ends are 
at x = Oand x = 2.000 A, calculate the probability that the par- 
ticle’s x coordinate is between 1.6000 and 1.6001 A if (a) n = 1; 
(b)n=2. 

18.19 Sketch y and |p|? for the n = 4 and n = 5 states of a 
particle in a one-dimensional box. 


18.20 Solve Eq. (18.22) for the special case E = 0. Then apply 
the continuity requirement at each end of the box to evaluate 
the two integration constants and thus show that y =0 for 
E = 0. From (18.26), E = 0 corresponds to n = 0, so n = 0 is 
not allowed. 

18.21 For an electron in a certain one-dimensional box, the 
lowest observed transition frequency is 2.0 x 10'*s~'. Find 


the length of the box. 


18.22 Verify Eq. (18.29). 


18.23 For the particle in a box, check that the wave func- 
tions (18.28) satisfy the Schrödinger equation (18.22) by substi- 
tuting (18.28) into (18.22). 


18.24 For a particle in a cubic box of edge a: (a) How many 
states have energies in the range 0 to 16h?/8ma”? (b) How many 
energy levels lie in this range? 


18.25 Let Â = d?/dx? and Ê = xx. Find ABf(x) — BAf(x). 


18.26 State whether each of the following entities is an oper- 
ator or a function: (a) ABg(x); (b) AB + BA; (c) B? f(x); (d) glx) A: 
(e) g(x) Af (x). 


18.27 Find the quantum-mechanical operator for (a) pee: 
(©) p;*. 


18.28 (a) Which of the functions sin 3x, 6 cos 4x, 5x?, 1/x, 
3e~ **, In 2x are eigenfunctions of d?/dx?? (b) For each eigen- 
function, state the eigenvalue, 


18.29 For a particle in a one-dimensional-box stationary 
state, show that (a) <p.) =0; (b) <x) =a/2; (c) <x?) = 
a?(1/3 — 1/2n?n?), 


18.30 Verify the separation-of-variables equations of Sec. 
18.11 as follows. For the Hamiltonian (18.54), write the time- 
independent Schrédinger equation. Assume solutions of the 
form (18.55) and substitute into the Schrödinger equation to 
derive (18.56) and (18.57), 


18.31 Calculate the frequency of radiation emitted when a 
harmonic-oscillator of frequency 6.0 x 10!3 s~? goes from the 
v = 8 to the v = 7 level. 


18.32 Draw rough sketches of /? for the v = 0, 1, 2, and 3 
harmonic-oscillator states, 


18.33 Find the most probable value(s) of x for a harmonic 
oscillator in the state (a) v = 0; (b)v=1. 


18.34 Verify that Wo in Fig. 18.12 is a solution of the Schré- 
dinger equation (18.65). 


18.35 Verify that the harmonic-oscillator Y, in Fig. 18.12 is 
normalized. (See Table 15.1.) 


18.36 For the ground state of a harmonic oscillator, calcu- 
late (a) <x); (b) <x); (c) CPx). See Table 15.1. 


18.37 (a) Verify Eq. (18.64). (b) Verify by substitution that 
(18.62) satisfies the differential equation md?x/dt? = —kx. 


18.38 A mass of 45 g on a spring oscillates at the frequency 
of 2.4 vibrations per second with an amplitude 4.0 cm. (a) 
Calculate the force constant of the spring. (b) What would be 
the quantum number v if the system were treated quantum- 
mechanically? 


18.39 For a three-dimensional harmonic Oscillator, y. 
4k,x? + Skyy? + 4k.2?, where the three force constants k a 
k, are not necessarily equal. (a) Write down the exprs A 
the energy levels of this system. Define all symbols. (b) Wai 
is the zero-point energy? 


18.40 Substitute (18.69), (18.70), and M =m; +m io l 
(18.68) and verify that H reduces to P1?/2m, + ym, +7 
where p, is the momentum of particle 1. a 


| 
18.41 Consider the 'C1°O molecule to be a two-paride 
rigid rotor with m, and m, equal to the atomic masses and the 
interparticle distance fixed at the CO bond length 1.13 Å. (a) | 
Find the reduced mass. (b) Find the moment of inertia. (c) Find 
the energies of the four lowest rotational levels and give the 
degeneracy of each of these levels. (d) Calculate the frequency 
of the radiation absorbed when a !?C160 molecule goes from 
the J =0 level to the J = 1 level, Repeat for J =1 to J=2 


18.42 Calculate <x?) using the particle-in-a-box trial varia 
tion function in the example of Sec. 18.15. Compare with the 
true ground state <x?) (Prob. 18.29). 


18.43 (a) Apply the variation function x?(a — x)? for x be 
tween 0 and a to the particle in a box and estimate the ground- 
state energy. Calculate the percent error in Es. (b) Explain why 
the function x? (for x between 0 and a) cannot be used as 4 
variation function for the particle in a box. 


18.44 Suppose the Hamiltonian H for the system we are inter 
ested in has the form A = A° + A’, where A° is the Hamil 
tonian of a system whose Schrödinger equation Ay = 
EQ'y. is exactly solvable, and where Ĥ’ (called the perturb 
tion) is small compared with H°. One can derive expression 
relating the energy E, of a state of the system with Hamiltonian 
À to the energy E{® of the corresponding state ofthe Ô system 
(the unperturbed system). To the lowest order of approxima 
tion, it turns out that 


Use perturbation theory to approximate the energy of the 
lowest state of the one-particle, one-dimensional system Wil 
V = }kx? + cx*; take the unperturbed system as a harmon 
oscillator. See Table 15.1. 


18.45 The unnormalized particle-in-a-box variation S 
x(a — x) was used in Sec. 18.15. (a) What is the normalized i 
of this function? (b) Calculate values of the function in Ch 
compare with the exact ground-state wave function at x/4= 
0.1, 0.2, 0.3, 0.4, 0.5, and 0.6. 


: ve func: 
18.46 What are the SI units of a stationary-state wal 
tion y for a one-particle, one-dimensional system? 


tion 


sation curves 
18.47 By fitting experimental blackbody-radiation bal 


i 
using Eq. (18.1), Planck not only obtained a value for 


rst reasonably accurate values of k, N 4, and 


ined the fi 
oobi Explain how Planck obtained values for 


e proton charge e 
se constants. 
quantitatively the effect on the system’s energy 
e following: (a) doubling the box length for 
particle in a one-dimensional box; (b) doubling the interpar- 
sje distance of a two-particle rigid rotor; (c) doubling the mass 
fa harmonic oscillator. 


pag State 
pels of each of th 


ug True or false? (a) In classical mechanics, knowledge of 


ihe present state of an isolated system allows the future state 


10 be predicted with certainty. (b) In quantum mechanics, 


knowledge of the present state of an isolated system allows the 
future state to be predicted with certainty. (c) For a stationary 
state, ¥ is the product of a function of time and a function of 
the coordinates. (d) An increase in the particle mass would 
decrease the ground-state energy of both the particle in a box 
and the harmonic oscillator. (e) (Ê + C)f(x) is always equal to 
Bf(x) + Cf(x). (J) BEf(x) is always equal to CBf(x). (g) For a 
system of noninteracting particles, the stationary-state wave 
functions are each equal to the sum of wave functions for each 
particle. (h) The one-dimensional harmonic-oscillator energy 
levels are nondegenerate. (i) Y must be real. (j) The energies 
of any two photons are equal. 


ATOMIC STRUCTURE 


EZA 


UNITS 


This chapter applies quantum mechanics to atoms. The forces in atoms and molecules 
are electrical. Chapter 14 used SI units for electrical quantities. Although SI electrical 
units can be used in discussing atoms and molecules, it is traditional to use gaussian 
units. The gaussian system uses cgs units (cm, g, s) for mechanical quantities; in 
gaussian units, the Coulomb’s law force between two charges separated by a distance 
r in vacuum is written 


F = 0,0/7? i 
In this equation, F is in dynes, r is in centimeters, and Q', and Q; are in statcoulombs 
(sometimes called esu, electrostatic units of charge). The primes on the charges indi 
cate the use of gaussian units. In the gaussian system, electrical charge is not aken 
as a fundamental quantity; instead Eq. (19.1) defines the statcoulomb (statC) in tems 
of other units. We have | dyn = (1 statC)?/cm?, and use of (2.8) gives 
192) 


one 


I statC = 1 g!/? cm3/2 s7! 


To find the relation between coulombs (C) and statcoulombs, consider two mf 
coulomb charges Separated by one meter in vacuum. From Coulomb's law (! 3) 
the force between them is F — 1C?/(4n€q m?). The use of (14.2) for 1/Anéo le 
gives F = 8.9876 x 10° N = 8.9876 x 10'* dyn. Using this F in (19.1), we ™ 
8.9876 x 10'* dyn = Q'?/(100 cm)’, and Q' = 2.9979 x 10° statC. Therefore 


1 C corresponds to 2.9979 x 10° statC 


The expression (19.3) means that a particle having a charge of one coulomb it 
units has a charge of 3 x 10° statC in gaussian units. Since the coulomb an x10? 
coulomb have different dimensions, it would be incorrect to write 1 C = 29979 
statC. (The number 2.9979 occurs in the speed of light.) 


(193) 


Comparison of (19.1) with the SI equation F = Q,Q3/4ner? shows that to con- 
equation in gaussian units to the corresponding SI equation, the gaussian 
wen laced by Q/(4néo)"/2. Similar repl 
charge Q’ must be replaced by Q/( Ireo)“. Similar replacements must be made for 
other electric and magnetic quantities. A table on the inside back cover lists these 
replacements. » : 

To discuss atoms, we shall need the classical expression for the potential energy 
yof interaction between two charges. Equation (14.12) gives the electric potential 
gin the region around charge Q, as @ = Q,/4meor. Equation (14.10) gives the poten- 
‘ial energy V of interaction of a second charge Q, with this electric potential as 
V=¢%0,, so V = Q,Q./4néor is the SI equation for the interaction potential energy 
of two charges separated by distance r in vacuum. In gaussian units, this becomes 


V = 0103/r (19.4)* 


In Chaps. 19 and 20 we shall write Coulomb’s law in the form (19.1). This 
equation can be interpreted as being in gaussian units by thinking of Q4 and Q, as 
being in statcoulombs. Alternatively, Eqs. (19.1) and (19.4) can be regarded as SI 
equations in which Q', and Q% are abbreviations for Q4/(4e9)'/? and Q,/(4néo)"/”, 
where Q, and Q, are in coulombs: 


Q' = Of(Aneg)'/? (19.5) 


Atomic and molecular energies are very small. A convenient unit for these en- 
ergies is the electron volt (eV), defined as the energy acquired by an electron accel- 
trated through a potential difference of one volt. From (14.10), the magnitude of this 
energy is e(1 V), where e is the magnitude of the electron’s charge. Substitution of 
(19.7) for e gives 1 eV = (1.6022 x 107 1° C) (1 V); the use of 1 V = 1 J/C [Eq. (14.8)] 
and 1J = 10 ergs [Eq. (2.16)] gives 


1 eV = 1.6022 x 10719 J = 1.6022 x 107! erg (19.6) 


HISTORICAL BACKGROUND 


In a low-pressure gas-discharge tube, bombardment of the negative electrode (the 
cathode) by positive ions causes the cathode to emit what nineteenth-century physi- 
ests called cathode rays. In 1897, J. J. Thomson measured the deflection of cathode 
"ys in simultaneously applied electric and magnetic fields of known strengths. His 
periment allowed calculation of the charge-to-mass ratio Q/m of the cathode-ray 
Particles, (See Halliday and Resnick, sec. 33-8, for the details.) Thomson found that 
h aa independent of the metal used for the cathode, and his experiments mark 
PA ne of the electron. [G. P. Thomson, who was one of the first people to 
at] ' iffraction effects with electrons (Sec. 18.4), was J. J.’s son. It has been said 
GP. Th Thomson got the Nobel prize for proving the electron to be a particle, and 
` i lomson got the Nobel prize for proving the electron to be a wave.] 
We shalll use the symbol e to stand for the charge on the proton. The electron 


oP is then —e. Thomson found e/m, = 1.7 x 108 C/g, where m, is the electron’s 


a first accurate measurement of the electron’s charge was made by R. A. 
Today yon eatveY Fletcher in the period 1909-1913 (see H. Fletcher, Physics 
Y, June 1982, p. 43), They observed the motion of charged oil drops in oppositely 


— 
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directed electric and gravitational fields and found that all observed values of 
charge Q of a drop satisfied |Q| = ne, where n was a small integer and was x 
the number of extra or missing electrons on the charged oil drop. The 
observed difference between values of |Q] could then be taken as the magnitude d 
the charge of the electron. They obtained e' = 4.77 x 1079 
accepted value of the proton charge is 


e' = 4.8032 x 107 +° statC, e= 1.6022 x 10719 C 


statC. The Current) 


(19) 
where the prime indicates gaussian units, 

From the values of e and the Faraday constant ¥ > an accurate value of thy 
Avogadro constant N, can be obtained. Equation (14.13) gives Ny = F jen 
(96485 C mol” )/(1.6022 x 10-19 C) = 6.022 x 1023 mol~!. 

From the values of e and e/me, the electron (rest) mass Me can be found, The 
modern value is m, = 9.1094 x 10-78 g. The 1H atom mass is 1.0078 9/6,022 x 
10?? = 1.6735 x 10724 g This is 1837 times the electron’s mass, and so a protoni 
1836 times as heavy as an electron. Nearly all the mass of an atom is in its nucleus 

The existence of the atomic nucleus was demonstrated by the 1909-1911 experi 
ments of Rutherford, Geiger, and Marsden, who allowed a beam of alpha partis 
(He?* nuclei) to fall on a very thin gold foil. Although most of the alpha particles 
passed nearly straight through the foil, a few were deflected through large angles 
Since the very light electrons of the gold atoms cannot significantly deflect the alpha 
particles (in a collision between a truck and a bicycle, it is the bicycle that is deflected), 
one need consider only the force between the alpha particle and the positive change 
of a gold atom. The Coulomb's law force between this positive charge and the alpha 
particle is given by (19.1). To get a force sufficiently large to produce the observed 
large deflections, Rutherford found that r in (19.1) had to be in the range 10°!" to 
107 3 cm, which is much less than the known radius of an atom (1078 cm), Rutherford 
therefore concluded in 1911 that the positive charge of an atom was not distributed 
throughout the atom but was concentrated in a tiny central region, the nucleus 
Rutherford pictured the electrons as moving about the nucleus, much as the planc 
circle the sun. 

In 1913, Bohr proposed his theory of the hydrogen atom (Sec. 18.3), By the earl 
1920s, physicists realized that the Bohr theory was not correct. K 

In January 1926, Erwin Schrödinger formulated the Schrödinger equation. He 
solved the time-independent Schrédinger equation for the hydrogen atomin i 
first paper on quantum mechanics, obtaining energy levels in agreement with the 
Observed spectrum. In 1929, Hylleraas used the quantum-mechanical variation 
method (Sec. 18.15) to obtain a ground-state energy for helium in accurate age 
ment with experiment. 


THE HYDROGEN ATOM 


À for 
The simplest atom is hydrogen. The Schrödinger equation can be solved exactly ú | 


the H atom but not for atoms with more than one electron. Ideas develo 

treating the H atom provide a basis for dealing with many-electron atoms. uid 
The hydrogen atom is a two-particle system in which a nucleus and an¢ at 

interact according to Coulomb’s law. Instead of dealing only with the H atom 


| 


slightly more general problem of the hydrogenlike atom; this is an 
electron and Z protons in the nucleus, The values Z = 1, 2, 3,... give 
+ Li?*,... . With the nuclear charge Q; set equal to Ze’ and 
e Q% set equal to —e', Eq. (19.4) gives the potential energy as V = 
r is the distance between the electron and the nucleus, 

tial-energy function depends only on the relative coordinates of the 
so the conclusions of Sec. 18.13 apply. The total energy Ey, of the 
n of its translational energy and its energy of internal motion. The 
ergy levels can be taken as the particle-in-a-box levels (18.40); the box 
er holding the gas of H atoms. We now focus on the energy E of 
n: The Hamiltonian H for the internal motion is given by the terms in 
of brackets in (18.68), and the corresponding Hamiltonian operator A 


al motion is 


(19.8) 


‘are the coordinates of the electron relative to the nucleus and r = 
2)! The reduced mass 4 is p = mımz/(m, + m3) [Eq. (18.69)], where 
‘the nuclear and electron masses. For an H atom, Mpucteus = 1836m, 
) e” /1837m, = 0.99946m,. The reduced mass differs only slightly from 
mass. 
-atom Schrödinger equation Hy = Ey is difficult to solve in cartesian co- 
but is relatively easy to solve in spherical polar coordinates. The spherical 
nates r, 0, ġ of the electron relative to the nucleus are defined in Fig. 19.1. 
ks usually interchange 6 and ¢.) The projection of r on the z axis is r cos 0, 
on on the xy plane is r sin 0. The relation between cartesian and 
Polat coordinates is therefore 


x = r sin 0 cos h, y=rsinðsinġ, z=rcos0 (19.9) 
x? + y? +z? = r°. The ranges of the coordinates are 
O<r<oa, 0<0<n, O<bS2n (19.10)* 


ve the H-atom Schrödinger equation, one transforms the partial deriva- 
he Hamiltonian operator (19.8) to derivatives with respect to r, 0, and @ 
Uses the separation-of-variables procedure (Sec. 18.11), The details (which 
in almost any quantum chemistry text) are omitted, and only an outline 
n process will be given. The H-atom Schrödinger equation in spherical 
ordinates is found to be separable when the substitution y = R(r)O(0)}(o) 
J Where R, ©, and ® are functions of r, 0, and ġ, respectively. One obtains 
parate differential equations, one for each coordinate. 
equation is found to have solutions of the form Dlg) = Ae'™*, where 
A is an integration constant whose value is chosen to normalize ®, and m 
nfused with a mass) is a constant introduced in the process of separating 
tial equation (recall the introduction of the separation constants E,, Ey 
Wing the problem of the particle in a three-dimensional box in Sec, 18.9). 
tion of 2x to the coordinate ¢ brings us back to the same point in space, 
ent that the wave function be single-valued (Sec. 18.7) means that we 
ve M() = Olh + 27). One finds (Prob. 19.20) that this equation is satisfied 
is an integer (positive, negative, or zero). 


— 
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Coordinates of the electron 
relative to the nucleus in a 
hydrogenlike atom. 
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Lice 2 M 


Energy levels and potential-energy 
function of the hydrogen atom, 
The shading indicates that all 
Positive energies are allowed, 


Elev 


The solution to the @ equation is a complicated function of O that invoh 
separation constant / and also the integer m that occurs in the @ equation Theay 
h | 


solutions are not quadratically integrable except for values of / that Satisfy |<), 


have an energy E that is less than zero. The choice of zero level of energy is arbitra 
The potential energy V = —Ze’?/r in ( 19.8) takes the zero level to correspond to ir 


is positive, the electron has sufficient energy to escape the attraction of the nuclei 
and is free. One finds that for negative E, the function R(r) is not quadratically jp. 
tegrable except for values of E that satisfy E = — Zĉe'tu/2n2h?, where n is an integr 
such that n > l + 1. Since the minimum 1 is zero, the minimum 7 is 1, Also, | cannot 
exceed n — 1. Further, one finds that all positive values of E are allowed. When the 
electron is free, its energy is continuous rather than quantized. 

In summary, the hydrogenlike-atom wave functions have the form 


Y = Rut?) mO) (1911) 
where the radial function R,Ar) is a function of r whose nature depends on th 
quantum numbers n and /, the theta factor depends on l and m, and the phi factoris 

Om($) = (27) "emo iS Z] (191) 


Since there are three variables, the solutions involve three quantum numbers: the 
principal quantum number n, the angular-momentum quantum number |, and the 
magnetic quantum number m (often symbolized by m,). For y to be well behaved, 
the quantum numbers are restricted to the values 
te A (1913) 
e AA Sy E A 1 (19.14) 
m=—-l,-I+1,...,1-11 (19.5 
For ‘example; for n2, tcan'be O or 1. For 1 = 0, m is 0. For != 1, m can be -1,0 
or 1. The allowed bound-state energy levels are 


VRE i h? 19.16 
ES a or mieza g ( 
where n= 1,2,3,. | Also, all values E > 0 are allowed, corresponding to an ionized 


atom. Figure 19.2 shows some of the allowed energy levels and the potential-energ} 
function, 


The following letter Code is often used to specify the / value of an electron: 


I value [9 Pee | 3 | 4 E a917 
| 


oo ee a y la oa 


MRE . d as 
The value of n is given as a Prefix to the I code letter, and the m value is) gue 
a subscript. Thus, 2s denotes the n = 2, 1=0 state; 2p_, denotes the n =4 
m= —|1 state. 


The hydrogenlike-atom energy levels (19.16) depend only on n, but the wave 
functions (19.11) depend on all three quantum numbers n, l, and m. Therefore, there 
isdegeneracy. For example, the n = 2 H-atom level is fourfold degenerate (spin con- 
dderations omitted), the wave functions (states) 2s, 2p;, 2po, and 2p_, all having 


the same energy. y ‘ ' 
The defined quantity a in (19.16) has the dimensions of length. For a hydrogen 


atom, substitution of numerical values gives (Prob. 19.11) a = 0.5295 A. 
If the reduced mass p in the definition of a is replaced by the electron mass Me, 


ye get the Bohr radius ag: 
ao = h? mee"? = 0.5292 A (19.18) 


m was the radius of the n = 1 circle in the Bohr theory. 


Calculate the ground-state hydrogen-atom energy E,, using gaussian units. 
hen repeat the calculation in SI units. Also, express E,s in electron volts. 
Setting n = 1 and Z = 1 in (19.16), we get E,, = —e'?/2a. The use of (19.7) 
fore’ and (19.2) gives 
_ _ (4.803 x 107 1° stat)? 
3 2(0.5295 x 10-8 cm) 
Todo the calculation in SI units, we substitute e' = e/(4n€9)"/? [Eq. (19.5)] and use 
(197) for e and (14.2) for e9 to get 
T (1.6022 x 10719 C)? 
© 4n(8.854 x 10` 1? C? J~! m=4)2(0.5295 x 10 1° m) 
= —2.179 x 10718 J 
The use of (19.6) gives for an H atom 


E,s = —e’?/2a = —13.60 eV (19.19) 


gs 


= —2.179 x 107! erg 


[Ey is the minimum energy needed to remove the electron from a hydrogen 
tom and is the ionization energy of H. The ionization potential of H is 13.60 V. 
From (19.19), the energy levels (19.16) can be written as 


E = —(Z?/n*)(13.60eV) H-like atom (19.20)* 


atin chemists often use a system called atomic units, in which energies are 
Me 0500. hartrees and distances in bohrs. These quantities are defined as 1 bohr = 
Hy s A and 1 hartree = e’? Jag = 27.211 eV. The ground-state energy (19.19) 
Ae d be —t hartree if a were approximated by ag. 
€ first few R,,(r) and ©,,(9) factors in the wave functions (19.11) are 


Ris = AZ/a)7e- 74 
Ry, = 27 /(Z/a)3/2(1 — Zr/2a)e 27/24 (19.21) 
Rap = (24)7 12(Z/q)5/2y¢~ 21/24 

®.= 1/2, ©,,=4V6c0s 8, ©, = @,_,=4V3sin 8 
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FIGURE 19.3 
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Radial factors in some hydrogen- 
atom wave functions. 
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The angular momentum vector L 
of a particle is perpendicular 

to r and p and has magnitude 

rp sin B. 


where the code (19.17) was used for I. The general form of R, is r'e% times a 
polynomial of degree n—/—1 in r. As n increases, the exponential dies off mor 
slowly, so the average radius <r) of the atom increases as n increases, For the ground 
State, one finds (Prob. 19.13) <r) = 3a/2Z, which is 0.79 A for H. In (19.21) and (19.12) 
e is the base of natural logarithms, and not the proton charge. 

Figure 19.3 shows some plots of R,,(r). The radial factor in y has n-!-! 
nodes (not counting the node at the origin for | 4 0). 

For s states (I = 0), Eqs. (19.12) and (19.21) give the angular factor in y as 1, 
which is independent of 0 and @. For s states, y depends only on r and is therefor 
said to be spherically symmetric. For | #0, the angular factor is not constant, and 
is not spherically symmetric. Note from Fig. 19.3 that R,,,, and hence y, is nongo 
at the nucleus (r = 0) for s states, 


Angular Momentum. The quantum numbers / and m are related to the 2 
momentum of the electron. The (linear) momentum p of a particle of maa i 
velocity v is defined classically by p = mv. Don’t confuse the mass m with tl f 
quantum number. Let r be the vector from the origin of a coordinate system ne 
particle. The particle’s angular momentum L with respect to the coordinate o i] 
defined classically as a vector of length rp sin £ (where £ is the angle between i 7 M 
and direction perpendicular to both r and p; see Fig. 19.4. (More concisely, Le 
where x indicates the vector cross-product.) uantun 

To deal with angular momentum in quantum mechanics, one uses ee antun 
mechanical operators for the components of the L vector. We shall omit the be vel 
mechanical treatment [see Levine (1983), chaps. 5 and 6] and simply state J angil 
There are two kinds of angular momentum in quantum mechanics. Orbita H 
momentum is the quantum-mechanical analog of the classical quantity L omen 
to the motion of a particle through space. In addition to orbital angular m 
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many particles possess an intrinsic angular momentum called spin angular momen- 
tum; this will be discussed in the next section. 

The magnitude of the electron’s orbital angular momentum L about the nucleus 
can be shown to equal [/(I + 1)]/7h. The component of L along the z axis, L,, can 
be shown to equal mh. Thus 


|L|= J+ 1h, = Lz =mh (19.22)* 


For s states (l = 0), the electronic orbital angular momentum is zero (a result quite 
difficult to understand classically). For p states (I = 1), the magnitude of L is /2h, 
REA can be h, 0, or —h. The three possible orientations of L for | = 1 are shown 
in Fig, 19.5, 

When an external magnetic field is applied to a hydrogen atom, the energies of 
the states depend on the m quantum number as well as on n. 

The H-atom quantum numbers / and m are analogous to the two-particle-rigid- 
totor quantum numbers J and M, (Sec. 18.14). The functions © and ® in the two- 
barticle-rigid-rotor wave functions Wrot are the same functions as © and ® in the 
H-atom wave functions (19.11). 


Wave Functions of a Degenerate Energy Level. To deal with the 2p wave func- 
tions of the H atom, we need to use a quantum-mechanical theorem about wave 
functions of a degenerate level. By a linear combination of the functions g4, g2,---> 
eens a function of the form c.g; + €292 +*** + C,Jqs Where the c’s are con- 
E id t can be proved (see Prob. 19.52) that any linear combination of two or more 
ana -state wave functions that belong to the same degenerate energy level is an 
ate RP of the Hamiltonian with the same energy value as that of the degener- 
Few . In other words, if HW, = E,W, and Ay, = E,W, then Ae; + cn.) = 
malin + capa). The linear combination c,W, + c2/2 (when multiplied by a nor- 
laino constant) is therefore also a valid wave function, meaning that it is an 
Not a of H and therefore a solution of the Schrödinger equation. . 

tent © that this theorem does not apply to wave functions belonging to two dif- 

energy levels. If As = Ess and Hw, = Eshe with Es # Eo, then cys + 


Ce i $ A 
26'S not an eigenfunction of Ê. 


Allowed spatial orientations of 
the electronic orbital-angular- 
momentum vector L for / = 1, 


Real Wave Functions. The ® factor (19.12) in the H-atom waye function (19 iff 
Ea complex. Chemists often find it convenient to work with real wave Eo iad 
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To get real functions, we use the theorem just stated. 
From (19.11), (19.12), and (19.21), the complex 2p functions are 


2741 = be 7% sin 0 oid, 2p_ 1 = be 21124 sin g e-i 
279 = ce~ 77/24 cos Q 


where b = (1/8n'/?)(Z/a)5/? and c =n- 2(Z/2a)5/?. The 2Po function is real asil 
stands. Equation (19.9) gives r cos 8 = z, so the 2Po function is also Written as 2p, = 
2po = cze~**/2. (Don’t confuse the nuclear charge Z with the z spatial coordinate) 


e'* = cos ġ + i sin ġ asa 


and e~'? = (e!)* = cos ġ — i sin g. For a proof of (19.23), see Prob, 19.18. We define 
the linear combinations 2p, and 2p, as 


2Ps = (2p, + 2p-,)/ VZ}, 2p, = (2p, — 2p- ı)/iV/2 


The 1/,/2 factors normalize these functions. Using (19.23) and its complex conjugate, 
we find (Prob. 19.19) that 


2p,.= cxe 21/20 2p, = cye~ 27/24 (19.24) 


where c = x7 12(Z/2a)5/2. The 2p, and 2p, functions have the same n and | values as 
the 2p, and 2p_, functions (namely, n = 2 and | = 1) but do not have a definite 
value of m. Similar linear combinations give real wave functions for higher H-atom 
States. Table 19.1 lists the n = 1 and n = 2 real hydrogenlike functions. 


Orbitals. An orbital is a one-electron spatial wave function. Since a hydrogenlike 
atom has one electron, all the hydrogenlike wave functions are orbitals, The use of 
(one-electron) orbitals in many-electron atoms is considered later in this chapter. 

The shape of an orbital is defined as a surface of constant probability density 
that encloses some large fraction (say 90 percent) of the probability of finding the 
electron. The probability density is \v|?. When ly]? is constant, so is |y|, Hence |y| 
is constant on the surface of an orbital. 

For an s orbital, Y depends only on r, and |v| is constant on the surface of @ 
sphere with center at the nucleus. An s orbital has a spherical shape. 


TABLE 19.4 


REAL HYDROGENLIKE WAVE FUNCTIONS 
FOR n = 1 AND n=2 


Is = x7 12(Z/q)3/29~Zr/a 

2s = $(2n)- "XZ /a)?/22 _ Zr/aje~ #1120 
2px = 42m) '7(Z/q)5/2p¢~2r/20 sin 8 cos ¢ 
2P, = 4(27)7 7(Z/a)*l2 pe 27128 Sin O sin $ 
2P: = Hn) "YZ/a) lre -Zza oog g 


The volume element in spherical polar coordinates (see any calculus text) is 
dt =r? sin 0 dr d8 do (19.25)* 


This is the volume of an infinitesimal solid for which the spherical polar coordinates 
lein the ranges r to r + dr, 0 to 0 + dO, and ¢ to ¢ + dọ. 


| pampu 


find the radius of the 1s orbital in H using the 90 percent probability definition. 

The probability that a particle will be in a given region is found by integrating 
the probability density |y]? over the volume of the region. The region being 
considered here is a sphere of radius r; s. For this region, 8 and @ go over their full 
anges 0 to x and 0 to 2n, respectively, and r goes from 0 to ris. Also, Yis = 
1 !(Z/a)?2e~ 7" (Table 19.1). Using (19.25) for dt, we have as the probability 
that the electron is within distance r,s from the nucleus: 


Qn pr pris Zy? 
0.90 = f Í Í x? (2) e 22r/4,2 sin dr dO do 
o JoJo a 


z? 2n n Tis 
0.90 = —; Í do f sin 8 d0 f eend 
na Jo o 0 


where the result of Prob. 18.13 was used. One next evaluates the integrals and 
Uses trial and error to find the value of r,, that satisfies this equation with Z = 1. 
The remaining work is left as a problem. One finds (Prob. 19.22) rı, = 1.4 A for H. 


Consider the shapes of the real 2p orbitals. The 2p, orbital is 2p, = cze ~”, 


where c is a constant. The 2p, function is zero in the xy plane where z = 0, is positive 
above this nodal plane, and is negative below it. A detailed investigation gives the 
curves shown in the middle top of Fig. 19.6 as the cross section of a 2p, orbital in 
the yz plane. The three-dimensional shape is obtained by rotating this cross section 
about the z axis. This gives two distorted ellipsoids, one above and one below the 
ty plane. The ellipsoids do not touch each other. This is obvious from the fact that 
V has Opposite signs on each ellipsoid. The plus and minus signs in Fig. 19.6 give the 
Signs of y and have nothing to do with electrical charge. The absolute value |p| is 
the same on each ellipsoid of the 2p, orbital. The 2p,, 2p,, and 2p, orbitals have the 
Same shape but different orientations in space; the two distorted ellipsoids are located 
on the x axis for the 2p, orbital, on the y axis for the 2p, orbital, and on the z axis 
for the 2p, orbital. 

The 3p, orbital has a spherical node (shown by the dashed line in Fig. 19.6). 
ie 22 orbital has two nodal cones (dashed lines). The other four 3d orbitals have 
f same shape as one another but different orientations; each of these orbitals has 
Wo nodal planes separating the four lobes. 


Probability Density. The electron probability density for the hydrogenlike-atom 
TE state (Table 19.1) is |W,,|? = (Z?/na)e~?2"/*. The 1s probability density is 
bn aximum at the nucleus (r = 0). Figure 19.7 is a schematic indication of this, the 

sity of the dots indicating the relative probability densities in various regions. 
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| Ficure 19.6 | 3d,2 


Shapes of some hydrogen-atom 

orbitals. (Not drawn to scale.) Note 

the different orientati f the axes À ë O 

ih. P Sr erpa e Since Mas? is nonzero everywhere, the electron can be found at any loa oh 
with the others. Not shown are the atom (in contrast to the Bohr theory, where it had to be at a fixed r). Figure 19. i 
Ay and 3d,, orbitals; these have indicates the variation in probability density for the 2s and 2p, states, Note the nod 
their lobes between the x and y á ls 

axes and the x and z axes, sphere in the 2s function. 

respectively. 


Radial Distribution Function. Suppose we ask for the probability Prir >r + d) 
that the electron—nucleus distance is between r and r + dr. This is the staan 
of finding the electron in a thin spherical shell whose center is at the nucleus P 
whose inner and outer radii are r and r + dr. For an s orbital, w is indepen 
9 and ¢ and so is essentially constant in the thin shell. Hence, the desired Haag 
is found by multiplying |y? (the probability per unit volume) by the bests 
thin shell. This volume is $n(r + dr)? — 4nr° = 4nr? dr, where the terms in (dr) 
(dr)? are negligible. Therefore, for an s state Pr(r > r + dr) = 4nr?|,|" dr- 


Probability densities in three 2 


hydrogen-atom states, (Not drawn 
to scale.) 


2p: 


For a non-s state, y depends on the angles, so Iyl? is not constant in the thin 
shell. Let us divide the shell into tiny volume elements such that the spherical polar 
coordinates range from r to r + dr, from 8 to 0 + d9, and from ¢ to @ + dọ in each 
tiny element. The volume dt of each such element is given by (19.25), and the prob- 
pbility that the electron is in an element is y|? dc = |y|?r? sin @drd0dd. To find 
pir > r + dr), we must sum these infinitesimal probabilities over the thin shell. Since 
the shell goes over the full range of @ and @, the desired sum is the definite integral 
over the angles. Hence, Pr(r > r + dr) = 2* (5 \y|?r? sin @dr dO dd. The use of y = 
Roo (Eq. (19.11)] and a result similar to that in Prob. 18.13 gives 


n 2r 
Pr(r > r + dr) = |R|’r? dr f |0]? sin odo | |o]? do 
0 0 


Pr(r > r + dr) = [Ralt)]?r? dr (19.26) 


since the multiplicative constants in the © and ® functions have been chosen to 
wrmalize @ and ©; {% O|? sin @d0 = 1 and fô" ||? dø = 1 (Prob. 19.26). Equation 
(19.26) holds for both s and non-s states. The function [R(r) 2+2 in (19.26) is the 
radial distribution function and is plotted in Fig. 19.8 for several states. For the 
ground state, the radial distribution function is a maximum at r = a/Z (Prob. 19.24), 
which is 0.53 A for H. 

For the hydrogen-atom ground state, the probability density ly? is a maximum 
atthe origin (nucleus), but the radial distribution function R?r? is zero at the nucleus 
because of the r? factor; the most probable value of r is 0.53 A. A little thought shows 
that these facts are not contradictory. In finding Pr(r + r + dr), we find the probability 
that the electron is in a thin shell. This thin shell ranges over all values of 8 and ġ 
and so is composed of many volume elements. As r increases, the thin-shell volume 
4nr dr increases. This increase, combined with the decrease in lv? as r increases, 
gives a maximum in Pr(r + r + dr) for a value of r between 0 and oo. The radial 
distribution function is zero at the nucleus because the thin-shell volume 4nr? dr is 
xro here. (Note the resemblance to the discussion of the distribution function for 
speeds in a gas; Sec. 15.4.) 


Average Values. To find the average value of any property M of a stationary- 
state hydrogen atom, one uses <M) = f y*My dz, Eq, (18.53). 


SECTION 19.3 


FIGURE 19.8 


0.6 H 


alRQ) PP 


0.3 


Radial distribution functions for 
some hydrogen-atom states. 


CHAPTER 19 


Find the average value of the electron—nucleus separation in a hydrogenike 
atom in the 2p, state. 

We have <r) = f *fy dr. The 2p. wave function is given in Table 194 and 
is real, so w* = . The operator f is multiplication by r, Thus, WAY = yp Te 
volume element dt and the coordinate limits are given by (19.25) and (1940) 
Therefore 


1 FÀ S 2x fr po - r 
it é 2,,-Zr/a 2 
r= 162m) (2) [ $ Í rte cos“ @(r)r? sin 8 dr dð dh 


1 Z S p2x x x . 
-z6 jl a | cos? @ sin oao | e720 ay 
327 \a 0 0 o 


where the result of Prob. 18.13 was used. A table of definite integrals gives 
JE x'e dx = n!/b"** for b >0 and na positive integer. Evaluation of the inte- 
grals (Prob. 19.23) gives <r) = 5a/Z, where a is defined by (19.16) and equas 
0.53 A. As a partial check, note that 5a/Z has units of length. 


ELECTRON SPIN 


The Schrédinger equation is a nonrelativistic equation. There are certain relativis 
tic phenomena that the Schrédinger equation fails to take into account, In 1928, 
the British physicist P. A. M. Dirac discovered the correct relativistic quantum- 
mechanical equation for a one-electron system. Dirac’s relativistic equation predicts 
the existence of electron spin. Electron spin was first proposed by Uhlenbeck and 
Goudsmit in 1925 to explain certain observations in atomic spectra. In the nonrela- 
tivistic Schrödinger version of quantum mechanics that we are using, the existence 
of electron spin must be added to the theory as an additional postulate. 

What is spin? Spin is an intrinsic (built-in) angular momentum possessed by 
elementary particles. This intrinsic angular momentum is in addition to the orbital 
angular momentum (Sec. 19.3) the particle has as a result of its motion through spa. 
In a crude way, one can think of this intrinsic (or spin) angular momentum as being 
due to the particle’s spinning about its own axis, but this picture should not be con- 
sidered to represent reality; spin is a nonclassical effect. 

Quantum mechanics shows that the magnitude of the orbital angular momen 
tum L of any particle can take on only the values [((/ + 1)]'/7h, where | = 0,1,2 Ca 
the z component L, can take on only the values mh, where m = —l,..., +l S 
mentioned this for the electron in the H atom, Eq. (19.22), but it is a generally vali 
result. : 

Let S be the spin-angular-momentum vector of an elementary parc 
analogy to orbital angular Momentum, we postulate that the magnitude of 
[ss + 1)]™?h and that Sz, the component of the spin angular momentum along 
z axis, can take on only the values 


+ 
mh where m,= —s,—s+1,...,s—1, (19.4) 


The spin-angular-momentum quantum numbers s and m, are analogous to the orbital- | 633 | 


angular-momentum quantum numbers l and m, respectively. The analogy is not com- TOERNE 
plete, since one finds that a given species of elementary particle can have only one ; 
valve for s and this value may be half-integral (4, 3, . . .) as well as integral (0, 1, . . .). 
Experiment shows that electrons, protons, and neutrons all have s = 4. Therefore, 


n= 4 OF +4 for these particles. 


=}, m,=+4,—-4 foran electron 


With s=4, the magnitude of the electron spin-angular-momentum vector is |S| = 
[ss + 7h = (3/4)!/2h and the possible values of S, are 3 and —}h. Figure 19.9 o cure 19.9 | 
he orientations of S for these two spin states. Chemists often use the symbols 


shows t PT ; 
E 4 Orientations of the electron spin 
tand | to indicate the m, = +4 and m, = —} states, respectively. vector S with respect to the z axis. 
bees iy i For m, = +}, the vector S must 

Photons have s = 1. However, because photons are relativistic entities traveling at speed lie on the surface of a cone about 


c, it turns out that they don’t obey (19.27). Instead, photons can have only m, = +1 or the z axis; similarly for m, = —}. 


m, = —1, These two m, values correspond to left- and right-circularly polarized light. z 


The wave function is supposed to describe the state of the system as fully as pos- 
sible. An electron has two possible spin states, namely, m, = +4 and m, = —4, and 
the wave function should indicate which spin state the electron is in. We therefore 
postulate the existence of two spin functions « and f that indicate the electron’s spin 
state: a means that m, is +4; 8 means that m, is —}. The spin functions « and f can 
be considered to be functions of some hypothetical internal coordinate œ (omega) of 
the electron: « = o(w) and 8 = p(w). Since nothing is known of the internal structure 
ofan electron (or even whether it has an internal structure), œ is purely hypothetical. 

For a one-electron system, the spatial wave function (x, y, z) is multiplied by 
either « or $ to form the complete wave function including spin. To a very good ap- 
proximation, the spin has no effect on the energy of a one-electron system. For the 
hydrogen atom, the electron spin simply doubles the degeneracy of each level. For 
the H-atom ground level, there are two possible wave functions, Isa and 1sB, where 
ls= n~ "/2(Z/q)3/2e-2"/@. A one-electron wave function like 1sx or 1sf that includes 
both spatial and spin functions is called a spin-orbital. 


With the inclusion of spin in the wave function, y of an n-electron system becomes a func- 
tion of 4n variables; 3n spatial variables and n spin variables. The normalization condition 
(18.12) must be amended to include an integration (or summation) over the spin variables 
as well as over the spatial variables. 


THE HELIUM ATOM AND THE PAULI PRINCIPLE __ i 
the Helium Atom. Th ; ; 4 st The heliumlike atom. 
(Fig. 19.10), § . The helium atom consists of two electrons and a nucleus a 
internat . Separation of the translational energy of the atom as a whole from the 
gone j Sone is more complicated than for a two-particle problem and won't be m 
Li Into here, We shall just assume that it is possible to separate the translational 
ion from the internal motions. / 
The Hamiltonian operator for the internal motions in a heliumlike atom is a 
2 2 12 12 2 
Ra yt gt ere (19.28) 
2m, ri le Rg 
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The first term is the operator for the kinetic energy of electron 1; in this term, V23 
6?/0x,? + 6?/dy,? + 07/dz,7 (where x,, yy, 2, are the Coordinates of electron fh 
origin being taken at the nucleus) and m, is the electron mass, It would be more ag 
curate to replace m, by the reduced mass y, but u differs almost negligibly from 
for He and heavier atoms. The second term is the operator for the kinetic ener of 
electron 2, and V3? = 67/éx,” + 6?/dy,? + 6?/dz,?. The third term is the potential 
energy of interaction between electron 1 and the nucleus and is obtained by putting 
Q; = —e and Q, = Ze’ in V = 01,04/r [Eq. (19.4)]; for helium, the atomic number 
Z is 2; in this term, r, is the distance between electron 1 and the nucleus: r,? = xe 
Y1? + 2,7. The fourth term is the potential energy of interaction between electron 2 
and the nucleus. The last term is the potential energy of interaction between elec. 
trons 1 and 2 separated by distance r}, and is found by putting Q, = Q) = -ein 
V = 0,03/r. g 

The Schrödinger equation is Hy = Ew, where w is a function of the spatial 
coordinates of the electrons relative to the nucleus: y = WX15 Vis 245 Xa, Ya 29) oF 
Y = Wry, 01, 61, r2, 92, $2) if spherical polar coordinates are used, Electron spin js 
being ignored for now and will be taken care of later. 

Because of the interelectronic repulsion term e’*/ry>, the helium-atom Schri: 
dinger equation can’t be solved exactly. As a crude approximation, we can ignore the 
e/ry2 term. The Hamiltonian then has the approximate form Ê sopros = Hit Hy 
where H, = —(h?/2m,)V,? — Ze'?/r, is a hydrogenlike Hamiltonian for electron | 
and A, = —(h/2m,)V,? — Ze’2/ry is a hydrogenlike Hamiltonian for electron 2 
Since Aia is the sum of Hamiltonians for two noninteracting particles, the ap- 
proximate energy is the sum of energies of each particle and the approximate wave 
function is the product of wave functions for each particle [Eqs. (18.58) to (18,60)} 


EXE, +E, and wx wWy(ry. 01, bola, 92, 62) 


where HW, = E,W, and AW, = E,W». Since Ê, and f1, are hydrogenlike Hami 
tonians, E, and E, are hydrogenlike energies and y, and Y, are hydrogenlike wave 
functions (orbitals), 

Let us check the accuracy of this approximation. Equations (19.16) and (19.2) 
give Ey = —(Z?/n,)(e'?/2a) = —(Z?/n,)(13.6 eV), where n, is the principal quan 
tum number of electron 1 and a has been replaced by the Bohr radius do, since 
the reduced mass 4 was replaced by the electron mass in (19.28). A similar equ 
tion holds for E,. For the helium ground state, the principal quantum numbers 
of the electrons are ny=1 and n,=1; also, Z=2. Hence, E% E; aie 
—4(13.6 eV) — 4(13.6 eV) = — 108.8 eV. The experimental first and second ioniza- 
tion energies of He are 24.6 and 54.4 eV, so the ground-state energy 1s —790¢ 
(The first and second ionization energies are the energy changes for the sig 
He + He* +e and Het > He?* + e7, respectively.) The approximate 10 
— 108.8 eV is grossly in error, as might be expected from the fact that the e/m 
term we ignored is not small. ) and Table 


The approximate ground-state wave function is given by Eq. (18.58 
19.1 as 
(19.29) 


y z (Z/ap)3/2x- 1/26- Zr1/ao a (Z/ag)??22— 1/2, —Zr2/ao 
with Z = 2. We shall abbreviate (19.29) as 


(19.30) 
Y = 1s(1)1s(2) 


ndicates that electron 1 is in a 1s hydrogenlike orbital (one-electron 


where Is(1) indica! ia 
function). We have the familiar He ground-state configuration 1s, 


spatial wave 


qwotlectron Spin Functions. To be fully correct, electron spin must be included in 
the wave function. One’s first impulse might be to write down the following four spin 


junctions for two-electron systems: 
a(1)a(2), BB), o(1)B(2), — B(1)a(2) (19.31) 


where the notation (1)o(2) means electron 1 has its spin quantum number m,; equal 
0—4 and electron 2 has m, = +4. However, the last two functions in (19.31) are 
invalid because they distinguish between the electrons. Electrons are identical to one 
another, and there is no way of experimentally determining which electron has 
m= +4 and which has m, = —4. In classical mechanics, we can distinguish two 
identical particles from each other by following their paths. However, the Heisenberg 
uncertainty principle makes it impossible to follow the path of a particle in quantum 
mechanics. Therefore, the wave function must not distinguish between the electrons. 
Thus, the fourth spin function in (19.31), which says that electron 1 has spin B and 
electron 2 has spin œ, cannot be used. Instead of the third and fourth spin functions 
in (19.31), it turns out (see below for the justification) that one must use the func- 
tions 27 ©/2[(1) (2) — B(L)a(2)] and 2~ */?[a(1)B(2) + B()x(2)]. For each of these 
functions, electron 1 has both spin « and spin B, and so does electron 2. The Pe 
inthese functions is a normalization constant. The proper two-electron spin functions 
are therefore 


ADAD, ABD, 27 PD) + BA] (19.32) 
27 "2EB — BO] (19.33) 


r The three spin functions in (19.32) are unchanged when electrons 1 and 2 are 
interchanged. For example, interchanging the electrons in the third function gives 
2 1EA2)B(1) + B(2)a(1)], which equals the original function. These three spin func- 
tions are said to be symmetric with respect to electron interchange. The spin func- 
tion (19.33) is multiplied by — 1 when the electrons are interchanged, since interchange 
gives 27 "/?[(2)8(1) — Bal] = —2~ 1/?[.a(1)A(2) — B(1)a(2)]- The function (19.33) 
1 antisymmetric. 


The Pauli Principle. A particle whose spin quantum number s is half-integral (4 or 
org or...) is called a fermion (after the Italian-American physicist Enrico Fermi). 
any whose s is integral (0 or 1 or 2 or ...) is called a boson (after the Indian 
Physicist S, N. Bose). Electrons have s = 4 and are fermions. 
i Since two identical particles cannot be distinguished from each other in quan- 
it ainis interchange of two identical particles in the wave function must leave 
iy Wamu observable properties unchanged. In particular, the probability den- 
test must be unchanged. We therefore expect that y itself would be multiplied 
i ave + Yor — 1 by such an interchange or relabeling. It turns out that only one 
ide Possibilities occurs, depending on the nature of the particles. Experimental 
nce shows the validity of the following statement: 


TA te wave function (including both spatial and spin coordinates) of a system 

ordinates ( fermions must be antisymmetric with respect to interchange of all the co- 

complet (Spatial and spin) of any two particles. For a system of identical bosons, the 
e wave function must be symmetric with respect to such interchange. 


— 
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This fact, discovered by Dirac and by Heisenberg in 1926, is called the Pui 
principle. In 1940, Pauli deduced the Pauli principle from relativistic quantum fiel 
theory. In the nonrelativistic version of quantum mechanics that we are using, the 
Pauli principle must be regarded as an additional postulate. í 

We are now ready to include spin in the ground-state He wave function. The 
approximate ground-state spatial function 1s(1)1s(2) of (19.30) is symmetric with re 
spect to electron interchange, since 1s(2)1s(1) = 1s(1)1s(2). Since electrons are fermi. 
ons, the Pauli principle demands that the complete wave function be antisymmetric 
To get an antisymmetric y, we must multiply 1s(1)1s(2) by the antisymmetric fun 
tion (19.33). Use of the symmetric spin functions in (19.32) would give a symmetric 
wave function, which is forbidden for fermions. With inclusion of spin, the approxi 
mate ground-state He wave function becomes 


Y ~ Is(1)1s(2) + 27 “/?[(1) (2) — B(1)a(2)] (19,34) 


Interchange of the electrons multiplies y by —1. Note that the two electrons in the 
1s orbital have opposite spins. 
The wave function (19.34) can be written as the determinant 


Is(1a(1)  1s(1)B(1) 
Is(2)o(2) _19(2)B(2) 


a 


yx (1935) 


A second-order determinant is defined by 


a b 
d| 


The use of (19.36) in (19.35) gives (19.34). 

The justification for replacing the third and fourth spin functions in (19.31) by 
the linear combinations in (19.32) and (19.33) is that the latter two functions are the 
only normalized linear combinations of a(1)B(2) and £(1)x(2) which are either sym- 
metric or antisymmetric with respect to electron interchange and which therefore 
don’t distinguish between the electrons. 


| = ad — be (19.36)* 


Improved Ground-State Wave Functions for Helium. For one- and two-electron 
systems, the wave function is a product of a spatial factor and a spin factor. the 
atomic Hamiltonian (to a very good approximation) contains no terms ede 
spin. Because of these facts, the spin part of the wave function need not be explici) 
included in calculating the energy of one- and two-electron systems and will 
omitted in the calculations below. i 
We saw above that ignoring the e'?/r;> term in Ê and taking E as the sum 0 
two hydrogenlike energies gave a 38 percent error in the ground-state He T 
To improve on this dismal result, we can use the variational method. The oe 
vious choice of variational function is (19.29) and (19.30), which is a norma” 
Product of hydrogenlike 1s orbitals. The variational integral in (18.74) is then It 
J 1s(1)19(2)H1s(1)15(2)de, where A is the true Hamiltonian (19.28) and de = ati is 
with dr, = r,7 sin 0, dr, d0, d@,. Since e’?/r,, is part of A, the effect of the A 
electronic repulsion will be included in an average way. Evaluation of the Vah e is 
integral is complicated and is omitted here. The result is W = — 74.8 eV, W i 
reasonably close to the true ground-state energy — 79.0 eV. 


improvement is to use a variational function having the same form as 
9,30) but with the nuclear charge Z replaced by a variational parameter 
hen vary ¢ to minimize the variational integral W = J o*He dt, where 
he normalized variation function ¢ is (C/ag)*x” teoer, Substitution of the 
He Hamiltonian (19.28) with Z = 2 and evaluation of the integrals leads to W = 
2_ 21E/8)e'2/ao. [See Levine (1983), sec. 9.4, for the details. ] The minimization con- 
{ition OW/Al = 0 then gives the optimum value of ¢ as 27/16 = 1.6875. With this 
value of ¢, we get W = —2.848e'?/ag = —2.848(2 x 13.6 eV) = —77.5 eV, where 
(19.19) was used. This result is only 2 percent above the true ground-state energy 
-19.0 eV. 

The parameter ¢ is called an orbital exponent. The fact that ¢ is less than the 
nomic number Z = 2 can be attributed to the shielding or screening of one electron 
fom the nucleus by the other electron. When electron 1 is between electron 2 and 
the nucleus, the repulsion between electrons 1 and 2 subtracts from the attraction 
fetween electron 2 and the nucleus. Thus, ¢ can be viewed as the “effective” nuclear 
charge for the 1s electrons. Since both electrons are in the same orbital, the screening 
tect is not great and ¢ is only 0.31 less than Z. 

By using complicated variational functions, workers have obtained agreement 
tol part in 2 million between the theoretical and the experimental ionization energies 
of ground-state He. [C. L. Pekeris, Phys. Rev., 115, 1216 (1959); C. Schwartz, Phys. 
Rev, 128, 1146 (1962).] 


A further 
(1929) and (1 
(zeta). We t 


beited-State Wave Functions for Helium. We saw that the approximation of 
ignoring the interelectronic repulsion in the Hamiltonian gives the helium wave func- 
tions as products of two hydrogenlike functions. The hydrogenlike 2s and 2p orbitals 
tave the same energy, and we might expect the approximate spatial wave func- 
tions for the lowest excited energy level of He to be 1s(1)2s(2), 1s(2)2s(1), 1s(1)2p,(2), 
192)2p,(1), 1s(1)2p,(2), 1s(2)2p,(1), 1s(1)2p.(2), 1s(2)2p,(1), where 1s(2)2p,(1) is a func- 
tion with electron 2 in the 1s orbital and electron 1 in the 2p, orbital. Actually, these 
functions are incorrect, in that they distinguish between the electrons. As we did 
above with the spin functions, we must take linear combinations to give functions 
that don’t distinguish between the electrons. Analogous to the linear combinations 
in (19.32) and (19.33), the correct normalized approximate spatial functions are 


27 1/27 1s(1)2s(2) + 15(2)2s(1)] (19.37) 
27 4/211 s(1)2s(2) — 18(2)2s(1)] (19.38) 
27 ¥/[ 19(1)2p.(2) + 19(2)2p,(1)] etc. (19.39) 
27 *?F15(1)2p,(2) — 19(2)2p,(1)] etc. (19.40) 


Where cach “etc.” indicates two similar functions with 2p, replaced by 2p, or 2p,- 

E It Y, is the true wave function of state k of a system, then Aus, = Exh, where 

E iy gine energy of state k. We therefore have J yžÂydi = | VEE Wat = 

fa Yide = E,, since y, is normalized. This result suggests that if we have an 

ni eer wave function Wk approx for state k, an approximate energy can be ob- 
by replacing yy with Wy approx in the integral: 


Eç% | WEapprcell Weapprox dt (19.41) 


Where Ê i eae ; x : : 
€ H is the true Hamiltonian, including the interelectronic repulsion term(s). 
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| 638 | Use of the eight approximate functions (19.37) to (19.40) in Eq. (19.41) thin bi 
approximate energies for these states, Because of the difference in Signs, the two. m 

PEER (19.37) and (19.38) that arise from the 1s2s configuration will clearly have —_ 

energies. The state (19.38) turns out to be lower in energy. The Approximate 


functions are real, and the contribution of the ePi interelectronic repulsion ter 
in A to the integral in Eq. (19.41) is JS VRapproxe’2/ry 2 dt. One finds that the ity 
gral f (19.37)?e'?/r, > dr differs in value from f (19.39)?e'2/r 5 dz, where “(19.37 ang 
“(19.39)” stand for the functions in Eqs. (19.37) and (19.39). Hence, the 152p state ip 
(19.39) differs in energy from the corresponding 152s state in (19.37). Likewise, the 
States (19.38) and (19.40) differ in energy from each other. Since the 2p,, 2p, and}, 
orbitals have the same shape, changing 2p, to 2p, or 2p, in (19.39) or (19.40) does) 
affect the energy. 

Thus, the states of the 1s2s configuration give two different energies and the 
States of the 1s2p configuration give two different energies, for a total of four de 
ferent energies (Fig. 19.11). The 1s2s states turn Out to lie lower in energy than the 
1s2p states. Although the 2s and 2p orbitals have the same energy in one-clectioe 
(hydrogenlike) atoms, the interelectronic repulsion(s) in atoms with two or more dee 
trons remove the 2s-2p degeneracy. The reason the 2s orbital lies below the 2p orbital 
can be seen from Figs. 19.8 and 19.3. The 2s orbital has more probability density 
near the nucleus than the 2p orbital. Thus, a 2s electron is more likely than a} 
electron to penetrate within the probability density of the 1s electron. When it pene: 
trates, it is no longer shielded from the nucleus and feels the full nuclear charge ant 
its energy is thereby lowered. Similar penetration effects remove the | degeneracy it 
higher orbitals. For example, 3s lies lower than 3p, which lies lower than 3d. 

What about electron spin? The function (19,37) is symmetric with respect lò 
electron interchange and so must be combined with the antisymmetric two-clectivt 
spin function (19.33) to give an overall y that is antisymmetric: yy ~ (19.37) x (1933 
The function (19.38) is antisymmetric and so must be combined with one of the sym 
metric spin functions in (19.32); because there are three symmetric spin functions 
inclusion of spin in (19.38) gives three different wave functions, each having the same 
spatial factor. Since the spin factor doesn’t affect the energy, there is a threefold sp 
degeneracy associated with the function (19.38). Similar considerations hold for the 
1s2p states, h 

Figure 19.11 shows the energies and some of the approximate wave fonoll 
for the states arising from the 152s and 1s2p configurations. The labels °S, 'S, “P 4 
and the S$ and M s Values are explained below. The atomic energies shown in Fig 19.) 


are called terms, rather than energy levels, for a reason to be explained later. Th 


Energies of the terms arising 


from the helium 152s and 1s2p Elev 
configurations. 
1p ——— 
-58 f pain 
i5 — PLIS CI)2S(2)+ 15(2)25(1)) + [e162 B(1)a(2))/V2 
Is2s 
-59 a(l)a(2) 
*S—— C22) — 1s(2)25(1)] +4 [ex(1)8(2) +A) 


BC) B(2) 


the 1s2s configuration is threefold degenerate, because of the three sym- 
functions. The 1S term is onefold degenerate (that is, nondegenerate), 
re is only one wave function for this term, The approximate wave functions 
are obtainable from those of the °S term by replacing 2s by 2p,, by 
2p,. Each of these replacements gives three wave functions (due to the 
tric spin functions), so the *P term is ninefold degenerate, The +P term 
iid degenerate, since three functions are obtained by replacement of 2s in the 
on with 2p,, with 2p, and with 2p... 

‘that the helium wave functions (19.34) and (19.37) to (19.40) are only ap- 
ons, since at best they take account of the interelectronic repulsion in only 
ay. Thus, to say that the helium ground state has the electron configura- 
is only approximately true. The use of orbitals (one-electron wave functions) 

ectron atoms is only an approximation, 


al and Spin Angular Momenta. The magnitude of the total electronic 
lar momentum (Sec. 19.3) of an atomic state has the possible values 
1/2), where the quantum number L can be 0, 1, 2,... . The value of L is 
d by a code similar to (19.17), except that capital letters are used: 
wae} Of tatapta $ 
Code letter S | P D | P G H 
1s2s configuration, both electrons have | = 0. Hence, the total orbital 
nomentum is zero, and the code letter S is used, as in Fig. 19.11. For the 
ration, one electron has | = 0 and one has | = 1; hence, the total-orbital- 
omentum quantum number L equals 1, and the code letter P is used. 
otal electronic spin angular momentum of an atom (or molecule) is the vector 
pin angular momenta of the individual electrons. The magnitude of the 
ic spin angular momentum has the possible values [S(S + 1)]'/?A, where 
ronic spin quantum number S can be 0, 4, 1, 3,.-. . (Don’t confuse 
juantum number S with the orbital-angular-momentum code letter $.) The 
at of the total electronic spin angular momentum along the z axis has the 
falues Msh, where Ms = —S, —S + 1,..., S — 1, S. 
two-electron system such as He, each electron has spin quantum number 
d the total spin quantum number S can be 0 or 1, depending on whether the 
ON spin vectors point in opposite directions or in approximately the same 
or S = 1, the total spin angular momentum is (1+ 2)'/?h = 1.414h. The 
momentum of each electron is (4 - })!/2h = 0.866h. The algebraic sum of 
gular momenta of the individual electrons is 0.866h + 0.866h = 1.732h, 

teater than the magnitude of the total spin angular momentum. Hence, the 
ngular-momentum vectors of the electrons cannot be exactly parallel; see, 
le, Fig. 19.12a. 
0, Ms must be zero, and there is only one possible spin state. This spin 
ponds to the antisymmetric spin function (19.33). 
1, Ms can be — 1, 0, or +1, The Mg = —1 spin state arises when each 
= —} and so corresponds to the symmetric spin function B(1)A(2) in 
= +1 spin state corresponds to the function a(1)a(2). For the Ms = 0 
tron must have m, = +4 and the other m, = —4; this is the function 
(2) + f(1)x(2)} in (19.32), Although the z components of the two electron 
n Opposite directions, the two spin vectors can still add to give a total 
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electronic spin with $ = 1, as shown in Fig. 19.12a. The three symmetric spin func. 
tions in (19.32) thus correspond to S = 1. 

The quantity 2S + 1 (where S is the total spin quantum number) is called the 
multiplicity of an atomic term and is written as a left superscript to the Code letter 
for L. The lowest term in Fig. 19.11 has spin wave functions which correspond to 
total spin quantum number S = 1; hence, 25 + 1 equals 3 for this term, and the term 
is designated °S (read “triplet ess”). The second-lowest term in Fig. 19.11 has the 
S = 0 spin function and so has 2S + 1 = 1; this is a 'S (“singlet ess”) term. The $ and 
Ms total spin quantum numbers are listed in Fig. 19.11 for each state (wave function) 
of the 'S and *S terms. 

Note that the triplet term of the 1s2s configuration lies lower than the singlet 
term. The same is true for the terms of the 1s2p configuration. This illustrates Hund's 
rule: For a set of terms arising from a given electron configuration, the lowest-lying 
term is generally the one with the maximum multiplicity. There are several exceptions 
to Hund’s rule. The theoretical basis for Hund’s rule is the subject of current research; 
see R. L. Snow and J. L. Bills, J. Chem. Educ., 51, 585 (1974); I. Shim and J, P, Dahl, 
Theor. Chim. Acta, 48, 165 (1978); J. W. Warner and R. S. Berry, Nature, 313, 160 
(1985). 

The maximum multiplicity corresponds to the maximum number of electrons 
with parallel spins. Two electrons are said to have parallel spins when their spin- 
angular-momentum vectors point in approximately the same direction, as, for exam- 
ple, in Fig. 19.12a. Two electrons have antiparallel spins when their spin vectors 
point in opposite directions to give a net spin angular momentum of zero, as in 
Fig. 19.12b. The 3S and 'S terms of the 152s configuration can be represented by the 
diagrams 

A od Eh 
3 Is 2s 
where the spins are parallel in °S and antiparallel in 'S. 

The Hamiltonian (19.28) is not quite complete in that it omits a term called the 
spin-orbit interaction arising from the interaction between the spin and orbital mo- 
tions of the electrons. The spin-orbit interaction is quite small (except in heavy 
atoms), but it causes a partial removal of the degeneracy of a term, splitting an atomic 
term into a number of closely spaced energy levels. For example, the °P term in 
Fig. 19.11 is split into three closely spaced levels; the other three terms are each 
slightly shifted in energy by the spin-orbit interaction but are not split. Because of 
this spin-orbit splitting, the energies shown in Fig. 19.11 do not quite correspond t0 
the actual pattern of atomic energy levels, and the energies in this figure are therefore 
called terms rather than energy levels. 

An atomic term corresponds to definite values of the total orbital angula- 
momentum quantum number L and the total spin angular-momentum aay 
number S. The L value is indicated by a code letter (S, P, D,...), and the S ae 
indicated by writing the value of 25 +1 as a left superscript to the L code letter: 


MANY-ELECTRON ATOMS AND THE PERIODIC TABLE 


R mit 
Lithium and the Pauli Exclusion Principle. As we did with helium, we Ot RE 
the interelectronic repulsion terms e? friz + e/ry3 + e'?/ra; from the lithium- 


Hamiltonian to give an approximate Hamiltonian that is the sum of three hydrogen- 
ike Hamiltonians. The approximate wave function is then the product of hydro- 

ike (one-electron) wave functions. For the ground state, we might expect the 
approximate wave function 1s(1)1s(2)1s(3). However, we have not taken account of 
gectron spin or the Pauli principle. The symmetric spatial function 1s(1)1s(2)1s(3) 
must be multiplied by an antisymmetric three-electron spin function. One finds, how- 
wer, that it is quite impossible to write an antisymmetric spin function for three 
dectrons, With three or more electrons, the antisymmetry requirement of the Pauli 
principle cannot be satisfied by writing a wave function that is the product of separate 
spatial and spin factors. 

The clue to constructing an antisymmetric wave function for three or more elec- 
trons lies in Eq. (19.35), which shows that the ground-state wave function of helium 
an be written as a determinant. The reason a determinant gives an antisymmetric 
vave function follows from the theorem: Interchange of two rows of a determinant 
changes the sign of the determinant. (For a proof, see Sokolnikoff and Redheffer, app. A.) 
Interchange of rows 1 and 2 of the determinant in (19.35) amounts to interchanging 
the electrons. Thus a determinantal y is multiplied by —1 by such an interchange 
and therefore satisfies the Pauli antisymmetry requirement. 

Let f, g, and h be three spin-orbitals. (Recall that a spin-orbital is the product 
ofa spatial orbital and a spin factor; Sec. 19.4.) We can get an antisymmetric 
thee-clectron wave function by writing the following determinant (called a Slater 
determinant) 

1 fO g(t) ACY 
=|f2) 92) hO) (19.42) 
V6} 603) a aG) 


The 1/,/6 is a normalization constant; there are six terms in the expansion of this 
determinant. 
A third-order determinant is defined by 
esi ld f d e 
—b 
h | Neh h 


c 


~ 


za 


ab 
de 
g h 
= aei — ahf — bdi + bgf + cdh — cge (19.43) 


Where (19.36) was used. The second-order determinant that multiplies a in the expan- 

‘ion is found by striking out the row and the column that contains a in the third-order 

determinant; similarly for the multipliers of —b and c. The reader can verify that 

interchange of two rows multiplies the determinant’s value by —1. 

ts To get an antisymmetric approximate wave function for Li, we use (19.42). Let 
tty to put all three electrons in the 1s orbital by taking the spin-orbitals to be 
= Isa, g = 1s, and h = Ise. The determinant (19.42) becomes 


1s(1)a(1)  1s(1)B(1) — Is(1)a(1) 
— |1s(2)a(2) 19(2)B(2) 1D) (19.44) 
6 |15(3)a(3) 1886) 1886) 


Expansi ; A 
Xpansion of this determinant using (19.43) shows it to equal zero. This can be seen 


w a : ; 
ithout multiplying out the determinant by using the following theorem (Sokolnikoff 


and Redheffer, app. A): If two columns of a determinant are identical, the determinant 


— ga 
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equals zero. The first and third columns of (19.44) are identical, and So (19.44) vani 
If any two of the spin-orbitals f, g, h in (19.42) are the same, two columns of thy 
determinant are the same and the determinant vanishes. Of course, Zero is ruled g 
as a possible wave function, since there would then be no probability of finding the 
electrons. 

The Pauli-principle requirement that the electronic wave function be antisym. 
metric thus leads to the conclusion: 


No more than one electron can occupy a given spin-orbital, | 


This is the Pauli exclusion principle, first stated by Pauli in 1925, An orbital (or | 
one-electron spatial wave function) is defined by giving its three quantum numbers 
(n, l, m in an atom); a spin-orbital is defined by giving the three quantum numbers of - 
the orbital and the m, quantum number (+4 for spin function g, —4 for p). Thus,in 
an atom, the exclusion principle requires that no two electrons have the same values 
for all four quantum numbers n, /, m, and m, 


The antisymmetry requirement holds for any system of identical fermions (See. 


19.5), so in a system of identical fermions each one-particle state (spin-orbital) can 


hold no more than one fermion. In contrast, W is symmetric for bosons, so thereis 


no limit to the number of bosons that can occupy a given one-particle state. 

Coming back to the Li ground state, we can put two electrons with opposite 
spins in the 1s orbital (f = Isx, g = 1sf), but to avoid violating the exclusion prin- 
ciple, the third electron must go in the 2s orbital (h = 2sx or 2sß). The approximate 
ground-state wave function is therefore 


Is(1)a(1) 1s(1)8(1) 2s(1)x(1) 
Y x — |1s(2)a(2) 1DF) 22x2) (1945) 
6 !15(3)a(3) 19(3)B(3)  28(3)a(3) 


When (19.45) is multiplied out, it becomes a sum of six terms, each containing & 
spatial and a spin factor, so that y cannot be written as a single spatial factor tines 
a single spin factor. Because the 2s electron could have been given spin f, the ground 
state is doubly degenerate. 

Since all the electrons are s electrons with | = 0, the total-orbital-angular 
momentum quantum number L is 0. The 1s electrons have antiparallel spins, s0 the 
total electronic spin of the atom is due to the 2s electron and the total-electronie 
spin quantum number S is }. The multiplicity 25 + 1 is 2, and the ground term ofli 
is designated 75. «Table 

A variational treatment using (19.45) would replace Z in the 1s function m Ta 
19.1 by a parameter Z, and Z in the 2s function by a parameter Z3. These parami 
are “effective” atomic numbers that allow for electron screening. One finds the T 
mum values to be Z, = 2.69 and Z = 1.78. As expected, the 2s electron Is ae 
better screened from the Z = 3 nucleus than the 1s electrons. The calculated se 
tional energy turns out to be —201.2 eV. compared with the true ground-state enè 
—203.5 eV. 


ng of atomic 
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The Periodic Table. A qualitative and semiquantitative understandi 
structure can be obtained from the orbital approximation. As we did wi 
we write an approximate wave function that assigns the electrons to 
spin-orbitals. In each orbital, the nuclear charge is replaced by a variation 
that represents an effective nuclear charge Z,¢ and allows for electron s¢ 


wtisty the Pauli principle, the wave function is written as a Slater determinant. For 
some atomic states, the wave function must be written as a linear combination of a 
bw Slater determinants, but we won't worry about this complication. 

Since an electron has two possible spin states (x or f), the exclusion principle 
requires that no more than two electrons occupy the same orbital in an atom or 
molecule. Two electrons in the same orbital must have antiparallel spins, and such 
dectrons are said to be paired. A set of orbitals with the same n value and the same 
|value constitutes a subshell. The lowest few subshells are 1s, 2s, 2p, 3s,... . An s 
subshell has | = 0 and m=0 and hence can hold at most two electrons without 
violating the exclusion principle. A p subshell has l= 1 and the three possible m 

| values — 1, 0, +1; hence, a p subshell has a capacity of 6 electrons; d and f subshells 
fold a maximum of 10 and 14 electrons, respectively. 

The hydrogenlike energy formula (19.20) can be modified to approximate crudely 
the energy £ of a given atomic orbital as 


e x —(Z2_/n7)(13.6 eV) (19.46) 


where n is the principal quantum number and the effective nuclear charge Zerr differs 
or different subshells in the same atom. We write Zete = Z — $, where Z is the 
atomic number and the screening constant s for a given subshell is the sum of con- 
tributions from other electrons in the atom. 

Figure 19.13 shows orbital energies for neutral atoms calculated using an ap- 
roximate method. The scales in this figure are logarithmic. Note that the energy 
ofan orbital depends strongly on the atomic number, decreasing with increasing Z, 
as would be expected from Eq. (19.46). As mentioned earlier, the | degeneracy that 
nists for Z = 1 is removed in many-electron atoms. For most values of Z, the 3s 
and 3p orbitals are much closer together than the 3p and 3d orbitals, and we get the 
miliar stable octet of outer electrons (ns?np°). For Z between 7 and 21, the 4s orbital 
ies below the 3d (s orbitals are more penetrating than d orbitals), but for Z > 21, 
the 3d lies lower. 

_ Wesaw that the ground-state configuration of Li is 1s?2s, where the superscripts 
give the numbers of electrons in each subshell and a superscript of 1 is understood 
or the 2s subshell. We expect Li to readily lose one electron (the 2s electron) to form 
he Li* ion, and this is the observed chemical behavior. 

3 The ground-state configurations of Be and B are 1s22s? and 1s?2s?2p, respec- 
tively. For C, the ground-state configuration is 1s72s72p?. We saw that a given elec- 
tron configuration can give rise to more than one atomic term; for example, the He 
a ersten praduas the two terms °S and 1S. Figuring out the terms arising 
ee e 13°25 2p configuration is complicated and is omitted. Hund’s rule tells us 

e lowest-lying term will have the two 2p spins parallel: 


i DAETA I as itchi 


Is 2s 2p 


‘i that putting the two 2p electrons in different orbitals minimizes the electro- 
fui repulsion between them. The 2p subshell is filled at ,9Ne, whose electron con- 
Buration is 1s72s?2p°. Like helium, neon does not form chemical compounds. 
Bao has the ground-state configuration 1s?2s72p°3s, and its chemical and 
Shira properties resemble those of Li (ground-state configuration 1s72s), its pred- 
ydr r in group 1 of the periodic table. The periodic table is a consequence of the 
Ogenlike energy-level pattern, the allowed electronic quantum numbers, and the 
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FIGURE 19.13 


Approximate orbital energies vs. 
atomic number Z in neutral atoms. 
Ey = — 13.6 eV, the energy of the 
ground-state hydrogen atom. 
[Redrawn by M. Kasha from 

R. Latter, Phys. Rev., 99, 510 
(1955).] 


exclusion principle. The third period ends with Ar, whose ground-state configuration 
is 1s?2s?2p93s?3p°, Ca 
For Z = 19 and 20, the 4s subshell lies below the 3d (Fig. 19.13) and K T M 
have the outer electron configurations 4s and 4s, respectively. With Z = 2l, i : 
subshell begins to fill, giving the first series of transition elements. The 3d rer ng 
filled at 3oZn, outer electron configuration 3d!4s2 (3d now lies lower than 4s). Fi 
the 4p subshell then completes the fourth period. riods 
The rare earths (lanthanides) and actinides in the sixth and seventh pe 
correspond to filling the 4f and Sf subshells. + l rule: 
The order of filling of subshells in the periodic table is given by the n oe 
Subshells fill in order of increasing n + | values; for subshells with equal n + 
the one with the lower n fills first. ic energ 
Niels Bohr rationalized the periodic table in terms of filling the atomi 
levels, and the familiar long form of the periodic table is due to him. 


ic Properties. The first, second, third, . . . ionization energies of atom A are 
gies required for the processes ASSA aben rA Att Hen, Atti 
tte sees where A, A‘, etc., are isolated atoms or ions in their ground states. 
Jonization energies are traditionally expressed in eV. The corresponding numbers in 
volts are called the ionization potentials. Some first, second, and third ionization 
energies in eV are (C. E. Moore, Ionization Potentials and Ionization Limits, Nat. 


ju, Stand, U.S. Publ. NSRDS-NBS 34, 1970): 


the ener 


H He Li Be B Cc N o F Ne Na 


T Aso 54 93 BS M3, 145 13H ATA 216 S1 
s4 T56 182 252 244 296 351 350 40 473 
125 1539 379 479 474 549 627 634 716 


Note the low value for removal of the 2s electron from Li and the high value for 
rmoval of a 1s electron from Li*. Ionization energies clearly show the “shell” 
structure of atoms. 

The first ionization energy decreases going down a group in the periodic table 
because the increase in quantum number n of the valence electron increases the 
werage distance of the electron from the nucleus, making it easier to remove. The 
fist ionization energy increases going across a period. As we go across a period, the 
nuclear charge increases, but the electrons being added have the same or a similar 
value of n and so don’t screen one another very effectively; the effective nuclear charge 
Z= Z — s in (19.46) increases across a period, since Z is increasing faster than s, 
and the valence electrons become more tightly bound. Metals have lower ionization 
potentials than nonmetals. 

The electron affinity of atom A is the energy released in the processA+e +A. 
Some values in eV are [H. Hotop and W. C. Lineberger, J. Phys. Chem. Ref. Data, 
4, 731 (1985)]: 


Ne Na 


jame j i | Be | B pE Oude 


<0 0.5 


u | <0 | os | <0 ita [was lebai | a5 | 34 


Note the opposite convention in the definitions of ionization energy and electron 
ifinity. The ionization energy is AE accompanying loss of an electron. The electron 
afinity is — AE accompanying gain of an electron. 

The motion of an electric charge produces a magnetic field. The orbital angular 
momentum of atomic electrons with | # 0 therefore produces a magnetic field. The 
spinning” of an electron about its own axis is a motion of electric charge and also 
Sa a magnetic field; because of the existence of electron spin, an electron acts 
he 4 tiny magnet. (Magnetic interactions between electrons are much smaller than 

g electrical forces and can be neglected in the Hamiltonian except in very precise 
cautions) The magnetic fields of electrons with opposite spins cancel each other. 
idi ows that an atom in a state with L # 0 and/or S #4 0 produces a magnetic field 
x $ Said to be paramagnetic. In a magnetized piece of iron, the majority of electron 
Pins are aligned in the same direction to produce the observed magnetic field. 
‘ie radius of an atom is not a well-defined quantity, as is obvious from Figs. 

‘7 and 19.8. From observed bond lengths in molecules and interatomic distances 


am 
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in crystals, various kinds of atomic radii can be deduced. (See Secs, 20.1 and Ui) 
Atomic radii decrease going across a given period because of the increase in Z ù 
increase going down a given group because of the increase in n, at 

The energies of excited states of most atoms of the periodic table have been 
determined from atomic spectral data and are tabulated in C. E, Moore, Atomie 
Energy Levels, Nat. Bur. Stand. U.S. Cire. 467, vols. I, II, and TIT, 1949, 1952, ang 
1958. 
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HARTREE-FOCK AND CONFIGURATION-INTERACTION WAVE FUNCTIONS 


Hartree-Fock Wave Functions. Wave functions like (19.34) for He and (19,48 
for Li are approximations. How can these approximate wave functions be improved? 
One way is by not restricting the one-electron spatial functions to hydrogenlike func 
tions. Instead, for the He ground state, we take as a trial variational function AAA 
times the antisymmetric spin function 2~ "/?[a(1)£(2) — f(1)a(2)], and we look for the 
function ¢ that minimizes the variational integral, where ¢ need not be a hydrogenlike 
1s orbital but can have any form. For the Li ground state, we use a function like 
(19.45) but with the 1s and 2s functions replaced by unknown functions f and g, and 
we look for those functions f and g that minimize the variational integral, These 
variational functions are still antisymmetrized products of one-electron spin-orbitals 
so the functions ġ, f, and g are still atomic orbitals. 

In the period 1927-1930, the English physicist Hartree and the Russian phys 
icist Fock developed a systematic procedure for finding the best possible forms for 
the orbitals. A variational wave function that is an antisymmetrized product of the 
best possible orbitals is called a Hartree-Fock wave function. For each state of & 
given system, there is a single Hartree-Fock wave function. Hartree and Fock showed 
that the Hartree-Fock orbitals ¢; satisfy the equation 


Fo; = ip; (1941) 


where the Hartree-Fock operator Ê is a complicated operator whose form we omil 
Each of the spatial orbitals ¢; is a function of the three spatial coordinates; & is the 
energy of orbital i. 

Originally, Hartree-Fock orbitals were calculated numerically, and the results 
expressed as a table of values of $; at various points in space, In 1951, Roothaan 
showed that the most convenient way to express Hartree-Fock orbitals is as ee 
combinations of a set of functions called basis functions. A set of functions i$ said w 
be a complete set if any well-behaved function can be written as a linear combination 
of the members of the complete set, If the functions gi» 92+ 93+» form a mee 
set, then an arbitrary well-behaved function f can be expressed as f = Sx “dh ™ ly 
the coefficients c are constants that depend on what the function f is. It ir 
requires an infinite number of functions 91, 92,--.to have a complete set (but 
every infinite set of functions is complete). The basis functions g, used to express 
Hartree-Fock orbitals ; must be a complete set. We have $; = Dx bide: AM oihan 
$; is specified by stating what the basis set is and giving the coefficients by. Roo 
showed how to calculate the bs that give the best possible orbitals. 

The complete set of basis functions used in atomic Hartree-Foc! 
is the set of Slater-type orbitals (STOs). An STO has the form G,,(*' )O in( Onl 


k calculation 
g), where 


fj) and D(H) are the same functions as in the hydrogenlike orbitals (19.11); the 
factor has the form G,(r) = Nr" te Sr/40 where N is a normalization constant, 
‘pis the principal quantum number, and č is a variational parameter (the orbital 
a neat raon oS ated : peers AEA oie in containing 
in 4 n shown that the set of STOs 
wih n |, and m given by (19.13) to (19.15) and with all possible positive values of ¢ 
plete set. Although, in principle, one needs an infinite number of basis 
- Iypctions to express a Hartree-Fock orbital, in practice, each atomic Hartree-Fock 
aital can be very accurately approximated using only a few well-chosen STOs. 
For example, for the helium ground state, Clementi expressed the Hartree-Fock 
| gbital @ of the electrons as a linear combination of only five 1s STOs, these five 
§10s differing in their values of č. Thus ¢ = Yg-1 bg where the coefficients by 
| ar found by solving the Hartree-Fock equation (19.47) and each g, function is a Is 
| $10 with the form g, = Nx exp (—Cyr/do); each Ng is a normalization constant, and 
ach g function has a fixed value of Cp. (The Cy values used were 1.417, 2.377, 4.396, 
$827, and 7.943, and the values found for b, were 0.768, 0.223, 0.041, —0.010, and 
102, respectively.) The Hartree-Fock helium ground-state wave function is then 
ge times 27 '/?[.o(1) (2) — B(1)a(2)], where the function ¢ is given by the above 
To solve (19.47) for the Hartree-Fock orbitals of an atom or molecule with 
oe electrons requires a tremendous amount of computation, and it wasn’t until 
theadvent of large, high-speed computers in the 1960s that such calculations became 
practicable, Hartree- Fock wave functions have been computed for the ground states 
md certain excited states of the first 54 atoms of the periodic table. 

Although a Hartree-Fock wave function is an improvement on one that uses 
Ndtogenlike orbitals, it is still only an approximation to the true wave function. 
pee Fock wave function assigns each electron pair to its own orbital. The 
i of these orbitals are computed to take interelectronic repulsions into account 

en, way. However, electrons are not actually smeared out into a static 
il of charge but interact with one another instantaneously. An orbital wave 
nn ieee for these eisai ANE a i true wave func- 
| ssed as an antisymmetrized product of orbitals. 

| helium, the use of a hydrogenlike 1s orbital with a variable orbital exponent 
oe energy of —77.5 eV (Sec. 19.5) compared with the true value 
— e Hartree-Fock wave function for the helium ground state gives an 
hs ATTS Yeh Ha by ILL eV. The energy error of the 
ave function is called the correlation energy, since it results from 

thefact that the Hartree-Fock wave functi lects the i lati 
E iioii chiheeice es ware unction neglects the instantaneous correla jons 
ii be; e electrons; electrons repel one another and correlate their motions 

avoid being close together. 


P 
estion Interaction. The most common method used to improve a Hartree~ 
ave function is configuration interaction, When a Hartree-Fock ground-state 


function of an atom or molecule is calculated, one also obtains expressions for 
hat the set of functions 


available orbitals is 


a) = 
y D Por, js Where Worn.) are appr 
signment of electrons to orbitals; 
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orbitals. The functions y,,,,, ; are called configuration functions (or Configurations One 
uses a variational procedure to find the values of the coefficients a; that mini e 
the variational integral; this type of calculation is called configuration interaction C), 1 

For the helium ground state, the term with the largest coefficient in the Cl waye ) 
function will be a Slater determinant with both electrons in orbitals resemblin i 
orbitals, but Slater determinants with electrons in 2s-like and higher orbitals will also 
contribute. A CI wave function for the He ground state has the form y = aplld 
,W(1s2s) + a3y(1s3s) + agy(2s?) + asy(2p) + AgY/(2s3s) + azy(3s?) + Ag (2p3p) 4 
ag/(3d*) + - +>, where the a’s are numerical coefficients and W(1s2s) indicates a Slater 
determinant with one electron in a 1s-like orbital and one in a 2s-like orbital, 

CI computer calculations are extremely time-consuming, since it often requires 
a linear combination of thousands or even hundreds of thousands of configuration 
functions to give an accurate representation of W. Most CI calculations use only a 
relatively few configuration functions and so give only approximations to y. 


SUMMARY 


The potential energy of interaction between two charges separated by distance ris 
V = Q103/r, where Q; and Q; can be viewed as the charges in gaussian units (stat() 
or as abbreviations for Q,/(4ne9)'/? and Q3/(4zeq)!/2, where Q, and Q, are the 
charges in SI units (C). 

The Schrödinger equation for the H-atom internal motion is separable in spher- 
ical polar coordinates r, 0, ġ. The stationary state hydrogenlike-atom wave functions 
and bound-state energies are Y = Ryi(r)®jp(0)@,() and E = —(Z2/n2)(e2/2a), where 
a=h?/pe? ( is the reduced mass) and the quantum numbers take the values n= 
W253 555 ofa 0, J, S stim 1, me —l,..., +l. The letter code s, p, dy frit 
used to indicate | = 0, 1,2,3,..., respectively. The magnitude of the electron’s orbital 
angular momentum with respect to the nucleus is |L] = [i0 + 1)]'/h, and L; equals 
mh. An orbital is a one-electron spatial wave function. The shape of an orbital is 
defined as a surface of constant || that encloses some large fraction of the probability 
density. Figure 19.6 shows some H-atom orbital shapes. ; 

The average value of any function of r, f(r), for a hydrogen-atom sani 
State is given by < f(r)> = f |y|?/(r) dz. Use of y = ROQ, dr = r° sin 0dr dð dh, an 
the limits 0 <r < 0, 0< 0 <7, 0< ġ < 2r gives 


®© R 2n 
<f) = Í SOIRE)? r? dr f |©(0)|? sin 6 do Í lap]? do 
o o 0 


Electrons and other elementary particles have a built-in angular pee 
(spin angular momentum) of magnitude [s(s + 1)]'/7h, where s = 3 for an yaar 
The z component of spin angular momentum is m}, where m, = +4 for an elec e 
The symbols « and £ denote spin functions with m, = +4 and m, = =) repe aa 
A product of one-electron spatial and spin functions is called a spin-orbital. n ral, 
are classified as fermions or bosons, according to whether s is half-integral or pa 
respectively. The complete wave function of a system of identical fermions ane 
antisymmetric with respect to interchange of all coordinates (spatial and spi tric. 
two particles. The wave function of a system of identical bosons must be symm 


There are three symmetric two-electron spin functions [Eq. (19.32)] and one 
antisymmetric one [Eq. (19.33)]. An approximate ground-state wave function for He 
is If) 1s(2) times (19.33). 

Ina many-electron atom, the total electronic orbital and spin angular momenta 
are [L(L + 1)]'/?h and [S(S + 1)]'/*h, respectively, where the quantum number L 
an be 0, 1, 2,... and the quantum number S can be 0, 4, 1, 3,... . The L value is 
indicated using the letter code S, P, D, F,...,and the value of 2S + 1 (the multiplicity) 
i written as a left superscript to the L code letter. Atomic states that correspond to 
the same electron configuration and have the same L and S values belong to the 
ame atomic term. Usually, the lowest-energy term of a given electron configuration 
isthe term with the largest S value (Hund’s rule). 

An approximate (antisymmetric) wave function for a many-electron atom can 
te written as a Slater determinant of spin-orbitals. In such an approximate wave 
function, no more than one electron can occupy a given spin-orbital (the Pauli ex- 
dusion principle). The variation of atomic-orbital energy with atomic number is given 
in Fig, 19.13. The periodic table, ionization energies, and electron affinities were 
discussed, 

The best possible (that is, lowest-energy) wave function that assigns each electron 
oa single spin-orbital is called the Hartree-Fock wave function. Hartree-Fock 
orbitals are expressed as linear combinations of basis functions. The Hartree-Fock 
vave function is still an approximation to the true wave function. In a configuration- 
interaction (CI) calculation, the wave function is written as a linear combination of 
the Hartree-Fock wave function and functions in which some of the electrons occupy 
cited orbitals, A CI wave function can approach the true wave function if enough 
configuration functions are included. 


FURTHER READING 


Gatz, chaps. 7, 9; Hanna, chap. 6; Karplus and Porter, chaps. 3, 4; Levine (1983), chaps. 
10, 11; Lowe, chaps. 4, 5; McQuarrie (1983), chap. 8; Atkins, chap. 9. 


PROBLEMS 


PROBLEMS 


| 19.5 | 19.6 | general 


Bein 19.1 4 19.2 | 19.3 19.4 
Probe; 19.1-19.2 19.3-19.6 19.7-19.28 1929-1930 | 1931-1936 [ 1937-1948 | 19.49-19.56 


eo Caleulate the electrostatic potential energy of two 

in Joule separated by 3.0 Å in vacuum. Express your answer 

trostatic , in ergs, and in electron volts. (b) Calculate the elec- 

Bona energy in eV of a system of two electrons 

and th ei in vacuum if the electrons are separated by 3.0 A 
e electron-proton distances are 4.0 and 5.0 A. 


192 Calcula 
te the de Brogli H 
trated through- 100 V. roglie wavelength of electrons accel 


193 eit 
Re ae has a charge-to-mass ratio of 6.0 x 10° C/g 
charge of 4.5 x 10717 C, Find its mass. 


19,4 Explain why the observed charge-to-mass ratio of elec- 
trons decreases when the electrons are accelerated to very high 


speeds. 
19.5 What fraction of the volume of an atom of radius 
1078 cm is occupied by its nucleus if the nuclear radius is 


107 *? cm? 

19.6 The density of gold is 19.3 g/cm. If gold atoms were 
cubes, what would the length of each side of a cubic atom be? 
19.7 Give the allowed values of (a) | for n= 5 and (b) m if 
l=5. 


19.8 Omitting spin considerations, give the degeneracy of the 
hydrogenlike energy level with (a) n = 1; (b) n = 2; (c) n = 3. 


19.9 Calculate the ionization potential in V of (a) He”; (b) 
1s 


19.10 Calculate the wavelength of the photon emitted when 
an electron goes from the n = 3 to n = 2 level of a hydrogen 
atom. 


19.11 Calculate a in Eq. (19.16). 


19.12 Positronium is a species consisting of an electron bound 
to a positron (Sec. 17.18). Calculate its ionization potential. 


19.13 Show that <r) = 3a/2Z for a ground-state hydrogenlike 
atom. Use a table of integrals. 


19.14 Calculate the angles the three angular-momentum vec- 
tors make with the z axis in Fig. 19,5. 


19.15 (a) From the definition of angular momentum in Sec. 
19.3, show that for a particle of mass m moving on a circle of 
radius r, the magnitude of the angular momentum with respect 
to the circle’s center is mur. (b) What is the direction of the L 
vector for this system? 


19.16 Calculate the magnitude of the ground-state orbital 
angular momentum of the electron in a hydrogen atom ac- 
cording to (a) quantum mechanics; (b) the Bohr theory. 


19.17 Calculate the magnitude of the orbital angular mo- 
mentum of a 3p electron in a hydrogenlike atom. 


19.18 Use the Taylor-series expansions about ġ = 0 for e’, 
sin #, and cos ¢ to verify that e“ = cos o + isin ¢. 


19.19 Verify Eq. (19.24) for 2p, and 2py. 


19.20 (a) Let z} =a, + ib, and 22 =a) + ib}, where i= 

—1 and the a’s and b's are real, If z; = z3, what must be true 
about the a’s and b's? (b) Verify that the requirement that 
%) = Od + 2n) leads to the requirement that m in (19.12) be 
an integer. 


19.21 Draw a rough graph (not to scale) of the value of Wap. 
along the z axis versus z. Then do the same for Wap.. 


19.22 (a) Complete the example after Eq. (19.25) and calculate 
rs for the H atom. (b) Find "25 for H using the 90 percent 
probability definition. 


19.23 (a) Complete the example at the end of Sec. 19.3 and 
find <r) for a hydrogen atom in the 2p- state. (b) Without doing 
any calculations, give the value of <r) for a 2p. H atom. (c) 
Verify your answer to (b) by evaluating the appropriate triple 
integral. 


19.24 Show that the maximum in the radial distribution 
function of a ground-state hydrogenlike atom is at a/Z. 


19.25 For a hydrogen atom in a Is state, calculate the 
ability that the electron is between 0 and 2.004 fro Prob. 
nucleus. the 


19.26 Verify that fő" ||? dø = 1, where @ is given by (1919 


19.27 Verify that the 1s wave function in Table 19.1 isan 
eigenfunction of the hydrogenlike Hamiltonian operator, (Ux 
the chain rule to find the partial derivatives.) ` 


19.28 Show that the average potential energy (V) fora 
ground-state hydrogenlike atom is —Z?e'?/a, 


19.29 Calculate the angles between the Spin vectors and the 
z axis in Fig. 19.9. 


19.30 State what physical property is associated with each of 
the following quantum numbers in a one-electron atom and 
give the value of this physical property in terms of the quantum 
number, (a) l; (b) m; (c) s; (d) my. 


19.31 State whether each of these functions is symmetric, 
antisymmetric, or neither: (a) f(1)g(2); (b) IDD); (c) Sd- 


alDS(2); (d) ry? = 2ryry + r3*; (e) (ry — rje ™®?, where Ma 
is the distance between particles 1 and 2. 


19.32 A professor does a variational calculation on the ground 
state of He and finds that the variational integral equals 
—86.7 eV. Explain why it is certain that the professor made an 
error. 


19.33 For a particle with s= 3/2: (a) sketch the possible 
orientations of the S vector with the z axis; (b) calculate the 
smallest possible angle between S and the z axis. 


19.34 Give the term symbol for the term arising from each of 
the following H-atom electron configurations: (a) 1s; (b) 3P 
(c) 3d. 


19.35 Give the values of L and S for a *F term. 


19.36 State what physical property is associated with en 
the following quantum numbers in a many-electron ae 
give the value of this property in terms of the quantum number 
(a) L; (b) S; (c) Mg. 


19.37 Write down the Hamiltonian for the internal motion 
in Li. 

19.38 For a system of two electrons in a one-imession 
box, write down the approximate wave functions pore 
tronic repulsion ignored) including spin for states that 
one electron with n = 1 and one electron with n = 2 


these states has (have) the lowest energy? A 
i the 
19.39 Write down an approximate wave function for 


ground state. 


F jodie t 
19.40 Which of the first 10 elements in the period 
have paramagnetic ground states? 


able 


pal Calculate the eighteenth ionization potential of Ar. 


2 Use the jonization-potential data in Sec. 19.6 to calcu- 


94 
2 Zeg for the 2s electrons in (a) Li; (b) Be. 


1943 (a) Suppose the electron had spin quantum number 
s=}, What would be the ground-state configurations of atoms 
with 3, 9, and 17 electrons? (b) Suppose the electron had s = 1. 
What would be the ground-state configurations of atoms with 
4,9,and 17 electrons? 


1944 For each pair, state which would have the higher first 
ionization potential (refer to a periodic table): (a) Na, K; (b) 
K, Ca; (c) Cl, Br; (d) Br, Kr. 


1945 Use Fig. 19.13 to calculate Zepp for the 1s, 2s, and 2p 
dectrons in Ne. 


1946 Of the elements with Z < 10, which one has the largest 
number of unpaired electrons in its ground state? 


1947 Consider the systems (a) Na* + 2e7, (b) Na + e`, (c) 
Na’, where in each system the Na atom or ion and the elec- 
tron(s) are at infinite separation from one another. Use data in 
See, 19.6 to decide which system has the lowest energy and 
which has the highest energy. 


1948 Which species in each of the following pairs has the 
larger atomic radius: (a) Ca, Sr; (b) F, Ne; (c) Ar, K; (d) C, O; 
Cl, Ar? 


1949 Derive the formula for the volume of a sphere by inte- 
grating the spherical polar volume element (19.25) over the 
sphere’s volume, 


1950 For each of the following pairs, state which quantity (if 
any) is larger: (a) the ground-state energy of H or He*; (b) the 
lonization energy of K or K *; (c) the wavelength of the longest- 
Wavelength electronic absorption of ground-state H or He*; 
(i) the ionization energy of Cl~ or the electron affinity of Cl? 


as Give an example of a quantum-mechanical system for 
ich the spacing between energy levels: (a) increases as E in- 
creases; (b) remains the same as E increases; (c) decreases as E 
increases, 


pa B is a linear operator if it meets the following two re- 
quirements: Bcf) = cBf and B(f + g) = Bf + Bg, where c is an 


arbitrary constant and f and g are arbitrary functions. (a) Verify 
that Al in (18.48) is linear. (b) Use the linearity of Ê to prove 
that a linear combination of two stationary-state wave functions 
belonging to the same degenerate level is an eigenfunction of Â. 


19.53 For the ground state of the hydrogen atom, find the 
probability the electron is in a tiny spherical region of radius 
1.0 x 107° Å if this sphere is centered at a point that is (a) at 
the origin (nucleus); (b) a distance 0.50 A from the nucleus; (c) 
a distance 5.0 A from the nucleus. Consider the tiny sphere to 
be infinitesimal. 


19.54 For each of the following systems, give the expression 
for dz in the equation f ||? dr = 1 and give the limits on each 
coordinate: (a) one-dimensional harmonic oscillator; (b) parti- 
cle in a three-dimensional rectangular box with edges a, b, c; 
(c) the hydrogen atom internal motion using spherical polar 
coordinates. 


19.55 Is there a gravitational attraction between the electron 
and the proton in the H atom? If there is, why is this not taken 
into account in the Hamiltonian? Do a calculation to support 
your answer. 


19.56 True or false? (a) y is zero at the nucleus for all H- 
atom stationary states. (b) ly]? is a maximum at the origin in 
the H-atom ground state. (c) The most probable value of the 
electron-nucleus distance in a ground-state H atom is zero. (d) 
The smallest allowed value of the atomic quantum number n 
is 0. (e) The exact helium-atom ground-state wave function is 
a product of wave functions for each electron. (f) The wave 
function of every system of fermions must be antisymmetric 
with respect to interchange of all coordinates of any two parti- 
cles. (g) The spin quantum number s of an electron has the 
possible values +4. (h) The shape of a 2p, orbital is two tangent 
spheres. (i) All states belonging to the same electron configura- 
tion of a given atom must have the same energy. (j) Every 
solution of the time-independent Schrödinger equation is a pos- 
sible stationary state. (k) The ground-state wave function ofa 
lithium atom cannot be expressed as a spatial factor times a 
spin factor. (!) Any linear combination of two solutions of the 
time-independent Schrödinger equation is a solution of this 


equation. 
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CHEMICAL BONDS 


A full and correct treatment of molecules must be based on quantum mechanics 
Indeed, it is not possible to understand the stability of a covalent bond as in H, 
without quantum mechanics, Because of the mathematical difficulties involved in the 
application of quantum mechanics to molecules, chemists have developed a vat) 
of empirical concepts to describe bonding. This section discusses some of these cot- 
cepts. Section 20.2 describes how the molecular Schrédinger equation is separated 
into Schrödinger equations for electronic motion and for nuclear motion. The ont 
electron molecule H} is discussed in Sec. 20,3 to develop some ideas about electron 
orbitals in molecules. The major approximation method used in describing molecular 
electronic structure is the molecular-orbital method, developed in Secs. 20.4 to 206, 
Section 20.7 shows how molecular properties are calculated from electronic wiv? 
functions. 


Bond Radii. The length of a bond in a molecule is the distance between 
nuclei of the two atoms forming the bond. Spectroscopic and diffraction metho 
(Chaps. 21 and 24) allow bond lengths to be measured accurately. Bond lengths a 
from 0.74 A in H, to 4.47 Å in Cs; and are usually in the range 1-2 A for oa 
between elements in the first, second, and third periods. The length of a given n l, 
bond is found to be approximately constant from molecule to molecule. Foroa 
the carbon-carbon single-bond length in most nonconjugated molecules lies gi 
range 1.53 to 1.54 Å. Moreover, one finds that the bond length dag between H —A 
and B is approximately equal to (da, + dps), where da a and dpp are the y 


md B—B bond lengths. For example, let A and B be Cl and C. The bond length in 
opis 1.99 À, and (daa + dpp) = 2 (1.99 + 1.54) A = 1.76 A, in good agreement with 
the observed bond length 1.76, A in CClq. 

One can therefore take 4d, as the bond radius (or covalent radius) r, for atom 
Aand use a table of bond radii to estimate the bond length day as rą + rg. Double 
ind triple bonds are shorter than the corresponding single bonds, and so different 
tond radii are used for single, double, and triple bonds. Some bond radii (due mainly 
io Pauling) in angstroms (A) are (1 A = 10-8 cm = 107 +° m) 


H c N o F P s a Br I 
mpe 030 077 079 06 064 10 104 09 114 13 
Double 067 060 056 0.60 100 094 089 104 123 
Triple 0.60 0.55 


The observed bond length 0.74 A in H, indicates rą = 0.37 A for H, but the listed 
value 0,30 A works much better in predicting bond lengths between H and other 
clements. 

When atoms A and B differ substantially in electronegativity, the observed bond 
length is often shorter than r4 + rg. Various correction terms have been suggested to 
allow for electronegativity differences, but none of them work very well. 

The carbon-carbon bond length in benzene is 1.40 A. This lies between the 
carbon-carbon single-bond length 1.54 A and double-bond length 1.34 A, which in- 
dicates that the benzene bonds are intermediate between single and double bonds. 


Bond Energies. Section 5.9 explained how experimental AH%3og values for gas- 
phase atomization processes can be used to give average bond energies (which can 
be used to estimate AH3gg for gas-phase reactions). Table 20.1 lists some average 
bond energies. The values listed for H—H, F—F, CI—Cl, O=O, and N=N are 
AHi og for dissociation of the appropriate gas-phase diatomic molecule. Double and 
triple bonds are stronger than single bonds. The N—N, O—O, and N—O single 
bonds are quite weak. 

The fact that the bond energy of a carbon-carbon double bond is less than twice 
the energy of a carbon-carbon single bond makes vinyl addition polymerizations 
possible. The reaction RCH;CH,* + CH,=CH, > RCH CH CHCH: has AS" 
negative, since two molecules are replaced by one, and has AH® negative, since one 
C=C bond is replaced by two C—C bonds. 


TABLE 20.4 


AVERAGE BOND ENERGIES IN KJ/MOL? 


Cc 
Hc co GN čs CF eo rer cr Fer 


MS 344350 292 O 29o 4M 328 26 240 158 
No 
m OH Soh s-s N=O 0-0 AN N IA OEETE ci—cl 
463 368 266 175 143 159 200 436 243 
i 
te (0o oN N=N O=0 C=C C=N NEN 
n5 615 418 498 812 890 946 


"Dat 3 
a from L. Pauling, General Chemistry, 3d ed., Freeman, 1970, p. 913. 
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Tabulated bond energies are on a per-mole basis. To convert to apr 
molecule basis, we divide by the Avogadro constant, One kJ/mol corres 
(1 kJ/mol)/N 4 = 1.66054 x 107?! J per molecule. Using | eV = 1.60218 x 10°19) 
[Eq. (19.6)], we find that 1 kJ/mol corresponds to 0.010364 eV Per molecule, Thys 
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1 eV/molecule corresponds to 96.485 kJ/mol (23.061 kcal/mol) (201) 


Bond Moments. The dipole moment p of a charge distribution js defined by By 
(14.83). Molecular dipole moments can be determined by microwave Spectroscopy 
(Sec. 21.7) or by dielectric-constant measurements (Sec. 14.15). From (14.83) the $I 
unit of p is the coulomb-meter (C m). The corresponding cgs gaussian electric dipole 
moment p’ has units of statcoulomb-centimeters, Equation (19.3) shows that 


1 C m corresponds to 2.9979 x 10! statC cm (202) 


For example, p for HClis 3.57 x 10” 3° C m, and so p'(HCI) = 1,07 x 10718 statC om, 
Most commonly, p’ is expressed in debyes (D), where 


1 D = 107? statC cm (20.3) 
Thus, p'(HCI) = 1.07 D. 

A rough estimate of the dipole moment of a molecule can be obtained by taking 
the vector sum of assigned bond dipole moments for the individual bonds. Some bond 
moments in debyes are: 

H—O | H—N | H—C lesg | C—Br co | co C—N | CEN 
f ji ] } 


Man AN Er hc, ha Um e 


4 nn = 


H Bi ii 
14) 0s, |. 25° "|" geo 


where the first-listed atom is the positive end of the bond moment, The value for 
H—C is an assumed one, and the other moments involving C depend on the magni- 
tude and sign of this assumed value. The polarity of the H—C bond moment has 
been the subject of controversy. The above table uses the traditionally assumed 
polarity H*—C~, but this may be incorrect; see A. E. Reed and F. Weinhold, J. 
Chem. Phys., 84, 2428 (1986). 

The H—O and H—N bond moments are calculated from the observed dipole 
moments of HO and NH without explicitly considering the contributions of the 
lone pairs to the dipole moment. Their contributions are absorbed into the values 
calculated for the OH and NH moments. For example, the observed p’ for H30 is 
1.85 D, and the bond angle is 104.5°; Fig. 20.1 gives 2phy cos 52.2° = 1.85 D, and 
the O—H bond moment is Pou = 1.5 D. The other moments listed are calculated 
from the experimental dipole moments and geometries of CH3Cl, CH3Br, CHOH, 
(CH3)2CO, (CH3)3N, and CH;CN using the assumed CH bond moment and the 
OH and NH moments. 


Calculation of the OH bond 
moment in H,O. The dashed vectors 
are the bond-moment components 
along p and perpendicular to p. 


shortcut in bond-moment calculations is to note that the vector sum | 655 | 


ee CH bond moments of a tetrahedral CH3 group equals the moment of 
bond. This follows from the zero dipole moment of methane (HCH3). aoe 
} 

gal The electronegativity x of an element is a measure of the ability 
m of that clement to attract the electrons in a bond. The degree of polarity 
-B bond is related to the difference in the electronegativities of the atoms 
e bond. 

il different electronegativity scales have been proposed. The best-known 
ing scale, based on bond energies. Pauling observed that the A—B average 
gy generally exceeds the mean of the A—A and B—B average bond en- 
that this difference increases with increasing polarity of the A—B bond. 
ng electronegativity scale defines the electronegativity difference between 


[xa — xnl = 0.102(Aqp/kJ mol” *)*/? (20.4) 


E(A—B) — į}[E(A—A) + E(B—B)] and where the E’s are average 

energies. The clectronegativity of H is arbitrarily set at 2.2. 

‘exothermicity of the combustion of hydrocarbons can be explained in terms 

‘Onegativities. The large electronegativity differences between C and O and 

en O and H lead to highly polar bonds in the products CO, and H20, whereas 

C—C, and O=O bonds in the reactants have low or no polarity. There- u 

al bond energy of the products is substantially greater than that of the 

nd the reaction is very exothermic. 

¢ Allred-Rochow scale [A. L. Allred and E. G. Rochow, J. Inorg. Nucl. Chem., * 
(1958) defines the electronegativity x, of element A as 


xa = 0.359Z e¢/ra/A)? + 0.744 (20.5) 


the bond radius of A and Ze¢, is the effective nuclear charge [Eq. (19.46) ] 
act on an electron added to the valence shell of a neutral A atom. The 
1? lra? (where e’ is the proton charge in gaussian units) is the average 
by atom A on an added electron. The constants 0.359 and 0.744 were 
ke the scale as consistent as possible with values on the Pauling elec- 
ty scale. 

+ electronegativities on the Pauling scale are given in Table 20.2. Fluorine 
electronegative element, followed by oxygen. Electronegativities tend to 


VA. L. Allred, J. Inorg. Nucl, Chem., 17, 215 (1961). 
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decrease going down a given group in the periodic table (because of the increas; 
distance of the valence electrons from the nucleus) and to increase going acros i 
given period (mainly because of the increasing Z „pp resulting from the lesser Screen) 
by electrons added to the same shell). Although the electronegativity Concept is no} 
a precise one, electronegativities on various scales generally agree well. 


THE BORN-OPPENHEIMER APPROXIMATION 


All molecular properties are, in principle, calculable by solving the Schrédinger equa: 
tion for the molecule. In 1929, Dirac wrote: “The underlying physical laws nece 
for the mathematical theory of... the whole of chemistry are thus completely known, 
and the difficulty is only that the exact application of these laws leads to equations 
much too complicated to be soluble.” Because of the great mathematical difficulties 
involved in solving the molecular Schrödinger equation, one must make approxima. 
tions. Until about 1960, the level of approximations was such that the calculations 
gave only qualitative and not quantitative information. Since that time, the use of 
computers has made molecular wave-function calculations accurate enough to give 
reliable quantitative information in many cases, 

The Hamiltonian Operator for a molecule is 


H= Ky +R. + Vy + Dye + Ve (206) 


where Ky stands for the kinetic-energy operators for the nuclei, Ñ, stands for the 
kinetic-energy Operators for the electrons, Vyn is the potential energy of repulsion 
between the nuclei, Vye is the potential energy of attraction between the electrons 


and the nuclei, and Poe is the Potential energy of repulsion between the electrons. 


The Born-Oppenheimer Approximation. The molecular Schrédinger equation 
Hy = Ey is extremely complicated, and it would be almost hopeless to attempt an 
exact solution, even for small molecules. Fortunately, the fact that nuclei are much 
heavier than electrons allows the use of a very accurate approximation that greatly 
simplifies things. In 1927, Max Born and J, Robert Oppenheimer showed that it is an 
excellent approximation to treat the electronic and nuclear motions separately. The 
mathematics of the Born-Oppenheimer approximation is complicated, and so we shall 
give only a qualitative Physical discussion. 

Because of their much Sreater masses, the nuclei move far more slowly than the 
electrons, and the electrons carry out many “cycles” of motion in the time it takes 
the nuclei to move a short distance. The electrons see the heavy, slow-moving nucle 
as almost stationary point charges, whereas the nuclei see the fast-moving electrons 
as essentially a three-dimensional distribution of charge. 

One therefore assumes a fixed configuration of the nuclei, and for this configura 
tion one solves an electronic Schrödinger equation to find the molecular meee: 
energy and wave function. This Process is repeated for many different fixed nud F 
configurations to give the electronic energy as a function of the positions of the a 
clei. The nuclear configuration that corresponds to the minimum value of the F f 
tronic energy is the equilibrium geometry of the molecule. Having found how is 
electronic energy varies as a function of the nuclear configuration, one then uses 


gectronic energy function as the potential-energy function in a Schrodinger equa- 
jon for the nuclear motion, thereby obtaining the molecular vibrational and rota- 
jal energy levels for a given electronic state. 

The electronic Schrédinger equation is formulated for a fixed set of locations 
frthe nuclei. Therefore, the nuclear kinetic-energy operator Ky is omitted from the 
Hamiltonian (20.6), and the electronic Hamiltonian He and electronic Schrödinger 


equation are 
a He = Ke + Vye + Voe + Vyy (20.7) 
Hepe = Eepe (20.8) 


f, is the electronic energy, including the energy Vyy of nuclear repulsion. Note that 
Jyy in (20.7) is a constant, since the nuclei are held fixed. The electronic wave func- 
tion Ye is a function of the 3n spatial and n spin coordinates of the n electrons of the 
molecule. The electronic energy Ee contains potential and kinetic energy of the elec- 
tons and potential energy of the nuclei. 

Consider a diatomic (two-atom) molecule with nuclei A and B with atomic 
umbers Z, and Zg. The spatial configuration of the nuclei is specified by the dis- 
tance R between the two nuclei. The potential-energy operator Vy, depends on R as 
iparameter, as does the internuclear repulsion Pyy, which equals Z,Zge’”/R [Eq. 
(194)]. (A parameter is a quantity that is constant for one set of circumstances but 
may vary for other circumstances.) Hence, at each value of R, we get a different elec- 
tonic wave function and energy. These quantities depend on R as a parameter and 
vary continuously as R varies. We therefore have Ye = We(qi,---, ni R) and Es = 
£{R), where q, stands for the spatial coordinates and spin coordinate of electron n. 
fora polyatomic molecule, ye and Ee will depend parametrically on the locations 
dall the nuclei: 


Ve = pda -< -303 Q1s-. 07). Ee = EfQ1,.--, Oy) 


there the Q’s are the coordinates of the W nuclei. 

Of course, a molecule has many different possible electronic states. For each 
sich state, there is a different electronic wave function and energy, which vary as the 
nuclear configuration varies. Figure 20.2 shows E,(R) curves for the ground electronic 
‘lle and some excited states of Hz. Since E,(R) is the potential-energy function for 
Notion of the nuclei, a state with a minimum in the E,(R) curve is a bound state, 
With the atoms bonded to each other. For an electronic state with no minimum, 
FAR) increases continually as R decreases; this means that the atoms repel each other 
ay come together, and this is not a bound state. The colliding atoms simply 
jam off each other. The two lowest electronic states in Fig. 20.2 each dissociate 
k ° ground-state (1s) hydrogen atoms. The ground electronic state of H2 dissociates 

(and arises from) 1s H atoms with opposite electronic spins, whereas the repulsive 
ist excited electronic state arises from 1s H atoms with parallel electron spins. 
me internuclear distance R, at the minimum in the Ee curve for a bound elec- 
fnt ag is the equilibrium bond length for that state. (Because of molecular zero- 
png Re is not quite the same as the observed bond length.) As R goes 
ini Zz goes to infinity, because of the internuclear repulsion Vyn: As R goes to 
toleo e goes to the sum of the energies of the separated atoms into which the 
ir decomposes. The difference E,(co) — Ee(Re) is the equilibrium dissociation 

9 De of the molecule (Fig. 20.2). Some De and Re values (determined by spec- 
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FIGURE 2 


Potential-energy curves for the 
lowest few electronic states of H3. 
R, and D, of the ground electronic 
state are shown. 
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troscopic methods) for the ground electronic states of diatomic molecules are given 
in Table 20.3. Note the high De values of CO and No, which have triple bonds, 
We now resume consideration of the Born-Oppenheimer approximation, Hav- 
ing solved the electronic Schrödinger equation (20.8) to obtain the electronic en- 
ergy E.(Qj,...,Qy) as a function of the nuclear coordinates, we use this as the 
potential-energy function in the Schrödinger equation for nuclear motion: 


(Ry + Ew = Ayby = Er 


The Hamiltonian Ay for nuclear motion equals the nuclear kinetic-energy operator 
Ky plus the electronic energy function E,, so E in (20.9) includes both electronic a 
nuclear energies and is the total energy of the molecule. The nuclear wave function 
Wy is a function of the 3.4” spatial and M spin coordinates of the M nuclei. 
Ee is the potential energy for nuclear vibration. As the relatively sluggish nucle 
vibrate, the rapidly moving electrons almost instantaneously adjust their wave foie 
Ye and energy E to follow the nuclear motion. The electrons act somewhat ke 


TABLE 2 


DIATOMIC-MOLECULE GROUND-STATE D, AND R, VALUES 


(209) 


F, 

Hy H, He} Li, (oy N2 0: il 

D.JeV 28 4.75 25 L1 63 99 5,2 i 
R/A 1.06 0.74 1.1 2.7 1.24 1.10 121 
Ni 

CH co NaCl OH HCI cao” «e Me 

D./eV 3.6 112 43 4.6 46 48 2 39 


R/A 1.12 1.13 236 0.97 1.27 1.82 1.89 


springs connecting the nuclei; as the internuclear distances change, the energy stored 
ithe “springs” (that is, in the electronic motions) changes. 

The nuclear kinetic-energy operator K y involves both vibrational and rotational 
kinetic energy. (Rotational motion does not change the electronic energy Ee.) We 
shall deal with nuclear vibrations and rotations in the next chapter. The remainder 
ofthis chapter deals with the electronic wave function and energy. 

The Born-Oppenheimer treatment shows that the complete molecular wave 
function y is to a very good approximation equal to the product of electronic and 


nuclear wave functions: y = Welly. 


In addition to making the Born-Oppenheimer approximation, one usually neglects rel- 
ativistic effects in treating molecules. This is a very good approximation for molecules 
composed of light atoms, but it is not good for molecules containing heavy atoms. 
Inner-shell electrons in atoms of high atomic number move at very high speeds and are 
significantly affected by the relativistic increase of mass with speed. The valence electrons 
can undergo relativistic effects due to interactions with the inner-shell electrons and to 
the portion of the valence-electrons’ probability density that deeply penetrates the inner- 
shell electrons. Relativistic effects have substantial influence on bond lengths and binding 
energies of molecules containing atoms of high atomic number (for example, Au). See 
J. G. Snijders and E. J. Baerends in P. Coppens and M. B. Hall, eds., Electron Distributions 
and the Chemical Bond, Plenum, 1982, pp- 111-130. 


Ionic and Covalent Bonding. A bound electronic state of a diatomic molecule has 
a minimum in its curve of electronic energy Ee versus internuclear distance R (Fig. 
202). Let us consider why Ee is lower in the molecule than in the separated atoms. 

An ionic molecule like NaCl is held together by the Coulombic attraction be- 
tween the ions. Solid NaCl consists of an array of alternating Na* and CI” ions, 
and one cannot pick out individual NaCl molecules. However, gas-phase NaCl con- 
sits of individual ionic NaCI molecules. (In aqueous solution, hydration of the ions 
makes the separated hydrated ions more stable than Na*Cl~ molecules.) Tonic mol- 
ecules dissociate to neutral atoms in the gas phase. Consider, for example, NaCl. The 
ionization energy of Na is 5.14 eV, whereas the electron affinity of Cl is only 3.61 eV. 
Hence, isolated Na and Cl atoms are more stable than isolated Na* and Cl” ions. 
Thus as the internuclear distance R increases, the bonding in NaCl shifts from ionic 
to covalent at very large R values. 


Samu | 


ie model of an NaCl molecule as consisting of nonoverlapping spherical 

16 i Cl” ions separated by the experimentally observed distance R, = 

tipol (Table 20.3) to estimate the equilibrium dissociation energy De and the 
e moment of NaCl. 

cha Equation (19.4) gives the potential energy of interaction between two 

ea as V = 0',04/r, Therefore the energy needed to take the Na* and Cl 

The fom a 2.36-A separation to an infinite separation (where V = 0) is e'*/Re. 
Use of (19,7) for e' and of (19.2) and (19.6) gives 


e2/R, = (4.80 x 107 1° statC)?/(2.36 x 10° ® cm) 
= 9.16 x 1071? erg = 6.09 eV 
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However, this is not the estimate of D,, since (as noted above) NaCl di 
into neutral atoms. Addition of an electron to Na* lowers the energy by the Ny 
ionization energy 5.14 eV, and removal of an electron from Cl~ raises the g 
ergy by the CI electron afinity 3.61 eV. Hence, the nonoverlapping-sphe 
model gives the energy needed to dissociate NaCl into Na + CI as 6.09 ey_ 
5.14 eV + 3.61 eV = 4.56 eV, which is only 7 percent away from the experi 
value D, = 4.25 eV. The error results from neglect of the repulsion between the 
slightly overlapping electron probability densities of the Na* and Cl” ions, which 
makes the molecule less stable than calculated. 

The dipole moment of a charge distribution is given by Eq, (14,83) as p= 
Yi Qir;. Taking the coordinate origin at the center of one ion, we have as the 
dipole-moment estimate for NaCl 


p' =e'R, = (4.80 x 107 '° statC)(2.36 x 1078 cm) = 11.3 D 


where (20.3) was used. This value is not far from the experimental value 9.0D. 
The error can be attributed to polarization of one ion by the other. 


The ionic bonding in NaCl can be contrasted with the nonpolar covalent bonding 
in H, and other homonuclear diatomic molecules. Here, there is equal sharing of 
the bonding electrons. For a diatomic molecule formed from different nonmetals (for 
example, HCl, BrCl) or from different metals (for example, NaK), the bonding is polar 
covalent, the more electronegative atom having a greater share of the electrons and 
a partial negative charge. Bonds between metals with relatively high electronegativities 
and nonmetals are sometimes polar covalent, rather than ionic, as noted in Sec. 104 

The physical reason for the stability of a covalent bond is not a fully settled ques- 
tion. A somewhat oversimplified statement is that the stability is due to the decrease 
in the average potential energy of the electrons forming the bond. This decrease results 
from the greater electron-nuclear attractions in the molecule compared with thosein 
the separated atoms. The electrons in the bond can feel the simultaneous attractions 
of two nuclei. This decrease in electronic potential energy outweighs the increases 
in interelectronic repulsions and internuclear repulsions that occur as the atoms come 
together. 


THE HYDROGEN MOLECULE ION 


The simplest molecule is H}, which consists of two protons and one electron. 4 
Adopting the Born-Oppenheimer approximation, we hold the nuclei at a fxe 
distance R and deal with the electronic Schrédinger equation (20.8). The ie 
price including nuclear repulsion for Hz is given by Eqs. (20.7), (194) 
48) as 


pe h? ae @* (20.10) 
£? 2m. fe Tp" R f 
is the 
where Ta and rg are the distances from the electron to nuclei A and B and R ae 
internuclear distance (Fig. 20.3). The first term on the right side of (20.10) is the bse 
tor for the kinetic energy of the electron; the second and third terms are the po 


energies of attraction between the electron and the nuclei; the last term is the repul- 
sion between the nuclei. There is only one electron, and so there is no interelectronic 
repulsion. x 

The electronic Schrödinger equation H.W, = E,W, can be solved exactly for 
Hj, but the solutions are complicated. For our modest purposes, an approximate 
treatment will suffice. The lowest electronic state of H} will dissociate to a ground- 
state (1s) H atom and a proton as R goes to infinity. Suppose the electron in Hj is 
dose to nucleus A and rather far from nucleus B. The H> electronic wave function 
should then resemble a ground-state H-atom wave function for atom A; that is, Ye 
will be approximately given by the function (Table 19.1 in Sec. 19.3) 


134 = (1/00) T Renie (20.11) 


where the Bohr radius dg is used since the nuclei are fixed. Similarly, when the electron 
is close to nucleus B, y, can be roughly approximated by 


isp = (1/80) 2a e770 
This suggests as an approximate wave function for the H} ground electronic state: 
o = Cals, + Cplsp = ag Pa epe N c 6778/90) (20.12) 
Alsa + CplSp = o A B 


which is a linear combination of the 1s4 and Is, atomic orbitals. When the electron 
is very close to nucleus A, then rq is much less than rg and e *A/% is much greater 
than e™7®/20; hence, the 1s, term in (20.12) dominates, and the wave function resem- 
bles that of an H atom at nucleus A, as it should; similarly for the electron close to 
nucleus B. One multiplies the spatial function of (20.12) by a spin function (either « 
or f) to get the complete approximate wave function. 

The function (20.12) can be regarded as a variation function and the constants 
ĉa and cp chosen to minimize the variational integral W = J o*Ag dz/| p*o dr. The 
function (20.12) is a linear combination of two functions, and, as noted in Sec. 18.15, 
the conditions OW/éc, = 0 = GW/acy will be satisfied by two sets of values of cą and 
ĉa. These sets will yield approximate wave functions and energies for the lowest two 
electronic states of H} . We need not go through the details of evaluating W and set- 
ri aW/ac, = 0 = 3W/ðcp, since the fact that the nuclei are identical requires that 
the electron probability density be the same on each side of the molecule. Restricting 
ourselves to a real variation function, the electron probability density is ¢? = 
a (184)? + cp?(1sp)? + 2cacglsalsp. To have ° be the same at corresponding 
Points on each side of the molecule, we must have either cg = C4 OT Cg = — Ca- For 
“a= Ca, we have 


@ = calls, + Isp) $? = ca (lsa? + Isg? + 2° 15a] 5p) (20.13) 
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The Hj molecule. 
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CHAPTER 20 


| cure 20. M 


P= elsa isd = chls? + U5? —2-Isals9) og 


The constants c4 and c4 are evaluated by requiring that ġ and ' be normalized 
The normalization constants differ for the functions in (20.13) and (20.14). i 
The normalization condition for the function in (20.13) is 


l= [ore = oxt([ sata + [setae + 2 fisia) 


The H-atom wave functions are normalized, so f Isa? dr = f Is? de = 1. Defining 
the overlap integral S as S= f Is, lspdz, we get 1 = c,7(2 + 2S) and y= 
(2 + 2S)" */?. Similarly, one finds c4 = (2 — 28)~"/?. Hence the normalized approxi- 
mate wave functions for the lowest two H} electronic states are 


$ =(2 + 28) "/(1sy + Isp)  ¢' = (2 — 28)~ "Xis, — Ip) (20.15) 


For completeness, each spatial function should be multiplied by a one-electron spin 
function, either or f. 

The value of the overlap integral J 18, 1s, dt depends on how much the functions 
Is, and Isg overlap each other, Only regions of space where both Is, and Isp are of 
significant magnitude will contribute substantially to S. The main contribution to § 
therefore comes from the region between the nuclei. The value of $ clearly depends 
on the internuclear distance R. For R = 0, we have Is, = Isy and S = 1. For R = %, 
the Is, and Isp atomic orbitals don’t overlap, and § = 0. For R between 0 and %, 
S is between 0 and 1. 

The probability density ? in (20.13) can be written as ca (lsa? + 15g?) plus 
2c4?ls41sp. The 1s4? + 1sp? part of 2 is proportional to the probability density 
due to two separate noninteracting Is H atoms. The term 2c4?1s4 lsp is large only in 
regions where both 1s, and Isp are reasonably large; this term therefore increases the 
electron probability density in the region between the nuclei. This buildup of prob- 
ability density between the nuclei (at the expense of regions outside the internuclear 
region) causes the electron to feel the attractions of both nuclei at once, thereby lower- 
ing its average potential energy and providing a stable covalent bond. The bonding 
is due to the overlap of the atomic orbitals Is, and Isp. 

Figure 20.4a graphs ġ and @? of (20.13) for points along the line joining the 
nuclei. The probability-density buildup between the nuclei is evident. 

For the function ø’ of (20.14), the term —2c/,71s,q1sg diminishes the electron 
probability density between the nuclei. At any point on a plane midway between the 


Graphs of (a) ground state and 
(b) first excited state Hf 
approximate wave functions for 
points on the internuclear axis. 
(Not drawn to scale.) 
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molei and perpendicular to the internuclear axis we have r4 = rp and Is, = Isp. 
Hence @” = 0 = ¢? on this plane, which is a nodal plane for the function ¢’. Figure 
14h shows ġ' and g’? for points along the internuclear axis. 

The functions È and ¢' depend on the internuclear distance R, since r4 and rg 
ints, and Isp depend on R (see Fig. 20.3). The variational integral W is therefore 
sfunction of R. When W is evaluated for ġ and ¢', one finds that # gives a curve witha 
minimum (like the lowest curve in Fig. 20.2, except that D, is less than and R, is 
greater than in H,); in contrast, the @'-vs.-R curve has no minimum and resembles 
the second lowest curve in Fig. 20.2. These facts are understandable in terms of the 
preceding electron-probability-density discussion. 

The true values of R, and D, for H} are 1.06 A and 2.8 eV. The function (20.13) 
gives Re = 1.32 A and D, = 1.8 eV, which is rather poor. Substantial improvement 
can be obtained if a variational parameter ¢ is included in the exponentials, so that 
Isand Isg become proportional to @ 57/80 and e~ 8/0, One then finds R, = 1.07 A 
and D, = 2.35 eV. 

Recall that an orbital is a one-electron spatial wave function. H} has but one 
dectron, and the approximate wave functions @ and ¢’ in (20.13) and (20.14) are 
approximations to the orbitals of the two lowest electronic states of H}. An orbital 
foran atom is called an atomic orbital (AO). An orbital for a molecule is a molecular 
orbital (MO). Just as the wave function of a many-electron atom can be approxi- 
mated by use of AOs, the wave function of a many-clectron molecule can be approxi- 
mated by use of MOs. Each MO can hold two electrons of opposite spin. 

The situation is more complicated for molecules than for atoms, in that the 
number of nuclei varies from molecule to molecule. Whereas hydrogenlike orbitals 
vith effective nuclear charges are useful for all many-electron atoms, the H} -like 
orbitals with effective nuclear charges are directly applicable only to molecules with 
two identical nuclei, that is, homonuclear diatomic molecules. We shall later see, 
however, that since a molecule is held together by bonds and since (with some excep- 
tions) each bond is between two atoms, we can construct an approximate molecular 
wave function using bond orbitals (and lone-pair and inner-shell orbitals), where the 
bond orbitals resemble diatomic-molecule MOs. 

Let us consider further excited electronic states of Hz. We expect such states 
to dissociate to a proton and a 2s or 2p or 3s or... H atom. Therefore, analogous to 
the functions (20.13) and (20.14), we write as approximate wave functions (molecular 


orbitals) for excited H} states 
N(2sq + 25g), NOSA —2sph NOPxa + 2pxn N(2pxa—2Pxp), Cte- (20.16) 


where the normalization constant N differs for different states, Actually, because of 
the degeneracy of the 2s and 2p states in the H atom, we should expect extensive 
mixing together of 2s and 2p AOs in the Hł MOs. Since we are mainly interested 
in Hf MOs for use in many-electron molecules, and since the 2s and 2p levels are 
not degenerate in many-electron atoms, we shall ignore such mixing, at least for now. 
A wave function like 2s, + 2s, expresses the fact that there is a 50-50 probability 
ato which nucleus the electron will go with when the molecule dissociates (R — 0). 

The MOs in (20.15) and (20.16) are linear combinations of atomic orbitals and 
80 are called LCAO MOs. There is no necessity for MOs to be expressed as linear 
combinations of AOs, but this approximate form is a very convenient one. Let us 
še what these MOs look like. 

Addition of 1s, to Isp gives a buildup of pr 
Whereas the linear combination 1s, — 15g has 


obability density between the nuclei, 
a nodal plane between the nuclei. 
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Formation of homonuclear 
diatomic MOs from 1s AOs. The 
dashed line indicates a nodal plane. 


Figure 20.5 shows contours of constant probability density for the two MOs (20.13) 
and (20.14) formed from 1s AOs. The three-dimensional shape of these orbitals is 
obtained by rotating the contours about the line joining the nuclei. 

A word about terminology. The component of electronic orbital angular momen- 
tum along the internuclear axis of H 2 can be shown to have the possible values mh, 
where m=0,+1,+2,.... (Unlike the H atom, there is no | quantum number in 
Hj, since the magnitude of the total electronic orbital angular momentum is not 
fixed in H}. This is related to the fact that there is spherical symmetry in H but only 
axial symmetry in H 3.) The following code letters are used to indicate the |m] value: 


SHH a 


These are the Greek equivalents of s, p, d, ft, 

The AOs 1s, and 1s, have zero electronic orbital angular momentum along the 
molecular axis, and so the two MOs formed from these AOs have m = 0 and from 
(20.17) are o (sigma).MOs, We call these the c,1s MO and the až1s MO. The Is indi- 
cates that they originate from separated-atom 1s AOs. The star indicates the anti- 
bonding character of the Is, — 1s, MO, associated with the nodal plane and the 
charge depletion between the nuclei. 

The g subscript (from the German gerade, “even”) indicates that the orbital has 
the same value at two points that are on diagonally opposite sides of the center of 
the molecule and equidistant from the center. The u subscript (ungerade, “odd”) indi- 
Cates that the values of the orbital differ by a factor — 1 at two such points. 

The linear combinations 2s, + 2sp and 2s, — 2sp give the a25 and of2s MOs, 
whose shapes resemble those of the als and o*1s MOs. S 

Let the molecular axis be the Z axis. Because of the opposite signs of the right 
lobe of 2p,4 and the left lobe of 2p-n (Fig. 20.6), the linear combination 2pzą + 2P:B 
has a nodal plane midway between the nuclei, as indicated by the dashed line; the 
charge depletion between the nuclei makes this an antibonding MO. The linear To 
bination 2p,4 — 2P-p gives charge buildup between the nuclei and is a bonding M 4 
The 2p. AO has atomic quantum number m = 0 (Sec. 19.3) and so has a z compo 
nent of electronic orbital angular momentum equal to zero. The MOs formed from 
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tp, AOs are therefore ¢ MOs, the o,2p and of2p MOs. Their three-dimensional 
shapes are obtained by rotating the contours in Fig. 20.6 about the internuclear (z) 
axis, 

Formation of homonuclear diatomic MOs from the 2p, AOs is shown in Fig. 
107. The py AO is a linear combination of m = 1 and m = —1 AOs [see the equation 
following (19.23)] and has |m| = 1. Therefore the MOs made from the 2p, AOs have 
þhj=1 and are x MOs [Eq. (20.17)]. The linear combination N(2p,4 + 2pxp) has 
charge buildup in the internuclear regions above and below the z axis and is therefore 
bonding. This MO has opposite signs at the diagonally opposite points c and d in 
Fig. 20.7 and so is a u MO, the x,2p, MO. The linear combination N(2p,4 — 2Pxp) 
gives the antibonding 15 2Px MO. 

The ¢ MOs in Figs. 20.5 and 20.6 are symmetric about the internuclear axis; 
the orbital shapes are figures of rotation about the z axis. In contrast, the 2,2p, and 
12p, MOs consist of blobs of probability density above and below the yz plane, 
Which is a nodal plane for these MOs. $ 

The linear combinations 2p,, + 2Pyp and 2pyą — 2Pyp give the 7,2p, and 732p, 
MOs. These MOs have the same shapes as the 2p, and 732px MOs but are rotated 
by 90° about the internuclear axis compared with the 72px MOs. Since they have the 
same shapes, the 2p, and 7,2p, MOs have the same energy. Likewise, the 1}2p, 
ind n#2p, MOs have the same energy (see Fig. 20.8). 

The ¢ MOs have no nodal planes containing the internuclear axis. (Some ¢ MOs 
have a nodal plane or planes perpendicular to the internuclear axis.) Each n MO 
has one nodal plane containing the internuclear axis. This is true provided one uses 
the real 2p AOs to form the MOs, as we have done. It turns out that 6 MOs have two 
nodal planes containing the internuclear axis (see Fig. 20.20c). We shall later use the 
number of nodal planes to classify bond orbitals in polyatomic molecules. 
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Lowest-lying homonuclear 
diatomic MOs, 


ZEA 


The H, molecule. 


THE SIMPLE MO METHOD FOR DIATOMIC MOLECULES 


MOs for Homonuclear Diatomic Molecules. Just as we constructed approxi- 
mate wave functions for many-electron atoms by feeding electrons two at a time into 
hydrogenlike AOs, we shall construct approximate wave functions for many-electron 
homonuclear diatomic molecules by feeding electrons two at a time into H} -like 
MOs. Figure 20.8 shows the lowest-lying H} -like MOs (Sec. 20.3). Similar to AO 
energies (Fig. 19.13), the energies of these MOs vary from molecule to molecule. They 
also vary with varying internuclear distance in the same molecule. The energy order 
shown in the figure is the order in which the MOs are filled in going through the 
periodic table, as shown by spectroscopic observations. The AOs at the sides of each 
MO are those used to form the MO, Note that each pair of AOs leads to the forma- 
tion of two MOs, a bonding MO with energy lower than that of the AOs and an anti- 
bonding MO with energy higher than that of the AOs. 


The Hydrogen Molecule. H, consists of two protons (A and B) and two electrons 
(1 and 2); see Fig. 20.9. The electronic Hamiltonian (including nuclear repulsion) is 
[Eqs. (20.7), (19.4), and (18.48)] 
2 , 2 ' 2 12 (2 
h 2 al PR Smet) 
2m, 2m, 7 "A Tip Taa fp "2 R 


where r, 4 is the distance between electron 1 and nucleus A, r, is the distance be- 
tween the electrons, and R is the distance between the nuclei. The first two terms are 
the kinetic-energy Operators for electrons 1 and 2, the next four terms are the potential 
energy of attractions between the electrons and the nuclei, e'?/r; is the potential 
energy of repulsion between the electrons, and e'?/R is the potential energy of inter- 
nuclear repulsion. R is held fixed. a dinger 

Because of the interelectronic repulsion term il ee the electronic Schraa 
equation H.W, = E,W, cannot be solved exactly for H,. If this term is ignored, W 
get an approximate electronic Hamiltonian that is the sum of two H } -like electronic 


Hamiltonians, one for electron 1 and one for electron 2. [This isn’t quite true, because 
ihe internuclear repulsion e’"/R is the same in (20.10) and (20.18). However, e'?/R is 
constant and therefore only shifts the energy by e’*/R but does not affect the wave 
fanctions; see Prob. 20.18.] The approximate electronic wave function for H, is then 
ie product of two H } -like electronic wave functions, one for each electron. This is 
qaclly analogous to approximating the He wave function by the product of two 
like wave functions in Sec. 19.5. 

The function (2 + 2S)” sida WP + Isg) in Eq. (20.15) is an approximate wave 
function for the H? ground electronic state, and so our MO approximation to the 
h ground-electronic-state spatial wave function is 


Gyls(1) ag1s(2) = NEIsq(1) + 156(1)] [Isa + 159(2)] (20.19) 


where the normalization constant N is (2 + 2S)” 1. The numbers in parentheses refer 
io the electrons. For example, 1s4(2) is proportional to e "24%, The MO wave func- 
tion (20.19) is analogous to the He ground-state AO wave function 1s(1)1s(2) in Eq. 
(1930); the MO a,1s replaces the AO Is. 

To take care of spin and the Pauli principle, the symmetric two-electron spatial 
function (20.19) must be multiplied by the antisymmetric spin function (19.33). The 
approximate MO ground-state wave function for H, is then 


-1/2 n hy ogls(1ju(1) ogls(1)B(1)) 
G,1s(1)o,1s(2)2 [a(1)B(2) Pte = c1s(2)a(2) oyls(2)B(2) (20.20) 


where we introduced the Slater determinant (Sec. 19.6). Just as the ground-state elec- 
tonic configuration of He is 1s”, the ground-state electronic configuration of H, is 
lls)’; compare Eqs. (20.20) and (19.35). 

We have put each electron in H, into an MO. Doing so allows for interelectronic 
rpulsion at best only in an average way, so the treatment is an approximate one. 
Weare using the crudest possible version of the MO approximation. 

_ Using the approximate wave function (20.20), one evaluates the variational 
integral W to get W as a function of R. Since evaluation of molecular quantum- 
mechanical integrals is complicated, we shall just quote the results. With inclusion 
ofa variable orbital exponent, the function (20.20) gives a W(R) curve with a minimum 
aR = 0.73 A, which is close to the observed value Re = 0.74 A in H3. The calculated 
D, is 3.49 eV, in not very good agreement with the experimental value 4.75 eV. This 
the main failing of the MO method; molecular dissociation energies are not ac- 
rately calculated. 

_ We approximated the a,1s MO in the H, ground-state approximate wave func- 
tion (20.19) by the linear combination N(1sq + Isp). To improve the MO wave func- 
tion, We can look for the best possible form for the als MO, still writing the spatial 
Wave function as the product of an orbital for each electron. The best possible MO 
Wave function is the Hartree-Fock wave function (Secs. 19.7 and 20.5). Finding the 
Hartree-Fock wave function for H, is not too difficult. The H, Hartree-Fock wave 
function predicts R, = 0.73 Å and D, = 3.64 eV; D, is still substantially in error. As 
Moted earlier, the Hartree-Fock wave function is not the true wave function, because 
OT neglect of electron correlation. 

In the 1960s, Kolos and Wolniewicz used very complicated variational functions 
That go beyond the Hartree-Fock approximation. With the inclusion of relativistic 
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corrections and corrections for deviations from the Born- Oppenheimer approxima 
tion, they calculated Do/he = 36117.9 cm~ * for H3. (Do differs from De by the zerg. 
point vibrational energy; see Chap. 21.) At the time the calculation Was completed, he 
experimental Do/hc was 36114 + 1 cm7 t, and the 4cm~! discrepancy was a sonig 
of embarrassment to the theoreticians. Finally, a reinvestigation of the spectrum of 
H showed that the experimental result was in error and gave the new experimental 
value 36117.3 + 1 cm” ', in excellent agreement with the value calculated from quan- 
tum mechanics. 

What about excited electronic states for H3? The lowest-lying excited H: MO 
is the of1s MO. Just as the lowest excited electronic configuration of He is 152s, the 
lowest excited electronic configuration of H3 is (o41s)(o% 1s), with one electron in each 
of the MOs ggls and of 1s. Like the He 152s configuration, the (o41s)(o%1s) Hy con. 
figuration gives rise to two terms, a singlet with total spin quantum number $ =) 
and a triplet with total spin quantum number S = 1. In accord with Hund’s rule, the 
triplet lies lower and is therefore the lowest excited electronic level of H 2. In analogy 
with (19.38), the triplet has the MO wave functions 


27 *?Lagls(1)o%1s(2) — og1s(2)o%19(1)] x spin function (20.21) 


where the spin function is one of the three symmetric spin functions (19.32), With 
one electron in a bonding orbital and one in an antibonding orbital, we would expect 
no net bonding. This is borne out by experiment and by accurate theoretical calcu- 
lations, which show the E,({R) curve to have no minimum (Fig. 20.2). 

The H; levels (20.20) and (20.21) both dissociate into two H atoms in 1s states, 
The bonding level (20.20) has the electrons paired with opposite spins and a net spin 
of zero. The repulsive level (20.21) has the electrons unpaired with approximately 
parallel spins. Whether two approaching 1s H atoms attract or repel each other 
depends on whether their spins are antiparallel or parallel. 


Other Homonuclear Diatomic Molecules. The simple MO treatment of He 
Places the four electrons into the two lowest available MOs to give the ground-state 
configuration (o,1s)*(o#15)?. The MO wave function is a Slater determinant with 
four rows and four columns. With two bonding and two antibonding electrons, we 
expect no net bonding and no stability for the ground electronic state. This is in 
agreement with experiment. When two ground-state He atoms approach each other, 
the electronic energy curve ER) resembles the second lowest curve of Fig. 202 
Since E,(R) is the potential energy for nuclear motion, two 1s? He atoms strongly 
repel each other. Actually, in addition to the strong, relatively short-range repulsion, 
there is a very weak attraction at relatively large values of R that produces a eH 
slight minimum in the He-He potential-energy curve. This attraction is ep 
for the liquefaction of He at very low temperature. See Sec. 22.10 on intermolecular 
forces for further discussion. ; 
Similar to the repulsion between two 1s? He atoms is the observed rea 
whenever two closed-shell atoms or molecules approach each other closely. This re 
pulsion is important in chemical kinetics, since it is related to the activation pos 
of chemical reactions (see Sec. 23.2). Part of this repulsion is attributable E 
Coulomb repulsion between electrons, but a major part of the repulsion Is @ a 
Sequence of the Pauli principle, as we now show. Let Yla 4a 435+ ++) be bees 3 
function for a system of electrons, where q; stands for the four coordinates ean 
tial and one spin) of electron 1. The Pauli antisymmetry principle (Sec. 19.5) red 


hat interchange of the coordinates of electrons 1 and 2 multiply y by —1. Hence, 
Wr du 93>°° = —W(q1, 42, 43, - - -). Now suppose that electrons 1 and 2 have the 
ume spin coordinate (both œ or both £) and the same spatial coordinates. Then 
eda, and plgi 415 43» -+ :) = Was d1 q3» - -:). Hence, 2Y(q1, qi, q3,- .) = 0, 
md Y(qi 41 43» +-+) = O- 

The vanishing of Y(q1, 41, 43... -) shows that there is zero probability for two 
detrons to have the same spatial and spin coordinates. Two electrons having the 
ume spin have zero probability of being at the same point in space. Moreover, be- 
cause y is a continuous function, the probability that two electrons with the same 
spin will approach each other closely must be very small. Electrons with the same 
spin tend to avoid each other and act as if they repelled each other over and above 
the Coulomb repulsion. This apparent extra repulsion of electrons with like spins is 
aed the Pauli repulsion. (It is sometimes mistakenly said that the Pauli repulsion 
isdue to magnetic forces between spins. This is not so. Magnetic forces are weak 
and generally can be neglected in atoms and molecules.) The Pauli repulsion is not a 
ral physical force. It is an apparent force that is a consequence of the antisymmetry 
requirement of the wave function. 

When two 1s? He atoms approach, the antisymmetry requirement causes an 
apparent Pauli repulsion between the spin-« electron on one atom and the spin-x 
electron on the other atom; likewise for the spin-f electrons. As the He atoms ap- 
proach each other, there is a depletion of electron probability density in the region 
between the nuclei (and a corresponding buildup of probability density in regions 
outside the nuclei) and the atoms repel each other. 

We can form the ground-state electron configurations of Liz, Bez, etc., by filling 
in the homonuclear diatomic MOs in Fig. 20.8 (see Prob. 20.15). For example, O2 
has 16 electrons, and Fig. 20.8 gives the ground-state configuration 


(015)? (0% 18)? (0 025) (0525) 042p) (032 (rg 2p) 


Actually, spectroscopic evidence shows that in Oz the ¢2p MO lies slightly lower 
than the ,2p MOs, so it is better to have oy2p precede 7,2p in the electron con- 
Îguration. Figure 20.10 shows the distribution of the valence electrons in MOs in 
the Oz ground state. In accord with Hund’s rule of maximum multiplicity for the 
wound state, the two antibonding z electrons are placed in separate orbitals to allow 
itiplet ground state. This agrees with the observed paramagnetism of ground-state 
0z. In O3, there are four more bonding electrons than antibonding electrons, and 
othe MO theory predicts a double bond (composed of one a bond and one x bond) 
bor 02. Note the higher De for Oz compared with the single-bonded species Fz and 
li; (Table 20.3). The double bond makes Re of Oz less than Ry of Liz. Re of O2 is 
oi than R, of H, because of the presence of the inner-shell 1s electrons on the 
atoms, 

In O3, the high nuclear charge draws the 1s orbitals on each atom in close to 
the nuclei, and there is virtually no overlap between these AOs. Therefore, the ogls 
ind of1s MO energies in O3 are each nearly the same as the 1s AO energy in an O 
tom, Inner-shell electrons play no real part in chemical bonding, other than to screen 

į valence electrons from the nuclei. $ 
Figure 20.11 plots Re, De, and the MO bond order (defined as half the difference 
Ween the number of bonding and antibonding electrons) for some second-row 
Monuclear diatomic molecules. The higher the bond order, the greater is De and 
the smaller ig Re. 
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Occupied valence MOs in the O, 
ground electronic state. (Not to 
scale.) 
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Instead of the separated-atoms notation for homonuclear diatomic MOs, quan. 
tum chemists prefer a notation in which the lowest ¢, MO is called 10g, the next 
lowest og MO is called 2a,, etc. In this notation, the MOs in Fig. 20.8 are called (in 
order of increasing energy) 16g, 16u, 26g, 20u, 1u, 36g, 174, 36u. 


Heteronuclear Diatomic Molecules. The MO method feeds the electrons of g 
heteronuclear diatomic molecule into molecular orbitals. In the crudest approxima- 
tion, each bonding MO is taken as a linear combination of two AOs, one from each 
atom. In constructing MOs, one uses the principle that only AOs of reasonably similar 
energies contribute substantially to a given MO. 

As an example, consider HF. Figure 19.13 shows that the energy of a 2p AO in 
oF is reasonably close to the 1s AO energy in H, but the 2s AO in F is substantially 
lower in energy than the 1s H AO. (The logarithmic scale makes the fluorine 2s level 
appear closer to the 2p level than it actually is.) The 2p AO in F lies somewhat lower 
than the 1s AO in H because the five 2p electrons in F screen one another rather 
poorly, giving a large Zepp for the 2p electrons [ Eq. (19.46)]; this large Zoe makes F 
more electronegative than H [Eq. (20.5)]. 

Let the HF molecular axis be the z axis, and let F2p and Hls denote a 2p AO 
on F and a 1s AO on H. The F2p, AO has quantum number m = 0 and has no nodal 
plane containing the internuclear axis. The overlap of this AO with the His AO, 
which also has m = 0 and no nodal plane containing the z axis, therefore gives rise 
to a ø MO (Fig. 20.12). We therefore form the linear combination cyH1s + ¢2F2p.. 
Minimization of the variational integral will lead to two sets of values for c and cp, 
one set giving a bonding MO and the other an antibonding MO: 

a =c,His + c2F2p, and o* =cH1s —cF2p, (20.22) 
The o MO in (20.22) has c, and c3 both positive and is bonding because of the 
charge buildup between the nuclei. The antibonding o* MO in (20.22) has opposite 
signs for the coefficients of the AOs and so has charge depletion between the nuclei; 
this MO is unoccupied in the HF ground state. The g, u designation is not applicable 
to heteronuclear diatomics. 

In contrast to the F2p, AO, the F2p, and F2p, AOs have |m| = 1 and have one 
nodal plane containing the internuclear (z) axis. These AOs will therefore be used to 
form z MOs in HF. Since H has no yalence-shell AOs with |m| = 1, the x MOs in 
HF will consist entirely of F AOs, and we have z, = F2p, and my = F2py as the 7 
MOs in HF. s 

The 1s and 2s AOs in F are too low in energy to take a substantial part in the 
bonding and therefore form nonbonding ¢ MOs in HF. Don’t confuse a nonbonding 
MO with an antibonding MO. A nonbonding MO shows neither charge depletion 
nor charge buildup between the nuclei. 

In the standard notation for heteronuclear diatomic molecules, the lowest ¢ MO 
is called the 1o MO, the next lowest ¢ MO is called the 2c MO, etc. The lowest * 
energy level is called the 17 level, etc. In our rather crude approximation, We have 
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Formation of the bonding MO 
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asthe occupied MOs in hydrogen fluoride 


lo = Fis, 20 = F2s, 30 = c,H1s + c2F 2p. 


in, = F2p,, Iny = F2p, (20.23) 


here Izy and 17, have the same energy. Since F is more electronegative than H, we 
apet lea > |cy| in the 3s MO; the electrons of the bond are more likely to be found 
dose to F than to H. 

Figure 20.13a shows the energy-level scheme for HF in the simple approximation 
MB). The ix MOs are lone-pair AOs on F and have nearly the same energy as 
Fp AOs. The 20 MO is also a lone-pair orbital. 

An H atom is special, since it has no p valence orbitals. Consider a polar-covalent 
jeeronuclear diatomic molecule AB, where both A and B are from the second or a 
higher period and hence have s and p valence levels. Let B be somewhat more elec- 
tonegative than A. We draw Fig. 20.13b similar to Figs. 20.8 and 20.13a to show 
the formation of valence MOs from the ns and np valence AOs of A and the n's and 
ip valence AOs of B; n and n' are the principal quantum numbers of the valence 
dectrons and equal the periods of A and B in the periodic table. [It is assumed that 
Band A don’t differ greatly in electronegativity. If B were much more electronegative 
than A (as, for example, in BF), then the valence p level of B might lie close to the 
valence s level of A, and the p, AO of B would combine mainly with the s valence 
AO of A.] The MO shapes are similar to those in Figs. 20.5 to 20.7 for homonuclear 
datomics, except that in each bonding MO the probability density is greater around 
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(a) MO energies in HF. (Not to 
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the more electronegative element B than around A, and each bonding MO contour 
is therefore larger around B than A. In each antibonding MO, the probability densi 

is larger around A, since more of the atom-B AO has been “used up” in forming the 
corresponding bonding MO. 

To get the valence MO configuration of molecules like CN, NO, CO, or FCI, we 
feed the valence electrons into the MOs of Fig. 20.13b. For example, CO has 10 valence 
electrons and has the configuration (c,)7(o%)?(z)*(¢,)°. With six more bonding than 
antibonding electrons, the molecule has a triple bond (composed of one o and two 
z bonds), in accord with the dot structure :C=O:, The lowest two MOs in CO are 
the la and 26 MOs, formed from linear combinations of C1s and Ols AOs, so that the 
complete MO configuration of CO in the standard notation is 107207307467 Int} 


SCF, HARTREE-FOCK, AND CI WAVE FUNCTIONS 


The best possible wave function with electrons assigned to orbitals is the Hartree- 
Fock wave function. Starting in the 1960s, the use of electronic computers allowed 
Hartree-Fock wave functions for many molecules to be calculated. The Hartree- 
Fock orbitals ġ; of a molecule must be found by solving the Hartree-Fock equations 
(19.47): Fp; = sihi. As is done for atoms, each Hartree-Fock MO is expressed as a 
linear combination of a set of functions called basis functions. If sufficient basis func- 
tions are included, one can get MOs that differ negligibly from the true Hartree- 
Fock MOs. Any functions can be used as basis functions, so long as they forma 
complete set (as defined in Sec. 19.7). However, molecules are made of bonded atoms, 
and it is most convenient to use atomic orbitals as the basis functions. Each MO is 
then written as a linear combination of the basis-set AOs, and the coefficients of the 
AOs are found by solving the Hartree-Fock equations. 

To have an accurate representation of an MO requires that the MO be expressed 
as a linear combination of a complete set of functions. This means that all the AOs 
of a given atom, whether occupied or unoccupied in the free atom, contribute to the 
MOs. To simplify the calculation, one frequently solves the Hartree-Fock equations 
using in the basis set only those AOs from each atom whose principal quantum num- 
ber does not exceed the principal quantum number of the atom’s valence electrons. 
Such a basis set limited to inner-shell and valence-shell AOs is called a minimal basis 
set. Use of a minimal basis set gives only an approximation to the Hartree-Fock 
MOs. Any wave function found by solving the Hartree-Fock equations is called a 
self-consistent-field (SCF) wave function. Only if the basis set is very large is an SCF 
wave function accurately equal to the Hartree-Fock wave function. j 

Which AOs contribute to a given MO is determined by the symmetry pr operties 
of the MO. For example, we saw in the previous section that MOs of a diatomic 
molecule can be classified as ø, x, 6,... according to whether they have 0, 1, 2+; 
nodal planes containing the internuclear axis; only AOs that have 0 such n 
planes contribute to a ¢ MO; only AOs that have | such nodal plane contribute t0 
a x MO; etc. In the previous section, we took each diatomic MO as a linear cae 
bination of only two AOs. This is the crudest approximation and does not ie = 
accurate representation of MOs. In actuality, all ¢ AOs of the two atoms ere 
to each « MO; similarly for x MOs. (By a a AO, is meant one with no nodal p 
containing the internuclear axis.) 


Consider, for example, a minimal-basis-set calculation of HF. The valence elec- 
ion in H has n = 1, so we use only the His AO. The valence electrons in F have 
122, s0 we use the Is, 2s, 2px, 2py, and 2p, AOs of F. This gives a total of six basis 
fanctions. The His, Fls, F2s, and F2p, AOs each have 0 nodal planes containing 
he internuclear (z) axis, so each o MO of the HF molecule is a linear combination 
ofthese four AOs. Solution of the Hartree-Fock equations using this minimal basis 
at gives the occupied ¢ MOs as [B. J. Ransil, Rev. Mod. Phys., 32, 245 (1960)] 


1a = 1.000(F 1s) + 0.012(F2s) + 0.002(F2p.) — 0.003(H 1s) 
2g = —0.018(F 1s) + 0.914(F2s) + 0.090(F2p;) + 0.154(H1s) (20.24) 
3¢ = —0.023(F 1s) — 0.411(F2s) + 0.711(F 2p.) + 0.516(H 1s) 


Te lo MO has a significant contribution only from the Fls AO. The 2c MO has a 
sgnficant contribution only from the F2s AO. This is in accord with the simple argu- 
ments that led to the very approximate MOs in (20.23). The 3g MO has its largest 
wntributions from H Is and F2p, but [unlike the crude approximation of (20.23)] also 
ya significant contribution from the F2s AO. The mixing together of two or more 
AOs on the same atom is called hybridization. 

The F2p, and F2p, AOs each have one nodal plane containing the internuclear 
nis, and these AOs form the occupied x MOs of HF: 


In, =F2p,, 17, = F2p, (20.25) 


The Iz level is doubly degenerate, so any two linear combinations of the orbitals in 
(00.25) could be used. (Recall the theorem about degenerate levels in Sec. 19.3.) 

For the homonuclear molecule Fz, a minimal-basis-set SCF calculation (Ransil, 
op. cit.) gives the MO we previously called the ,2p MO as —0.005(Is, + 18g) — 
URS, + 25y) + 0.648(2p,4 — 2Pzp). This can be compared with the simple expres- 
son N(2p., — 2p.) used earlier. When a large enough basis set is used to give the 
Hartree-Fock MOs, this F} MO is found to have small contributions also from 3s, 
Mo, and 4fa AOs, where 3da and 4fø signify AOs with no nodal planes containing 
the molecular axis. 

To reach the true wave function, one must go beyond the Hartree-Fock approxi- 
mation. The most common way to do this is to use configuration interaction (Sec. 
192), The CI wave function is a linear combination of a large number of Slater de- 
trminants, each determinant corresponding to a different occupancy of the orbitals. 
Accurate CI wave functions are very difficult to calculate. 


HE MO TREATMENT OF POLYATOMIC MOLECULES 

Aswith diatomic molecules, one expresses the MOs of a polyatomic molecule as linear 

combinations of basis functions. Most commonly, AOs of the atoms forming the mole- 
are used as the basis functions. To find the coefficients in the linear combinations, 

pe Solves the Hartree-Fock equations (19.47). Which AOs contribute to a given 
is determined by the symmetry of the molecule. 


he BeH, Molecule. We shall apply the MO method to BeH,. Since the 
Yalence shell of Be has n = 2, a minimal-basis-set calculation uses the Bels, Be2s, 
2p,, Be2p,, Be2p, AOs and the Hals and Hgls AOs, where H, and Hg are the 
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Linear combinations of H-atom 
1s AOs in BeH, that have suitable 


symmetry, 


EEI 


Be AOs in BeH3. 
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Hals + Hyls Hals - Hyls 


two H atoms. The molecule has six electrons, and these will fill the lowest three MOs 
in the ground state. 

Accurate theoretical calculations show that the equilibrium geometry is linear 
and symmetric (HBeH), and we shall assume this structure. Each MO of this linear 
molecule can be classified as g, z, ô, .. . according to whether it has 0, 1, 2,.., nodal 
planes containing the internuclear axis. Further, since the molecule has a center of 
symmetry at the Be nucleus, we can classify each MO as g OF u (as we did with ho- 
monuclear diatomics), according to whether it has the same or opposite signs on di- 
agonally opposite sides of the Be atom. 

The Bels AO has a much lower energy than all the other AOs in the basis set 
(Fig. 19.13), so the lowest MO will be nearly identical to the Bels AO. The function 
Bels has no nodal planes containing the internuclear axis and is a o function; it also 
has g symmetry. We therefore write 


lo, = Bels (20,26) 


where the 1 indicates that this is the lowest o, MO. 

The 2s and 2p valence AOs of Be and the Is valence AOs of H, and Hg have 
similar energies and will be combined to form the remaining occupied MOs. In form- 
ing these MOs one must take the symmetry of the molecule into account. An MO 
without either g or u symmetry could not be a solution of the BeH, Hartree-Fock 
equations. The proof of this requires group theory and is omitted. 

For a BeH, MO to have g or u symmetry (that is, for the square of the MO to 
have the same value at corresponding diagonally opposite points on each side of the 
central Be atom) the squares of the coefficients of the H,ls and Hgls AOs must be 
equal in each BeH, MO. Just as the Is, and Isg AOs in a homonuclear diatomic 
molecule’s MOs occur as the linear combinations Is, + Isp and 1s, — Isp, the Hals 
and Hyls AOs in BeH, can occur only as the linear combinations H4 1s + Hpls and 
H,ls — Hgls in the BeH, MOs that satisfy the Hartree-Fock equations. Both these 
linear combinations have no nodal plane containing the internuclear axis; hence these 
linear combinations will contribute to ¢ MOs. The linear combination Hals + Hols 
has equal values at points diagonally opposite the center of the molecule (Fig. 20.14) 
and so has o, symmetry. The linear combination H,ls — Hgls has opposite signs 
at points diagonally opposite the molecular center and thus has a, symmetry. 

What about the Be AOs? The Be2s AO has c, symmetry. Calling the internt- 
Clear axis the z axis, we see from Fig. 20.15 that the Be2p. AO has o, symmetry. The 
Be2p, and Be2p, AOs each have Tyu Symmetry. 

The basis-set functions and their symmetries are thus 


Bels Be2s Be2p. Be2p, Be2p, H,ls+Hpls Hals— Hels 


Oz Og Ou Ny, Ty, og Oy 


| 
l 
| 
t 
Be 10y 
f 
1 
1 
1 


Combining functions that have a symmetry and comparable energies, we form 
ag, MO as follows: 


2o, = cyBe2s + c,(H,ls + Hgls) (20.27) 


The 2 in 2c, indicates that this is the second lowest a, MO, the lowest being (20.26). 

The very-low-energy Bels AO will make a very slight contribution to 204, which we 

shall neglect. With c, and c, both positive, this MO has probability-density buildup 

between Be and Hy and between Be and Hp and is therefore bonding (Fig. 20.16). 
Similarly, we form a bonding ø, MO as (Fig. 20.16) 


lo, = c3Be2p, + cq(H,als — Hal) (20.28) 


with c} and c4 both positive. This bonding MO has its energy below the energies of 
the Be2p, and H1s AOs from which it is formed. 
The coefficients c,, C2, C3, C4 are found by solving the Hartree-Fock equations. 
The Be2p, and Be2p, AOs go to form two x, MOs: 


Iy, x = Be2p,, Luy = Be2py (20.29) 


These two MOs clearly have the same energy and constitute the 17, energy level, 
which is doubly degenerate. The nonbonding 7 MOs of (20.29) will have nearly the 
same energy as the Be2p, and Be2p, AOs and so will lie above the bonding 20, and 
in The x MOs are therefore unoccupied in the ground state of this six-electron 
molecule, 

A minimal-basis-set SCF calculation on BeH, [R. G. A. R. Maclagan and G. W. 
Schnuelle, J. Chem. Phys., 55, 5431 (1971)] gave the following expressions for the 
occupied MOs: 


1, = 1.00(Bels) + 0.016(Be2s) — 0.002(H, 1s + Hpls) 
2a, = —0.09(Bels) + 0.40(Be2s) + 0.45(H 41s + Hgls) (20.30) 
lo, = 0.44(Be2p,) + 0.44(H 4 1s — Hpls) 

The 1, MO is essentially a Bels AO, as anticipated in (20.26). The 2a, and 1, MOs 


Ne essentially the forms of (20.27) and (20.28). 
There are also two antibonding MOs 3af and 2c formed from the same AOs 


% the two bonding MOs (20.27) and (20.28): 
495 = c4 Be2s — c(H,ls + Hpls), 208 = ¢3Be2p, — c4(Hals — Hals) (20.31) 
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FIGURE 20.17 


Energy-level scheme for BeH, 
MOs. (Not to scale.) 


Figure 20.17 sketches the AO and MO energies for BeH,. Of course, this mole- 
cule has many higher unoccupied MOs that are not shown in the figure. These MOs 
are formed from higher AOs of Be and the H’s. The BeH 2 ground-state configuration 
is (1o,)?(26,)(10,)°. There are four bonding electrons and hence two bonds, The Io, 
electrons are nonbonding inner-shell electrons. 

Note that a bonding MO has a lower energy than the AOs from whichit is formed, 
an antibonding MO has a higher energy than the AOs from which it is formed, and 
a nonbonding MO has approximately the same energy as the AO or AOs from which 
it is formed. 


Localized MOs. The BeH, bonding MOs 2a, and Io, in Fig. 20.16 are each de- 
localized over the entire molecule. The two electrons in the 20, MO move over the 
entire molecule, as do the two in the lo, MO. This is rather puzzling to a chemist, 
who likes to think in terms of individual bonds: H—Be—H or H:Be:H. The existence 
of bond energies, bond moments, and bond vibrational frequencies (Sec. 21.9) thal 
are roughly the same for a given kind of bond in different molecules shows that there 
is much validity in the picture of individual bonds. How can we reconcile the exist: 
ence of individual bonds with the delocalized MOs found by solving the Hartree-Fock 
equations? P 

Actually, we can use the MO method to arrive at a picture in accord with chemical 
experience, as we now show. The MO wave function for BeH, is a 6 x 6 Slater deter- 
minant (Sec. 19.6). The first two rows of this Slater determinant are 


lo (IDA) 1o ADHA) 20DA) 20,(1)B(1) 10,(1)a(1) 10D) 
1a,(2)a(2) 19,{2)B(2) 20DA) 20 ADP) 10,(2)a(2) 10 DPO 


The third row involves electron 3, etc. Each column has the same spin-orbital. Nor 
it is a well-known theorem (Sokolnikoff and Redheffer, app. A) that addition of gien 
stant times one column of a determinant to another column leaves the deter 
unchanged in value. For example, if we add three times column | of the determinan 
in (19.36) to column 2, we get 


a b+3a 


c d+3c 


a b 
= a(d + 3c) — eb + 3a) = ad — bc = i | 


Thus, if we like, we can add a multiple of one column of the Slater determinant MO 
vave function to another column without changing the wave function. This addition 
wil “mix” together different MOs, since each column is a different spin-orbital. We 
can therefore take linear combinations of MOs to form new MOs without changing 
the overall wave function. Of course, the new MOs should each be normalized and, 
br computational convenience, should also be orthogonal to one another. 

The BeH, MOs 16}, 204, and lo, satisfy the Hartree-Fock equations (19.47) 
and have the symmetry of the molecule. Because they have the molecular symmetry, 
they are delocalized over the whole molecule. (More accurately, the 20, and lo, MOs 
are delocalized, but the inner-shell lo, is localized on the central Be atom.) These 
delocalized MOs satisfying the Hartree-Fock equations are called the canonical 
MOs. The canonical MOs are unique (except for the possibility of taking linear com- 
binations of degenerate MOs). 

‘As shown above, we can take linear combinations of the canonical MOs to form 
anew set of MOs that will give the same overall wave function. The new MOs will 
not individually be solutions of the Hartree-Fock equations Fo; = sih; but the over- 
all wave function formed from these MOs will have the same energy and the same 
total probability density as the wave function formed from the canoni¢al MOs. 

Of the many possible sets of MOs that can be formed, we want to find a set that 
will have each MO classifiable as one of the following: a bonding (b) orbital localized 
between two atoms, an inner-shell (i) orbital, or a lone-pair (!) orbital. We call such 
aset of MOs localized MOs. Each localized MO will not have the symmetry of the 
molecule, but the localized MOs will correspond closely to a chemist’s picture of 
bonding. Since localized MOs are not eigenfunctions of the Hartree-Fock operator 
fina certain sense each such MO does not correspond to a definite orbital energy. 
However, one can calculate an average energy of a localized MO by averaging over 
the orbital energies of the canonical MOs that form the localized MO. 

Consider BeH,. The 1a, canonical MO is an inner-shell (i) AO on Be and can 
therefore be taken as one of the localized MOs: i(Be) = 1¢, = Bels. The 20, and lo, 
canonical MOs are delocalized. Figure 20.16 shows that the lo, MO has opposite 
signs in the two halves of the molecule, whereas 26g is essentially positive throughout 
the molecule. Hence, by taking linear combinations that are the sum and difference of 
these two canonical MOs, we shall get MOs that are each largely localized between 
only two atoms (Fig. 20.18). Thus, we take the localized bonding MOs b, and b as 


b, =2 420, +10, ba = 2° "72a, — low) (20.32) 


where the 2"/? is a normalization constant. The b, localized MO corresponds to a 
bond between Be and H4; the b} MO gives the Be—Hg bond. 
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Using these localized MOs, we write the BeH, MO wave function as } 6x 
Slater determinant whose first row is > 


iDa) DAA) b(a) by (YB) 3(1)a(1) b3(1)B(1) } 


This localized-MO wave function is equal to the wave function that uses deik i 
(canonical) MOs. 

Equation (20.32) expresses the localized bonding MOs b, and b, in terms of the 
canonical MOs. Substitution of (20.27) and (20.28) into (20,32) gives f 


by = 27"? [c Be2s + c3Be2p, + (c, + ca)Hals + (cz — ca)Hpls] 
bz = 27/2 [c, Beds — c3Be2p. + (cy — c4)H a 1s + (c2 + c4)Hyls] (20.33) 


As a rough approximation, we see from (20.27), (20.28), and (20.30) that Co © Cy and | 
c, © c3. These approximations give 


b, © 27 "2e, (Be2s + Be2p.) + 2e,H,ls] 
bz = 2- tafe, (Be2s — Be2p.) + 2c,Hp1s] (203) 

The approximate MOs (20.34) are each fully localized between Be and one H 
atom, but the more accurate expressions (20.33) show that the Be—H a bonding MO 
b, has a small contribution from the Hyls AO and so is not fully localized between 
the two atoms forming the bond. l 

Note that [unlike the canonical MOs (20.27) and (20.28)] the b, and b, localized 
MOs each have the Be2s and Be2p, AOs mixed together, or hybridized. The precise 
degree of hybridization depends on the values of c, and c, in (20.33). In the approx- 
imation of (20.34), the MOs b; and b, would each contain equal amounts of the Beds 
and Be2p, AOs. The two normalized linear combinations 


2°1?Qs + 2p.) and 271225 — 2p.) (2035) 


are called sp hybrid AOs. Comparison of (20.30) with (20.27) and (20.28) gives ¢, = 
0.40 and c3 = 0.44, so c, and c are not Precisely equal, but they are nearly equal. 
Thus, the Be AOs in the BeH, bonding MOs are not precisely sp hybrids but are 
nearly sp hybrids. 

Note from Eq. (20.33) and Fig. 20.18 that the localized bonding MOs b, and 
bz in BeH, are equivalent to each other. By this we mean that b, and b, have the 
same shapes and are interchanged by a rotation that interchanges the two equivalent 
chemical bonds in BeH,. If we rotate b, and b, 180° about an axis through Be 
and perpendicular to the molecular axis (thereby interchanging H,1s and Hgls and 
changing Be2p. to — Be2p,), then b, is changed to b,, and vice versa. Because of the 
symmetry of the molecule, b, and b, ought to be equivalent orbitals. It is possible 
to show that the linear combinations in (20.32) are the only linear combinations of 
the 2¢, and 10, canonical MOs that meet the requirements of being normalized, 
equivalent, and orthogonal. y 

We arrived at the approximately sp hybrid Be AOs in the localized BeH, bonding 
MOs by first finding the delocalized canonical MOs and then transforming to log 
ized MOs. A somewhat simpler (and more approximate) approach is often protease 
by chemists for qualitative discussions of bonding. In this procedure, one omits TA 
sideration of the canonical MOs. Instead, one forms the required hybrid AOs pa re 
free Be atom and then uses these hybrids to form localized bonding MOs with a 
Hs AOs. For BeH, with its 180° bond angle, we need two equivalent hybrid A 


— a 
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FIGURE 20.19 


on Be that point in opposite directions. The valence AOs of Be are 2s and 2p. Figure 
1.19 shows that the linear combinations (20.35) give two equivalent hybridized AOs 
oriented 180° apart. It is possible to show that the sp hybrids (20.35) are the only 
linear combinations that give AOs at 180° that are equivalent, normalized, and or- 
thogonal in the free atom. We then overlap each of these sp hybrid AOs with an H1s 
AO to form the two bonds; this gives the localized bonding MOs of Eq. (20.34). 

Although the sp hybrids (20.35) are the only linear combinations of 2s and 2p, 
that give equivalent orbitals in the free Be atom, we must expect that in the BeH, 
molecule the interaction between the Be hybrids and the H atoms will alter the nature 
ofthese hybrids somewhat. What is really wanted is equivalent, normalized, orthog- 
onal MOs in the BeH, molecule and not equivalent, normalized, orthogonal AOs 
in the Be atom. The equivalent MOs in BeH, are (20.33) and, as noted above, these 
are not precisely sp hybrids but only approximately sp hybrids. Another approxima- 
tion involved in the use of sp Be hybrids to form the MOs (20.34) is neglect of the 
small contribution of the Hgls AO to the bonding MO between Be and H4; this is 
the term (c3 — c4)Hp1s = 0.01(Hgls) in (20.33). 


tnergy-Localized MOs. For BeH,, the symmetry of the molecule allows one to 
determine what linear combination of canonical MOs to use to get localized bonding 
MOs. For less symmetric molecules, one cannot use symmetry, since the localized 
MOs need not be equivalent to one another. A variety of criteria have been suggested 
for finding localized MOs from the canonical MOs. The most widely accepted ap- 
proach is that of Edmiston and Ruedenberg, who defined the energy-localized MOs 
as those orthogonal MOs that minimize the total of the Coulomb repulsions between 
the various pairs of localized MOs considered as charge distributions in space. This 
gives localized MOs that are separated as far as possible from one another. 

In most cases, the energy-localized MOs agree with what one would expect from 
the Lewis dot formula. For example, for H20, the energy-localized MOs turn out 
‘0 be one inner-shell MO, two bonding MOs, and two lone-pair MOs, in agreement 
With the dot formula H:O:H. The inner-shell MO is nearly identical to the Ols AO. 
One bonding energy-localized MO is largely localized in the O—H, region, and the 
other is largely localized in the O—Hy region. The angle between the bonding lo- 
talized MOs is 103°, which is nearly the same as the 104.5° experimental bond angle 
in water, The angle between the lone-pair localized orbitals is 114°. Each bonding 
localized MO is mainly a linear combination of 2s and 2p oxygen AOs and a Is 
hydrogen AO, Each lone-pair MO is mainly a hybrid of 2s and 2p AOs on oxygen. 
[See Levine (1983), sec. 15.6 and W. von Niessen, Theor. Chim. Acta, 29, 29 (1973).] 
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Overlap of AOs to form (a) a bonds; 
(b) x bonds; (c) a ô bond. The 
lobes in (c) are in front of and 
behind the plane of the paper, 


Sigma, Pi, and Delta Bonds. In most cases, each localized bonding MO ofa 
molecule contains substantial contributions from AOs of only two atoms, the atoms 
forming the bond. In analogy with the classification used for diatomic molecules, 
each localized bonding MO of a polyatomic molecule is classified as 0, T, by. Ae 
cording to whether the MO has 0, 1, 2,... nodal planes containing the axis between 
the two bonded atoms. The BeH, MOs b, and b, in Fig. 20.18 are clearly ø MOs. 
One finds that a single bond between two atoms nearly always corresponds toa¢ 
localized MO. Nearly always, a double bond between two atoms is composed of one 
a localized MO and one z localized MO. Nearly always, a triple bond is composed 
of one g-bond orbital and two x-bond orbitals. A quadruple bond is composed of 
one g bond, two z bonds, and one ô bond. 

A ø bond is formed by overlap of two AOs that have no nodal planes containing 
the bond axis. Figure 20.20a shows some kinds of AO overlap that produce a lo- 
calized bond MOs. Figure 20.20b shows some overlaps that lead to x bonds. Figure 
20.20c shows formation of a ò bond. 

Chemists have been familiar with ¢ and x bonds since the 1930s. In 1964, Cotton 
Pointed out that the Re,Cl2~ ion has a quadruple bond between the two Re atoms, 
as shown by an abnormally short Re-Re bond distance: this bond is composed of 
one @ bond, two x bonds, and one ô bond, the 5 bond being formed by overlap of 
two d,2_,2 AOs, one on each Re atom. Several other transition-metal species with 
quadruple bonds are known. [F. A. Cotton, Chem. Soc. Rev., 4, 27 (1975); F. A. Cotton 
and R. A. Walton, Multiple Bonds Between Metal Atoms, Wiley, 1982.] 


Methane, Ethylene, and Acetylene. For CH4, the canonical occupied MOs art 
found to consist of an MO that is a nearly pure Cls AO and four delocalized bonding 
MOs that each extend over much of the molecule. When the canonical MOs are 
transformed to energy-localized MOs, the localized MOs are found to consist of an 
inner-shell MO that is essentially a pure CIs AO and four localized bonding Me 
each bonding MO pointing toward one of the H atoms of the tetrahedral molele 
The localized bonding MO between C and atom Hy is [R. M. Pitzer, J. Chem. FAYE 
46, 4871 (1967)] 


0.02(C1s) + 0.292(C2s) + 0.277(C2p, + C2p, + C2p.) ate 
+ 0.57(H4 1s) — 0.07(Hp1s + Hels +p 


The carbon 2s and 2p AOs make nearly equal contributions, and the hybridization 
on carbon is approximately sp”. Kt would be exactly sp° if the coefficient of C2s 
equaled that of the C2p AOs, but in fact there is a bit more than 25 percent s char- 
ater in the localized bond MO. Atom H; is in the positive octant of space, and the 
combination C ‘2p, + C2p, + C2p, (which is proportional to x + y + 2) has its maxi- 
num probability density along the line running through C and H4 and on both sides 
ofthe C nucleus. Addition of C2s to C2p, + C2p, + C2p, cancels most of the prob- 
ability density on the side of C that is away from H4 and reinforces the probability 
density in the region between C and H4. (This is the same thing that occurs in Fig. 
10.19 for the BeH sp hybrids.) Overlap of the C hybrid AO with the H,ls AO then 
forms the bond. Each bonding localized MO has no nodal planes containing the axis 
between the bonded atoms and is ao MO. 

Consider ethylene (H,C—=CH,). The molecule is planar, with the bond angles 
ateach carbon close to 120°. A minimal basis set consists of four H1s AOs and two 
tach of Cls, C2s, C2p,, C2py, and C2p_. Let the molecular plane be the yz plane. 
One way to form localized MOs for C,H, is to use linear combinations of the C2s, 
Cpp, and C2p, AOs at each carbon to form three sp? hybrid AOs at each carbon, 
These hybrids make 120° angles with one another. Overlap of two of the three sp? 
hybrids at each carbon with H1s AOs forms the C—H single bonds, and these are 
c bonds. Overlap of the third sp? hybrid of one carbon with the third sp? hybrid 
ofthe second carbon gives a ¢ bonding MO between the two carbons (Fig. 20.214). 
Overlap of the 2p, AOs of each carbon gives a localized x bonding MO between the 
carbons (Fig. 20.21b); this z MO has a nodal plane coinciding with the molecular 
plane and containing the C—C axis. 

Ethylene has 16 electrons. Four of them fill the two localized inner-shell MOs, 
tach of which is a 1s AO on one of the carbons; eight electrons fill the four C—H 
bond MOs: two electrons fill the C—C o-bond MO, and two fill the C—C n-bond 
MO. (Unlike that in diatomic molecules, the ethylene x-bond MO is nondegenerate.) 
oh picture, the carbon-carbon double bond consists of one a bond and one 7 

nd, 

The above description of localized MOs for C2H4 is the traditional one. How- 
ever, actual calculation of the energy-localized MOs in ethylene shows that two bent, 
equivalent “banana” bonds (Fig. 20.22) between the two carbons are more localized 
than the traditional go-z description. [See U. Kaldor, J. Chem. Phys., 46, 1981 (1967).] 

The traditional description of HC=CH uses two sp hybrids on each carbon to 
overlap the H1s AOs and to form ao bond between the carbons. The linear com- 
binations Cy2p, + Cp2px and Ca2py + Cp2py (where the z axis is the molecular axis) 
give two m bonds between C, and Cp. In this picture, the triple bond consists of one 
sbond and two z bonds. Again, actual calculation shows the energy-localized MOs 
t0 consist of three equivalent bent banana bonds. 1 


Benzene. Benzene (CgHg) is a regular hexagon with 120° bond angles. We can use 
three sp? hybrid AOs at each carbon to form localized g bonds with one hydrogen 
ind with two adjacent carbons. This leaves a 2p. AO at each carbon (where the z 
axis is perpendicular to the molecular plane). For benzene, two equivalent Lewis dot 
formulas can be written; the carbon-carbon single bonds and double bonds are 
'nletchanged in the two formulas. Moreover, AH; for benzene (Prob. 20.24) and the 
chemical behavior of benzene differ from what is expected of a species with localized 
double bonds. Hence, it would not be suitable to form three localized x MOs by 
Pairwise interactions of the six 2p, AOs. Instead, all six 2p, AOs must be consid- 


SECTION 20.6 


— E 


Bonding in ethylene: (a) ¢ bonds; 
(b) n bond. 
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ethylene. The view is the same as 
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surface of a solid. 


H,C—CcH, 


ered to interact with one another, and one uses delocalized (canonical) MOs to fom 
the x bonds. The six 2p, AOs give six delocalized x MOs, three bonding and three 
antibonding. These six MOs are linear combinations of the six 2p, AOs; their e 
are fully determined by the symmetry of benzene. [See Prob. 20.25 and Levine (1983) Í 
sec. 15.11. 

anal of the four valence electrons of each carbon go into the three bonding 
MOs formed from the sp? hybrids, leaving one electron at each carbon to go into 
the x MOs. These remaining six electrons fill the three bonding z MOs. Each z MO 
has a nodal plane that coincides with the molecular plane (since each 2p, AO has 
such a plane). This nodal plane is analogous to the nodal plane of a localized x bond 
joining two doubly bonded atoms (for example, as in ethylene), and so these benzene 
MOs are called x MOs. 

A similar situation holds for other planar conjugated organic compounds. (A 
conjugated molecule has a framework consisting of alternating carbon-carbon single 
and double bonds.) One can form in-plane localized o-bond MOs using sp? hybrids 
on each carbon, but one uses delocalized (canonical) MOs for the n MOs. 


Three-Center Bonds. The molecule BH. has 12 valence electrons, which is not 
enough to allow one to write a Lewis dot structure with two electrons shared between 
each pair of bonded atoms. Calculation of the energy-localized MOs of B,Hg shows 
that two of the localized MOs each extend over two B atoms and one H atom to 
give two three-center bonds. [E. Switkes et al., J. Chem. Ph YS., 51, 2085 (1969).] The 
H atoms of the three-center bonds lie above and below the plane of the remaining 
atoms and midway between the borons. Three-center bonds also occur in higher 
boron hydrides. 

Multicenter bonding occurs in chemisorption. For example, experimental evi- 
dence shows that an ethylene molecule can bond to a metal’s surface by forming two 
g bonds with metal atoms (the stars in Fig, 20.23a) or by forming a x complex (Fig 
20.23b) in which electron probability density of the carbon-carbon z bond bonds 
the molecule to a metal atom as well as bonding the carbons to each other (Bamford 
and Tipper, vol. 20, pp. 22-23). Such a x complex is stabilized both by donation of 
electron density from the C2H4 x electrons into vacant metal-atom orbitals and by 
donation of electron density from filled metal-atom orbitals into the vacant 
antibonding z MO in C,H, (back bonding). x complexes occur in such organometallic 
compounds as dibenzenechromium, CoH6CrCgHg, ferrocene, CsHsFeCsHs, and 
the complex ion [Pt(CH,)Cl;]~; see DeKock and Gray, sec. 6-4. 4 

Cyclopropane can be weakly chemisorbed by forming a complex in which the 
electron probability density of a carbon-carbon bond bonds the molecule to a surface 
metal atom (Bamford and Tipper, vol. 20, p. 102), as shown in Fig. 20.23c. H, can be 
nondissociatively weakly chemisorbed to form the complex in Fig. 20.23d. 


ligand-Field Theory. The application of MO theory to transition-metal fea 
plexes gives what is called ligand-field theory. Discussion is omitted. See DeKock a 
Gray, sec. 6-7. 


Canonical vs. Localized MOs. For accurate quantitative calculations of mo- 
lecular properties, one solves the Hartree-Fock equations (19.47) and obtains the 
canonical (delocalized) MOs. Since each canonical MO corresponds to a definite 
orbital energy, these MOs are also useful in discussing transitions to excited elec- 
tronic states and ionization. 


For qualitative discussion of bonding in the ground electronic state of a molecule, 
isusually simplest to describe things in terms of localized bonding MOs (constructed 
fom suitably hybridized AOs of pairs of bonded atoms), lone-pair MOs, and inner- 
dell MOs. One can usually get a reasonably good idea of the localized MOs without 

ing through the very difficult computations involved in first finding the canonical 
MOs and then using the Edmiston-Ruedenberg criterion to transform the canonical 
MOs to localized MOs. Localized MOs are approximately transferable from mole- 
wle to molecule; for example, the CH localized MOs in CH, and C3H6 are very 
nilar to each other. Canonical MOs are not transferable. 


CALCULATION OF MOLECULAR PROPERTIES 


This section considers the calculation of molecular properties from approximate 
molecular wave functions. 


Molecular Geometry. The equilibrium geometry of a molecule is the spatial con- 
fguration of the nuclei for which the electronic energy (including nuclear repulsion) 
E, in (20.8) is a minimum. To determine the equilibrium geometry theoretically, one 
calculates the molecular wave function at many different configurations of the nuclei, 
varying the bond distances and angles to find the minimum-energy configuration. For 
amolecule with a reasonably large number of atoms, such a calculation is extremely 
time-consuming even on the fastest computers, since the wave-function calculation 
must be repeated many times. Theoreticians frequently cheat a bit by using the ex- 
perimentally determined geometry and calculating y only at this geometry. They then 
use this Y to estimate other molecular properties. 

One finds that even though the Hartree-Fock MO wave function differs signifi- 
cantly from the true wave function, it gives generally accurate bond distances and 
bond angles. Some examples of calculated Hartree-Fock (or approximate Hartree- 
Fock) geometries are (experimental values in parentheses): 


H,O:  r(OH) = 0.94 A (0.96 A), HOH angle = 106.1° (104.5°) 

H,CO: (CH) = 1.10 A (1.12 A), r(CO) = 1.22 A (1.21 A) 
HCH angle = 114.8° (116.5°) 

CoHg: r(CC) = 1.39 A (1.40 A), r(CH) = 1.08 A (1.08 A) 


It has been found that to obtain an accurate geometry, one needs only an ap- 
proximation to the Hartree-Fock wave function. Minimal-basis SCF wave functions 
Bec. 20.5) usually give an accurate geometry, which is fortunate, since calculation 
With a minimal basis set is much less time-consuming than with the larger basis set 
needed to give a near-Hartree-~Fock wave function, 


Dipole Moments. The classical expression for the dipole moment of a charge 
distribution is p = F; Q;r; [Eq. (14.83)]. To calculate the dipole moment of a mol- 
teule from its equilibrium-geometry electronic wave function y, we use the right side 
of (1483) as an operator in the average-value expression (18.53) to get 


v = [yt Loew a -Joi | ena (2036 
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where the sum goes over all the electrons and nuclei, the integral is over the leg. 
tronic coordinates, and Q; is the charge (in gaussian units) on particle į, Evaluati 
of (20.36) once y is known is easy. The hard thing is to get a reasonably accurate 
approximation to y. 

One finds that Hartree-Fock MO wave functions give generally accurate mo 
lecular dipole moments. Some values of pyp and Pexp: the Hartree-Fock and the 
experimental dipole moments, are: 


| HCN + H,0 | UH | NaCl | co | NH, 
Pur/D 3.29 |) 2.00 | 6.00 9.18 —0.11 1.66 
Pexp/D 298 | 185 5.88 9.00 +0.27 1.48 


The experimental CO dipole moment has the carbon negative (Prob, 20,9); the cal- 
culated Hartree-Fock CO dipole moment is in the wrong direction. A calculation 
using a CI wave function gives the proper polarity for CO. 


lonization Energies. The molecular ionization energy 7 is the energy needed to 
remove the most loosely held electron from the molecule. T. C. Koopmans (cowinner 
of the 1975 Nobel prize in economics) proved in 1933 that the energy needed to 
remove an electron from an orbital of a closed-shell atom or molecule is well ap- 
proximated by minus the Hartree-Fock orbital energy s£; in (19.47), The molecular 
ionization energy can therefore be estimated by taking — e; of the highest occupied 
MO. One finds pretty good agreement between Koopmans’-theorem Hartree-Fock 
ionization energies and experimental ionization energies. Some results are (experi 
mental values in parentheses): 17.4 eV (15.6 eV) for N3, 13.8 eV (12.6 eV) for H,0, 
9.1 eV (9.3 eV) for C6H6. 


Dissociation Energies. To calculate D, theoretically, one subtracts the calcu- 
lated Hartree-Fock molecular energy at the equilibrium geometry from the Hartree- 
Fock energies of the separated atoms that form the molecule. Hartree-Fock wave 


functions give poor D, values. Some results for binding energies are: 
‘ 


H, BO | N, | co F | œ | mo (E 

DeurleV | 364 20 | 53 79 | 14 n3 | a 
- 4— + 4 —— æ — 

DewpleV | 47s | 47 99 12 16 168 wot | tlt 


The Hartree-Fock wave functions predict the separated atoms F + F to be mor 
stable than the F, molecule at Tes 


Rotational Barriers. The equilibrium conformation of ethane, H3C—CHs, E 
the hydrogens of one CH, group staggered with respect to the hydrogens of the 0 ite 
CH, group. The barrier to internal rotation about the single bond in ethane 1s qui 
low, being 0.13 eV, which corresponds to 3 kcal/mol. The barrier can be determi 
experimentally from thermodynamic data or the infrared spectrum. To cakut 
rotational barrier B theoretically, one calculates wave functions and energies ARR 
staggered and eclipsed geometries and takes the difference. One finds that pE 
Fock and approximate Hartree-Fock wave functions give pretty accurate rola 


= Some results (values in kcal/mol) are: 


| site CH,CHO | CH,OH | CH,NH, | CH,SiH, 
— = > | = + 
29 12 Is, UR | 2 | 17 
"i 

| 
Bot 32 L1 1.4 24 | 14 


Analysis of the quantum-mechanical calculations indicates that the rotational barrier 
inethane is due mainly to the Pauli repulsion (Sec. 20.4) between eclipsing pairs of 
(-H bonding electrons. See R. M. Pitzer, Acc. Chem. Res., 16, 207 (1983) for a 
review. 

The reason the Hartree-Fock method does well on barrier calculations is that 
no bonds are broken or formed in going from the staggered to the eclipsed confor- 
mation and the correlation energy (which is the energy error in the Hartree-Fock 
method) is nearly the same for the two conformations. In contrast, when a mole- 
wle dissociates, bonds are broken and the correlation energy changes substantially. 
The Hartree-Fock wave function is therefore inadequate in dealing with dissocia- 
tion, Configuration-interaction wave functions can be used to calculate dissociation 


energies. 


Relative Energies of Isomers. Although energies of dissociation of molecules 
to atoms calculated by the Hartree-Fock method are very inaccurate, it has been 
found that relative energies of isomeric molecules are generally predicted accurately 
by Hartree-Fock wave functions. Relative energies of isomers are calculated the same 
way rotational barriers are calculated. Minimal-basis-set SCF wave functions don’t 
give accurate relative energies of isomers, and one must use a larger than minimal 
basis set to get good results. As an example, SCF calculations with a basis set sub- 
stantially larger than minimal (but not large enough to give a near-Hartree-Fock 
wave function) gave the following ground-state electronic energies in kcal/mol of 
C,H; isomers relative to that of propyne (experimental values in parentheses): allene, 
17(1.6); cyclopropene, 25.4 (21.9); they gave the following electronic energies of C4H6 
isomers relative to 1,3-butadiene: 2-butyne, 6.7 (8.6); cyclobutene, 12.4 (11.2); meth- 
ylenecyclopropane, 20.2 (21.7); bicyclobutane, 30.4 (25.6); 1-methylcyclopropene, 31.4 
(321) [see M. C. Flanigan et al. in G. A. Segal (ed.), Semiempirical Methods of Elec- 
tronic Structure Calculation, pt. B, Plenum, 1977, p. 1). 

A very important application of SCF energy and geometry calculations 1s to 
reaction intermediates, which often are too short-lived to have their structures de- 
termined by spectroscopy. For example, the relative energies and the geometries of 
carbonium ions containing up to eight carbon atoms have been calculated [W. J. 
Hehre in H. F. Schaefer (ed.), Applications of Electronic Structure Theory, Plenum, 
1977, chap. 4. 


Hectron Probability Density. Let p(x, y,2)dxdydz be the probability of find- 
ig an electron of a many-electron molecule in the box-shaped region located at 
d ), z and having edges dx, dy, dz; by “an electron,” we mean any electron, not a 
Particular one. The electron probability density p(x, y, z) can be calculated theoret- 
kally by integrating the electronic wave function We over the spin coordinates of all 
tketrons and over the spatial coordinates of all but one electron and multiplying the 
"sult by the number of electrons in the molecule. One can determine p experimentally 
H analyzing x-ray diffraction data of crystals (Chap. 24). Electron densities calcu- 
ited from Hartree-Fock wave functions for small molecules agree well with ex- 


— 
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Valence electron pairs in H30. 
The O atom is at the center of 
the tetrahedron, 


Arrangements of valence electron 
pairs around a central atom. 


A? 


perimentally determined densities; see P. Coppens and M. B. Hall (ds), Elec 
Distributions and the Chemical Bond, Plenum, 1982, pp. 265, 331, im 


THE VSEPR METHOD 


An accurate theoretical determination of a molecule’s geometry requires a yyy 
amount of computation. At present, calculation of the Hartree-Fock wave function 
and energy as functions of the nuclear configuration is beyond the capability of 
computers when the molecule is reasonably large. The VSEPR (valence-shell electron. 
pair-repulsion) method provides a simple, reasonably accurate means of Predicting 
molecular shapes. 

According to the VSEPR method, the geometry is determined by the number 
of pairs of valence electrons around the central atom of the molecule. Consider H,0, 
for example. The electron-dot formula is H: O:H. The four pairs of valence electrons 
around the central oxygen atom can be considered to reside in four localized M0s 
(Sec. 20.6), two of which are lone-pair and two of which are bonding. Because of 
electrostatic repulsions and the Pauli repulsion between electrons of like spin, there 
are strong repulsions between the electron pair of one localized MO and the pairs 
in the other localized MOs. The energetically most favorable geometry will therefore 
have the four localized MOs separated spatially as much as possible from one an- 
other. The most separated configuration for four localized MOs around a central 
atom turns out to occur when the MOs point to the four corners of a tetrahedron 
(Fig. 20.24). We therefore expect the four valence-electron pairs around oxygen to be 
approximately tetrahedrally disposed. Since the tetrahedral bond angle is 109}°, we 
expect H20 to be bent, with a 1094° bond angle. 

This prediction can be refined a bit by realizing that the lone-pair localized MOs 
in H2O are not exactly equivalent to the bonding localized MOs. The electrons in 
each bonding MO are strongly attracted to two nuclei (the O and one H), whereas 
the electrons in a lone-pair MO are attracted strongly to only one nucleus (the 0). 
Therefore, the lone-pair MOs are more spread out (“fatter”) than the bonding MOs, 
and the electron pairs in the lone-pair MOs exert greater repulsions than the pairs m 
the bonding MOs. (Recall the 114° angle between the energy-localized lone pairs 
compared with the 103° angle between the energy-localized bonding pairs; Sec. 206) 
The fat lone-pair MOs will therefore push the bonding MOs together a bit, thereby 
reducing the bond angle somewhat below 1094°, The experimental angle of 104 
bears this out. 

For :NH,, there are again four valence-electron pairs around the central atom, 
but there is only one fat lone pair to push the bonding MOs together. We ier 
angle closer to 1094° than in H,O. The observed angle is 107°. A 

For CH4, there are four pairs of valence electrons around carbon. There are 0 
lone pairs, and we expect a tetrahedral angle, as is observed. ati 

Although the electron pairs around O and N in H 20 and NH; are pene 
mately tetrahedrally disposed, the geometries of these molecules are described as A 
and trigonal pyramidal, respectively. The geometry refers to the arrangement pe 
in space and does not include the lone pairs. al atom 

For two, three, four, five, and six valence-electron pairs around a centr: r 
the arrangements that give the maximum separation are linear, trigonal p 
tetrahedral, trigonal bipyramidal, and octahedral, respectively (Fig. 20.25). 


To apply the VSEPR method to molecules with double or triple bonds, one 
pretends that each multiple bond consists of one pair of electrons. For example, for 
HyC=CH2, one considers each carbon to be surrounded by three electron pairs, 
and the VSEPR method predicts 120° bond angles at each carbon. To refine this 
prediction, we note that the carbon-carbon bond actually consists of two electron 

irs, which will exert greater repulsions on the C—H pairs than the CH pairs 
will exert on each other. Hence we expect each HCH angle to be a bit less than 120°. 
The observed HCH angle is 117°. 

To determine the molecular geometry using the VSEPR method, (a) write the 
Lewis dot structure and count the number of valence-electron pairs around the central 
atom (count each multiple bond as one pair), (b) arrange these pairs in space according 
to Fig, 20.25, and (c) take account of the extra repulsions due to lone pairs or multiple- 
bond pairs to refine the bond angles. 

For two, three, four, and six pairs, all the positions around the central atom in 
Fig, 20,25 are equivalent, and it doesn’t matter where a single lone pair is put. How- 
ever, for five pairs, the two axial and three equatorial positions are not equivalent. 
To decide where lone pairs go, we note that the three equatorial pairs make 120° 
angles with one another, whereas an axial pair makes 90° angles with each of the three 
equatorial pairs. Since the pair-pair Pauli repulsion falls off rapidly with increasing 
angle, and since lone pairs exert the greatest repulsions, the lone pairs always go in 
the equatorial positions when there are five central pairs, thereby minimizing the 
number of 90° repulsions between lone pairs and other pairs. 

For molecules with five valence-electron pairs around the central atom, the ge- 
ometries are as follows. If there are no lone pairs, the molecule is trigonal bipyrami- 
dal (for example, PCI,). If there is one lone pair, it is in the equatorial position to give 
the seesaw shape shown in Fig. 20.26a for SF4. If there are two lone pairs, the 
molecule is T-shaped, as shown in Fig. 20.26b for CIF}. If there are three lone pairs, 
the molecule is linear, as shown in Fig. 20.26c for XeF 2. 

For molecules with six valence-electron pairs around the central atom, the ge- 
ometries are as follows. With no lone pairs, the molecule is octahedral (for example, 
SF,). With one lone pair, the molecule is square pyramidal (for example, IF). With 
(wo lone pairs, the lone pairs are trans to each other to give a square-planar mol- 
ecule, as shown for XeFy in Fig. 20.27. 

The VSEPR method does not apply to transition-metal compounds unless the 
metal has a filled, half-filled, or empty d subshell. 

There are a very few compounds where the VSEPR method fails. Thus, BaF is 
bent, rather than having the expected linear structure. 

Some references on VSEPR are R. J. Gillespie, J. Chem. Educ., 40, 295 (1963); 47, 
em 51, 367 (1974); R. J. Gillespie, Molecular Geometry, Van Nostrand Reinhold, . 
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SEMIEMPIRICAL METHODS 


Quantum-mechanical methods of treating molecules are Classified as ab inj 
semiempirical. An ab initio calculation uses the true molecular Hamiltonian andy 
Not use empirical data in the calculation. The Hartree Fock method calculates 4 
antisymmetrized product ® of spin-orbitals that minimizes the variational intem 
J D*O dr, where H is the true molecular Hamiltonian, Therefore, the Hartree-fy 
method is an ab initio one. Of course, because of the restricted form of ©, i 
Hartree-Fock method does not give the true wave function. A CI calculation bas 
on Hartree-Fock orbitals is also an ab initio calculation and can give the true w 
function if sufficient configuration functions are included. 

A semiempirical method uses a simpler Hamiltonian than the true one, uss 
empirical data to assign values to some of the integrals that occur in the calculation 
and neglects some of the integrals. The reason for resorting to semiempirical methods 
is that accurate ab initio calculations on reasonably large molecules cannot be don 
at present. Semiempirical methods were originally developed for conjugated organic 
molecules and later were extended to encompass all molecules. 


| 
Methods for Conjugated Molecules. For a planar or near-planar conjugated or 
ganic compound, each MO can be classified as ø or x. Each ø MO is unchanged 
on reflection in the molecular plane (which is not a nodal plane for a ¢ MO), whereas 
each x MO changes sign on reflection in the molecular plane (which is a nodal plane 
for each n MO). (Recall the discussion of benzene in Sec. 20.6.) The ¢ MOs have 
electron probability density strongly concentrated in the region of the molecular 
plane. The x MOs have blobs of probability density above and below the molecular 
plane. The « MOs can be taken as either delocalized or localized. However, thes 
MOs in a conjugated compound are generally best taken as delocalized, In conjugated 
molecules, the highest-energy occupied MOs are usually x MOs. 

Because of the different symmetries of ¢ and z MOs, one can make the approxi- 
mation of treating the x electrons separately from the o electrons. One imagines the 
a electrons to produce some sort of effective potential in which the z electrons move 

The simplest semiempirical treatment of conjugated molecules is the free-electron 
molecular-orbital (FE MO) method. The FE MO method deals only with the 7 elec 
trons. It assumes that each x electron is free to move along the length of the mole- 
cule (potential energy V = 0) but cannot move beyond the ends of the molecule 
(potential energy V = co). This is the particle-in-a-box potential energy, and the FE 
MO method feeds electrons into particle-in-a-one-dimensional-box MOs: 

To illustrate the FE MO method, consider the ions 

+ ee 
(CH3),N=CH(—CH=CH),—N(CH)s mn 
where k is the number of —CH=CH groups in the ion; k can be 0, 1,2,.-+ + Fah 
ion has an equivalent Lewis structure with the charge on the right-hand ee 
and all carbon-carbon single and double bonds interchanged. Therefore al h 
carbon-carbon bond lengths are equal, and the x electrons, which form the se I 
bond of each double bond, are reasonably free to move along the molecule. We 


wor 
work out the case k = 1 as an example and leave the general case as a home’ 
problem. 
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We the FE MO method to calculate the wavelength of the longest-wavelength 
glectronic absorption band of the ion (20.37) with k = 1. Assume the carbon- 

and conjugated carbon-nitrogen bond distances are 1.40 À (as in ben- 
ene) and add in one extra bond length at each end of the ion to get the 
*box” length. 

With k = 1, there are two double bonds. Each double bond has two pi elec- 
tons. Also, there is the lone pair on nitrogen, which takes part in the pi bonding. 
Tis gives a total of six pi electrons for k = 1. Each pi MO holds two electrons of 
opposite spin, so in the ground electronic state the six pi electrons fill the three 
lowest particle-in-a-box states, with n = 1, 2, and 3 (Figs. 18.7 and 18.8). Since 
y=¢/A, the longest-wavelength transition will be the lowest-frequency transition. 
Since Eproron = hv, this will be the lowest-energy transition. The lowest-energy 
transition will involve excitation of a pi electron from the highest-occupied pi 
MO to the lowest vacant pi MO, in this case from the n = 3 to the n = 4 particle- 
In-a-box state (Fig. 20.28). 

The energy hv of the photon absorbed equals the energy difference be- 
tween the states involved in the transition. The particie-in-a-box energy levels 
ae E = n?h?/8ma? [Eq. (18.27)]. The transition is between n = 3 and n = 4, so 
the energy difference is 42h?/8ma? — 37h?/8ma* = 7h?/8ma, We have hy = AE = 
1I?/8ma? and v = 7h/8ma?. The use of 2 = c/v gives 4 = 8ma7c/7h. For k = 1, there 
ore four conjugated bonds, and the addition of an extra bond length at each 
end gives the box length as 6(1.40 A) = 8.40 A. Substitution for a, h, c, and the 
electron mass in A = 8ma?c/7h gives 


A= 89.11 x 10731 kg)(8.40 x 107 1° m)?(3.00 x 10° m/s)/7(6.63 x 10°34 Js) 
= 332 x 1077 m = 332 nm 


For the general ion (20.37), the FE MO method gives 4 for the longest-wavelength 
transition as 4 = (2k + 4)?(64.6 nm)/(2k + 5); see Prob. 20.32. A comparison of the 
FE MO values with experimental values follows (1 nm = 107° m): 

k ie Ul ned 


fs a 


~ je da 
ahm | 207 | 332 | 459 | 387 | 716 | 844 | 973 


Agim | 224 | 312 | 416 | 519 


Considering the extreme crudity of the FE MO method, the results are not too bad. 

For the conjugated polyenes CH,=(CH—CH=),CH2, the FE MO method 
does not predict the absorption bands very well. Since the bonds in the polyenes are 
not all equivalent, we should expect the FE MO method to work poorly. 

Better results for the polyenes can be obtained with the Hückel method (devel- 
oped in the 1930s). The Hiickel MO method deals only with the pi electrons. It takes 
cach pi MO as a linear combination of the 2p, AOs of the conjugated carbon atoms 
(where the z axis is perpendicular to the molecular plane). These linear combinations 
Are used in the variational integral, which is expressed as a sum of integrals involving 
the various AOs, The Hiickel method approximates many of these integrals as zero 
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i 
and leaves others as parameters whose values are Picked to give the best fit to exper 
imental data. Details may be found in most quantum-chemistry texts. The Hückel 
method was a mainstay of theoretically inclined organic chemists for many years b 
because of the development of improved semiempirical methods (discussed below), 
is now only rarely used. 

For certain purposes, all one is interested in is the relative signs of the AQs that 
contribute to the pi MOs. (An example is the Woodward Hoffmann rules for deduc- 
ing the steric course of certain organic reactions; see any modern organic chemistry 
text.) Although the FE MO method works poorly for quantitative calculations on 
lincar polyenes, we can use it to deduce the signs of the AOs in the pi MOs, 

Consider butadiene, CH,=CH—CH=CH,, for example. We take the pi MQs 
as linear combinations of the four 2p. carbon AOs. (This is a minimal-basis-set 
treatment; Sec. 20.5.) Let pi, p2, P3, pa denote these AOs. Figure 18.8 shows that the 
lowest pi MO will have no nodes perpendicular to the molecular plane, the next 
lowest pi MO will have one such node (located at the midpoint of the molecule), ete, 
To form the lowest pi MO, we must therefore combine the four 2p, AOs all with 
the same signs: c,p, + €2P2 + C3P3 + Capa, where the c's are all positive. For the 
purpose of determining the relative signs we won't worry about the fact that c, and 
€ differ in value (since the end and interior carbons are not equivalent); we shall 
simply write p; + pz + Pa + pg for the lowest pi MO, To have a single node in the 
center of the molecule, we must take Pı + Pa — Py — p4 as the second lowest pi MO; 
this is the highest occupied pi MO in the ground state, since there are four pi electrons 
in butadiene. To get two symmetrically placed nodes, we take Pi — P2 — P3 + pg as 
the third lowest pi MO. To get three nodes, we take p, — p, + P3 — Pa as the fourth 
lowest pi MO. See Fig. 20.29. 


General Methods. An improved version of the Hiickel method, applicable to both 
conjugated and nonconjugated molecules, is the extended Hiickel (EH) method, de- 
veloped in the 1950s and 1960s by Wolfsberg and Helmholz and by Hoffmann. The 
EH method treats all the valence electrons of a molecule and neglects fewer integrals 
than the Hiickel method. The calculations of the EH method are relatively easy to 
perform (thanks to the many simplifying approximations made). The quantitative 
predictions of the EH method are generally rather poor, and the main value of the 
method is the qualitative insights it provides into chemical bonding. 

The Hiickel and extended Hiickel methods are quite crude, in that they use a 
very simplified Hamiltonian that contains RO repulsion terms between electrons. 
Several improved semiempirical theories have been developed that include electron 
repulsions in the Hamiltonian, These include the CNDO, INDO, MINDO, MNDO, 
and AMI theories, discussed below. These theories treat only the valence electrons. 
They use a less approximate Hamiltonian than the Hiickel Hamiltonian, in that some 
of the electron repulsions are included. These theories solve equations resembling the 
Hartree-Fock equations (19.47) to find self-consistent-field MOs, but since an ap- 
proximate Hamiltonian is used and rather drastic approximations are made for many 
of the integrals that occur, the MOs found are only approximations to Hartree-Fock 
MOs. 

The complete neglect of differential overlap (CNDO) method and the intermedi- 
ate neglect of differential overlap (INDO) method were developed by Pople and co- 
workers in the 1960s. The names indicate the nature of the approximations made in 
the theories. These methods apply to both conjugated and nonconjugated molecules. 


he CNDO and INDO methods give reasonably accurate molecular geometries, F694 | 


r poor dipole moments, unreliable ionization i i $ 
Faoi isomers, and poor dissociation Oe phic ce aaie E 
The MINDO method (modified INDO) was developed by Dewar and co-work: 

1969 to 1975 and evolved through the successive versions MINDO/1, 
yiNDO/2, MINDO 2’, and MINDO/3. Dewar's aim was not to have a seit 
Deer rate d HAA ock results but one giving accurate molecular 

mel å : ation energies. It might seem unreasonable to expect 
stieory that involves more approximations than the Hartree-Fock method to su 
adin an area (calculation of dissociation energies) where the Hartree-Fock ia 
gis However, by choosing the values of the parameters that go into the MINDO 
method so a e po the heats of atomization of a number of compounds, 
m sii ok whe a een for the neglect of electron correlation that 
Be sere omiin os in MINDO/3, an improved theory, MNDO 
| = O ai er er ap), was developed by Dewar and co-workers in 

; es fewer approximations and uses fewer adjustable parameters 
| tan MINDO/3. An improvement on MNDO is the AMI (Austin Model 1) method 
not een bere mi ue University of Texas at Austin, where the 
ncn. iz ; see M. J. S. Dewar et al., J. Am. Chem. Soc., 107, 3902 (1985). 
f /3 and MNDO give molecular heats of atomization with average abso- 
| ipten G; eV/molecule) and 9 kcal/mol, respectively. These are 
a kiition en is te: vy of the complete failure of the Hartree-Fock method 
| E ina faity ac . me al MINDO/3 gives generally accurate bond 
sot bon y si ag ne angles. MNDO gives generally accurate bond 
E erate ont k agles. ot theories give rather accurate dipole moments and 
oe nos ae energies: MINDO/3 is rather unreliable for relative energies 
Be eros g is pretty good for isomer relative energies (but gives occa- 
os here), AM1 is similar to MNDO in the accuracy of its heats of 
ba is more accurate than MNDO for dipole moments and ionization 
x ptt MNDO, and AMI methods give some promise of allowing one 
sie a accurately the potential-energy function for the motion of 
fine lee a the course ofa chemical reaction (Sec. 23.2), thereby providing 
neath ane ppm the reaction mechanism. For example, MINDO/3, 
ier th A MI calculations led Dewar and co-workers to propose a new mech- 
iM ah e isomerization of azulene (CyoHg) to naphthalene [M. J. S. Dewar and 
sted ah Am. Chem. Soc., 108, 5142 (1986)] and to argue against the generally 
sition eae that the transition state (Sec, 23.2) is symmetrical in the Diels-Alder 
186) i a diene to an olefin [M. J. S. Dewar et al., J. Am. Chem. Soc. 108, 5771 
fons H S comparison of MNDO-calculated potential-energy functions for 24 reac- 
he ith accurate ab initio treatments showed that MNDO usually gives qualita- 

y correct results [S. Schröder and W. Thiel, J. Am. Chem. Soc., 107, 4422 (1985)]; 


We also Sec. 23.2. 
Some advocates of ab initio methods have criticized methods like AM} and 
be obtained with compounds similar 


ha saying that, although good results can be t i 
lari to parametrize the method, “there is no theoretical analysis to tell us 
hód $ beyond which the method will give poor predictions” and that “these 

s may give us an incorrect Or inadequate understanding of experimental 
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phenomena” (B. J. Duke in Theoretical Chemistry, vol. 2, Specialist Periodical Reports 
The Chemical Society, 1975, p. 185). ip 


Dewar strongly criticized some proponents of ab initio calculations, Stating tha 


“the belief on the part of many ab initioists, that they were solving the Problems of 
chemistry ‘from first principles’, without reference to experiment, seems to have 
aroused a crusading zeal which has led them to act in ways entirely Contrary to the 


normal conventions of the physical sciences in general and chemistry in Particular, 


Thus it has been common practice in Papers reporting ab initio calculations nor to 
quote experimental values for comparison when the comparison might prove less 
than flattering to the procedure used.” [M. J.S. Dewar, J. Ph ys. Chem., 89, 2145( 1985)] 

A completely empirical method called the molecular mechanics (or empirical 
force field) method is capable of handling very large molecules (up to 200 atoms), This 
is a non-quantum-mechanical method and does not use a Hamiltonian Operator or 
wave function. Instead, the molecule is viewed as atoms held together by bonds, and 
one expresses the molecular electronic energy E, as a function of the spatial coor- 
dinates of the nuclei by writing E, as the sum of the following kinds of energies, 
Harmonic-oscillator-like expressions are written for the energy changes involved in 
Stretching and bending the bonds. Expressions for the energies of interaction between 
nonbonded atoms are written that resemble potential-energy functions used for inter- 
actions between molecules (Section 22.10). In addition, terms are included in the 
energy expression to represent energy changes for rotation about single bonds (rota- 
tional barriers) and to allow for steric strain if small rings are present. If polar groups 
are present, terms are included to represent the interactions between these groups. 
The parameters in the energy expression (for example, the bond-stretching and bond- 
bending force constants) are given values to fit known experimental data for small 
molecules, 

One uses a computer Program to vary systematically the molecular bond dis- 
tances, angles, and conformation to find the structure that minimizes the molecular 
mechanics energy expression, For hydrocarbons, the molecular mechanics method 
gives heats of formation that are more accurate than those obtained by any other 
computational scheme; AH} values are calculated to an accuracy of 1 or 2 kcal/mol, 
and bond lengths and angles have typical accuracies of 0.01 A and 2°, respectively. 
The method is used to study intramolecular motions in proteins (Physics Today, 
Nov. 1979, p. 17). For reviews of molecular mechanics, see D. B. Boyd and K. B. 
Lipkowitz, J. Chem, Educ., 59, 269 (1982); U. Burkert and N, L. Allinger, Molecular 
Mechanics, American Chemical Society, 1982, 

Programs that perform molecular mechanics and MNDO calculations on a 
personal computer are sold by C-Graph Software, Inc. of Austin, Texas and by the 
eatin Chemistry Program Exchange at Indiana University, Bloomington, 
Indiana, 

The MINDO/3, MNDO, and AMI semiempirical methods and the molecular 
mechanics method have become valuable tools of experimental chemists. For exam- 
ple, a new method of synthesizing organic cyclic disulfides (useful as antibacterial 
agents) was devised with the aid of molecular mechanics, MI NDO/3, and AMI cal- 
culations [Chem. Eng. News, Feb. 9, 1987, P- 23; K. Steliou et al., J. Am, Chem. Soc. 
109, 926 (1987)]. These methods Were used to estimate AH% of the various possible 
reactants, intermediates, and Products in the Proposed synthesis and hence to am 
AH" values for the steps in the synthesis. (Unfortunately, AS” could not be ascertam 
so AG* was not known; the approximation was made that AH? values would indicate 
the feasibility of the steps.) MINDO/3 calculations were done on compounds as large 


iG HisSz which is much too dirgel to do an accurate ab initio calculation on. 
(Ab initio calculations typically take 10° times as long as comparable semiempirical 


qlculations.) 


HE VALENCE-BOND METHOD 


go far our discussion of molecular electronic structure has been based on the MO 
approximation. Historically, the first quantum-mechanical treatment of molecular 
bonding was the 1927 Heitler-London treatment of H3. Their approach was extended 
by Slater and especially by Pauling to give the valence-bond (VB) method of treating 
molecules. 

Heitler and London started with the idea that a ground-state H, molecule is 
formed from two 1s H atoms. If all interactions between the H atoms were ignored, 
the wave function for the system of two atoms would be the product of the separate 
vave functions of each atom. Hence, the first approximation to the H, spatial wave 
function is 1sq(1)1sp(2), where the function 1są(1) equals a constant times e7710, 
This product wave function is unsatisfactory, since it distinguishes between the iden- 
tical electrons, saying that electron 1 is on nucleus A and electron 2 is on nucleus 
B. To take care of electron indistinguishability, we must write the approximation to 
the ground-state H, spatial wave function as the linear combination N’[1sq(1)lsg(2) + 
1s,2)1sp(1)]. This function is symmetric with respect to electron interchange and 
therefore requires the antisymmetric two-electron spin function (19.33). The ground- 
state H, Heitler-London VB wave function is then 


N’[1sq(1)Isp(2) + 18q(2)Isp(1)] 27 1/26 (1) (2) — B(1)o(2)] (20.38) 


Introducing a variable orbital exponent and using (20.38) in the variational integral, 
one finds a predicted D, of 3.78 eV compared with the experimental value 4.75 eV 


and the Hartree-Fock value 3.64 eV. 
The Heitler-London function (20.38) is a linear combination of two determinants: 


Isal) 18DA _ y fisa Lsp(La(1) (20.39) 
Isq(2)a(2) Isp(2)B(2) 1sq(2)B(2)1sp(2)a(2) 


The two determinants differ by giving different spins to the AOs Is, and Isp in- 


volved in the bonding. 
When multiplied out, the MO spatial function (20.19) equals 


N{Is(1)1sq(2) + 1sp(1)1sp(2) + 1sq(1)1sp(2) + t5y(1)1sq(2)] 


Because of the terms 1s4(1)1s4(2) and 1sp(1)1sp(2), the MO function gives a 50 percent 
probability that an H, molecule will dissociate into H + H+, and a 50 percent 
Probability for dissociation into H + H. In actuality, a ground-state H3 molecule 
always dissociates to two neutral hydrogen atoms. This incorrect dissociation pre- 
diction is related to the poor dissociation energies predicted by the MO method. In 
contrast, the VB function (20.38) correctly predicts dissociation into H +H. ‘ 

If, instead of the symmetric spatial function in (20.38), one uses the antisymmetric 
Spatial function N[Isa(1)Isp(2) — 1sq(2)1sa(1)] multiplied by one of the three sym- 
metric spin functions in (19.32), one gets the VB functions for the first excited elec- 
tronic level (a triplet level) of H3. The minus sign produces charge depletion between 
the nuclei, and the atoms repel each other as they come together. 


______ 
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To apply the VB method to polyatomic molecules, One writes down all possible. 
ways of pairing up the unpaired electrons of the atoms forming the molecule, Fach 
way of pairing gives one of the resonance structures of the molecule, For ach, 
resonance structure, one writes down a function (called a bond eigenfunction) resem. 
bling (20.39), and the molecular wave function is taken as a linear combination 
the bond eigenfunctions. The coefficients in the linear combination are found 
minimizing the variational integral. Besides covalent pairing structures, one also 
includes ionic structures. For example, for H,, the only covalent pairing structure js 
H—H, but one also has the ionic resonance structures H* H~ and H` yt, 
These ionic structures correspond to the bond cigenfunctions Isq(1)154(2) and 
Isp(1)1sp(2). By symmetry, the two ionic structures contribute equally, so with inclu. 
sion of ionic structures, the VB spatial wave function for H, becomes 


€,[154(1)sp(2) + Lsp(1)15Q(2)] + cof Ls,(1)154(2) + Lsp(1)Lsy(2)] 


One says there is ionic-covalent resonance. One expects c3 < c, for this nonpolar 
molecule. 

In many cases, one uses hybrid atomic orbitals to form the bond eigenfunctions, 
For example, for the tetrahedral molecule CH4, one combines four sp? hybrid AOs 
on carbon with the 1s AOs of the hydrogens. 

For polyatomic molecules, the VB wave function becomes cumbersome, For ex- 
ample, CH, has four bonds, and the bond eigenfunction corresponding to the single 
most important resonance structure (the one with each H1s AO paired with one of 
the carbon sp? hybrids) turns out to be a linear combination of 24 = 16 determinants. 
Inclusion of other resonance structures further complicates the wave function. 

The calculations of the VB method turn out to be far more difficult than those 
of the MO method. The various MO approaches have overshadowed the VB method 
when it comes to actual computation of molecular wave functions and properties. 
However, the language of VB theory provides organic chemists with a simple qual- 
itative tool for rationalizing many observed trends. 


20.14 


FUTURE PROSPECTS 


The use of electronic computers has brought remarkable advances in the ability of 
quantum chemists to deal with Problems of real chemical interest. For example, ab 
initio calculations are now being used to study chemisorption on metal catalysts and 
hydration of ions in solution, [See H. F. Schaefer, Ann. Rev. Phys. Chem. 27, 261 
(1976).] Quantum-mechanical calculations have “now become accepted by organi, 
inorganic, and physical chemists as a legitimate tool for the study of significant 
chemical problems” (ibid.). Whereas quantum-mechanical calculations used to 
confined to small molecules and were published in journals read mainly by La a 
chemists and chemical Physicists, such calculations now deal with medium-sized an 
even fairly large molecules and appear regularly in the Journal of the American 
Chemical Society, read by all kinds of chemists. ies and 
The accuracy of quantum-mechanical predictions of molecular properties I. 
the size of molecules treatable will increase as faster and larger computers are deve 
oped and as new calculational methods are devised (for example, several promising 


ways of performing configuration-interaction calculations are currently being 
ieveloped). Quantum-mechanical calculations will clearly play an expanding role in 


physical chemistry. 


SUMMARY 

Covalent bond distances can be estimated as the sum of atomic covalent radii. AH° 
of gas-phase reactions can be estimated from bond energies. Molecular dipole mo- 
nents can be estimated as vector sums of bond dipole moments. The electronegativity 
ofan element is a measure of the ability of an atom of that element to attract the 
dectrons in a chemical bond. 

The fact that nuclei are much heavier than electrons allows one to deal separately 
vith electronic and nuclear motions in a molecule (the Born-Oppenheimer approx- 
imation). One first solves an electronic Schrédinger equation with the nuclei in fixed 
positions; this gives an electronic energy and wave function that depend on the nuclear 
positions as parameters. One then uses this electronic energy as the potential energy 
inthe Schrödinger equation for the nuclear motion (rotation and vibration). 
Approximate electronic wave functions for H} can be written as linear com- 
binations of atomic orbitals of each H atom. These one-electron wave functions can 
be used as molecular orbitals for homonuclear diatomic molecules. Each MO of a 
diatomic molecule is classified as a, 7, ô, $, --- according to whether m, the quan- 
tum number for the electronic orbital-angular-momentum component along the 
molecular axis has absolute value 0, 1, 2, 3,-.- - Homonuclear diatomic MOs are 
further classified as g or u according to whether the orbital has the same or the 
opposite sign on diagonally opposite sides of the molecule’s center. In the LCAO 
MO approximation, the H3 electronic ground-state wave function is given by 
Misal) + Isg(1)][1s,q(2) + 1sp(2)] times the antisymmetric two-electron spin func- 
tion, 


The Pauli antisymmetry principle leads to an apparent extra repulsion between 
electrons of like spin (Pauli repulsion). 

An SCF wave function is one in which each electron is assigned to a single 
spin-orbital, the spatial part of each spin-orbital is expressed as a linear combination 
of basis functions, and the coefficients in these linear combinations are found by 
solving the Hartree-Fock equations; the SCF wave function is an antisymmetrized 
product (Slater determinant) of spin-orbitals. If the basis set is large enough so that 
the MOs found are the best possible orbitals, the SCF wave function is the Hartree- 
Fock wave function. To reach the true wave function, one must go beyond the 
Hartree-Fock wave function, for example, by using configuration interaction. 


MOs that satisfy the Hartree-Fock equations are called canonical MOs. Ca- 


f the molecule and are spread out (delocalized) 
over the molecule. For example, the bonding MOs of BeH, in Fig. 20.16 extend over 
all three atoms. By taking linear combinations of the canonical MOs, one can form 
localized MOs. Each localized MO is classifiable as an inner-shell, lone-pair, oF 
bonding MO. The MO wave function that uses locali i 
function that uses canonical MOs. In an unconjugat 
bonding MO is largely (but not completely) confined to two bonded atoms (molecules 


With three-center bonds are an exception). The AOs in a bonding MO are often 
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hybridized extensively. For example, the hybridizations in BeH,, C3H,, and (Cy 
are approximately sp, sp?, and sp’, respectively. 4 


CEE Hartree-Fock wave functions give generally accurate values for molecular 
ometries, dipole moments, ionization energies, rotational barriers, relative energies of 
isomers, and electron probability densities, but Poor values of molecular dissociation 
energies. 

The VSEPR method, which is based on arranging the valence electron pair 
around the central atom to minimize repulsions, allows the shape of most non. 
transition-metal compounds to be correctly predicted. 

Two crude semiempirical MO methods for treating the pi electrons of conjugated 
molecules are the FE MO and Hückel methods. The MNDO and AM1 methods 
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PROBLEMS 


Sec, 4 20.1 | 20.2 203 | 204 J 20.6 | 20.8 | 209 = 
Probs. 20.1-20.10 20.11-20.12 2013 | 20.14-20.19 | 20.20-20.26 T 20.27-20.31 | 20.32 2033-2034 
20.1 Estimate the bond lengths in (a) CH,OH; (b) HCN, differences for the following pairs of elements; (a) C, H; (b) C, O; 


i el ivity dil found 
20.2 Explain why the observed boron-fluorine bond lengthin (© © CI. Compare with the electronegativity differences fo 


i i from the Pauling values in Table 20.2. The discrepancies are 
B b: f th single- g . 
re ad sias tap the Sat of the and’ single due to use of average bond energies different from those listed 


in Table 20.1, 


20.8 (a) Write a Lewis dot formula for H,SO, that has eight 
electrons around S, (b) What formal charge does this dot for- 
mula give the S atom? (The formal charge is found by dividing 

the electrons of each bond equally between the two on 
204 The dipole moments of CHF and CHGI are 1.85 and atoms) How reasonable is this formal char! (eae ð 
1-62 D, respectively. Use the H—C bond moment listed in Sec, Lewis dot formula for SF. (d) Write a dot formula for H3504 
20.1 to estimate the C—F and C—I bond moments, that gives S a zero formal charge. (e) Explain why the observed 


¢ = 15 
g y sulfur-oxygen bond lengths in SO” in metal sulfates are 
20.5 Use bond moments to estimate the dipole moments of to 1.6 A, miata the jie of the singlabond radii of S and O 


(a) CH3Cl; (b) CH3CCl;; (c) CHCI;; (d) Cl,C=CH,. Assume is 1.70 À. 
tetrahedral angles at singly bonded carbons and 120° angles is the formal 
at doubly bonded carbons. Compare with the experimental 20.9 Draw the Lewis dot structure for CO, What is the 
values, which are (a) 1.87 D; (b) 1.78 D; (c) 1.01 D; (d) 1.34 D, charge (Prob. 20.8b) on carbon? 


20.6 What would the bond moment of CSN beifoneassumed 20.10 Predict the sign of AH? of each of the opii 
the H—C moment was 0.4 but had the polarity H-—C +9 tions without using any thermodynamic data or bond-e! si 

data: (a) H(g) + Cla(g) + 2HCI(g); (b) CH4lg) + Chola 
20.7 Use Table 20.1 to compute the Pauling electronegativity CH;Cl(g) + HC\(g). 


20.3 Use average bond energies to estimate AH398 for the 
following gas-phase reactions: (a) C,H, + 2H + CH; (b) 
N3 + 3H, > 2NH3. Compare with the true values found from 
data in the Appendix. 


1 (a) The KF molecule has R, = 2.17 A. The ionization 
penta of K is 4.34 V, and the electron affinity of F is 3.40 eV. 
{jg the model of nonoverlapping spherical ions to estimate 
p, lor KF. (The experimental value is 5.18 eV.) (b) Estimate 
the dipole moment of KF. (The experimental value is 8.60 D.) 
(o) Explain why KCI has a larger dipole moment than KF. 


2 For an ionic molecule like NaCl, the electronic energy 
ER) equals the Coulomb's law potential energy —e’?/R plus 
aterm that allows for the Pauli-principle repulsion due to the 
wverlap of the ions’ probability densities. This repulsion term 
an be very crudely estimated by the function B/R*?, where B 
ša positive constant. (See the discussion of the Lennard-Jones 
potential in Sec, 22.10.) Thus, 


E, = B/R'* — e?/R 


bran ionic molecule. (a) Use the fact that £, is a minimum at 
R= R, to show that B = R} 'e'?/12. (b) Use the above expres- 
sion for E, and the Na and Cl ionization potential and electron 
anity to estimate De for NaCl (R, = 2.36 A). (c) The experi- 
mental D, for NaCl is 4.25 eV. Does the function B/R!? over- 
wtimate or underestimate the Pauli repulsion? What value of 
m gives agreement with the observed De if the Pauli repulsion 
istaken as A/R", where A and m are constants? 


W13 For the ground electronic state of Hj with the nuclei 
attheir equilibrium separation, use the approximate wave func- 
tion in (20.15) to calculate the probability of finding the elec- 
tton in a tiny box of volume 107° A? if the box is located 
(a) at one of the nuclei; (b) at the midpoint of the internuclear 
axis; (c) on the internuclear axis and one-third of the way from 
tucleus A to nucleus B. Use Table 20.3 and the equation S = 
RM 4 RJag + R2/3ao2) [Levine (1983), sec. 13.4]. 


1014 Write down the MO wave function for the (repulsive) 
gound electronic state of He. 


MIS Give the ground-state MO electronic configuration for 
(i) He} (b) Liz; (c) Bez; (d) C2; (e) N2; (f) F2. Which of these 
Species are paramagnetic? 


W16 Give the bond order of each molecule in Prob. 20.15. 


47 Use the MO electron configurations to predict which 
ofeach of the following sets has the highest De: (a) Nz or Nz: 
)03, OF, or OF, 


WIS Let W be an eigenfunction of Â; that is, let Ay = Ey. 
Show that (H + c)y = (E + oy, where cis any constant. Hence, 
Vis an eigenfunction of Ê + c with eigenvalue E + c. 


W19 For each of the species NCI, NCI*, and NCI", use 
the MO method to (a) write the valence-electron configura- 
tion; (b) find the bond order; (c) decide whether the species is 
paramagnetic, 


W20 Sketch the two antibonding MOs (20.31) of BeH. 


20.21 For the linear BeH, molecule with the z axis taken as 
the molecular axis, classify each of the following AOs as g or u 
and as o, x, or 5: (a) Be3d_2; (b) Be3d 2 — y2; (c) Be3d xy; (d) Be3d,.. 


20.22 Let the line between atom A and atom B of a poly- 
atomic molecule be the z axis. For each of the following atom 
A atomic orbitals, state whether it will contribute to a o, 7, 
or 6 localized MO in the molecule: (a) s; (b) py; (c) Py; (d) Pz; 
(e) d2; (f) dy2—y2i (g) deys (h) dyz: (i) dyz- 


20.23 (a) For H,CO, list all the AOs that go into a minimal- 
basis-set MO calculation. (b) Use these AOs to form localized 
MOs for H,CO. For each localized MO, state which AOs make 
the main contributions to it and state whether it is inner-shell, 
lone-pair, or bonding. State whether each localized bonding 
MO is ø or n. Take the z axis along the CO bond and the x 
axis perpendicular to the molecule. Use the a-n description of 
the double bond. 


20.24 (a) Use average-bond-energy data and data on C(g) and 
H(g) in the Appendix to estimate AH},293 of CoHo(g) on the 
assumption that benzene contains three carbon-carbon single 
bonds and three carbon-carbon double bonds, Compare the 
result with the experimental value. (b) Repeat (a) for cyclo- 
hexene(g) (one double bond). 


20.25 Let py,..., pe be the 2p, AOs of the carbons in benzene. 
The unnormalized forms of the occupied x MOs in benzene are 
Py + P2 + P3 + Pa + Ps + Por P2 + P3 — Ps — Pov and 2p; + 
P2 — P3 — 2P4 — Ps + Po: (a) Sketch these MOs. (b) Which of 


the three is lowest in energy? 

20.26 Plot the value along the z axis of the 2s + 2p, hybrid 
AO in (20.35) vs. z/a. Take the nuclear charge as 1. Note that 
the outer portion of the 2s AO in (20.35) is assumed positive 
(as in Fig. 20.19). This convention is opposite that used in 
Table 19.1, so multiply the 2s AO in Table 19.1 by —1 before 


adding it to 2p,. 

20.27 Predict the geometry of (a) TeBr2; (b) 13; (6) HgCl,; 

(d) SnClz; (e) XeF 2; (f) ClO; « 

20.28 Predict the geometry of (a) BrF3; (b) Gal; (c) H,0*; 

(d) PCl. 

20.29 Predict the geometry of (a) SnH4; (b) SeF4; (c) XeF4; 

(d) BHg; (e) BrFg . 

20.30 Predict the geometry of (a) AsCls; (b) BrF 5; (c) SnCl2>. 
20.31 Predict the geometry of (a) O3; (b) NO3; (c) SO3; (d) 
SO,; (e) SO2Clz; (f) SOCIz; (g) 103; (h) SOF 4; (i) XeO3; 
(j) XeOF 4. 

20.32 For the ion (20.37), show that the FE MO method 
with the assumptions in the example following (20.37) pre- 
dicts the longest-wavelength electronic absorption to be A = 


(2k + 4)7(64.6 nm)/(2k + 5). 
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20.33 Arrange the following molecular energies in order of 
increasing magnitude: (a) the typical energy of a covalent single 
bond; (b) the average molecular kinetic energy in a fluid at 
room temperature; (c) the rotational barrier in C,H,g; (d) the 
typical energy of a double bond; (e) the ionization energy of H. 


20.34 True or false? (a) The maximum electron probability 


density in the ground electronic state of HŽ occurs at each 
nucleus. (b) If sufficient basis functions are used, the Hartree— 
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Fock wave function of a many-electron molecule will reach the 
true wave function. (c) In a homonuclear diatomic molecule, 
combining two 2p AOs always yields a x MO. (d) An ab initio 
calculation will give an accurate Prediction of every molecular 
property. (e) In homonuclear diatomic molecules, all y MO; 
are antibonding. (f) The Hf ground electronic state has spin 
quantum number S = 0. (g) The H3 ground electronic state has 
spin quantum number S = 0. (h) Two electrons with the same 
spin have zero probability of being at the same Point in space, 


SPECTROSCOPY 


AND PHOTOCHEMISTRY 


magnetic radiation (light) by matter. Section 21.1 examines the nature of light. Section 
212 is. general discussion of spectroscopy. This is followed by Secs. 21.3 to 21.10 on 
the rotational and vibrational spectra of diatomic and polyatomic molecules. Elec- 


21.12 and 21.13. Sections 21.14 and 21.15 discuss other branches of spectroscopy. 
Closely related to spectroscopy is photochemistry, the stud 
caused or catalyzed by light; Sec. 21.16 on photochemistry concludes the chapter. 

Spectroscopy is the major experimental tool for investiga 
ar level. Spectroscopy allows molecular structures (conformations, bond lengths, 
and angles) and molecular vibration frequencies to be found. Organic chemists use 
tuclear-magnetic-resonance spectroscopy aS a key aid in structural investigations. 
Analytical chemists use spectroscopy to find the composition of a sample. In kinetics, 
Spectroscopy is used to follow the concentrations of reacting species as functions of 
time, and to detect reaction intermediates. Biochemists use spectroscopy extensively 
to study the structure and dynamics of biological molecules. 


ELECTROMAGNETIC RADIATION 


x 1801, Thomas Young observed interference of ligh 
acted at two pinholes, thereby showing the wave nature of 
Vibration in space and in time, and so the question arises: W 
Vibrating in a light wave? The answer was provided by Maxwell. 


t when a light beam was dif- 
light. A wave involves a 
hat physical quantity is 
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In the 1860s, Maxwell systematized the known laws of electricity and magnetism 
by showing that these laws can all be derived from a set of four differential equations, 
These equations (called Maxwell’s equations) interrelate the electric and magnetic 
field vectors E and B, the electric charge, and the electric current, Maxwell's g 
tions are the fundamental equations of electricity and Magnetism, just as N, 
laws are the fundamental equations of classical mechanics, 

In addition to containing all the laws of electricity and magnetism known in 
the 1860s, Maxwell's equations predicted something that was unknown at that time, 
namely, that an accelerated electric charge will emit energy in the form of electro. 
magnetic waves traveling at a speed vem in vacuum, where 


Vem = (42€ x 1077 N s? C~2)-1/2 (24.1) 


ewton's 


Recall that £ (the permittivity of vacuum) occurs in Coulomb's law (14.1), Substi. 
tution of the experimental value (14.2) of eg gives Vem = 2.998 x 10° m/s, which equals 
the experimentally observed speed of light in vacuum, Maxwell therefore Proposed 
that light consists of electromagnetic waves, 

Maxwell’s prediction of the existence of electromagnetic waves was confirmed 
by Hertz in 1887, Hertz produced electromagnetic waves by the oscillations of elec- 
trons in the metal wires of a tuned ac circuit; he detected these waves using a loop 
of wire (just as the antenna in your radio or TV set detects electromagnetic waves 
emitted by the transmitters of radio and TV Stations). The oscillating electric field 
of the electromagnetic wave exerts a time-varying force on the electrons in the wires 
of the detector circuit, thereby producing an alternating current in these wires, 


the values of E and B at Points on the y axis at one instant of time. As time passes, 
the crests (peaks) and troughs (valleys) move to the right. This figure is not a com- 


A portion of a plane-polarized 
electromagnetic wave: 14 cycles 
are shown. 


ihe molecules act independently of one another and the radiation produced has ran- 
dom orientations of the E vector at various points in space. For an unpolarized wave, 
gis still perpendicular to the direction of travel. 

The wavelength A of a wave is the distance between successive crests. One cycle 
isthe portion of the wave which lies between two successive crests (or between any 
two successive points having the same phase). The frequency v of the wave is the 
umber of cycles passing a given point per unit time. If v cycles pass a given point 
| igunit time, the time it takes one cycle to pass a given point is 1/v, and a crest has 
therefore traveled a distance À in time 1/v. If c is the speed of the wave, then since 
distance = rate x time, we have å = c(1/v) or - 


Av=c (21.2)* 


| The frequency is commonly given in the units s~ ! The SI system of units defines 

ihe frequency unit of one reciprocal second as one hertz (Hz): 1 Hz = 1 s™ +. Various 
multiples of the hertz are also used, for example, the kilohertz (kHz), megahertz 
(MHz), and gigahertz (GHz): 


lHz=1s7!, 1kHz=103Hz,  1MHz=10° Hz, 1 GHz = 10° Hz 


Common units of À include the angstrom (A), the micrometer (um), and the 
manometer (nm): 


1A=10-8cm=107'°m, Läm=10 fm, 1nm= 107° m= 10Å 


The wave number o of a wave is the reciprocal of the wavelength: 


o= 1/4 (21.3)* 

Most commonly, o is expressed in cm~ fi 
The human eye is sensitive to electromagnetic radiation with Å in the range 
40 nm (violet light) to 750 nm (red light), but there is no upper or lower limit to the 
values of and v of an electromagnetic wave. Figure 21.2 shows the electromagnetic 
spectrum, the range of frequencies and wavelengths of electromagnetic waves. For 
convenience, the electromagnetic spectrum is divided into various regions, but there 
isno sharp boundary between adjacent regions. 
All frequencies of electromagnetic radiation (light) travel at the same speed c = 
3x 10!° cm/s in vacuum. Let cp be the speed of light in substance B. One finds 
that cg depends on the nature of the substance B and on the frequency of the light. 


The ratio c/cp for a given frequency of light is the refractive index np of B for that 


frequency: 
np = ¢/Cp (21.4) 
v/Hz 
10* ioe ror dat" rol? To | 1018 1018 10% 10? 
T a | T A 7 
Radio waves Infrared Gamma rays 
> 3 2 8 -10 = 
108 10% 10? 1 yor?» to 107% 10 10 10 
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The electromagnetic spectrum. 
The scale is logarithmic. 
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Some values of ng at 25°C and 1 atm for yellow light of vacuum Wavelength 5893 4 
(“sodium D light”) follow: 


ne | HOS | Ceti | C4508) CS, | cH, | me aih 
4 a aa aa i 
1003 | 133 | is 1.36 1.63 175 | cs Waa 


For quartz at 18°C and 1 atm, n decreases from 1.57 to 1.45 as the vacuum waye. 
length of the light increases from 1850 to 8000 A. Organic chemists use n as a con- 
veniently measured property to help characterize a liquid. 

When a light beam passes obliquely from one substance to another, it is bent or 
refracted, because of the difference in speeds in the two substances, (Since c = jy, if 
c changes, either 4 or v or both must change. It turns out that À changes but y stays 
the same as the wave goes from one medium to another.) The amount of refraction 
depends on the ratio of the speeds of the light in the two substances and so depends 
on the refractive indices of the substances, The fact that n of a substance depends on 


its component frequencies. An example is the dispersion of white light into the colors 
red, orange, yellow, green, blue, and violet by a glass prism. 


21.2 is thus the direction of increasing energy of the photons, 

Although the classical Picture of electromagnetic radiation as being produced by 
an accelerated electric charge is appropriate for the production of radio waves by 
electrons moving more or less freely in a metal wire (such electrons have a continuous 
range of allowed energies), the emission and absorption of radiation by atoms and 
molecules can generally be understood only by using quantum physics, The quantum 
theory of radiation pictures a Photon as being produced or absorbed when an atom 
or molecule makes a transition between two allowed energy levels. 


SPECTROSCOPY 


Spectroscopy. In Spectroscopy, one studies the absorption and emission of electro- 
magnetic radiation (light) by matter, In a broader sense, spectroscopy deals with all 
interactions of electromagnetic radiation and matter and so also includes scattering 
of light (Sec. 21.10) and rotation of the plane of polarization of polarized light by 
optically active substances (Sec. 21.14). 7 
The set of frequencies absorbed by a sample is its absorption spectrum; po 
quencies emitted constitute the emission spectrum. A line spectrum contains only a 
crete frequencies. A continuous Spectrum contains a continuous range of fr en 
One finds that a heated solid commonly gives a continuous emission apee na 
example is the blackbody radiation spectrum (Fig. 18.1b). A heated gas that is Ta 
very high pressure gives a line spectrum, corresponding to transitions between 
quantum-mechanically allowed energy levels of the individual molecules of the 84 


When a sample of molecules is exposed to electromagnetic radiation, the electric | 703 | 


jeld of the radiation exerts a time-varying force on the electrical charges (electrons 

i) of each molecule. To treat the int ion of radiati SECTION 21.2 
ind nuclei) of eac: lecu! nteraction of radiation and matter, one 
yes quantum mechanics, in particular, the time-dependent Schrödinger equation 
(189). Since the mathematics is complicated, we shall just quote the results and omit 
he derivations. [See Levine (1975), chap. 3.] 

The quantum-mechanical treatment shows that a molecule in the stationary state 
nthat is exposed to electromagnetic radiation may absorb a photon of frequency v 
md make a transition to a higher-energy state n if the radiation’s frequency satisfies 
B- Bq = hv (Fig. 21.3a). This is in agreement with Eq. (18.6), given by Bohr. A o a 
molecule in stationary state n in the absence of radiation can spontaneously undergo ; aa 

ie . RET ? Absorption, spontaneous emission, 

transition to a lower stationary state m, emitting a photon whose frequency satisfies and stimulated emission of 
, — Em = hv. This is spontaneous emission of radiation (Fig. 21.3b). radiation between states m and n. 


Exposing a molecule in state n to electromagnetic radiation whose frequency z 
aalisfies E, — Em = hv will increase the probability that the molecule will undergo a (a) 
transition to the lower state m with emission of a photon of frequency v. Emission 
ie to exposure to electromagnetic radiation is called stimulated emission (Fig. 21.3c). hv 


We shall see in Sec. 21.3 that electronic states of a molecule are more widely 
spaced than vibrational states, which in turn are more widely spaced than rotational 
dates, Transitions between molecular electronic states correspond to absorption in R 
theultraviolet (UV) and visible regions. Vibrational transitions correspond to absorp- 


ton in the infrared (IR) region. Rotational transitions correspond to absorption in (p) n 
the microwave region. (See Fig. 21.2.) 
The experimental techniques for absorption spectroscopy in the UV, visible, and 
R regions are similar. Here, one passes a beam of light containing a continuous range Hy. 
m 


m 


offrequencies through the sample, disperses the radiation using a prism or diffraction 

gating, and at each frequency compares the intensity of the transmitted light with 

the intensity of a reference beam that did not pass through the sample. Spontaneous 
The techniques of microwave spectroscopy are described in Sec. 21.7. annan 


| The energy of absorbed radiation is usually dissipated by intermolecular col- Y 

lisions to translational, rotational, and vibrational energies of the molecules, thereby () 

increasing the temperature of the sample. Some of the absorbed energy may be ra- m 

diated by the excited molecules (fluorescence and phosphorescence; Sec. 21.16). This hp 
m 


occurs especially in low-pressure gases, where the average time between collisions is 
much greater than in liquids. The relative amount of emission depends on the average 
lime between collisions compared with the average lifetimes of the various excited aaa 


states, Sometimes the absorbed radiation leads to a chemical reaction (Sec. 21.16). femilastGri 


Selection Rules. The quantum-mechanical treatment of the interaction between ra- 
tiation and matter shows that the probability of absorption or emission between the 
stationary states m and n is proportional to the square of the magnitude of the integral 


Pmn = fuza: where p = > Qir; (21.5) 
7 

of electronic and nuclear coordinates and 

particles in the molecule. In the Born- 

state wave functions Ym and Y, are each 

P is the electric dipole-moment 


"a the integration is over the full range 
ere the sum goes over all the charged 
fF oleimer approximation, the stationary-stat¢ 
€ product of electronic and nuclear wave functions. 
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operator and occurs in Eq. (20.36). r; is the displacement vector of charge Q, from 
the origin. The integral p,,, is called the transition (dipole) moment. For pairs of states 
for which p,,,, equals zero, the probability of a radiative transition is zero, and the 
transition is said to be forbidden. When Pmn # 0, the transition is allowed. The allowed 
changes in quantum number(s) of a system constitute the selection rule(s) for the 
system. 


Find the selection rule for a particle of charge Q ina one-dimensional box of 
length a. 

To find the selection rule, we shall evaluate p,,,, and see when it is nonzero, 
There is only one particle, so the sum in (21.5) has only one term. For this one- 
dimensional problem, the displacement from the origin equals the x coordinate, 
The wave functions are given by (18.28) as (2/a)!/? sin (nnx/a). Therefore 


20 (° . mmx | mx 
Pma =— | xsin —— sin — dx 
a Jo a a 


Using the identities sinr sin s= t cos (r — s) — 4 cos (r + s) and fx cos exdy = 
c7? cos ex + (x/c) sin cx, one finds (Prob, 21.3) 


Qa {= [(m—n)n]—1 cos [(m + nx] — ‘} 
+ = 21.6 
Pra n? (m — n}? (m + n)? ip 
We have cos 0 = 1 for 0 =0, 2r, +4n, +6n,... and cos 0 = —1 for 0 = tn 


+3n, +5z,... . lfm and n are both even numbers or both odd numbers, then 
m—n and m +n are even numbers and Pmn Equals zero, If m is even and n is 
Odd, or vice versa, then m — n and m +n are odd and Pmn iS Nonzero. Hence, 
radiative transitions between particle-in-a-box states m and n are allowed only 
if the change m — n in quantum numbers is an odd number. A particle in a box 
inthen=1 ground state can absorb radiation of appropriate frequency and go 
tO n = 2 orn = 4 etc. but cannot make a radiative transition to n= 3 orn = 3 
etc. The particle-in-a-box selection rule is An = +1, +3, ee 


For the one-dimensional harmonic oscillator (Sec. 18.1 2), one finds that the tran- 
sition moment is zero unless Av = +1, and this is the harmonic-oscillator selection 
tule. Thus, a harmonic oscillator in the v = 2 state can go only to v = 3 or ae 1by 
absorption or emission of a photon. The selection rule for the two-particle rigid rotor 
(Sec. 18.14) is found to be AJ = +1 


| Exams | 


For a collection of identical two-particle rigid rotors, find the expression for si 
allowed rotational absorption frequencies, assuming that many rotational le 
are populated. 


scopy ordinarily deals with a collection of molecules distributed 

mong states according to the Boltzmann distribution law (Sec. 15.9), The selec- 

inue for absorption is AJ = +1. Some of the rigid rotors in the J = 0 level will 

orb radiation and make a transition to the J = 1 level when exposed to 

dation of the appropriate frequency. Some of the rotors in the J = 1 level will 

radiation of appropriate frequency and go to J = 2; etc. See Fig. 21.10. 

Jofnd the allowed transition frequencies, we set the photon energy hv equal to 

teenergy diference AE between the upper and lower rotational levels involved 
nthe transition: 

AE = Eupper — Eiower = AV 17% 
pmetimes students fail to distinguish between the energy of a state and the 
energy diference between states and erroneously set the photon energy hv 
egual to the energy of a stationary state. This error is similar to the failure to 
dstinguish between the enthalpy H of a system in a thermodynamic state and 
tre enthalpy change AH for a process. 

let J, and J, be the lower and upper rotational quantum numbers for the 
tonsition. The rotational levels are Eroa = J(J + 1)h?/21 (Eq. (18.71)). Equation 


(217) gives 
hy = Jo(J2 + Dh? 21 J + 1)h?/21 


he rotational selection rule AJ = 1 gives Jy = J, 41,80 


hy = (J; + Wy + DAN- JS + 1)h?/21 = (2J, + 2)t?/21 
v=(J; + Dh/4x71 where J, = 9, Toe ie 


the Beer-Lambert Law. The absorption of UV, visible, and IR light by a sample 


isoften expressed by the Beer~Lambert law, which we now derive. 


Consider a beam of light passing through a sample of pure substance B or of 
diation and does not interact strongly 


Bdissolved in a solvent that does not absorb ra 
vith B. The beam may contain a continuous range of wavelengths, but we shall focus 
attention on the radiation whose vacuum wavelength lies in the very narrow range 
ftom À to 4 + da. 
Let I, o be the intensity of the radiation with wavelength in the range A to A+ d} 
that is incident on the sample, and let 1; be the intensity of this radiation after it has 
gone through a length x of the sample. The intensity is defined as the energy per unit 
time that falls on unit area perpendicular to the beam. The intensity is proportional 
to the number of photons incident on unit area in unit time. Let N, photons of 
Wavelength between 2 and À + dé fall on unit area of the sample in unit time, and 


kt dN, be the number of such photons absorbed by a thickness dx of the sample 


(Fig. 21.4). The probability that a given photon will be absorbed in the thickness 
f B molecules in dx 


dx is dN,/N,,; this probability is proportional to the number o! 
and hence to the number of moles dng of B in this layer. The number of moles dng 
is proportional to the molar concentration Cg of B and to the layer thickness dx. 


Therefore, dN,/N, 0 cpdx. 

Let dI, be the change in light intensity at wavelength À due to passage through 
the layer of thickness dx. Then d1} © —4N3- (The minus sign arises because dN , was 
defined as positive and dl, is negative.) Also, 1, œ N;. Hence, di ,/1,.© —dN,/Nis 
ind 1/1, 0 —cpydx. Letting %, be the proportionality constant and integrating 
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Radiation incident on and 
emerging from a thin slice of 


A 


dx 


sample. 


Iy + dly 


along the length of the sample, we have 


APTE! Tan dy 1 
ee fh —a;¢gdx and f T = -ae | dx a 
kara Í 


In 24L L 2303 log è —acpl alg 
Tho Tio q 
where | is the sample's length and 1,,, is the intensity of the radiation transmitted by 
the sample. Letting £, = ,/2.303 and defining the absorbance A 4 at wavelength } aş 
log (I,,0/I;,), we have 
A, = log (13,0/1,,1) = tcp! (21.10 


which is the Beer~Lambert law. Equations (21.9) and (21.10) can be written as 


Tay = Ty oe! = 1, g10~ en! (2111 


The intensity 7; of the radiation decreases exponentially in going through the sample 
cell. 

The fraction of incident radiation transmitted is the transmittance T, of the 
sample at wavelength 7. Thus T; = 1,,1/l,,9. Since 7.0/1, = 104, we have 


Ty = a/l o = 1074 


For A, = 1, the transmittance is 107! = 0.1, and 90 percent of the radiation at j 

is absorbed. For A, = 2, T, is 107?, and 99 percent of the radiation is absorbed. 

| "cuec 215 A Figure 21.5 plots A, and T} vs. | for £, = 10 dm? mol~! cm™! and cg = 0.1 mol/dm’, 

Mtaorbance and tranenitance a. The quantity e} is the molar absorption coefficient or molar absorptivit 'y (formerly 

cell length for a sample with called the molar extinction coefficient) of substance B at wavelength 4. Most com- 

£} = 10 dm? mol”! em”! and monly, the concentration Cp is expressed in mol/dm? and the path length / in cen- 

ETOL moldin: timeters, so ¢ is commonly given in dm? mol~! cm™ t, Figure 21.31 shows ¢ as a 

F function of 2 for benzene over a range of UV frequencies. Since the vertical scale 
in this figure is logarithmic, ¢ varies over an enormous range. 

When several different absorbing species B, C, . . . are present, and when there are 


no strong interactions between the Species, we have d/,/I, = —(agcp + alc +*+ ')dx 
| and (21.10) becomes 
Ay A,= log Cj,0/Li0 = (€,.3CR + Eccc + °°) (21.12) 


where £; p is the molar absorption coefficient of B at wavelength 4. If the molar 
absorption coefficients are known for B, C,... at several wavelengths, measurement 
= of I,,9/1,, at several wavelengths allows a mixture of unknown composition to be 
analyzed. Recall the use of Spectroscopy to determine reaction rates—See. 17.2. 


T Lasers. The use of lasers has made possible many new types of spectroscopic 
experiments and has greatly improved the resolution and precision of antics 

i; i investigations. The word laser is an acronym for “light amplification by stimulat 
emission of radiation.” intih 
To achieve laser action, one must first produce a population inversion m 4 
system. This is a nonequilibrium situation with more molecules in an excited A 
than in a lower-lying state. Let the populations and energies of the two states invo iv 
be N, and N, and E, and E,, with E, > E,. Suppose we have a population wer $ 
with N, > Nj. Photons of frequency v, = (E, — E,)/h spontaneously emitte í 
molecules drop from state 2 to 1 will stimulate other molecules in state 2 to emi 


ljem 


otons of frequency V1 2 and fall to state 1 (Fig. 21.3c), Photons of frequency v12 
yil also induce absorption from state 1 to 2, but because the system has N3 > Nj, 
gimulated emission will predominate over absorption and we will get a net amplifi- 
cation of the radiation of frequency vız- À stimulated-emission photon is emitted in 


hase with the photon that produces its emission and travels in the same direction 


a this photon. KE y 
To see how a population inversion and laser action are produced, consider Fig. 


416, in which the levels 1, 2, and 3 are those involved in the laser action. Using either 
m electric discharge Or light emitted from a flashlamp, one excites some molecules 
fom the ground level, level 1, to level 3. Suppose that the most probable fate of 
ihe molecules in level 3 is to rapidly give up energy to surrounding molecules and 
fil to level 2 without emitting radiation. Further suppose that the probability of 
spontaneous emission from level 2 to the ground level 1 is extremely small, so the 
population of level 2 builds up rapidly and eventually exceeds that of level 1, thereby 
giving a population inversion between levels 2 and 1. 

The laser system is contained in a cylindrical cavity whose ends have parallel 
mirrors. A few photons are spontaneously emitted as molecules go from level 2 to 
kvel 1, Those emitted at an angle to the cylinder’s axis pass out of the system and 
play no part in the laser action. Those emitted along the laser axis travel back and 
forth between the end mirrors and stimulate emission of further photons of frequency 
E,- E,)/h. The presence of the end mirrors makes the laser a resonant optical 
cavity in which a standing-wave pattern is produced. If | is the distance between the 
mirrors, only light of wavelength 2 such that n//2 is equal to |, where n is an integer, 
vill resonate in the cavity. This makes the laser radiation nearly monochromatic 
ingle-frequency). [ Ordinarily, a given transition in a collection of molecules is spread 
over a range of frequencies, as a result of various effects; see Levine (1975), sec. 3.5.] 
One of the end mirrors is made partially transmitting to allow some of the laser 
radiation to leave the cavity. 

The laser output is highly monochromatic, highly directional, intense, and Co- 
herent. Coherent means the phase of the radiation varies smoothly and nonrandomly 
along the beam. These properties make possible many applications in spectroscopy 
ind kinetics, Thousands of different lasers exist. The material in which the laser action 
occurs may be a solid, liquid, or gas. The frequency emitted may lie in the infrared, 
Visible, or ultraviolet region. The laser light may be emitted as a brief pulse (recall 
the use of lasers in flash photolysis—Sec. 17.13), or it may be continuously emitted. 
Most lasers emit light of fixed frequency, but by using a tunable dye laser or tunable 
semiconductor laser, one can vary the frequency that will resonate in the cavity. 


ROTATION AND VIBRATION OF DIATOMIC MOLECULES 


We now consider nuclear motion in an isolated diatomic molecule. By “isolated” we 
ht enough to neglect. This con- 


T that interactions with other molecules are slig! 
ition is well met in a gas at low pressure. 


from Sec. 20.2 that in the Born- 
for motion of the nuclei in a mole- 
repulsion) as a function of the 


Hansation, Rotation, and Vibration. Recall 
Ppenheimer approximation, the potential energy 
cule is E,, the electronic energy (including nuclear 
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States involved in laser action. 
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Coordinates R, 0, $, for the 
internal nuclear motion in a 
diatomic molecule. 


i 


spatial configuration of the nuclei. Each electronic state of a diatomic molecule 
its own E, curve (for example, see Fig. 20.2). The Schrödinger equation (20.9) for 
nuclear motion in a particular electronic state is (Ky + Ey = Ayby = Evy, hep 
E is the total energy of the molecule, Ky is the operator for the kinetic energies of 
the nuclei, and yy is the wave function for nuclear motion. 

For a diatomic molecule composed of atoms A and B with masses ma and m, 
we have Ky = —(h?/2m,WV,? — (h?/2mg)Vq? and E, = ER), where Rig wh inter 
clear distance. The potential energy E,(R) in the Schrödinger equation for nuclear 
motion is a function of only the relative coordinates of the two nuclei, Therefore the 
results of Sec. 18.13 apply, and the center-of-mass motion and the internal motion 
can be dealt with separately. The total molecular energy is the sum of E,,, the trans- 
lational energy of the molecule as a whole, and Ein the energy of the relative or 
internal motion of the two atoms: 


E= Ey + Ein (21.13) 


The allowed translational energies E,, can be taken as those of a particle in a 
three-dimensional box, Eq. (18.40). The box is the container in which the gas mole- 
cules are confined, 

From Sec. 18.13, the internal energy levels E;,,, are found from the Schrödinger 
equation for internal motion, which is 


[=(h7/2W)V? + ELR) Yin = Einin (21.14) 


The operator V? equals @2/dx? + 6?/dy? + 3?jðz?, where X, y, z are the coordinates 
of one nucleus relative to the other; Yin is a function of x, y, and z, The reduced 
mass y is given by Eq. (18.69) as H = mamp/(m,y + mp). Instead of the relative car- 
tesian coordinates x, y, z, it is more convenient to use the spherical polar coordinates 
R, 0, @ of one nucleus relative to the other (Fig. 21.7). 

The kinetic energy of internal motion can be divided into kinetic energy of ro- 
tation and kinetic energy of vibration, Rotation changes the orientation of the molec- 
ular axis in space (that is, changes 0 and ġ) while the internuclear distance R remains 
fixed. Vibration changes the internuclear distance. Since R is fixed for rotation, the 
potential energy E,(R) is associated with the vibration of the molecule. The rotational 
motion involves the coordinates @ and ¢, whereas the vibrational motion involves 
R. It is therefore reasonable to treat the rotational and vibrational motions separately. 
This is actually something of an approximation, since there is interaction between 
rotation and vibration, as discussed later in this section. 7 

The rotational energies of a rigid (fixed interparticle distance) two-particle rotor 
were given in Sec. 18.14. A diatomic molecule does not actually remain rigid while 
it rotates, because there is always some vibrational motion. Even the ground vibra- 
tional state has a zero-point vibrational energy. However, the nuclei vibrate about the 
equilibrium internuclear distance R,, so to a good approximation, we can treat the 
molecule as a two-particle rigid rotor with separation R, between the nuclei. r 
(18.71) and (18.72) the rotational energy of a diatomic molecule is (approximately 


J(J + 1h? j 
Ene Perret Rees ig cm, J 1y cose (OND) 
PAB. ma + mp 21.16) 
Ero ~ BASS +1) where B, = h/8n?1, (i: 


. ope. . ie 
I, is the equilibrium moment of inertia. B, is the equilibrium rotational neat: 
Note that R, differs for different electronic states of the same molecule (see, fo 


mpk, Fig. 20.2). The rotational wave function Vo. depends on the angles 0 and } 
defining the orientation of the molecule in space (Fig. 21.7). 

Having dealt with rotation by using the rigid-rotor approximation, we now con- 
jer vibration of a diatomic molecule. The vibrational motion is along the inter- 
nuclear separation R, so the vibrational part of the nuclear kinetic-energy operator 
(0V? in (21.14) is (—h?/2u) d? /dRÈ. [This is an oversimplification. See Levine 
(1975), sec. 4.1, for a fuller discussion.] The potential energy for vibration is ER), 
a noted above. The vibrational wave function Wy is a function of R. We have 
gparated the rotational energy E,o from the internal energy Eim in (21.14), so the 


energy that occurs in the vibrational Schrödinger equation is Eim — Ero: The vibra- 
tional Schrödinger equation is therefore 


nd? 
[5 aR? E EAR) | al) = (Ein — Ero) viol R) (21.17) 
The potential-energy function E ÁR) in (21.17) differs for each different electronic 
state and is known accurately for only a few states of a relatively few molecules, It 
is useful to expand E,(R) in a Taylor series about the equilibrium distance R,. Equa- 
tion (8.27) gives 
ER) = ER.) + E(R.(R — Re) + 2Ee(RMR — R)? + BEC (RMR = RJ? + °° 
vhere E,(R,) equals dE,(R)/dR evaluated at R = Re with similar definitions for EZ(R.), 
etc. Since we are considering a bound state with a minimum in E, at R = R, (Fig. 
202), the first derivative E,(R,) equals 0. This eliminates the second term in the ex- 
pansion. The nuclei vibrate about their equilibrium separation R,. For the lower- 
energy vibrational levels, the vibrations will be confined to distances R reasonably 
dose to R,, so the terms involving (R — R,)° and higher powers will be smaller than 
the term involving (R — R,)°; we shall neglect these terms. Therefore 


ELR) © EAR.) + SEAR MR — R? (21.18) 
We have found that in the region near Re, the electronic energy curve E,(R) is ap- 


proximately a parabolic (quadratic) function of R — R,, the deviation of R from R,. 


This is evident in Figs. 20.2 and 21.8. 4 
The quantity E,(R,) in (21.18) is a constant for a given electronic state and will 


te called the equilibrium electronic energy Eey of the electronic state: 
Ea = ERe) 

For the H, ground electronic state, the equilibrium dissociation energy is De = 

415 eV, so E,(R,) = Ea is 4.75 eV below the energy of the dissociated molecule. The 

energy of two ground-state H atoms is given by (19.19) as 2(— 13.60 eV) = — 27.20 eV, 


80 Eg = —31.95 eV for the H, ground electronic state. f 
Let x = R — R,. Then d?/dx? = d?/dR?. Substitution of (21.18) and (21.19) into 


(21.17) and rearrangement gives as the approximate vibrational Schrödinger equation 
for a diatomic molecule 


2 d? 
[=z 5 rt yeu oo = (Eim — Exot 7 EgWviv (21.20) 
u dx 


(21.19) 


Since (21.20) has the same form as the Schrödinger equation (18.65) for a one- 
dimensional harmonic oscillator, the solutions to (21.20) are the harmonic-oscillator 
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wave functions. The quantity E;n, — Eo — Ea in (21.20) corresponds to the har 
monic-oscillator energy E in (18.65); therefore Bin = Ero — Ey =(v+ Diy, cal 
bining this equation with E = E,, + Ein [Eq. (21.13)], we have as the molecula 
energy E: i 

E=E,, + Ey +E, + Ea ay 


Enio S (V+ Hh 0 =0,1,2,... diatomic molecule (CE 


The force constant k in (18,65) corresponds to E;(R,) in (21.20). Also, m in (18.65) 
corresponds to y in (21,20). Therefore the equilibrium vibrational frequency v, of the 
diatomic molecule is [Eq. (18.63)] 


1 (‘*) "= 1 [ E(R,)}!? 
vas u m| u (21.23 


From (18.61), the equilibrium force constant k, has units of force over length. 

In summary, we have seen that to a good approximation, the energy E of an 
isolated diatomic molecule is E = Er + Ero + Eyn + Een, where the translational 
energy levels E,, are those of a particle in a box, the rotational energy levels Evo can 
be approximated by the rigid-rotor energies J(J + I)h*/2/,, the vibrational levels En 
can be approximated by the harmonic-oscillator levels (v + $)hve, and the equilib- 
rium electronic energy Ea is the energy at the minimum in the electronic energy 
curve E,(R). The translational, rotational, and vibrational energies represent energy 
over and above the energy at the minimum in the E, curve. The internal energy [Eq. 
(21.13)] is E,o + Eip + Ex: 


Eim © BAJ(J + 1) + (v + hv, + Ey (21.24) 


Anharmonicity. The approximation (21.18) for the potential energy of nuclear 
motion leads to harmonic-oscillator vibrational energy levels. Comparing the lowest 
curve in Fig. 20.2 with the harmonic-oscillator parabolic curve in Fig. 18.10, we see 
that for R > R,, the parabolic approximation (21.18) is poor. The potential energy 
E(R) is not really a harmonic-oscillator potential energy, and this anharmonicity 
adds correction terms to the approximate vibrational-energy expression (21.22). One 
finds that the main correction term to (21.22) is 


—hy,x(v + 4)? 
where the anharmonicity constant VeXe is nearly always positive and depends on Ey (R) 
and EX(R,). 


With inclusion of the anharmonicity correction term, the spacing between the 
adjacent levels v and v + 1 becomes 


(e + Dive — hvexdo + 3? — [lo + Phy, — hvexe(v + 4)7] = hv, — 2hv,x<v + 1) 
Thus the spacing between adjacent diatomic-molecule vibrational levels decreases d 
v increases. This is in contrast to the equally spaced levels of a harmonic S 
A harmonic oscillator has an infinite number of vibrational levels. However, a i 
atomic-molecule bound electronic state has only a finite number of vibrational oe 
since once the vibrational energy exceeds the equilibrium dissociation energy Dae 
molecule dissociates. Figure 21.8 shows the vibrational levels of the H, ground “ie 
tronic state, which has 15 bound vibrational levels (v = 0 through 14). Note n 
decreasing spacing as v increases. The zero level of energy has been taken at 


(Elheyem=! 
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minimum of the potential-energy curve. The v = 14 level lies a mere 150cm™' 


below E,(00)/he. 


Ground-Vibrational-State Dissociation Energy. The lowest value of molecular 
rotational energy is zero, since E,,=0 for J = 0 in (21.15). However, the lowest 
vibrational energy is nonzero, In the harmonic-oscillator approximation, the v = 0 
ground vibrational state has the energy 4hv,. With inclusion of the anharmonicity 
term —hy,x,(v + 4)?, the vibrational ground-state energy is thy, — thv,x,. The dis- 
sociation energy measured from the lowest vibrational state is called the ground- 
ibrational-state dissociation energy Do (Fig. 21.8) and is somewhat less than the 
equilibrium dissociation energy D,, because of the zero-point vibrational energy: 


D, = Do + Hive — BV eXe (21.25) 


For the H, ground electronic state, Do is 4.48 eV, compared with 4.75 eV for De. 

What is the relation between the molecular quantity Do and thermodynamic 
quantities? Consider the gas-phase dissociation reaction H 2(g) > 2H(g). The standard- 
state thermodynamic properties refer to ideal gases, and there are no intermolecular 
interactions in ideal gases. At the temperature absolute zero, the molecules will all be 
inthe lowest available energy level. For H3, this is the v = 0, J = 0 level of the ground 
electronic state. Therefore the thermodynamic quantity AU for H2(g) > 2H(g) will 
equal N4Do, where N4 is the Avogadro constant. Observation of Do for the H3 
ground electronic state from spectroscopy experiments gives Do = 4.4780 eV. Using 
(20.1), we get AUS, = 432.06 kJ/mol. AU3qg differs from AUg because of the increase 
in translational energies of the 2 moles of H atoms and 1 mole of H} molecules 
and the increase in H rotational energy on going from 0 to 298 K; see Prob. 22.62. 
ei vibrational and electronic levels of Hz are not significantly occupied at 

) 


Vibration-Rotation Interaction. Equation (21.21) neglects the interaction between 
vibration and rotation. Because of the anharmonicity of the potential-energy curve 
ELR), the average distance R,y between the nuclei increases as the vibrational quan- 
tum number increases (see Fig. 21.8): This increase in Ray increases the effective mo- 
Ment of inertia | = uR2, and decreases the rotational energies, which are proportional 


Ground-electronic-state 
vibrational levels of H3. [Data 
from S. Weissman et al., J. Chem. 
Phys., 39, 2226 (1963). 
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Diatomic-molecule 
vibration-rotation levels. 


to 1/I. To allow for this effect, one adds the term —halv + HII + 1) to the ene 
where the vibration—rotation coupling constant %, iS a positive number, H 


Centrifugal Distortion. Since the molecule is not really a rigid rotor, there is g 
tendency for the internuclear distance to increase slightly as the rotational 
increases, a phenomenon called centrifugal distortion. Centrifugal distortion increases 
the moment of inertia and hence decreases the rotational energy below that of a rigid 
rotor. One finds that the term —hDJ?(J + 1)? must be added to the rotational 
where the centrifugal-distortion constant D is a very small positive constant 
confuse D with the dissociation energy. 


energy, 
. Don't 


Internal Energy of a Diatomic Molecule. With inclusion of anharmonicity and 
vibration—rotation interaction, the expression (21.24) for the internal energy of a di 
atomic molecule becomes 


Eim = Ea + hvdo + 3) — hyexe(v + 4)? + ABJ + 1) — hao + DII + 1) (21.26 


Since the centrifugal-distortion term is very small, it is omitted from Ej. The total 
energy equals Ein + E,,. If vibration—rotation interaction is neglected, Eint iS ap- 
proximated as the sum of electronic, vibrational, and rotational energies: 


Ein © Ea + hvdo +4) — hy, x,(v + 9)? + hBJ(J + 1) (21.27) 


Since v, [which depends on E(R,)] and B, (which depends on R,) each differ 
for different electronic states of the same molecule, each electronic state of a molecule 
has its own set of vibrational and rotational levels. Figure 21.9 shows some of the 
vibration-rotation levels of one electronic state of a diatomic molecule. The dots 
indicate higher rotational levels of each vibrational level. (Figure 21.8 shows only 
the energy levels with J = 0.) 


Level Spacings. The translational energy levels for a particle in a cubic box of 
volume V are [Eq. (18.42)] (n? + ny? + n.")h?/8mV2/, The spacing between adja- 
cent translational levels with quantum numbers My, Ny, n, and ny +l, My N; i8 
(2nx + 1)h?/8mV?}?, since (n, + 1)? — nx? = 2n, + 1. A typical molecule has trans- 
lational energy of roughly 4kT associated with motion in each direction (Chap. 15) 
The equation 4kT = n,?h?/8my2/3 gives for a molecule of molecular weight a0 D 
1-cm° box at room temperature: n, = 8 x 105; this gives a spacing of 5 x 10 Je 
3 x 10°"? eV between adjacent translational levels. This energy gap is so tiny that, 
for all practical Purposes, we can consider the translational energy levels of the gas 
molecules to be continuous rather than discrete. The very close spacing results from 
the macroscopic size of V. i 

The spacing between the Totational levels with quantum numbers J and J + f 
given by (21.15) as (J + 1)h?/uR,?, since (J + 1)(J + 2) — Jd + 1) = 2 + 1). Fort í 
CO ground electronic state, Re is 1.1 A. The reduced mass u equals mamp/(Ma + te 
the atomic masses m, and my are found by dividing the molar masses by the Avoga! 
constant. Thus 


ea [(12 g mol~ Y/Na][(16 g mol~ 1)/N4] = 
(28 g mol~')/N, 


This gives h?/uR,? = 8 x 10723 J — 0.0005 eV. The spacing between adjacent o9 
rotational levels is J + 1 times this number, where J = 0, 1, 2,... - 


Li x 10773 


The spacing between the harmonic-oscillator vibrational levels is hv,. Experi- 
ental observations on vibrational spectra show that v, is typically 10'* to 10'* s~ t, 
he vibrational spacing is typically 7 x 107! to 7 x 10°79 J or 0.04 to 0.4 eV. 
Electronic absorption spectra show that the spacing E«a,2 — E,),; between the 
ground and first excited electronic levels is typically 2 to 6 eV. 

Thus, electronic energy differences are substantially greater than vibrational energy 
differences, which in turn are much greater than rotational energy differences. 


sot 


The Boltzmann Distribution. In spectroscopy, one observes absorption or emission 
ofradiation by a collection of many molecules in a gas, liquid, or solid. The moleeules 
populate the various possible quantum states in accord with the Boltzmann distri- 
bution law. Absorption from a given quantum state will be observed only if there 
are a significant number of molecules in that state, so we want to examine the popu- 
lation of rotational, vibrational, and electronic states under typical conditions. The 
Boltzmann distribution law (15.74) gives the population ratio for states i and j as 
N/N; =e" TEET, At room temperature, kT = 4.1 x 107?! J = 0.026 eV. 

The typical molecular rotational-level spacing AE, found above is substantially 
les than kT at room temperature, so e~ “#7 js close to 1, and many excited 
rotational levels are populated at room temperature. 

The vibrational frequency v, equals (1/2n)(k,/jt)'/?. For heavy diatomic mole- 
cules (for example, Br, and 13), the large value of y gives a v of roughly 1013 s~! and 
aspacing hy, of roughly 0.04 eV, which is comparable to kT at room temperature. 
Hence, for heavy diatomic molecules, there is significant occupation of one or more 
excited vibrational levels at room temperature. However, relatively light diatomic 
molecules (for example, Hz, HCI, CO, and O3) have ve values of roughly 10'*:55 4 
and vibrational spacings of roughly 0.4 eV. This is substantially greater than kT at 
room temperature, so e~£/*T is very small and nearly all the molecules are in the 
ground vibrational level at room temperature. 

Since AE, is substantially greater than kT at room temperature, there is gener- 
ally no occupation of excited electronic states at room temperature. 


ROTATIONAL AND VIBRATIONAL SPECTRA OF DIATOMIC MOLECULES 


This section deals with radiative transitions between different vibration-rotation 
levels of the same electronic state of a diatomic molecule. Transitions between different 
tlectronic states are considered in Sec. 21.11. 


Selection Rules. To find the spectrum line frequencies, we need the selection rules. 


lecular wave function as the product 
For a transition between two states 
moment integral (21.5) 


The Born-Oppenheimer approximation gives the mo 
of electronic and nuclear wave functions: Y = Wel/y- 
Vand y’ with no change in electronic state (We = We), the transition- 
determining the selection rules is 


ff VEUR Wy dte dty = fran | vee. a.) dty= [vase dīy 


where (20.36) was used to introduce the electric dipole moment p of the electronic state. 
The magnitude p of p depends on the internuclear distance. (The experimentally observed 
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value is an average over the molecular zero-point vibration.) One expands p ina tine 
series about its value at R,: 


PAR) = PR.) + p'(R)(R — R.) + $p"(RR — RP pes 


where p(R,) is virtually the same as the experimentally observed dipole moment, One then 
substitutes this expansion and the expressions for yy and Wy into the above integral and 
evaluates this integral. The details are omitted. 


The selection rules for diatomic-molecule transitions with no change in ele. 
tronic state turn out to be 


AJ = +1 (21.28)* 
Av =0, +1 (+2, +3,...) (21.29 
Av = 0 not allowed if p(R,)=0 Av = +1 not allowed if p'(R.)=0 (21.30) 


where p(R,) is the molecule’s electric dipole moment evaluated at the equilibrium 
bond distance and p'(R,) is dp/dR evaluated at R,. The parentheses in (21.29) indi- 
cate that the Av = +2, +3,... transitions are far less probable than the Av = 0 and 
+1 transitions. If the molecule were a harmonic oscillator, and if terms after the 
p(R.\(R — R,) term in the P(R) expansion were negligible, only Av = 0, +1 transi- 
tions would occur, 


Rotational Spectra. Transitions with no change in electronic state and with Av = 
0 give the pure-rotation spectrum of the molecule. These transitions correspond to 
photons with energies in the microwave and far-IR regions. (The far-IR region is the 
portion of the IR region bordering the microwave region in Fig. 21.2) Equation 
(21.30) shows that a diatomic molecule has a pure-rotation spectrum only if it has a 
“nonzero electric dipole moment. A homonuclear diatomic molecule (for example, Hy, 
N2, Cl) has no pure-rotation spectrum, 

The pure-rotation spectrum is usually observed as an absorption spectrum. The 
absorption transitions all have AJ = +1 [Eq. (21.28)]. Because the rotational levels 
are not equally spaced, and because many excited rotational levels are populated at 
room temperature, there will be several lines in the pure-rotation spectrum. From 
AE = hy, the absorption frequencies are v = (E,,, — E,)/h, where the energy levels are 
given by (21.26). For a pure-rotational transition, E „is unchanged and v is unchanged, 
so the only terms in (21.26) that change are the last two terms, which involve the 
rotational quantum number J. The sum of these two terms is hJ(J + 1)[B, = %(v +H) 
and the frequency of a diatomic-molecule pure-rotational transition between levels 
J and J + 1 is (recall the second example in Sec. 21.2) 


V= + IU +2)[B, —a,(v +4)] — JU + DEB, — av +B] 


v= 20 + D[B, — alv + 4)] = XJ + 1)B, (21.31) 


where J= 0, 1, 2,:.. [Eq. (21.15)], and’ where the mean rotational constant B, {ot 
States with vibrational quantum number v is defined as 

32 
B, =B, —2,(v + 4) os 


3 Ó A l 
Tables sometimes list Bo = B, — 4z,, instead of B.. The rotational constant B, a 


$ Š 2 i se in 
lows for the increase in average internuclear distance and consequent decrea: 
rotational energies due to anharmonic vibration. 


The wave numbers of the pure-rotational transitions are ø= 1/A=v/e = 


yt 1)B,/c. We shall use a tilde to indicate division of a molecular constant by c. Thus, 
ped + DB where B, = B,/c. In particular [Eq. (21.16)], Sees 
By = Bo/c = h/8nIgc (21.33) 


where Io is the moment of inertia averaged over the zero-point vibration. In the re- 
garch literature, the tilde is often omitted. 

In the majority of cases, only the v = 0 vibrational level is significantly populated 

| atroom temperature, and the pure-rotation frequencies (21.31) become 2(J + 1)Bo; 

the pure-rotation spectrum is a series of equally spaced lines at 2Bp, 4Bo, 6Bo,- -- 


(centrifugal distortion is neglected). The line at 2Bọ is due to absorption by mole- 


cules in the J = 0 level; that at 4B is due to absorption by J = 1 molecules, etc. o F:0ure 21.10 | 


See Fig. 21.10. 
Diatomic-molecule pure-rotational 
If there is appreciable population of excited vibrational levels, each rotational transition absorption transitions. All the 
shows one or more nearby satellite lines due to transitions between rotational levels of levels shown have v = 0. 
the v= 1 vibrational level, between rotational levels of the v = 2 vibrational level, etc. ,_,; 
These satellites are much weaker than the main line because the population of vibra- 
tional levels falls off rapidly as v increases. 


Since the moments of inertia of different isotopic species of the same molecule 
dfer, each isotopic species has its own pure-rotation spectrum. For 12C160, some /= 
observed pure-rotational transitions (all for v = 0) are (1 GHz = 10° Hz): J 


JaJ+1 | 0>1 1=2 f U Dae Be | 445 


GHz 115.271 230.538 | 345.796 | 461.041 | 376.268 2By 4By Bo 


The slight decreases in the successive spacings are due to centrifugal distortion. For 
169 and !2C!80, the J = 0 — 1 pure-rotation transitions occur at 110.201 and 
109.782 GHz, respectively. 
From the observed frequency of a pure-rotational transition of a heteronuclear 
diatomic molecule, one can use (21.31) to calculate Bo; from Bo one gets Io, and 
from Ij = Ro? one gets Ro, the internuclear distance averaged over the zero-point 
vibration. If vibrational satellites are observed, they can be used to find a, and then 
(2132) allows calculation of B, and hence of the equilibrium bond distance Re 


Calculate R, for 12C160 using the above J = 0 > 1 frequency for v = 0. 

From (21.31) with J = 0, we have v = 2Bo = 2h/8n7Io = h/4n? Ro, so Ro = 
Wér2y»)!!2, This result aso follows from hv = AE, = 1(1 + 1)h7/2uRo" — 0. 
Where the rotational levels (21.15) were used. An approximate value of p of 

C'6Q was found near the end of Sec. 21.3, and use of the accurate atomic 
Masses in Table 21.2 of Sec. 21.12 gives the more accurate value u = 1.13850 x 


10723 g, Substitution in Ro = (h/4x7q)'/? gives 


p= 1/2 
=| 6.62608 x10" Is i Maes T 
4n(1.13850 x 1072° kg)(115.271 x 10° s7’) 
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FIGURE 21.14 


Vibration-Rotation Spectra of Diatomics. Transitions with a chan; 
tional state (Av # 0) and with no change in electronic state give the 
tion spectrum of the molecule. These transitions involve infrared photons, Equation 
(21.30) shows that a diatomic molecule has a vibration-rotation Spectrum only if the 
change in dipole moment dp/dR is nonzero at R,. When a homonuclear diatomic 
molecule vibrates, its p remains zero. For a heteronuclear diatomic molecule, vibra. 
tion changes p. Therefore, a diatomic molecule shows an IR vibration-rotation Spectrum 
only if it is heteronuclear. 

The vibration-rotation spectrum is usually observed as an absorption spectrum, 
From (21.29) the absorption transitions have Av = +1 (+2, +3,.. X where the 
transitions in parentheses are much less probable. Since AJ = 0 is not allowed by 
the selection rule (21.28), there is no pure-vibration spectrum for a diatomic mole- 
cule; when v changes, J also changes. 

Vibrational levels are much more widely spaced than rotational levels, so the 
IR vibration-rotation spectrum consists of a series of bands; each band corresponds 
to a transition between two particular vibrational levels p” and v’ and consists ofa 
series of lines, each line corresponding to a different change in rotational State, (See 
Fig. 21.11.) We shall first ignore the rotational structure of the bands and shall cal- 


nge in vibra, 
vibration-rotq. 


(a) The gas-phase low-pressure 
v= 0 — 1 vibration band of 
"HCI at room temperature, The 
dashed line indicates the position 
of the band origin 

(Corigin = 2886 cm™?). (In a 
sample of naturally occurring 
HCI, each line is a doublet 
because of the presence of 

"HP Cl) It is conventional to 
display infrared spectra with 
absorption intensity increasing 
downward. (b) The first few P and 
R branch transitions on an 
energy-level diagram. 
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3000 


P branch 


(a) 


qlate the frequency ofah ypothetical transition where v changes but J is 0 in both 
the initial and final states; this gives the position of the band origin. 

IR spectroscopists commonly work with wave numbers rather than frequencies. 
The wave number origin of the band origin for an absorption transition from vibra- 
ional level v” to v’ iS Gorigin = 1/4 = w/e = (Ey ~ Ey)/he. The use of (21.26) with 
J=0 gives » 

(21.34) 
(21.35) 


=i,u' — v") = exl o +1) — oo" +] 
Vele = VerelC 

Throughout this chapter, a double prime will be used on quantum numbers of the 
lover state and a single prime on quantum numbers of the upper state. 

Usually, most of the molecules are in the v = 0 vibrational level at room tem- 
perature, and the strongest band is the v = 0 > 1 band, called the fundamental band. 
The v = 0 -> 2 band (the first overtone) is much weaker than the fundamental band. 
From (21.34), the fundamental, first overtone, second overtone, ... occur at nT 
Dte De — eXer IDe — 12 Xe, -+1 


Oorigin 


Fe = Vel6, 


tav 0-1 2 

an [is see AERA EE, 

Saigin ¥, — 25,x, 23,—60,x, | 39,—120.x, 

Because the anharmonicity term v,x, is much less than ve, the frequencies of the 

fundamental and overtone bands are approximately Ve, 2Ves 3Ve, etc. The wave num- 

ter of the band origin of the fundamental band is called 9: 
Tp = 7e — 25x, and Vo = Ve — WeXe (21.36) 

The symbols c»,, 9, and @,X, are often used for Fe» Jo, and eXe, respectively. 

Some band origins of 'H*5CI IR bands are: 


tav | osa | Orde) | 0 KNA a 0-5 


uigin/ern™ * 2886.0 | 5668.0 8346.8 | 10922.8 | 133962 


olecule is relatively low, or if the gas is 


If the vibrational frequency of the m 
originating from states with v” > 0; these 


heated, one observes absorption transitions 
are called hor bands. 


Having calculated the locations of IR band origins of diatomic molecules, we 


now deal with the rotational structure of each band. From the selection rule AJ = 
+! [Eq. (21.28)], each line in an IR band involves either AJ = +1 or AJ = —1. 
Vibration-rotation transitions with AJ = +1 give the R branch lines of the band; 
transitions with AJ = —1 give the P branch. Let J" be the rotational quantum num- 
ber of the lower vibration-rotation level and J’ the rotational quantum number 
of the upper level (Fig. 21.12). The wave numbers of the vibration-rotation lines are 
9 = (Eyy — Eynye)/he. If we use the approximate energy expression (21.27) that ne- 
tects vibration-rotation interaction, then we have 

ox ido — o”) —Fx,[ve’ + ow" + D+ BJ +1) "U" + 1) 

OX Oorigin + Bel'(J' + 1) — BJS" + 1) 
Where (21.34) for ø, R branch lines, we have J’ = J” + 1; the use 


f thi origin WAS used. For ee ue 
Of this relation in the o expression gives Fp ~ origin + 2B,(J" + 1). Similarly, one 
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Energy levels of a 
vibration-rotation transition, 


vy! 


v" J" 


|718 | finds (Prob. 21.19) op © Origin — 2B,J". Thus 
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Percentage populations of 'H?5C} 
v = 0 rotational energy levels at 
300 K. 


% 
20 


"HESCL at 300 K 


OR © Forigin + 2B LJ" + 1) where J” = 0, 1, 2 
Op © Oorigin — 2B." where J” = 1,2,3 


J” =0 is excluded for the P branch lines because J’ cannot be —1. The approxi 
mate equations (21.37) and (21.38) predict equally spaced lines on either side ofo, 
(with no line at Gorigin» Since J = 0 = 0 is forbidden). m 


The accurate expressions for ag and Gp found using (21.26) for Ein, ate (Prob, 
21.20) 


OR = origin + (2B, — &,(v' + v” + DJU” + 1) — želv — ou” + 1? 21.39) 
Op = origin — [2B, — &,(v' + v" + IJ” — &,(v' — vy”? (21.40) 


where origin iS given by (21.34) and the J” values are given by (21.37) and (21.38) 
The vibration—rotation interaction constant e causes the R branch line spacings to 
decrease as J” increases and the P branch spacings to increase as J” increases, 

Figure 21.11 shows the v = 0 — 1 vibration-rotation band of HSSC 

Note that the line intensities in each branch in Fig, 21.11 first increase as J in- 
creases and then decrease at high J. The explanation for this is as follows, The Boltz- 
mann distribution law N;/N; = e~ EC EMKT gives the populations of the quantum- 
mechanical states i and j and not the populations of the quantum-mechanical energy 
levels. For each rotational energy level, there are 2J + 1 rotational states, corre- 
sponding to the 2J + 1 values of the M; quantum number (Sec. 18.14), which does not 
affect the energy. Thus, the population of each rotational energy level J is 2J + 1 times 
the population of the quantum-mechanical rotational state with quantum numbers 
J and M,. For low J, this 2J + 1 factor outweighs the decreasing exponential in the 
Boltzmann distribution law, so the populations of rotational levels at first increase as 
J increases; for high J, the exponential dominates the 2J + 1 factor, and the rotational 
populations decrease as J increases (Fig, 21.13). 

Measurement of the wave numbers of the lines of a vibration-rotation band 
allows origin» Be» and Z, to be found from Eqs. (21.39) and (21.40). Knowing origin 
for at least two bands, we can use (21.34) to find , and #,x,. The rotational constant 
B, allows the moment of inertia and hence the internuclear distance R, to be found. 
The vibrational frequency v, gives the force constant of the bond (Eq. (21.23)}. 

Vibrational and rotational constants for some diatomic molecules are listed 
in Table 21.1. Homonuclear diatomics have no pure-rotational (microwave) or 
vibration-rotation (IR) spectra, and their constants are found from electronic spec- 
tra (Sec. 21.11) or Raman spectra (Sec. 21.10). The values listed are for the ground 
electronic states, except that the CO* values are for one of the lower excited electronic 
states of CO. Note that D,/he > ù, > B., in accord with the earlier conclusion that 
electronic energies are greater than vibrational energies, which are greater than 
rotational energies. Note also the large force constants for N, and CO, which my 
triple bonds. Other things being equal, the stronger the bond, the larger the fore 
constant and the shorter the bond length. 


n P . bY i les, 
The centrifugal-distortion constant D is of significant magnitude only for light ea 
Some values of D = D/c for ground electronic states are 0.05 cm ~! for *H3, 0 
for "HF, 6 x 1076 m=! for 4N,, and 5 x 10-9 cm~? for as 
‘ e of 
The molecular reduced mass H is calculated from the atomic masses, SOM 
which are listed in Table 21.2 in Sec. 21.12. 


CONSTANTS OF SOME DIATOMIC MOLECULES? 


Dlhe R, ke 7e B, a, Tete 
Mokeule cm™' A N/m cm~! cm! om! em? 
Hy 38297 0.741 576 4403.2 60.85 3.06 121,3 
icl 37240 1.275 516 2990.9 10.593 0.31 52.8 
uN, 79890 1.098 2295 2358.6 1.998 0.017 14.3 
nçtéo 90544 1.128 1902 2169.8 1.931 0.018 13.3 
Lcl6o* 29424 1.370 555 1171.9 1311 0.018 10.6 
i 12550 2.666 172 214.5 0.0374 0.0001 0.6 
By 5C1 34300 2.361 109 366 0.2181 0.0016 2.0 
nH 29400 1.120 448 2858.5 14.457 0.53 63.0 


‘Data mainly from K. P. Huber and G. Herzberg, Molecular Spectra and Molecular Structure, vol. IV, 
Constants of Diatomic Molecules, Van Nostrand Reinhold, 1979. 


MOLECULAR SYMMETRY 


In Chapter 20, we used the symmetry of AOs to decide which AOs contribute to 
agiven MO. The full application of symmetry to quantum chemistry requires the 
branch of mathematics called group theory. Group theory helps in finding the MOs 
symmetric molecules, in determining selection rules, and in determining the vibra- 
tions of polyatomic molecules. We shall not develop group theory in this book but will 
sive a short discussion of molecular symmetry elements as preparation for discussing 
the nuclear motion of polyatomic molecules. 


Symmetry Elements. A molecule has an n-fold axis of symmetry, symbolized by 
Cy if rotation by 2z/n radians (1/nth of a complete rotation) about this axis results 
ia nuclear configuration indistinguishable from the original one. For example, the 
bisector of the bond angle in HOH is a C, axis, since rotation by 27/2 radians (180°) 
about this axis merely interchanges the two equivalent H atoms (Fig. 21.14); the 
hydrogens in the figure have been labeled H, and Hp, but in reality they are physically 
indistinguishable from each other. 

The NH, molecule has a C3 axis passing through the N nucleus and the midpoint 
ofthe triangle formed by the three H nuclei (Fig. 21.14); rotation by 2n/3 radians (120°) 
about this axis sends equivalent hydrogens into one another. The hexagonal mole- 
cule benzene (C6H6) has a Ce axis perpendicular to the molecular plane and passing 
through the center of the molecule. Rotation by 2n/6 radians (60°) about this axis 
sends equivalent nuclei into one another. This Ce axis is also a C3 axis and a Ci 
axis, since 120° and 180° rotations about it send equivalent atoms into one another. 
Benzene has six other C, axes, each lying in the molecular plane; three of these go 
through two diagonally opposite carbons, and three bisect opposite pairs of carbon- 
carbon bonds. 

a A molecule has a plane of symmetry, 
tough this plane sends the molecule into 
ible from the original one. Any planar mo! 


symbolized by ø, if reflection of all nuclei 
a configuration physically indistinguish- 
lecule (for example, HO) has a plane of 
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symmetry coinciding with the molecular plane, since reflection in the molecular pan 
leaves all nuclei unchanged in position. H,O also has a second plane of symme t 
this lies perpendicular to the molecular plane (Fig. 21.15); reflection through this 
second plane interchanges the equivalent hydrogens. 

NH; has three planes of symmetry; each symmetry plane Passes through the 
nitrogen and one hydrogen and bisects the angle formed by the nitrogen and the 
other two hydrogens. Reflection in one of these planes leaves N and one H Unchanged 
in position and interchanges the other two H’s. 

A molecule has a center of symmetry, symbol i, if inversion of each nucleus 
through this center results in a configuration indistinguishable from the Original one, 
By inversion through point P we mean moving a nucleus at x, y, z to the location 
=X, —y, —z on the opposite side of P, where the origin is at P. Neither H,0 nor 
NH; has a center of symmetry; p-dichlorobenzene has a center of symmetry, but 
m-dichlorobenzene does not (Fi ig. 21.16). A molecule with a center of symmetry can- 
not have a dipole moment. 

A molecule has an n-fold improper axis (or rotation-reflection axis), symbol S, 
if rotation by 2z/n radians about the axis followed by reflection in a plane perpen- 
dicular to this axis sends the molecule into a configuration indistinguishable from the 
original one. Figure 21.17 shows a 90° rotation about an S4 axis in CH, followed bya 
reflection in a plane perpendicular to this axis. The final configuration has hydrogens 
at the same locations in Space as the original configuration. Note that the 90° rotation 
alone produces a configuration of the hydrogens that is distinguishable from the 
original one, so the S4 axis in methane is not a C4 axis. Methane has two other $, 
axes; each S4 axis goes through the centers of opposite faces of the cube in which 
the molecule has been inscribed. The C, axis in benzene is also an S¢ axis. 


Symmetry Operations. Associated with each symmetry element (C,, Sp, 0, oF iof 
a molecule is a set of symmetry operations. For example, consider the C4 axis of 
the square-planar molecule XeF 5. We can rotate the molecule by 90°, 180°, 270°, 
and 360° about this axis to give configurations indistinguishable from the original 
one (Fig. 21.18). The operation of rotating the molecule by 90° about the C4 axis is 
symbolized by C,. Note the circumflex. Since a 180 rotation can be viewed as two 


An S4 axis in CH4. The carbon 
atom is at the center of the cube. 
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cessive 90° rotations, we symbolize a 180° rotation by Ĉ4?, which equals C,C,. 
(Recall that multiplication of two operators means applying the operators in succes- 
gon.) Similarly, 270° and 360° rotations are denoted by C,° and C,*. Since a 360° 
potation brings every nucleus back to its original location, we write C,* = Ê, where 
fis the identity operation, defined as “do nothing.” The operation €,5, which is a 
499° rotation about the C4 axis, is the same as the 90° C, rotation and is not counted 
aa new symmetry operation. 

Since two successive reflections in the same plane bring the nuclei back to their 
original locations, we have ô? = Ê. Likewise, i? = Ê. 

Since each symmetry operation must leave the location of the molecular center 
ofmass unchanged, the symmetry elements of a molecule all intersect at the center of 
mass, Since a symmetry rotation must leave the orientation of the molecular dipole 
moment unchanged, the dipole moment of a molecule with a C, axis must lie on this 
mis. A molecule with two or more noncoincident C, axes has no dipole moment. 

The set of symmetry operations of a molecule forms what mathematicians call 


a group. 


ROTATION OF POLYATOMIC MOLECULES 


As with diatomic molecules, it is usually a good approximation to take the energy 
ofa polyatomic molecule as the sum of translational, rotational, vibrational, and 
dectronic energies. We now consider the rotational energy levels. 


Classical Mechanics of Rotation. The classical-mechanical treatment of the rota- 
tion of a three-dimensional body is complicated, and we shall just quote the results 
without proof. 

The moment of inertia I, of a system of mass points my, M2,- - about an arbi- 


trary axis x is defined by 
l=} mrzi QLI) 
7 


where r, is the perpendicular distance from mass m; to the x axis. Consider a set of 
three mutually perpendicular axes x, y, and z. The products of inertia Ixy, Ixz, and 
|, for the x, y, z system are defined by the sums Ty = — J; mxiVi, ete. Any three- 
dimensional body possesses three mutually perpendicular axes a, b, and ¢ passing 
through the center of mass and having the property that the products of inertia Tap, 
lws and I,, are each zero for these axes; these three axes are called the principal 
4xes of inertia of the body. The moments of inertia Ia, Ip, and Ie calculated with 
"spect to the principal axes are the principal moments of inertia of the body. 

Symmetry aids in locating the principal axes. One can show that: A molecular 
Symmetry axis coincides with one of the principal axes. A molecular symmetry plane 
Contains two of the principal axes and is perpendicular to the third. 

Consider the square-planar molecule XeF, (Fig. 21.19), for example. The center 
of mass is at the Xe nucleus, and the three principal axes of inertia must intersect at 
this point. One of the principal axes coincides with the C4 symmetry axis perpendicu- 
hr to the molecular plane. The other two principal axes are perpendicular to the C4 
ais and lie in the molecular plane. They can be taken to coincide with the two C3 
ues that pass through the four F’s, or they can be taken to coincide with the two C3 
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axes that bisect the FXeF angles. For highly symmetric molecules, the Orientati 
of the principal axes may not be unique. tion 
For molecules without symmetry, finding the principal axes is more complica 
and is omitted. 
The principal axes are important because the classical-mechanical Totationg| 
energy can be simply expressed in terms of the principal moments of inertia, The 
classical-mechanical rotational energy of a body turns out to be 


Ero, = P,?/2y + P,?/21 + P.2/21, uy 


where P,, P,, P, are the components of the rotational angular momentum along the 
a, b, c principal axes. Note the presence of three terms, each quadraticina momentum, 
a fact mentioned in Sec. 15.10 on equipartition of energy. 

If all the mass points lie on the same line (as in a linear molecule), this line is one 
of the principal axes, since it is a symmetry axis, The rotational angular momentum 
of the body along this axis is zero, since the distance between all the masses and the 
axis is zero. Therefore, one of the three terms in (21.42) is zero, and a linear molecule 
has only two quadratic terms in its classical rotational energy. 

The principal axes are labeled so that is tyes ly 

A body is classified as a spherical, symmetric, or asymmetric top, according to 
whether three, two, or none of the principal moments 14, J, I, are equal: 


Spherical top: 1, = 1, =I, 
Symmetric top: Z=1,#1, or 1,#1,=1, 
Asymmetric top: 1, #1, #1, 


Tt can be shown that a molecule with one C,, or S,, axis with n > 3 is a symmetric 
top. A molecule with two or more noncoincident C,, or S, axes with n > 3 isa spherical 
top. NF 3, with one C, axis, is a symmetric top. XeF 4, with one C4 axis, is a symmetrie 
top. CCl4, with four noncoincident C, axes (one through each C—CI bond), is a 
spherical top. H,O, with no C; or higher axis, is an asymmetric top. 


Quantum-Mechanical Rotational Energy Levels. [For proofs of the following 
results, see Levine (1975), chap. 5.] 


The rotational constants A, B, C of a polyatomic molecule are defined by (0 
(21.16)] 


A=h/8r71,, B=h/8n7I,, C= h/8r°l, Gist 
The rotational energy levels of a spherical top are 
Ero = J(J + 1)h?/21 = BhJ(J +1), J =0,1,2,... 


where I = I, = I, = 1.. The spherical-top rotational wave functions involve the + 
quantum numbers J, K, and M, where K and M each range from —J t0 a 
integral steps. Each spherical-top rotational level is (2J + 1)?-fold degenerate, 60! 
sponding to the (2J + 1)? different choices for K and M for a fixed J. 

The rotational levels of a symmetric top with 7, = /, are 


J(J + Ih? 2 
= JU + In? " Kefi ai xx) = BhJ(J + 1) + (A — BK (21.45) 
21, 7 T A 
eames) Karde + ly. aah 


? and 
There is also an M quantum number that does not affect Eo: If Tg = Toy then la 


(21.44) 


rot 


Ain (21.45) are replaced by I, and C. The quantity Kh is the component of the rota- 
jjonal angular momentum along the molecular symmetry axis. 

The axis of a linear molecule is a C,, axis, since rotations by 2z/n radians, where 
n= 2,3).++1 0, about this axis are symmetry operations. Hence, a linear molecule 
isa symmetric top. (This is also obvious from the fact that the moments of inertia 
about all axes that pass through the center of mass and are perpendicular to the 
molecular axis are equal.) Because all the nuclei lie on the C,, symmetry axis, there 
can be no rotational angular momentum along this axis and K must be zero for a 
linear molecule. Hence, Eq. (21.45) gives 


Eq = J(J + 1)h?/2I, = BhJ(J + 1) linear molecule 


where J, is the moment of inertia about an axis through the center of mass and per- 
pendicular to the molecular axis. A special case is a diatomic molecule, Eq. (21.15). 

The rotational levels for an asymmetric top are extremely complicated and fol- 
low no simple pattern. 


$election Rules. The selection rules for the pure-rotational (microwave) spectra of 
polyatomic molecules are as follows. 

Just as for diatomic molecules, a polyatomic molecule must have a nonzero dipole 
moment to undergo a pure-rotational transition with absorption or emission of radiation. 
Because of their high symmetry, all spherical tops (for example, CCl, and SF) and 
some symmetric tops (for example, CoHe and XeF4) have no dipole moment and 
exhibit no pure-rotation spectrum. 

For a symmetric top with a dipole moment (for example, CHF), the pure- 


rotational selection rules are 
AJ=+1, AK=0 (21.46) 


The use of (21.46), (21.45), and AE = hy gives the frequency of the pure-rotational 
J+ J+ 1 absorption transition as 


v = 2B(J + 1), J=0,1,2,.-. symmetric top (21.47) 


The microwave spectrum of a symmetric top consists of a series of equally spaced 
lines at 2B, 4B, 6B, . . . (provided centrifugal distortion is negligible). 

The most populated vibrational state has all vibrational quantum numbers equal 
to zero, and the rotational constant B determined from the microwave spectrum is 
an average over the zero-point vibrations and is designated Bo. If excited vibrational 
levels are significantly populated at room temperature, vibrational satellites are ob- 
served, as discussed for diatomic molecules. 

The selection rules for asymmetric tops are complicat: 


MICROWAVE SPECTROSCOPY 


Except for light diatomic molecules, pure: 


ed, and are omitted. 


-rotational spectra occur in the microwave 
Portion of the electromagnetic spectrum. Figure 21.20 sketches a highly simplified 
Version of a microwave spectrometer. A special electronic tube called a klystron 
generates virtually monochromatic microwave radiation, whose frequency can be 
varied with a tuning screw. The radiation is transmitted through a hollow metal pipe 
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called a waveguide. A portion of waveguide sealed at both ends with mica Windows 
is the absorption cell. The cell is filled with low-pressure (0.01 to 0.1 torr) vapor of 
the molecule to be investigated. (At medium and high pressures, intermolecular ine 
teractions broaden the rotational absorption lines, giving an essentially continuous 
rotational absorption spectrum.) The microwave radiation is detected with a metal. 
rod antenna mounted in the waveguide and connected to a semiconductor diode, 
When the klystron frequency coincides with one of the absorption frequencies of the 
gas, there is a dip in the observed microwave power reaching the detector, 

Any substance with a dipole moment and with sufficient vapor pressure can be 
studied. The use of a waveguide heated to 1000 K allows the rotational spectra of 
the alkali halides to be observed. Very large molecules are difficult to study; such 
molecules have many low-energy vibrational levels that are significantly populated 
at room temperature; this produces a microwave spectrum with so many lines that 
it is extremely hard to figure out which rotational transitions the various lines cor- 
respond to. Some large molecules whose microwave spectra have been successfully 
investigated are o-xylene, azulene, B-fluoronaphthalene, and CgH¢Cr(CO)3. 

The microwave spectrum of a symmetric top is very simple [Eq. (21.47)] and 
yields the rotational constant Bo. The microwave spectrum of an asymmetric top is 
quite complicated, but once one has assigned several lines to transitions between 
specific rotational levels, one can calculate the three rotational constants Ag, Bo, Co 
and the corresponding principal moments of inertia. 

The principal moments of inertia depend on the bond distances and angles and 
the conformation. Knowledge of one moment of inertia for a symmetric top or three 
moments of inertia for an asymmetric top is generally not enough information to 
determine the structure fully. One therefore prepares isotopically substituted species 
of the molecule and observes their microwave spectra to find their moments of inertia, 
The molecular geometry is determined by the nuclear configuration that minimizes 
the energy E, in the electronic Schrödinger equation A.W, = E,y,. The terms in the 
electronic Hamiltonian A, are independent of the nuclear masses. Therefore, isotopi 
substitution does not affect the equilibrium geometry. (This isn’t quite true, ee 
of very slight deviations from the Born-Oppenheimer approximation.) When suf- 
cient isotopically substituted species have been studied, the complete molecular struc- 
ture can be determined. Some examples of molecular structures determined by 
microwave spectroscopy are: 


CHF}: R(CH)= 1.09 A, R(CF) = 1.36 A, ZHCH = 113.7%, LFCF = 1083 
CH30H: R(CH) = 1.09 Å, R(CO) = 1.43 A, R(OH) = 0.94 A, 
HCH = 108.6", Z COH = 108.5° 
CoHsF: average R(CC) = 1.39 A, R(CH) = 1.08 A, R(CF) = 1.35 Å 
H)S: R(SH) = 134A, 7 HSH = 921° 
SO: R(SO)=1.43A, 2 OSO = 119,3° 
03: R(OO)=127A, £000 = 116.8° 


Besides molecular structures, one can also obtain molecular dipole moments 
fom microwave spectra. An insulated metal plate is inserted lengthwise in the wave- 
pide. Application of a voltage to this plate subjects the gas molecules to an electric 
feld, thereby shifting their rotational energies. (A shift in molecular energy levels due 
(0 application of an external electric field is called a Stark effect.) The magnitudes 
of these shifts depend on the components of the molecular electric dipole moment. 
Microwave spectroscopy gives quite accurate dipole moments. Moreover, it gives the 
components of the dipole-moment vector along the principal axes of inertia, so the 
orientation of the dipole-moment vector is known. Some dipole moments in debyes 
determined by microwave spectroscopy are 


GHs | HC(CH3), | H202 H,O | H3S | azulene | NaCl | KCI | HCI | FCI | CH,D 


| | j ji 
008 0.13 22 | 285 0.97 | 0.80 9.0 | 10.3 | 112 0.88 l 0.006 


The nonzero dipole moments of the saturated hydrocarbons H,C(CH3)2 and 
HC(CH3)3 are due to deviations from the 1094° tetrahedral bond angle and to 
polarization of the electron probability densities of the CH3, CH, and CH groups 
by the unsymmetrical electric fields in the molecules [S. W. Benson and M. Luria, J. 
Am. Chem. Soc., 97, 704 (1975)]. The dipole moment of CHD is due to deviations 
from the Born—Oppenheimer approximation. 

Besides molecular structures and dipole moments, microwave spectroscopy also 
yields barriers to internal rotation (Sec. 20.7) in polar molecules. Although internal 
rotation is a vibrational motion, it has effects on the pure-rotational spectrum, which 
allows barriers to be found. (See Sugden and Kenney, chap. 8.) 

Many molecular species in interstellar space have been detected by observation 
of microwave rotational emission lines. Over 50 species have been found, including 
OH, H,O, NH, SOs, CH;OH, CH3CN, CH CHO, and C,H5OH. See S. Green, 
Ann, Rev. Phys. Chem., 32, 103 (1981); L. Blitz, Scientific American, April 1982, p. 84. 
Microwave emissions from ClO, an intermediate in the catalytic destruction of strato- 
spheric ozone by Cl [Eq. (17-119)], indicate the presence of significant amounts of 
CIO in the stratosphere over Antarctica and provide evidence that the seasonal de- 
pletion of the Antarctic ozone layer is linked to chlorofluorocarbons [Science, 236, 
1182 (1987)]. 

An impressive example of the interaction between theory and experiment is the 
study of the gas-phase microwave spectrum of the simplest amino acid, glycine, 
NH,CH,COOH. In 1978, the microwave spectrum of the glycine conformation 
labeled TI in Fig, 21.21 was observed and rotational transitions were assigned, al- 
lowing its rotational constants A, B, and C to be found. However, ab initio SCF 
calculations predicted that conformation I in Fig. 21.21 would be 1 or 2 kcal/mol 


lower in energy than the observed conformation II. This prompted a further search 


of the microwave spectrum. Guided by the theoretically predicted rotational con- 
transitions due to I and obtained 


stants for conformation I, the experimentalists found c 

its rotational constants. (The lowest-energy conformation I has a weaker microwave 
spectrum than T does because the dipole moment of T is much smaller.) The rotational 
constants calculated from the SCF structure are in excellent agreement with the ex- 
perimental values. The observed line intensities indicate that I is 1.4 kcal/mol more 
stable than II. [L. Schäfer et al, J. Am. Chem. Soc, 102, 6566 (1980); R. D. Suenram 
and F. J, Lovas, ibid., 102, 7180 (1980)]- 

More than 1000 molecules have been studied by microwave spectroscopy- 
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SPOR RRAA VIBRATION OF POLYATOMIC MOLECULES 


The nuclear wave function Ww of a molecule containing M atoms isa function of 
the 31” spatial coordinates needed to specify the locations of the nuclei. The nuclear 
motions are translations, rotations, and vibrations. The translational wave fingi 
is a function of three coordinates, the x, y, and z coordinates of the center of mas, 
The rotational wave function of a linear molecule is a function of the two angles) 
and ¢ (Fig. 21.7) needed to specify the spatial orientation of the molecular axis, To 
specify the orientation of a nonlinear molecule, one chooses some axis in the mols. 
cule, gives 0 and ¢ for this axis, and gives the angle of rotation of the molecule itself 
about this axis. Thus, Wro depends on three angles for a nonlinear molecule, Thy 
nuclear vibrational wave function therefore depends on 3.47 — 3 — 2=3N -5 
ordinates for a linear molecule and INW —-3-3=3N7 ~6 Coordinates for a nop 
linear molecule. The number of independent coordinates needed to specify each kind 
of motion (translation, rotation, vibration) is called the number of degrees of freedom 
| Ficure 21.22 for that kind of motion (Fig, 21.22). Each such coordinate Specifies a mode of motion 


Degrees of freedom of a molecule SO the number of degrees of freedom is the number of modes of motion, 


with M atoms, We first discuss the classical-mechanical treatment of molecular vibration and 
DEGREES OF FREEDOM then the quantum-mechanical treatment. 
en eM 


ain Classical Mechanics of Vibration. Consider a molecule with 1” nuclei vibrating 
| trans, 3 iS about their equilibrium Positions subject to the potential energy Ee, where E, isa 
{ function of the nuclear coordinates and is found by solving the electronic Schrödinger 
z equation. For small vibrations, we can expand E, in a Taylor series and neglect terms 
i Vib, 39-5 3m—6 higher than quadratic, as we did for a diatomic molecule [Eq. (21.18)]. Substituting 
haan this expansion into Newton's second law, one finds [Levine (1975), sec. 6.2] that any 
classical molecular vibration can be expressed as a linear combination of what ar 
called normal modes of vibration. $ 
In a given normal mode, each nucleus vibrates about its equilibrium position at 
the same frequency as every other nucleus; the nuclei all vibrate in phase, meaning 
that each nucleus passes through its equilibrium position at the same time. However, 
the vibrational amplitudes of different nuclei may differ. A molecule has 3.1’ = bor 
34 — 5 normal modes, depending on whether it is nonlinear or linear, respectively. 
For a diatomic molecule, 3.4” — 5= 1. The single normal mode involves the 
vibration of the two atoms along the internuclear axis, For a heteronuclear diatomic 
molecule, the vibrational amplitude of the heavier atom is less than that of the lighter 
atom. À 
Each normal mode has its own vibrational frequency. The forms and peices 
of the normal modes depend on the molecular geometry, the nuclear masses, and t i 
force constants (the second derivatives of E, with respect to the nuclear pen 
If these quantities are known, one can find the normal modes and their frequent 
(For each normal mode, the vibrational Hamiltonian has a kinetic-energy os 
that is quadratic in a momentum and a potential-energy term that is quadratic i 
coordinate. This fact was used in the Sec. 15.10 discussion of equipartition:) ‘i 
Figure 21.23 shows the normal modes of the linear molecule CO2, which H 
3(3) — 5 = 4 normal modes. In the symmetric stretching vibration labeled T i 
carbon nucleus is motionless. In the asymmetric stretch v3, all the nuclei vibrate. 


SECTION 21,8 


bending mode V9, is the same as v2, rotated by 90° about the molecular axis; clearly, 
these two modes have the same frequency. Bond-bending frequencies are generally 
lower than bond-stretching frequencies. For CO2, observation of IR and Raman 
spectra gives fı = 1340 cm~ £, fa = 667 em~!, #3 = 2349 cm™ +, where ¥ = v/c. 

Figure 21.24 shows the three normal modes of the nonlinear molecule H20. 
Here, vı and v3 are stretching vibrations, and v2 is a bending vibration. 


Quantum Mechanics of Vibration. Neglecting terms higher than quadratic in the 
£,expansion and expressing the vibrations in terms of normal modes, one finds [ Levine 
(1975), sec. 6.4] that the Hamiltonian for vibration becomes the sum of harmonic- 
oscillator vibrational Hamiltonians, one for each normal mode. Hence, the quantum- 
mechanical vibrational energy of a polyatomic molecule is approximately the sum of 
34 —6 or 3.4” — 5 harmonic-oscillator energies, one for each normal mode: 
34-6 
Ew z Y (+h 1=9,1,2--- (21.48)* 
i=i 

where v; is the frequency of the ith normal mode and v; is its quantum number. For 
linear molecules, the upper limit is 3.” — 5. The 34° — 6 or 3M — 5 vibrational 
quantum numbers vary independently of one another. The ground vibrational level 
has all v/s equal to zero and has the zero-point energy 4 J; hy; (anharmonicity 
neglected), 

One finds that the most probable vibration-rotation absorption transitions are 
those for which one vibrational quantum number vj changes by +1 with all others 
(vu k # j) unchanged. However, for the transition vj > vj + 1 to occur, the jth normal- 
mode vibration must change the molecular dipole moment. Since the harmonic-oscillator 
levels are spaced by hvj, the transition vj > vj + 1 produces a band in the IR spectrum 
at the frequency Vj Might = AE/h = hy /h = vj). 

For CO3, the symmetric stretch v; leaves the dipole moment unchanged, and 
no IR band is observed at vı. One says this vibration is IR-inactive. The vibrations 
v2 and v3 each change the dipole moment and are IR-active. f, 

The most populated vibrational level has all the vs equal to 0. A transition 
from this level to a level with vj = 1 and all other vibrational quantum numbers 
equal to zero gives an IR fundamental band. Transitions where one vj changes by 2 
or more and all others are unchanged give overtone bands, Transitions where two 
Vibrational quantum numbers change give combination bands. Overtone and combi- 
nation bands are substantially weaker than fundamental bands. 


Normal vibrational modes of 
CO). The plus and minus signs 
indicate motion out of and into 

the plane of the paper. 


7 =1595 cm7! y= 3756 cm! 
v, = 3657 cm! P= 1595 em n= 3756 cm 


The normal modes of HO. The 
heavy oxygen atom has a much 
smaller vibrational amplitude than 
the light hydrogen atoms. 
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The frequencies of the IR fundamental bands give (some of) the fun 
vibration frequencies of the molecule. Because of anharmonicity, the funda 
frequencies differ somewhat from the equilibrium vibrational frequencies [see 
(21.36)]. Usually, insufficient data are available to determine the anharmonicity gp. 
rections, and so one works with the fundamental frequencies, à 

For H20, all three normal modes are IR-active. Wave numbers o 
origins for H20 vapor follow. Also listed are the band intensities (5 
medium, w = weak) and the quantum numbers vi v, v} of the up} 
level. In all cases, the lower level is the 000 ground state. 


f some IR band. 
= strong, m= 
per vibrational 


Foriginfom™* | 159548) | 3152(m) 3657(s) 375643) 5331(m) ) 672%) 
Mad | } | a 


v 02 e3 010 020 100 001 ou | 021 
The three strongest bands are the fundamentals and give the fundamental vibration 
wave numbers as ï, = 3657 em~*, ĉa = 1595 cm™!, and ¥3 = 3756 cm”! Because 
of anharmonicity, the overtone transition 000 + 020 occurs at a bit less than twice 
the frequency of the 000 — 010 fundamental band. The combination band at 
6872 cm~! has its wave number approximately equal to 272 + a = 6946 cm~! 
Molecules with more than, say, five atoms generally have one or more vibrational 
modes with frequencies low enough to have excited vibrational levels significantly 


a rotational structure. For certain vibrational transitions, the AJ = 0 transition is 


The absorption of IR radiation by water vapor and CO, has a major effect on the earth's 
temperature, The sun’s surface is at 6000 K, and most of the energy of its radiation (which 
is approximately that of a blackbody) lies in the visible region and the near-UV and near- 
IR regions bordering the visible. The earth’s atmospheric gases do not have major absorp- 
tions in these regions, so most of the sun's radiation reaches the earth's surface. (Recall, 
however, the UV absorption by Stratospheric O}; Sec. 17.15.) The earth’s surface is at 
300 K, and most of the energy it radiates is in the mid-infrared. H,O vapor and CO, in 
the atmosphere absorb a significant fraction of the IR radiation emitted by the earth and 
reradiate part of it back to the earth, making the earth warmer than if these gases were 
absent (the “greenhouse effect”), Besides CO), other trace gases such as the chlorofluoro- 
carbons (Sec, 17.15) and CH, contribute to the greenhouse effect, The atmospheres CO; 


Watson of NASA (Newsweek, June 23, 1986, p. 64). For more on global warming, «è 
Chem. Eng. News, Noy. 24, 1986, pp. 20-21, 29-35. 
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Figure 21.25 outlines a double-beam IR spectrometer. The radiation es Ba 
electrically heated rod that emits continuous radiation. If the sample is in s0 a 
the reference cell is filled with pure solvent; otherwise, it is empty. The chopper ca 
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the sample beam and the reference beam to fall alternately on the prism. The prism 
disperses the radiation into its component frequencies. The rotating mirror changes 
the frequency of the radiation falling on the detector. The motor that drives this 
mirror also drives the chart paper on which the spectrum is recorded as a function 
of frequency. If the sample does not absorb at a given frequency, the sample and ref- 
erence beams falling on the detector are equally intense and the ac amplifier receives 
noac signal. At a frequency for which the sample absorbs, the light intensity reaching 
the detector varies at a frequency equal to the chopper frequency; the detector then 
puts out an ac signal whose strength depends on the intensity of absorption. IR 
detectors used include thermocouples, temperature-dependent resistors, and photo- 
conductive materials. 

The sample may be gaseous, liquid, or solid. Solids are ground up with a paraffin 
or fluorocarbon oil to form a paste, or they are ground up with KBr and squeezed 
ina die to form a transparent disk; samples of biopolymers and synthetic polymers 
are often studied as very thin films formed by evaporating to dryness a solution of 
the polymer on the absorption-cell window. 

One can study the IR spectrum of a species chemisorbed on a metal catalyst, 
by compressing tiny metal crystals supported on an inert oxide such as SiO to form 
athin disk. The disk is mounted inside an IR absorption cell, the cell is evacuated, 
and the adsorbate gas is admitted to the cell (Fig. 21.26a). The spectrum of the clean 
metal and support is subtracted from that of the metal, support, and chemisorbed 
gas, Instead of transmitting the IR radiation through the sample, one can get the IR 
spectrum of a chemisorbed species by reflecting the radiation off a single metal crys- 
tal containing the adsorbate (Fig. 21.26b); this is reflection—absorption infrared spec- 
troscopy (RAIS, also called IRAS). Another way to obtain vibrational frequencies of 
chemisorbed species is by electron-energy-loss spectroscopy (EELS). Here, a mono- 
energetic beam of electrons is reflected off the metal-crystal surface (Fig. 21.26c), and 
the energies of the reflected electrons are measured. The losses in electron energy 
give the vibrational energy changes in the adsorbate, from which the adsorbate vi- 
brational frequencies can be found. 

An improvement in sensitivity (the ability to detect weak signals) and speed as 
compared with the IR spectrometer of Fig. 21.25 is given by the Fourier-transform IR 
(FT-IR) spectrometer, which does not contain a prism or grating but uses a Michelson 
interferometer (Halliday and Resnick, sec. 45-7) to form what is called an interfero- 
gram, which is then mathematically manipulated by a microcomputer to give the IR 
absorption spectrum. For the theory and applications of FT-IR spectroscopy, see 
M.J. D. Low, J. Chem. Educ., 47, A163 (1970); P. R. Griffiths and J. A. de Haseth, 


Fourier Transform Infrared Spectrometry, Wiley, 1986. 
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species. 
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molecules do not rotate. In liquids (and in high-pressure gases), the strong j 
lecular interactions continually shift the rotational energy levels, thus 


vibrations. 
Some nonpolar-molecule Structures determined from IR Spectra are: 


C2H6:  R(CH) = 1.10 A, R(CC) = 1.54 À, 2 HCC = 110° 
C2H4:  R(CH) = 1.09 A, R(CC) = 1.34 Å, Z HCC = 121° 
C,H:  R(CH) = 1.06 A, R(CC) = 1.20 Å,  ZHCC = 180° 


Organic chemists use IR Spectroscopy to help identify an unknown compound, 
Although most or all of the atoms are vibrating in each normal mode, certain normal 
modes may involve mainly motion of only a small group of atoms bonded together, 
with the other atoms vibrating only slightly. For example, in aldehydes and ketones, 
there is one normal mode which is mainly a C=O stretching vibration, and its fre 
quency is approximately the same in most aldehydes and ketones, Normal-mode 
analysis shows that two bonded atoms A and B in a compound will exhibit a charac 
teristic vibrational frequency provided that either the force constant of the A-B 


Over a very wide Tange of frequencies, z ; 
Some characteristic IR wave numbers in cm“! for stretching vibrations are: 


ad = o) 
OH | NH (each c=c _ce Z 
3200-3600 | 3100-3500 | 2700-33009 | 2100-2250 | 1620-1680 | 1650-1850 


The most commonly studied portion of the IR spectrum is from 5000 to 
670 cm~! (2 to 15 um), nd 
The complete IR spectrum is a highly characteristic property of a compou 
and has been compared to a fingerprint. bert 
Quantitative analysis of mixtures can be done by applying the Beer-Lami 
law (Sec. 21.2) to IR absorption. f nfor- 
Molecular vibrational frequencies are affected by changes in bonding, Ey to 
mation, and intermolecular hydrogen bonding, so IR spectroscopy can be H i 
study such changes, Hydrogen bonding reduces the frequencies of OH an 


stretching vibrations. For example, water vapor shows symmetric and asymmetric 
OH stretches at 3657 and 3756 cm ~! (Fig. 21.24); in liquid water these are replaced 
by a broad absorption band centered at 3400 cm~'. Conformations and hydrogen 
bonding of biological molecules and synthetic polymers have been studied using IR 
spectroscopy. [See E. G. Brame and J. G. Grasselli (eds.), Infrared and Raman Spec- 
troscopy, pt. C, Dekker, 1977.] 

IR spectroscopy and EELS are widely used to study the structure of species 
chemisorbed on solids. For CH=CH; chemisorbed on Pt certain vibrational bands 
occur at about the same frequencies as IR bands of compounds containing n-alkyl 
groups bonded to metal atoms, thereby indicating the presence of c-bonded ethylene 
(PtCH,CH,Pt), shown in Fig. 20.23a; other IR bands for C,H, on Pt occur at about 
the same frequencies as IR bands of compounds known to contain C,H, 2 bonded 
to a metal atom (for example, [Pt(C,H,)Cl,]~), and they are evidence for the z 
complex shown in Fig. 20.23). Still other bands occur at frequencies close to those 
of the compound CH,;CCo3(CO), and show the presence of the ethylidyne complex 
CH,CPt; (Fig. 21.27). When adsorbed ethylidyne is formed, one H atom dissociates 
from C,H, and is chemisorbed on the Pt surface and a second H atom shifts from 
one carbon to the other. The relative amounts of the various forms of ethylene ad- 
sorbed on metals depend on the temperature, the metal, and which face of the metal 
is exposed. 

When H,(g) is chemisorbed on ZnO, one finds O—H and Zn—H IR bands 
at 3502 cm~' and 1691 cm~! due to dissociatively adsorbed hydrogen. In addition, 
there is a band at 4019 cm~!. The vibrational frequency řọ of H(g) is 4161 cm”! 
[Table 21,1 and Eq. (21.36)], which is 142 cm~! above the chemisorbed-species’ 
frequency. For physically adsorbed molecules, one typically observes a downward 
frequency shift of about 20 cm~! compared with the gas phase. The large shift for 
H; on ZnO is interpreted as evidence for nondissociatively chemisorbed H, (Fig. 
20.23d); see C. C. Chang et al., J. Phys. Chem., 77, 2634 (1973). (Although H, gas 
does not absorb IR radiation, chemisorbed H, molecules do absorb; the bond to the 
sche induces a dipole moment whose value changes as the H, internuclear distance 
changes.) 


RAMAN SPECTROSCOPY 


Raman spectroscopy is quite different from absorption spectroscopy in that it studies 
light scattered by a sample rather than light absorbed or emitted. Suppose a photon 
collides with a molecule in state a. If the energy of the photon corresponds to the 
energy difference between state a and a higher level, the photon may be absorbed, 
the molecule making a transition to the higher level. No matter what the energy 
of the photon is, the photon—molecule collision may scatter the photon, meaning that 
the photon’s direction of motion is changed. Although most of the scattered photons 
Undergo no change in frequency and energy (Rayleigh scattering), a small fraction 
of the scattered photons exchange energy with the molecule during the collision. The 
resulting increase or decrease in energy of the scattered photons is the Raman effect, 
first observed by C. V. Raman in 1928. 

Let vo and va be the frequencies of the incident photon and the Raman- 


Scattered photon, respectively! and let E, and E, be the energies of the molecule 


— 
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Structure of the ethylidyne 
complex formed when CH, is 
chemisorbed on the (111) surface 
of Pt at 300 K. (The notation is 
explained in Sec, 24,7,) 


before and after it scatters the photon. Conservation of energy gives h 
M+ Ba = 
hV scar + Ep, OF 


sae AE = Ey — E, = WV — Vea) fe 


The energy difference AE is the difference between two stationary-state energies of 
the molecule, so measurement of the Raman shifts vo — Vcn gives molecular energy- 
level differences. 

In Raman spectroscopy, one exposes the sample (gas, liquid, or solid) to mno- 
chromatic radiation of any convenient frequency vo. Unlike absorption spectroscopy, 
vo need have no relation to the difference between energy levels of the sample mole- 
cules. Usually vo lies in the visible or near-UV region. The Raman-effect lines are 
extremely weak (only about 0.001 percent of the incident radiation is scattered, and 
only about 1 percent of the scattered radiation is Raman-scattered), Therefore, the 
very intense light of a laser beam is used as the exciting radiation. Scattered light 
at right angles to the laser beam is focused on the entrance slit of a spectrometer 

| cure 21.23 (Fig. 21.28), which records light intensity vs. frequency, giving the Raman spectrum. 

Figure 21.29 shows the pattern of Raman lines for a gas of diatomic molecules. 

In Raman spectroscopy, one $ $ P š ` 

observes light scattered at right The strong central line at vp is due to light scattered with no frequency change. On 
angles to the incident radiation. either side of vg and close to it are lines corresponding to pure-rotational transitions 
in the molecule; the lines with vsca > Vo result from transitions where J decreas, 
and those with Vscat < Vo result from increases in J. On the low-frequency side of w 
is a band of lines corresponding to v = 0 — 1 vibration-rotation transitions in the 


n molecule. If there is significant population of the v = 1 vibrational level, there isa 
A | weak band of lines on the high-frequency side, corresponding to v = 1 > 0 vibration 
ell rotation transitions. è 7 
k P Investigation of the Raman selection rules shows that spherical tops exhibitno | 
L | NX | pure-rotational Raman spectra, but all symmetric and asymmetric tops show pue- 
D. . Spectrameter rotational Raman spectra. Raman scattering is a different process than absorption 


entrance slit and the rotational Raman selection rules differ from those for absorption, One finds 
that for linear molecules the pure-rotational Raman frequencies on either side of Vp 
correspond to AJ = +2. The rotational Raman selection rules for nonlinear mole 
cules are more complicated and are omitted. The pure-rotational Raman spectrum 
can yield the structure of a nonpolar molecule (for example, Fz, CoH) thatis AN 
spherical top. For benzene, the rotational Raman spectrum gives R(CC) = 197 
and R(CH) = 1.08 A. 

For a polyatomic molecule, the Raman spectrum shows several Av, = ! funda 
mental bands, each corresponding to a Raman-active vibration. A normal modes 
Raman-active if it changes the molecular polarizability (Sec. 14.15). Since this te 
quirement is different from that for IR activity, the Raman spectrum often a 
the frequencies of IR-inactive bands to be found. An example is the v; vibration x 
CO), (Fig. 21.23), which is IR-inactive but Raman-active. As with IR spectra, vibra 


FIGURE 21.29 


Raman spectrum of a gas of vo 


diatomic molecules. 
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tional Raman spectra of gases show rotational structure, but rotational structure is 
absent in spectra of liquids and solids. 

An important advantage of vibrational Raman spectroscopy over IR spectros- 
copy arises from the fact that liquid water shows only weak vibrational Raman 
scattering in the Raman-shift range 300-3000 cm~! but has strong, broad IR ab- 
corptions in this range. Thus, vibrational Raman spectra of substances in aqueous 
solution can readily be studied without solvent interference. An aqueous solution of 
mercury(I) nitrate shows a strong peak at a Raman shift of 170 cm” 1, and this peak 
is absent from spectra of other nitrate salt solutions, The peak is due to vibration 
ofthe He— Hg bond and indicates that the mercury(I) ion is diatomic (Hg? *). The 
vibrational Raman spectrum of CO, dissolved in water is almost the same as that 
of liquid CO2 and shows no HCO, vibrational absorption bands, thereby con- 
firming that CO, in water exists mainly as solvated CO, molecules, not as H,CO3. 
Vibrational Raman spectroscopy has been used to study ion pairing (Sec. 10.7) and 
solvation of ions. Vibrational Raman spectra of biological molecules in aqueous solu- 
tion provide information on conformations and hydrogen bonding. (See J. L. Koenig 
inD, W. Jones, ed., Introduction to the Spectroscopy of Biological Polymers, Academic 
Press, 1976, chap. 3.) 

In resonance Raman spectroscopy, the exciting frequency Vo is chosen to coin- 
cide with an electronic absorption frequency (Sec. 21.11) of the species being studied. 
This dramatically increases the intensities of the Raman-scattered radiation for those 
vibrational modes that are localized in the portion of the molecule that is respon- 
sible (or the electronic absorption at vo- Two important advantages of resonance 
Raman spectroscopy in the study of biological molecules are: (a) the increased scat- 
tering intensity allows study of solutions at the high dilutions (107° to 107 6 mol/dm°) 
characteristic of biopolymers in organisms; (b) the selectivity of the intensity en- 
hancement “samples” only the vibrations in one region of the molecule, simplifying 
the spectrum and allowing study of the bonding in that region. The resonance Raman 
spectra of the oxygen-carrying proteins hemoglobin and myoglobin (which are col- 
ored and so have visible absorption bands whose frequencies can be used as Vo) have 
been studied in dilute solutions and information obtained on the bonding in the heme 
group, which is the source of the electronic absorption; see J. M. Friedman et al., 
Ann. Rev. Phys. Chem., 33, 471 (1982). 


ELECTRONIC SPECTROSCOPY 


Electronic spectra involving transitions of valence electrons occur in the visible and 
UV regions and are studied both in absorption and emission. A photoelectric cell 
Or photographic plate is the detector. One can study emission spectra of solids, 
liquids, and gases by raising the molecules to an excited electronic state using pho- 
tons from a high-intensity lamp or a laser and then observing the emission at right 
angles to the incident beam. Spontaneous emission of light by excited-state atoms 
z molecules that rapidly follows absorption of light is called fluorescence (see also 
ec, 21.16), 


Atomic Spectra. For the hydrogen atom, the n selection rule is found to be An = any 
alue. The use of E, — Ep = hv and the energy-level formula (19.16) gives the spectral 
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where the reduced mass depends on the electron and proton masses, y= 
mem,/(m, + mp) (Eq. (18.69)], and where the Rydberg constant for hydrogen is de. 
fined as R = 2n*e'*/ch? = 109678 cm~', 

The H-atom spectrum consists of several series of lines, each ending in a con 
tinuous band. Transitions involving the n-value changes 2 > 1,3 > 1,451,.., 
give the Lyman series in the UV (Fig. 21.30). As n, in Eq. (21.50) goes to infinity, 
the Lyman-series lines converge to the limiting value 1/2 = R = 109678 cm”! cor. 
responding to À = 912 A = 91.2 nm. Beyond this limit is a continuous absorption or 
emission due to transitions between ionized H atoms and ground-state H atoms; the 
energy of an ionized atom takes on a continuous range of positive values, The 
Position of the Lyman-series limit allows the ionization energy of H to be found, 

The H-atom transitions 3 + 2,4 + 2,5 42,.., give the Balmer series, which 
lies in the visible region. The transitions 4 > 3, 5 > 3, 6 > 3,... give the Paschen 
series in the IR. 

Spectra of many-electron atoms are quite complicated, because of the many 
terms and levels arising from a given electron configuration. Once the spectrum has 
been unraveled, the atomic energy levels can be found. y 

Since each element has lines at frequencies characteristic of that element, atomic 
absorption and emission spectra are used to analyze for most chemical elements. For 
example, Ca, Mg, Na, K, and Pb in blood samples can be determined by atomic ab- 
Sorption spectroscopy. 

For inner-shell electrons, the effective nuclear charge Zr, is nearly equal to the 
atomic number; Eq. (19.46) shows that the differences between these inner-shell er 
ergies increase rapidly with increasing atomic number. For atoms beyond the second 
period, these energy differences correspond to x-ray photons. X-rays are aca 
when a beam of high-energy electrons penetrates a metal target. The deceleration ° 
the electrons as they penetrate the target produces a continuous x-ray emission spe 
trum. In addition, an electron in the beam that collides with an inner-shell electron 
of a target atom can knock this electron out of the atom; the spontaneous transition 
of a higher-level atomic electron into the vacancy thereby created will Laer: 
x-ray photon of frequency corresponding to the energy difference, giving an X 
emission line spectrum superimposed on the continuous emission. 


ina 
Molecular Electronic Spectra. Ify” and y’ are the lower and upper states 
molecular electronic transition, the transition frequencies are given by 


hv = (Ey — Ej) + (Evin — Evin) + (Erot — Ero) 
Each term in parentheses is substantially larger than the following term. 


1st 


The electronic selection rules are rather complicated. Perhaps the most impor- 
tant one is that the transition-moment integral (21.5) vanishes unless 


AS=0 (21.52) 


where S is the total electronic spin quantum number. Actually, this selection rule 
does not hold rigorously, and weak transitions with AS # 0 are sometimes observed. 
The ground electronic state of most molecules has all electron spins paired and so 
has S = 0 (a singlet state). Some exceptions are O; (a triplet ground level with S = 1) 
and NO, (the odd number of electrons gives S = } and a doublet ground level). 

An electronic transition consists of a series of bands, each band corresponding 
toa transition between a given pair of vibrational levels. Gas-phase spectra under 
high resolution may show each band to consist of closely spaced lines arising from 
transitions between different rotational levels; for relatively heavy molecules, the close 
spacings between the rotational levels usually makes it impossible to resolve the rota- 
tional lines. In pure liquids and liquid solutions, no rotational structure is observed. 
Ako, intermolecular interactions in the liquid phase often broaden the vibrational 
bands sufficiently to merge them into a single broad absorption band for each elec- 
tronic transition. Figure 21.31 shows the electronic absorption spectrum of gas-phase 
benzene. 

Analysis of the rotational lines of an electronic absorption band allows the mo- 
lecular vibrational and rotational constants to be obtained. Since all molecules show 
electronic absorption spectra, this allows one to obtain Re and v, for homonuclear 
diatomics, which show no pure-rotational or vibration—rotation spectra. Excited elec- 
tronic states often have geometries quite different from those of the ground electronic 
state. For example, HCN is nonlinear in some excited states. Molecular dissociation 
energies and spacings between electronic energy levels are also obtained from elec- 
tronic spectra. 

Substances that absorb visible light are colored. Conjugated organic compounds 
often show electronic absorption in the visible region, due to excitation of a pi elec- 
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tron to an antibonding pi orbital. In the Particle-in-a-box Model of Sec, 20.9 the en- 
ergy spacings are proportional to 1 /a, where a is the box length, so as the length of 
the conjugated chain increases, the lowest absorption frequency moves ftom the LW 
into the visible region. Transition-metal ions [for example, Cu? *(aq), Mn0; J 
frequently show visible absorption due to electronic transitions, “= 
Certain groups called chromophores give characteristic electronic absorption 
bands. For example, the C=O group in the majority of aldehydes and ketones po- 
duces a weak electronic absorption in the region 270 to 295 nm with molar absorptions 
Coefficient £ = 10 to 30 dm3 mol~! em =~! and a strong band at about 180 to 195 nex 
withe = 10° to 10* dm? mol~! cm~!. The weak band is due to an n + g* transition, 
and the strong band is due to a T > n* transition, where n signifies an electron ir» 
a nonbonding (lone-pair) orbital on oxygen, 7 is an electron in the x MO of the dou- 
ble bond, and 7* is an electron in the corresponding antibonding z MO, The longer- 


Proteins absorb in the near-UV region (200 to 400 nm) as a result of 7 > n* transi- 
tions of electrons in the aromatic amino acid residues and z — n* transitions in the 
amide groups. The proteins hemoglobin and myoglobin have strong visible absorp- 
tions because of z + n* transitions in the heme group, which is a large conjugated 
chromophore. 

Fluorescence Spectroscopy is widely used in biochemistry, partly because it is 
capable of giving spectra from extremely small amounts of material. In absorption 


being compared, which is difficult, In contrast, in fluorescence Spectroscopy, one 
compares the radiation emitted (at right angles to the exciting radiation beam) with 
darkness, which allows much greater sensitivity. Fluorescence spectroscopy allows 
quantitative analysis for substances Present in trace amounts, for example, drugs, 


NUCLEAR-MAGNETIC-RESONANCE SPECTROSCOPY 


Nuclear-magnetic-resonance (NMR) Spectroscopy is “the most important spectro- 
Scopic technique in chemistry” [J. Jonas and H. S. Gutowsky, Ann. Rev. Phys. fien, 
31, 1 (1980)]. Before discussing NMR, we review some of the physics of magne 
fields. 


The Magnetic Field, A magnetic field is produced by the motion of electric a. 
Examples include the motion of electrons in a wire, the motion of electrons in ki 
space, and the “spinning” of an electron about its own axis. The fundamen 
netic field vector B is called the magnetic induction or the magnetic flux density. A 
is a second magnetic field vector H, named the magnetic field strength. It iat 
be thought that H was the fundamental magnetic vector, but it is now ye to 
B is. Really, B ought to be called the magnetic field strength, but it’s too la 
Correct this injustice by giving B its Proper name. oving 

The definition of B is as follows. Imagine a positive test charge 2 that 
through point P in Space with velocity v. If for arbitrary directions of v a F Bis 
a force F, perpendicular to v acts on Q, at P, we say that a magnetic fiel 


present at point P. One finds that there is one direction of v that makes F, equal 
gro, and the direction of B is defined to coincide with this particular direction of 
v. The magnitude of B at point P is then defined by B = F,/(Q,v sin 0), where 0 is 
the angle between v and R. (For 0 = 0, F, becomes 0.) Thus 


F, = QwBsin 0 (21.53) 


(In terms of vectors, F} = Q,v x B, where v x B is the vector cross-product; the mag- 
netic force is perpendicular to both v and B.) If an electric field is also present, it 
exerts a force Q,E in addition to the magnetic force F,. 

Equation (21.53) is written in SI units. The SI unit of B is the tesla (T), also 
called the Wb/m?, where Wb stands for weber. From (21.53) and (2.7) 


1T=I1NClm"'s=1kgs-!c7! (21.54) 


Magnetic fields are produced by electric currents. Experiment shows that the 
magnetic field at a distance r from a very long straight wire in vacuum carrying a 
current 7 is proportional to J and inversely proportional to r; that is, B = kI/r, where 
kis a constant. (This is Ampére’s law.) The unit of electric current, the ampere (A), 
is defined (Sec. 16.5) so as to give k the value 2 x 10-7 TmA~!. The constant k 
is also written as xo/27, where yo is called the permeability of vacuum. Thus 


Ho =4n x 1077 TmA7! = 4r x 1077 NC? s? (21.55) 


where (21.54) and 1 A = 1 C/s were used, 
Equation (21.1) for the speed of light in vacuum can be written as 


c = (00) "? (21.56) 


Consider a tiny loop of current J flowing in a circle of area A. At distances 
large compared with the radius of the loop, one finds (Halliday and Resnick, sec. 
34-6) that the magnetic field produced by this current loop has the same mathemat- 
ical form as the electric field of an electric dipole (Sec. 14.15) except that the electric 
dipole moment p is replaced by the magnetic dipole moment p, where p is a vector 
With magnitude JA and direction perpendicular to the plane of the current loop 
(Fig. 21.32); thus 

Bh=lIA (21.57) 


The tiny current loop is called a magnetic dipole. 

A magnetic dipole acts like a tiny magnet with a north pole on one side of the 
current loop and a south pole on the other side. A bar magnet suspended in an 
external magnetic field has a preferred minimum-energy orientation in the field. Thus, 
4 compass needle orients itself in the earth’s magnetic field with one particular end 
of the needle pointing toward the earth’s north magnetic pole. To turn the needle 
away from this orientation requires an input of energy. In general, a magnetic dipole 
H has a minimum-energy orientation in an externally applied magnetic field B; the 
Potential energy V of interaction between p and the external field B can be shown 
to be (Halliday and Resnick, sec. 33-4) 


V = —ųB cos 0 (21.58) 


Where 6 is the angle between p and B. The minimum-energy orientation has p and B 
An the same direction, so that @ = 0 and V = —4B. The maximum-energy orienta- 
tion has H and B in opposite directions (9 = 180°) and V = 4B. The zero of potential 
“nergy has been arbitrarily chosen to make V = 0 at 0 = 90°. 


— 737 | 


SECTION 21.12 


— Ma 


The magnetic dipole moment p is 
perpendicular to the plane of the 
current loop. 
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Chemists often use gaussian units in dealing with magnetism. In gaussian units, the de- 
fining equation (21.53) is written as F, = (Q/vB' sin 0)/c, where B’ is the Magnetic field in 
gaussian units and c is the speed of light. The gaussian unit of B’ is the gauss (G). Thus 
1G = 1 dyn statC™ ' = 1 g™? s~! cm~ "/7, where (19.2) was used. 

Equating the SI and gaussian expressions for F, and using (19.5), we get B' = 
Be(4neo)''. The use of (21.56) then gives B' = Be(4neg)"/? = B4n/s1g)*!2, where uyini 
by (21-55), One finds that when B = 1 T, then B’ = 10* G (Prob, 21.56), so 1 T corresponds 
to 10° G. 


Nuclear Spins and Magnetic Moments. Nuclei, like electrons, have a spin angular 
momentum I. The nuclear spin is the resultant of the spin and orbital angular mo- 
menta of the neutrons and protons that compose the nucleus. A nucleus has two 
spin quantum numbers, J and M}. These are analogous to s and m, for an electron, 
The magnitude of the nuclear spin angular momentum is 


II] = + 7h (21.59) 
and the possible values of the z component of I are [recall Eq. (19.27)] 
I,=M,h where M, = —I, —I1 +1,...,1—1,1 (21.60) 


The quantum number / can be integral or half-integral. (See Table 21.2,) For a nu- 
cleus with I = } (for example, 'H), the possible orientations of the spin vector I are 
the same as shown in Fig. 19.9 for an electron; for a nucleus with I = 1, the pos- 
sible orientations of I are the same as those shown in Fig. 19.5. 


TABLE 21.2 


PROPERTIES OF SOME ISOTOPES? 
Isotope Abundance, % Atomic mass I gy 
1H 99.985 10078250 4 5.58569 
7H 0.015 2.014102 1 0.85744 

ug 80.1 11.009305 } 1.7924 
aC 98,90 12.000... . 0 - 
me 1.10 13.003355 4 1.40482 
Nn 99.63 14,003074 1 0.40376 
15N 0.37 15.00011 4 — 0.56638 
160 99.76 15.994915 0 — 
19p 100 18.998403 4 5.25773 
23Na 100 22.98977 3 1.47835 
3ip 100 30.97376 4 2.2632 
3g 95.0 31.972071 0 — 
Cl 758 34.968853 3 0.547916 
76) 24.2 36.965903 3 0.456082 
i 93,26 38.96371 3 0.260977 
7°Br 50.7 78.91834 3 1.40427 
8iBr 49.3 80.91629 ; 1.51371 

tati 100 126.90447 $ 1.1253 


* Abundances are for the earth’s crust. Atomic masses are the relative 
masses of the neutral atoms on the !2C scale. 


Amoving charge produces a magnetic field. We can crudely picture spin as due 
oa particle rotating about one of its own axes. Hence, we expect any charged par- 
ide with spin to act as a tiny magnet. The magnetic properties of a particle with 
sin can be described in terms of the particle's magnetic dipole moment p. 

Consider a particle of charge Q and mass m moving in a circle of radius r with 
speed v The time for one complete revolution is t = 2nr/v, and the current flow is 
j= /t = Qu/2nr. From (21.57), the magnetic moment is p = nr7I = Qvr/2. The par- 
ides orbital angular momentum (Sec. 19.3) is L = mor, and so the magnetic moment 
wan be written as 4 = QL/2m. The angular-momentum vector L is perpendicular to 
the circle, as is the magnetic-moment vector p. Therefore 


p= QL/2m (21.61) 

A nucleus has a spin angular momentum I, and the nuclear magnetic (dipole) 

moment py is given by an equation resembling (21.61). However, instead of using 

the charge and mass of the nucleus, it is more convenient to use the proton charge 

ind mass e and m,; moreover, because of the composite structure of the nucleus, an 
utra numerical factor gy must be included, Thus 


e 
Hy = 9N a, (21.62) 
where gy is the nuclear g factor. Present theories of nuclear structure cannot predict 
gy Values; they must be determined experimentally. Values of gy, I, atomic mass, and 
Parent abundance are given for some isotopes in Table 21.2. The fact that gy for 
THis not a simple number indicates that the proton has an internal structure. 
From Eqs. (21.62) and (21.59) the magnitude of the magnetic moment of a nucleus 


uy = \gy|(e/2m) IU + 1J" h = [anl bnU + nj 
where the nuclear magneton Py is a physical constant defined as By = eh/2m,. Sub- 
stitution of numerical values gives 
By = (1.6022 x 107 +° C)(6.626 x 10734 J-s)/4n(1.6726 x 10-77 kg) 
By = eh/2m, = 5.051 x 10°77 J/T 


Where (21.54) was used. 


(21.63) 


| Nuclear-Magnetic-Resonance (NMR) Spectroscopy. In NMR spectroscopy, one 
applies an external magnetic field B to a sample containing nuclei with nonzero spin. 
For simplicity, let us initially consider a single isolated nucleus with magnetic dipole 


Moment py. The energy of the nuclear magnetic dipole in the applied field B depends 
aN magn 21.58) and (21.62) as 


on the orientation of py with respect to B and is given by ( 
= — yB cos 0 = —gy(e/2m,)|I|B cos 0 (21.64) 


Where |I| is the magni h) of the spin-angular-momentum vector I and 0 
3 gnitude (lengt ) of the sp n 

‘the angle between B and I. Let the direction of the applied field be called the z 
direction, Figure 21.33a shows that {I| cos 6 equals J,, the z component of I. Hence, 


E= —g,(e/2m,)I,B. However, only certain orientations of I (and the associated 
Magnetic moment }ty) in the field are allowed by quantum mechanics (Fig. 21.33b); 
21,60)]. The nuclear magnetic 


lz is quantized with the possible values M sh [Eq ( 
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(a) Projection of I on 


the z axis. 


(b) The possible orientations of I 


for 1 =} lie on the surfaces of 


two cones, 


(b) 


| 740 | moment in the applied magnetic field therefore has the following set of quantize 
energy levels: 


CHAPTER 21 
= —gy(eh/2m,)BM, = —gyByBM,, 


where the definition (21.63) of By was used. 
Figure 21.34 shows the allowed nuclear-spin energy levels of the nuclei "H (with 

1 =4)and ĉH (with J = 1) as a function of the applied magnetic field, As B increases, 
the spacing between levels increases. In the absence of an external magnetic field, 
all orientations of the spin have the same energy. 

A By exposing the sample to electromagnetic radiation of appropriate frequency, 
one can observe transitions between these nuclear-spin energy levels. The selection 
rule is found to be 


M; = —1,... 4] (26 


AM, = +1 (21.66) 
The absorption frequency v satisfies hy = |AE| = \9y\ByB|AM,| = |gy\ByB, and 


v = |gy[ByB/h (21.67) 


(gy is negative for some nuclei.) Although there are 2/ + 1 different energy levels for 
the nuclear magnetic dipole in the field, the selection rule (21,66) allows only transi 
tions between adjacent levels, which are equally spaced. A collection of identical non- 
interacting nuclei therefore gives a single NMR absorption frequency. 

A typical magnetic field easily attained in the laboratory is 1 T (10000 G). For 
the 'H nucleus (a proton) in this field, 


y = 5.586(5.051 x 10°27 J/T)(1 T)/(6.626 x 10734 J s) = 42.6 MHz 


This is in the radio-frequency (rf) Portion of the electromagnetic spectrum. (FM radio 
stations broadcast from 88 to 108 MHz.) Some NMR frequencies at pal T for 
other nuclei are 6.54 MHz for 7H, 10.71 MHz for '3C, and 40.1 MHz for "°F, 


NMR in bulk matter was first observed by Bloch and by Purcell in 1945. In his Nobel 
prize acceptance speech, Purcell said: “I remember, in the winter of our first experiments, 
just seven years ago, looking on snow with new eyes. There the snow lay around my 
doorstep—great heaps of protons quietly precessing in the earth's magnetic field. To see 
the world for a moment as something rich and strange is the private reward of many a 
discovery.” [Science, 118, 431 ( 1953).] 


FIGURE 21.34 


Nuclear-spin energy levels vs. 
applied magnetic field for (a) 'H: 
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Nuclei with J = 0 (for example, 12¢, 160 32S) have no magnetic dipole moment 

and no NMR spectrum. Nuclei with J > 1 have something called an electric quadru- 

je moment, which broadens the NMR absorption lines, eliminating the chemically 

interesting details. Thus, one generally studies only nuclei with J = 4. The most stud- 

ied nucleus is the proton, 1H, In the 1970s, improved instrumentation led to great 
interest in 1°C NMR spectra (see below). 

In spectroscopy one usually varies the frequency v of the incident electromagnetic 
radiation until absorption is observed. However, in NMR spectroscopy it is techni- 
cally more convenient to keep v fixed and to vary the spacing between the levels by 
varying the magnitude B of the applied field until (21.67) is satisfied and absorption 
occurs. 

Figure 21.35 shows a simplified version of an NMR spectrometer. The sample 
is usually a liquid. An electromagnet or permanent magnet applies a uniform mag- 
netic field Bo. The value of Bo is varied over a narrow range by varying the current 
through coils around the magnet poles; this current also drives the chart paper on 
which the spectrum is recorded. The sample tube is spun rapidly to average out any 
inhomogeneities in By. A coil connected to an rf transmitter (oscillator) and wound 
around the sample exposes the sample to electromagnetic radiation of fixed frequency. 
This coil is an inductor whose inductance depends in part on what is inside the coil. 
The coil is part of a carefully tuned rf circuit in the transmitter. When the sample 
absorbs energy, its characteristics change, thereby detuning the transmitter circuit 
and decreasing the transmitter output. This decrease is recorded as the NMR signal. 
An alternative setup uses a separate detector coil at right angles to the transmitter 
coil, The flipping of the spins caused by absorption induces a current in the detector 
coil. 


Chemical Shifts. If Eq. (21.67) gave the NMR absorption frequencies for nuclei in 
molecules, NMR would be of no interest to chemists. However, the actual magnetic 
field experienced by a nucleus in a molecule differs very slightly from the applied 
field By, due to the magnetic field produced by the molecular electrons. Most ground- 
state molecules have all electrons paired, which makes the total electronic spin and 
orbital angular momenta equal to zero; with zero electronic angular momentum, the 
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The low-resolution proton NMR 
spectrum of pure liquid 


CH,CH,OH. 
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electrons produce no magnetic field. However, when an external magnetic field isap. 
plied to a molecule, this changes the electronic wave function slightly, thereby 
ducing a slight contribution of the electronic motions to the magnetic field at eah 
nucleus. (This effect is similar to the polarization of a molecule produced by an ap 
plied electric field.) 3 

The magnetic field of the electrons usually opposes the applied magnetic field 
Bo and is proportional to By. The electronic contribution to the magnetic field ata 
given nucleus i is —a,By, where the proportionality constant ø; is called the shield. 
ing (or screening) constant for nucleus i. The value of c; at a given nucleus depends 
on the electronic environment of the nucleus. F. or molecular protons, 3; Usually lies 
in the range 1 x 1075 to 4 x 1075; for heavier nuclei (which have more electrons 
than H), c; may be 1074 or 1073, 

For each of the six protons in benzene (C6H6), a; is the same, since each proton 
has the same electronic environment. For chlorobenzene (C,H sCl), there are three 
different values of c; for the protons, one value for the two ortho protons, one value 
for the two meta protons, and one value for the para proton. For CH;CH,Br, there 
is one value of a; for the CH; protons and a different value for the CH) protons, 
The low barrier to internal rotation about the carbon-carbon single bond makes 
the electronic environment of all three methyl protons the same. 

Addition of the electronic contribution — 7\Bo to the applied field By gives the 
magnetic field B, experienced by nucleus į as B; = By(1 — a;). Substitution in v= 
\gv|ByB/h [Eq. (21.67)] gives as the NMR frequencies of a molecule 


i= lailByh Ha a;)Bo (21.68) 


where g; is the g value of nucleus i, Since one usually holds the frequency fixed and 
varies Bo, the values of the applied field By at which absorption occurs are 

er Miga 016) 

lalba — 0) 


where “spec is the fixed spectrometer frequency. $ 
Different kinds of nuclei (1H, 13C, 19°F, etc.) have very different g values, so their 
NMR absorption lines occur at very different frequencies. In a given NMR experi: 
ment, one examines the NMR spectrum of only one kind of nucleus. We now consider 
proton NMR spectra. 
Each chemically different kind of proton in a molecule has a different value of 
a; and a different NMR absorption frequency. Thus, C,H, shows one NMR peak, 
C6H;5CI shows three NMR peaks, and CH,;CH,CI shows two NMR peaks (spin- 
spin coupling neglected: see below). The relative intensities of the peaks are propor- 
tional to the number of Protons producing the absorption. For CH;CH,OH, the 
three peaks have a 3:2:1 ratio (Fig. 21.36), ical 
The variation in v; in (21.68) or Bo; in (21.69) due to variation in the chemica 
(that is, electronic) environment of the nucleus is called the chemical shift. The chem 
ical shift 5; of proton i is defined by 
5; = (Greg — 03) x 10° a 
where cep is the shielding constant for the protons of the reference compound rite 
methylsilane (TMS), (CH3)4Si; all the TMS protons are equivalent, and TMS on j- 
a single proton NMR peak. The factor 10° is included to give ô a convenient magn 


tude. Note that o and 6 are dimensionless. Also, the proportionality constants o; and 
ts in (21.70) are molecular properties that are independent of the applied field By 
and the spectrometer frequency Yspec: Hence, ô; is independent of Bo and Yegees: Lhe 
chemical shift ô can be expressed as (Prob. 21.55) 


(21.71) 


where Bo,rer and Bo ; are the applied fields at which NMR absorption occurs for the 
reference nucleus and for nucleus i. 

One finds that ò for the protons of a given kind of chemical group differs only 
slightly from compound to compound. Some typical proton 6 values follow: 


iam — } 
mis, | oiz] ra Ee lamas a e laisse 


RCH,R’ | RCH; RNH, ROH | CH;C(O)R | OCH, | ArH | RC(O)H | RCOOH 


where R and Ar are aliphatic and aromatic groups. Chemical shifts are affected by 
intermolecular interactions, so one usually observes the proton NMR spectrum of 
an organic compound in a dilute solution of an inert solvent such as CCl, or CDCI. 
The large ô range for alcohols is due to hydrogen bonding, the extent of which varies 
with the alcohol concentration. 

NMR is an invaluable tool for structure determination. 


Spin-Spin Coupling. Proton NMR spectra are more complex than we have so 
far indicated, because of the existence of nuclear spin-spin coupling. Each nucleus 
with spin J # 0 has a nuclear magnetic moment, and the magnetic field of this mag- 
netic moment can affect the magnetic field experienced by a neighboring nucleus, 
thereby slightly changing the frequency at which the neighboring nucleus will undergo 
NMR absorption. Because of the rapid molecular rotation in liquids and gases, the 
direct nuclear spin-spin interaction averages to zero. However, there is an additional, 
indirect interaction between the nuclear spins that is transmitted through the bond- 
ing electrons; this interaction is unaffected by molecular rotation and causes split- 
ting of the NMR peaks. The magnitude of the indirect spin-spin interaction depends 
on the number of bonds between the nuclei involved. For protons separated by four 
or more bonds, this spin-spin interaction is usually negligible. The magnitude of the 
spin-spin interaction between nuclei i and k is proportional to a quantity J;,, called 
the spin-spin coupling constant, J; has units of frequency. 
Some typical proton-proton J values in hertz are: 


| C=CH 
a aie ~ 
59 | —3to +3 


| | 
Sto 12 | 12 to 19 | 5to 10 | 1to3 


| cis-HC=CH_ | trans-HC=CH_ | HCOH | HCC(O)H 
ser 
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The nonequivalent protons in CH;CH,Br are separated by three bonds H= 
C—C, and C,—H), and J for these protons is 7.2 Hz. The nonequivalent protons 
in CH}OCH,Br are separated by four chemical bonds, and J is negligible for them. 
The correct derivation of the NMR energy levels and frequencies allowing for 
spin-spin coupling requires a complicated quantum-mechanical treatment (often best 
one on a computer). Fortunately, for many compounds, a simple, approximate treat- 
ment called first-order analysis allows the spectrum to be accurately calculated. This 
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approximation is valid provided both the following conditions hold; — 


1. The differences between NMR resonance frequencies of chemi 
of protons are all much larger than the spin-spin coupling constants 
equivalent protons. s 


2. There is only one coupling constant between any two sets of chemica 
protons. 


The table of ô values following (21.71) shows that in many cases | 
6; — 6; for chemically nonequivalent protons is equal to or greater th 
Suppose this difference equals 1.5, From Eq. (21.68), the difference betw 
absorption frequencies of Protons i and j is v; — v= h- "ByBog oj 
gives 6; — 5; = 10%(0; — c;), so Yi — vj = h~ 'ByBog,107 %(5, — 5). Equati 
gives By = hVspec/Gpby (note that G; <1), so ; 


KOS 
w d 
ae 
have 


w~ y= 107 Sv peclô; =ô) 


Inexpensive commercially available proton NMR spectrometers 
60 MHz. For 6, — 6; = 1.5 and vye = 60 MHz, Eq. (21.72) gives 


t 


typically. 


Yj Wy 


spec 


is substantially greater than Jij, Which is typically 10 Hz for prot 
1 is met in many organic compounds. However, there vhi 
tion 1 is not met. For example, in CHR=CHR’, the protons have ð; 
6;, and the first-order treatment cannot be used fo 
We shall illustrate the first-order treatment by i 
sider first the CH; protons. They are separated by four bonds from the ( 
and so the spin-spin interaction between these two groups is negligible, 
methyl protons are Separated by three bonds from the CH, protons, 


the spin-spin interactions between one methyl proton and another. Only t 
Protons affect the CH, peak. k 


Since J = 4$ for a proton, each CH, proton can have M, = +4 or =$) 
up and down arrows to symbolize these proton spin states. (Mh is the 
angular-momentum component in the z direction—the direction of the 
Bo.) The two CH, protons can have the following possible nuclear-spin aligi 
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indistinguishable, one actually takes syn 
inations of (b) and (c). States (a), (d), and the 
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The high-resolution 60-MHz 
proton NMR spectrum of a dilute 
solution of CH,CH,OH in CCI, 
Jen,,cn; between the CH, and CH, protons and is independent of the applied field By. with a trace of acid. The different 


{Although one may vary the magnetic field and keep the frequency fixed, observed position of the OH resonance 
compared with that in Fig. 21.36 


splittings in teslas are converted to hertz by multiplying by g,fy/h; Eq. (21.67).] The iò explained by hijdsogenibonding 


preceding discussion shows that the intensity ratios of the members of the triplet is in pure liquid ethanol, The 
1:2:1. These ratios deviate slightly from the experimental result in Fig. 21.37 because f eatin bawen rang the 
p ` : -shift scale a! e top 15 

an approximate treatment is being used. f , | Bs eed by Eq, (21.72). J is AN 
Now consider the CH, peak. The possible alignments of the CH, proton spins spin-spin coupling constant 


are between CH, and CH, protons. 
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States (b), (c), and (d) have the same total My. States (e), (f), and (g) have the same 
otal M;. The CH; protons therefore act to split the CH, absorption into a quartet 
With 1:3:3:1 intensity ratios. The CH, protons are separated by three bonds from 
the OH proton, so we must also consider the effect of the OH proton. A trace of H;0* 
or OH” (including that coming from H,O) will catalyze a rapid exchange of the OH 
protons between different ethanol molecules. This exchange eliminates the spin-spin 
interaction between the CH, protons and the OH proton, and the CH, peak remains 
4 quartet with spacings equal to those in the CH; triplet. In pure ethanol, this ex- 
change does not occur, and the OH proton acts to split each member of the CH, 
quartet into a doublet (corresponding to the OH proton spin states 7 and |); the 
CH, absorption becomes an octet (eight lines) for pure ethanol. These eight lines are 
80 closely spaced that it may be difficult to resolve all of them. i 

In ethanol containing a trace of acid or base, the OH proton NMR peak is a 
singlet. In pure ethanol, the OH absorption is split into a triplet by the CH, protons. 

We have seen that two equivalent protons act to split the absorption peak ofa 
Set of adjacent protons into three lines, and three equivalent protons act to split such 
à peak into four lines. In general, one finds that n equivalent protons act to split the 
absorption peak of a set of adjacent protons into n + | lines, provided the spectrum is 
firs st-order, 
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What about spin-spin splittings from nuclei other than +H? Since 12C, 169 and 
32S each have I = 0, these nuclei don’t split proton NMR peaks. 14N has ict 
35C1, 37C1, 7°Br, and ®*Br each have I = 3; 1271 has I = 3. It turns out that fuse 
with J >} generally don’t split proton NMR peaks. !°F has Į = + and does g K 
proton NMR peaks. p 


Techniques and Applications of NMR. The NMR spectrum ofa molecule Contains 
lines at several frequencies, and it takes a while to scan through the spectrum, There 
is great interest in observing ‘°C NMR spectra of organic compounds, since this 
provides information on the “backbone” of organic compounds, The isotope 3¢ jg 
present in only 1 percent natural abundance, which makes the 13C NMR absorption 
signals very weak. One can scan the spectrum repeatedly and feed the results into a 
computer that adds the results of successive scans, thereby enhancing the signal, 
However, a sufficiently large number of scans takes several days and is impractical, 
To overcome this difficulty, one uses Fourier-transform (FT) NMR spectroscopy, 
Here, instead of being exposed to rf radiation of a single frequency, the sample is 
irradiated with a very short pulse of rf radiation; it can be shown that the pulse is 
equivalent to a mixture of all frequencies, so the entire spectrum is observed at once, 
A computer calculates the NMR spectrum from the observed absorption from the 
pulse. The results of many successive pulses are then added together to give the °C 
NMR spectrum. Pulsed FT NMR is not restricted to 13C NMR, and most high- 
quality commercial NMR spectrometers use it to increase sensitivity. 

For large organic molecules, the chances are good that two or more nonequiy- 
alent sets of protons will have similar ô values, making the first-order treatment 
invalid. The spectrum becomes very complicated and is difficult to interpret. To 
overcome this difficulty, one can use a spectrometer with higher values of Bọ and 
Yspees Which are proportional to each other [Eq. (21.69)]. Note from (21.72) that 
v; — vj increases as Vspec increases, so at sufficiently high v,,.. We have v;— vj >I 
(condition 1), and the first-order treatment applies. Values of Vspec for commercially 
available proton NMR spectrometers include 60, 100, 220, 300, 360, 400, and 500 
MHz. A few research 600-MHz proton NMR spectrometers exist. High-frequency, 
high-field NMR spectrometers use an electromagnet whose wires are made super- 
conductors by being cooled to 4 K by liquid helium. In addition to simplifying the 
Spectrum, an increase in Bo increases the signal strength (Prob. 21.49), so smaller 
amounts of sample can be studied, h 

An important technique in NMR is double resonance. Here, the sample is simul- 
taneously exposed to rf radiation of two different frequencies, one frequency being 
used to observe radiation absorption and the second to produce a perturbation that 
affects the spectrum. For example, in observing natural-abundance "°C spectra m 
organic compounds, in addition to applying rf radiation at the "°C absorption fre- 
quency, one also usually applies strong rf radiation whose frequencies cover the range 
of the proton absorption frequencies. The result is to remove the spin-spin coupling 
between the "H and +°C nuclei, so the 1H spins don’t split the !3C absorption ae 
(Many other double-resonance techniques exist; see Günther, pp. 285-313.) Since t 2 
probability that two adjacent C nuclei are both 1°C is very small, there a the 
spin-spin splitting in natural-abundance '3C NMR. With no spin-spin aun 
13C natural abundance spectrum contains one line for each set of nonequival | 
carbons. The combination of proton and 1°C NMR spectroscopy is an extremely 
powerful method of structure determination. 


NMR can be used to determine the rate constants of reactions that involve rapid 
interconversion of two isomers or two different conformations of a molecule; see 
Günther, chap. VIII. 

As ordinarily observed, the NMR spectra of solids are of little value because 
the direct spin-spin interactions (which are averaged to zero in liquids, as noted 
earlier in this section), lead to broad, featureless absorptions with little information. 
However, by using special techniques (such as rapidly spinning the sample about an 
axis making a certain angle with Bo), one can eliminate these spin-spin interactions 
and obtain high-resolution NMR spectra from solids. Solid-phase NMR is being used 
to study solid polymers, coal, and molecules adsorbed on solid catalysts; see J. Jonas 
and H. S. Gutowsky, Ann. Rev. Phys. Chem., 31, 1 (1980). 

NMR spectra of large biological molecules are too complex to analyze unless 
ahigh magnetic field Bo is used to simplify the spectrum and resolve the many over- 
lapping absorption lines (and to increase the signal strength). The availability of high- 
field NMR spectrometers has led to widespread use of NMR in biochemistry. NMR 
isextremely valuable in studying conformations and binding of substrates to enzyme 
proteins in solution, intramolecular motions in proteins, the structure and dynamics 
of transfer RNA in solution, and cell membranes; see Jonas and Gutowsky, op. cit. 
13C and 3!P NMR spectra from whole living cells are being used to study metabolic 
pathways (Chem. Eng. News, Feb. 26, 1979, p. 27). 

An investigation of the 360-MHz proton NMR spectra of blood-plasma samples 
(with the absorption due to water protons suppressed) found that the average width 
of the CH; and CH, lines was 39.5 + 1.6 Hz in healthy subjects but was 29.9 + 
25 Hz in subjects with cancer. These lines are a superposition of signals mainly from 
the protons in the lipid portion of plasma lipoproteins; the protein proton absorptions 
occur over a very wide range and do not give a well-defined line. Use of NMR may 
furnish a blood test for early detection of cancer; see E. T. Fossel et al., N. Engl. J. 
Med., 315, 1369 (1986); P. S. Schein, ibid., 1410. 

NMR spectroscopy can be used to form cross-sectional images of body parts in 
living subjects by displaying the intensity of a particular NMR transition (for example, 
protons in water) as a function of the coordinates in the cross-sectional plane. This 
technique of magnetic-resonance imaging (MRI) is being used more and more to 
diagnose diseases such as cancer. See I. L. Pykett, Scientific American, May 1982, p. 
18, and E. R. Andrews, Acc. Chem. Res., 16, 114 (1983). 

“There can be little doubt that the spectroscopic tool that has done the most 
lor chemistry is NMR” [E. B. Wilson, Ann. Rev. Phys. Chem., 30, 1 (1979)]. 
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HECTRON-SPIN-RESONANCE SPECTROSCOPY 


In electron-spin-resonance (ESR) spectroscopy, one observes transitions between the 
quantum-mechanical energy levels of an unpaired electron spin magnetic moment in 
anexternal magnetic field. Most ground-state molecules have all electron spins paired, 
and such molecules show no ESR spectrum. One observes ESR spectra from free 
tadicals such as H, CH}, (CgHs)3C, and C6H6, from transition-metal ions with 
inpaired electrons, and from excited triplet states of organic compounds. The sample 
May be solid, liquid, or gaseous. 
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An electron has spin-angular-momentum quantum numbers s =} and m - 
+3 and —4. Relativistic quantum mechanics and experiment show thai ia 
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An ESR spectrometer. 
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The ESR spectrum of the methyl 
radical. ESR spectrometers usually 
display the derivative (slope) of 
the absorption line; this slope is 
positive for the left half of the line 
and negative for the right half. 


: : t the g value 
of a free electron is g, = 2.0023. Analogous to the equation py = (gye/2m IE [Eq 
pil [ Eg, 


(21.62)] for a nuclear spin, the magnetic dipole moment of a free electron ig 
He =(—g_e/2m,)S,  g, = 2 (21.74) 


where —e, me, and S are the electron charge, mass, and spin-angular Momentum 
vector. The magnitude of S is [s(s + 1)]'/*h = 4./3h. An electron spin magnetic mo. 
ment has two energy levels in an applied magnetic field, corresponding to the two 
orientations m, = +} and m, = —}. The magnetic field B experienced by an unpaired 
electron in a molecular species differs somewhat from the applied field Bo, and we 
write B = Bo(1 — a), where o is a screening constant. Analogous to the NMR equa: 
tion vi = |g|Byh "(1 — o))Bo [Eq. (21.68)], the ESR transition frequency is y = 
gebeh” (1 — )Bo or 


v= gBeh”'Bo (21.95 
where the g factor for the molecular species is g = g,(1 — o), and the Bohr magneton 
Be is defined analogously to (21.63) as 

Be = eh/2m, = 9.274 x 10-24 J/T (21.76) 


For organic radicals, g factors lie very close to. the free-electron value Jo = 2.0023, 
For transition-metal ions, g can differ greatly from ge. For By = 1 T and g = 2, Eq, 
(21.75) gives the ESR frequency as 28 GHz, which is in the microwave region, ESR 
frequencies are much higher than NMR frequencies because the electron mass is 
1/1836 the proton mass. Figure 21.38 is a block diagram of an ESR spectrometer. 

Interaction between the electron spin magnetic moment and the nuclear spin 
Magnetic moments splits the ESR absorption peak into several lines (hyperfine 
splitting). Both protons and electrons have spin 4. Just as a proton NMR absorp- 
tion peak is split into n + 1 peaks by n adjacent equivalent protons, the ESR ab- 
sorption peak of a radical with a single unpaired electron is split into n+ 1 peaks 
by n equivalent protons. For example, the ESR spectrum of the methyl radical 
*CH, consists of 4 lines (Fig. 21.39). If the unpaired electron interacts with one set 
of m equivalent protons and a second set of n equivalent protons, the ESR speum 
has (n + 1)(m + 1) lines. For example, the -CH CH, ESR spectrum has 12 lines. The 
12C nuclei have J = 0 and don’t split the ESR lines. 

ESR spectroscopy can detect free-radical intermediates in chemical reactions. ; 

One can use ESR spectroscopy to obtain information on biological molecules 
by bonding an organic free radical to the macromolecule under study, a procedure 
called spin labeling. (See Chang, chap. 6; C ‘ampbell and Dwek, chap. 7.) 


OPTICAL ROTATORY DISPERSION AND CIRCULAR DICHROISM 


A molecule that rotates the plane of polarization of plane-polarized light (Fig. A 
is said to be optically active. Plane-polarized light is produced by passing n 
larized light through a polarizing crystal. A molecule that is not superimposab x e 
its mirror image is optically active (provided the molecule and its mirror EA 
cannot be interconverted by rotation about a bond with a low rotational barrier} 


If a molecule possesses an S, axis of symmetry (Sec. 21.5), it is superimposable on its 
mirror image and therefore optically inactive. (The reflection part of the $, operation 
changes a molecule to its mirror image, and the rotation part of S, then superimposes 
the mirror image on the original molecule.) The most important kinds of S, axes as far 
as optical activity is concerned are S, and S, axes. The Š, operation is a 360° rotation 
followed by a reflection, which is clearly the same as a reflection alone. An S 1 axis is 
equivalent to a plane of symmetry perpendicular to the axis. The $, operation is equiva- 
lent to the inversion operation (Problem 21.28), so an S, axis is equivalent to a center 
of symmetry. 


The angle of optical rotation « is the angle through which the light’s electric- 
field vector has been rotated by passing through the sample. Most commonly, the 
optically active substance is in solution. æ is proportional to the sample length | and 
to the concentration of optically active material in the solution. To get a quantity 
characteristic of the optically active substance, one defines the specific rotation [a], 
of the optically active substance B as 


aa 


= Tpg/(gem>)|(V/dm) (21.77) 


[x] 


where pg, the mass concentration of B, is the mass of B per unit volume in the 
solution [Eq. (9.2)] and | is the path length of the light through the sample. For a 
Pure sample, pg becomes the density of pure B. The optical rotation « and the 
Specific rotation [x] depend on the radiation’s wavelength (as indicated by the 4 
Subscript) and also depend on the temperature and solvent. If the polarization plane 
is rotated to the right (clockwise) as viewed looking toward the oncoming beam, the 
Substance is dextrorotatory and [], is defined as positive; if the rotation is counter- 
Clockwise, the substance is levorotatory and [«], is negative. 

A plot of [x]; versus 4 gives the optical rotatory dispersion (ORD) spectrum of 
the substance. [x]; changes very rapidly in a wavelength region where the optically 
Active substance has an electronic absorption, and the ORD spectrum is of most 
Interest in such regions—the UV and the visible. 

Related to ORD is circular dichroism. For an optically active substance, the 
Molar absorption coefficient e; (Sec. 21.2) for left-circularly polarized light differs 
(typically by 0.01 to 0.1 percent) from e; for right-circularly polarized light. Circularly 
Polarized light is light in which the electric-field direction rotates about the direction 
Of propagation as one moves along the wave, making one complete rotation in one 
Wavelength of the light. The polarization is left or right depending on whether the 

eld vector at a fixed position rotates counterclockwise or clockwise with time, re- 
SPéctively, when viewed from in front of the oncoming beam. Circularly polarized 
light can be produced by special devices. 

The circular dichroism (CD) spectrum of a substance is a plot of Ae = £z — £r 
Versus light wavelength À, where e; and £g are molar absorption coefficients for 
eft- and right-circularly polarized light. Ae is nonzero only in regions of absorption 
And is measured in the UV and visible regions, the regions of electronic absorption. 

Many biological molecules are optically active. The ORD and CD spectra of 
Proteins and nucleic acids are sensitive to the conformations of these macromolecules 
nd can be used to follow changes in conformation. For details, see Campbell and 

Wek, chap, 10, 
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A UV photoelectron spectrometer. 
Electrons leave the sample 
chamber through a narrow slit. 
For a given value of the voltage 
difference between the charged 
plates of the velocity analyzer, 
only electrons with a particular 
velocity will reach the detector; 
electrons with other speeds will 
hit one of the charged plates. By 
varying this voltage difference, one 
allows electrons with different 
speeds to reach the detector. 
Velocity analyzers are used in 
EELS (Fig. 21.26) to produce a 
monoenergetic electron beam and 
to measure electron energies after 
reflection from the surface. 
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PHOTOELECTRON SPECTROSCOPY 


Conventional spectroscopy studies photons absorbed, emitted, or scattered by mole. 
cules. Photoelectron spectroscopy (PES), developed about 1960, studies the kinetic 
energies of electrons emitted when molecules of a sample are ionized by high-energy 
radiation. In UV PES, the ionizing radiation (which is usually 58.4-nm UV radiation 
from a helium discharge tube) is passed through a gas sample and the energies of 
the emitted electrons (called photoelectrons) are found from their deflections in an 
electric or magnetic field (Fig. 21.40). 

If hy is the energy of the incident photon, E(M) and E(M*) are the energies of the 
molecule M and the ion M* formed by the ionization, and E(e~) is the kinetic energy 
of the photoelectron, conservation of energy gives hv + E(M) = E(e™) + E(M*), or 


E(M*) — E(M) = hv — Ee”) (21:78 


Since hv is known (it is 21.2 eV for 58.4-nm radiation), measurement of the electrons 
energy E(e_) gives the energy difference E(M*) — E(M) between the ion formed and 
the original molecule. 

One finds that electrons with several different kinetic energies are emitted from 
a sample, and a plot of the rate of electron emission versus electron kinetic energy 
or versus ionization energy E(M*) — E(M) gives the photoelectron spectrum, Figure 
21.41 sketches the UV photoelectron spectrum of N,(g) using 21.2 eV photons. Two 
horizontal scales are shown, one giving E(e~) and one giving the more interesting 
quantity E(M +) — E(M). Since hv = 21.2 eV, the sum of these scales is 21.2 eV at any 
point. Figure 21.41 shows three groups of lines, each group being called a band, From 
Fig. 20.8, the ground-state MO configuration of N, is 


(c,1s)°(o#15)?(o,2s)?(o%2s)"(%y2p)"(o42p)” 


Each band results from removal of an electron from a different valence MO. The 
lowest ionization-energy band, the one at 153 eV, is produced by photoelectrons tt 
moved from the highest-energy MO, the ¢,2p MO, to give an Nj ion with one opp 
electron (this gives the ground electronic state of Nj). The band at 17 eV results from 
the loss of a 7,2p electron and that at 19 eV from loss of a o%2s electron; in each 
these two cases, an excited electronic state of Nj is produced. The 21.2-eV photon 
do not have enough energy to remove an electron from the o,2s MO or from 
inner-shell orbitals. 


Sketch of the N, photoelectron 
spectrum produced by 21.2eV 
photons. The MO diagram at the 
right shows which electrons are 
being ionized. 
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Each band consists of a number of lines. Although the room-temperature un- 

ionized Nz molecules are nearly all in their ground vibrational state, the N} ions ————— — EZI 
sre formed in various vibrational states, Each line in a band corresponds to a different 
vibrational state of the appropriate N3 electronic state. The spacing between lines 
ofa band is approximately equal to Avy, Where v,i, is the vibrational frequency of 
the Nj electronic state. 

By Koopmans’ theorem (Sec. 20.7), the energy needed to remove an electron 
fom a given MO is approximately equal to the Hartree-Fock orbital energy of the 
MO, The photoelectron spectrum provides a direct determination of MO energies 
and contributes to knowledge of molecular electronic structure. 

Besides UV PES, another branch of photoelectron spectroscopy is x-ray PES, 
which uses x-ray photons to produce ionization of a gas or solid sample. The high- 
energy x-ray photons can remove an electron from an inner-shell orbital as well as 
from a valence MO, so one obtains binding energies for inner-shell electrons. The 1s 
energies of atoms vary rapidly with atomic number (Fig. 19.13), and measurement of 
the x-ray photoelectron spectrum allows both qualitative and quantitative analysis 
for elements present in a sample. For this reason, x-ray PES is often called electron 
spectroscopy for chemical analysis (ESCA). Typical 1s binding energies for second- 


row elements are shown in Fig. 21.42, SE FIGURE 21.42 | 


One finds that the binding energy of inner-shell electrons depends slightly on Typical 1s binding energies, (See 


SECON 21,10 


the electronic environment of the atom in the molecule, For example, the carbon 1s also Fig. 19.13,) 
mergies in CH4 and CH3F are 290.8 and 293.6 eV, respectively. Within a single cay 
compound, each nonequivalent carbon atom gives a 1s peak at a slightly different N 
energy. For example, the ESCA spectrum of CF;COOCH,CH, has four carbon Is 700 
paks of equal intensity at ionization energies of 285, 286, 289, and 292 eV. Such : 
ionization-energy differences for nonequivalent atoms of a given kind in a com- 600 
pound are called chemical shifts and (like NMR chemical shifts) provide structural 
information, 500 š 

The observed ESCA electrons from a solid sample are emitted from a layer 
typically 20 to 100 À deep; electrons from greater depths are lost as a result of colli- pen tm 
sions with atoms of the solid, ESCA is being used to study surface structures of solid 
catalysts and to study gases adsorbed on solids. RR 

€ 
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PHOTOCHEMISTRY PERA 
Photochemistry. Photochemistry is the study of chemical reactions produced by ù 


light. Absorption of a photon of light may raise a molecule to an excited electronic b 
state, where it will be more likely to undergo a chemical reaction than in the ground 
electronic state. In photochemical reactions, the activation energy is supplied by ab- 
Sorption of light. In contrast, the reactions studied in Chap. 17 are thermal reactions, 
in which the activation energy is supplied by intermolecular collisions. 
The energy ofa photon is Epnoton = AY = he/d. The energy of one mole of photons 
SN hy, We find the following values of photon wavelength, energy, and molar energy: 


= | 200 (UV) | 400 (violet) 700 (red) | 1000 (IR) 
È — bisa maanimi aas 


Thoten /6V | 62 | 31 18 12 (21.79) 
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Since it usually takes at least 14 or 2 eV to put a molecule into an excited electro, 
state, photochemical reactions are initiated by UV or visible light. e 

Ordinarily, there is a one-to-one correspondence between the number of photons 
absorbed and the number of molecules making a transition to an excited electronic 
state; this is the Stark—Einstein law of photochemistry. 

In exceptional circumstances, this law is violated. A high-power laser beam pro- 
vides a very high density of photons; there is some probability that a molecule will 
be hit almost simultaneously by two laser-beam photons, so that one sometimes ob- 
serves transitions in which a single molecule absorbs two photons at once, There 
are also unusual examples where a single photon can excite two molecules in contact 
with each other. Liquid O; is light blue because of absorption of 630 nm (red) light; 
each photon absorbed excites two colliding O, molecules to the lowest-lying 0, 
excited electronic state [E. A. Ogryzlo, J. Chem. Educ., 42, 647 (1965)]. 

Photochemical reactions are of tremendous biological importance. Most plant 
and animal life on earth depends on photosynthesis, a process in which green plants 
synthesize carbohydrates from CO, and water: 


6CO, + 6H,0 > CH; 20,(glucose) + 60, (21,80) 


The reverse of this reaction provides energy for plants, for animals that eat plants, 
and for animals that eat animals that eat plants. For (21.80), AG” is 688 kcal/mol, so 
the equilibrium lies far to the left in the absence of light. The presence of light and 
of the green pigment chlorophyll makes reaction (21.80) possible. Chlorophyll con- 
tains a conjugated ring system that allows it to absorb visible radiation; the main 
absorption peaks of chlorophyll are at 450 nm (blue) and 650 nm (red). Photosyn: 
thesis requires eight photons per molecule of CO, consumed. 

The process of vision depends on photochemical reactions, such as the dis 
sociation of the retinal pigment rhodopsin after it absorbs visible light. Other 
important photochemical reactions are the formation of ozone from O; in the earth's 
stratosphere, the formation of photochemical smog from automobile exhausts, the 
reactions in photography, and the formation of vitamin D and skin cancer by sunlight. 
Light striking the retina decreases the rate at which the pineal gland (a small gland 
at the base of the brain) secretes the hormone melatonin; melatonin may affect the 
functioning of other glands in the body [R. J. Wurtman, Ann. Rev. Physiol, 31,461 
(1975); Scientific American, July 1975, p. 68]. 

Photochemical reactions are more selective than thermal reactions. By : 
monochromatic light, we can excite one particular species in a mixture to @ higher 
electronic state. In contrast, heating a sample increases the translational energies 
all species. Organic chemists use photochemical reactions as a tool in syntheses. i 

Certain chemical reactions yield products in excited electronic states; decay ‘A 
these excited states may then produce emission of light, a process called chemilumi- 
nescence. Fireflies and many deep-sea fish show chemiluminescence. In a sense, chemi 
luminescence is the reverse of a photochemical reaction. 


using 


Consequences of Light Absorption. Let B* and Bọ denote a B molecule ae 
excited electronic state and in the ground electronic state, respectively. Them a 
absorption of radiation is By + hv > B*. In most cases, the ground electronic f 
is a singlet with all electron spins paired. The selection rule AS = 0 [Ea. 1.52]! 
shows that the excited electronic state B* is also a singlet. 

Following light absorption, many things can happen. 


The B* molecule is usually produced in an excited vibrational level. Intermo- 
cular collisions (especially collisions with the solvent if the reaction is in solution) 
an transfer this extra vibrational energy to other molecules, causing B* to lose most 
ofits vibrational energy and attain an equilibrium population of vibrational levels, 
a process called vibrational relaxation. 

The B* molecule can lose its electronic energy by spontaneously emitting a pho- 
jon, thereby falling to a lower singlet state, which may be the ground electronic state: 
BY + By + hy. Emission of radiation by an electronic transition in which the total 
tectonic spin doesn’t change (AS = 0) is called fluorescence, Fluorescence is favored 
in low-pressure gases, where the time between collisions is relatively long. A typical 
lifetime of an excited singlet electronic state is 107" s in the absence of collisions. 

The B* molecule can transfer its electronic excitation energy to another molecule 
during a collision, thereby returning to the ground electronic state, a process called 
ndiationless deactivation: B* + C > Bo + C, where By and C on the right have extra 
translational, rotational, and vibrational energies. 

The B* molecule (especially after undergoing vibrational relaxation) can make 
aradiationless transition to a different excited electronic state: B* — B*. Conserva- 
tion of energy requires that B* and B*’ have the same energy. Generally, the molecule 
BY has a lower electronic energy and a higher vibrational energy than B*. 

If B* and B* are both singlet states (or both triplet states), then the radiationless 
process B* > B*’ is called internal conversion. If B* is a singlet electronic state and 
BY is a triplet (or vice versa), then B* = B*’ is called intersystem crossing. Recall that 
à triplet state has two unpaired electrons and total electronic spin quantum number 
$= 1, 

Suppose B*’ is a triplet electronic state. It can lose its electronic excitation energy 
ind return to the ground electronic state during an intermolecular collision or by 
intersystem crossing to form Bo in a high vibrational energy level. In addition, B* can 
tmit a photon and fall to the singlet ground state Bo. Emission of radiation with 
AS # 0 is called phosphorescence. Phosphorescence violates the selection rule AS = 0 
ind has a very low probability of occurring. The lifetime of the lowest-lying excited 
triplet electronic state is typically 1073 to 1 s in the absence of collisions. 

Figure 21.43 summarizes the preceding processes. 

Besides the above physical processes, absorption of light can cause several kinds 
of chemical processes. 

Since B* is often formed in a high vibrational level, the B* molecule may have 
tnough vibrational energy to dissociate: B* — R + S. The decomposition products 
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Photophysical processes. Dashed 
arrows indicate radiationless 
transitions. Sp is the ground 

(singlet) electronic state. $, and S, 
are the lowest two excited singlet 
electronic states; T, is the lowest 

triplet electronic state. For 
simplicity, vibration-rotation 
levels are omitted. 
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Electronic absorptions in a 
diatomic molecule that always 
lead to dissociation. 


(a) 


(b) 


R and S may react further, especially if they are free radicals. If B* is a diatom 
molecule with vibrational energy exceeding the dissociation energy D, of the ie 
electronic state, then dissociation occurs in the time it takes one molecular vibration 
to occur, 107}? s. For a polyatomic molecule with sufficient vibrational energy tọ 
break a bond, dissociation may take a while to occur; there are many Bets 
modes, and it requires time for vibrational energy to flow into the bond to be broken, 
Excitation of a diatomic molecule to a repulsive electronic state [one with no mini- 
mum in the E,(R) curve] always causes dissociation; excitation of a diatomic molecule 
to a bound excited electronic state with a minimum in the E,(R) curve causes dis- 
sociation if the vibrational energy of the excited molecule exceeds D,. See Fig, 21,44, 
Sometimes a molecule undergoes internal conversion from a bound excited state to a 
repulsive excited electronic state, which then dissociates. 

The vibrationally excited B* molecule may isomerize: B* + P. Many cis-trans 
isomerizations can be carried out photochemically. 

The B* molecule may collide with a C molecule, the excitation energy of B* pro- 
viding the activation energy for a bimolecular chemical reaction: B* + C > R +8, 

The B* molecule may transfer its energy in a collision to another species D, 
which then undergoes a chemical reaction. Thus, B* + D + B + D*, followed by 
D* + E > products; alternatively, B* + D + B + P +R. This process is photo- 
sensitization. The species B functions as a photochemical catalyst. An example is 
photosynthesis, where the photosensitizer is chlorophyll. 

All these chemical processes can be preceded by internal conversion or inter- 
system crossing, B* > B*’, so that it is B®’ that undergoes the chemical process. 

The many possible chemical and physical processes make it hard to deduce the 
precise sequence of events in a photochemical reaction. 


Photochemical Kinetics. The most common setup for kinetic study of a photo- 
chemical reaction exposes the sample to a continuous beam of nearly monochto- 
matic radiation. Of course, only radiation that is absorbed is effective in producing 
reaction. For example, exposing acetaldehyde to 400-nm radiation will have no effect, 
since radiation with a wavelength less than 350 nm is required to excite acetaldehyde 
to a higher electronic level. According to the Beer-~Lambert law (21.11), the intensity 
I of radiation varies over the length of the reaction cell; convection currents (and 
perhaps stirring) are usually sufficient to maintain a near-uniform concentration of 
reactants over the cell length, despite the variation in /. 

As in any kinetics experiment, one follows the concentration $ 
product as’a function of time. In addition, one measures the rate of absorption 9 
light energy by comparing the energies reaching radiation detectors after the beam 
passes through two side-by-side cells, one filled with the reaction mixture and one 
empty (or filled with solvent only). One type of radiation detector is a photoelectric 
cell. 


of a reactant of 


The initial step in a photochemical reaction is 


1 

(1) B+ hv > B* a 

+] is 

For the elementary process (21.81), the reaction rate is r; = d[B*]/dt, whee [P] s 


is defined as the number of moles of photons absorbed per second tthere 
volume: r, = J,. We assume that B is the only species absorbing radiation. F and | 
action cell have length I, cross-sectional area .o/, and volume V = sl. Let to 


be the intensities of the monochromatic beam as it enters the cell and as it leaves 
the cell, respectively. The intensity J is the energy that falls on unit cross-sectional 
area per unit time, so the radiation energy incident per second on the cell is Iot 
and the energy emerging per second is 1,2. The energy absorbed per second in the 
cell is Io — Ip. Dividing by the energy Nahv per mole of photons and by the 
cell volume, we get Ja» the number of moles of photons absorbed per unit volume per 
second: 

te Inf — If Io 


ES fae 
a Tete VNahv IN hv 


(1 — e-i) (21.82) 


where the Beer-Lambert law (21.11) was used. In (21.82), « = 2.3032, where ¢ is the 
molar absorption coefficient of B at the wavelength used in the experiment. 

The quantum yield Dy of a photochemical reaction is the number of moles of 
product X formed divided by the number of moles of photons absorbed. Division of 
numerator and denominator by volume and time gives 


_ d[X]/dt 
=n 


Quantum yields vary from 0 to 10°. Quantum yields less than 1 are due to deacti- 
vation of B* molecules by the various physical processes discussed above and to re- 
combination of fragments of dissociation. The quantum yield of the photochemical 
reaction H, + Cl, + 2HCI with 400-nm radiation is typically 10°. Absorption of 
light by Cl, puts it into an excited electronic state that “immediately” dissociates 
into Cl atoms; the Cl atoms then start a chain reaction (Sec. 17.12), yielding many, 
many HCI molecules for each Cl atom formed. 

As an example of photochemical kinetics, we consider the dimerization of an- 
thracene (C, 4H 9), which occurs when a solution of anthracene in benzene is irradi- 
ated with UV light. A simplified version of the accepted mechanism is: 


Dx (21.83) 


(1) A+hv> A* n= 4%, 

(2) A*+A>A, r2 = ka[A*][A] 
8) A® > A+hy Ta = kalA*] 

(4) Az > 2A r4 = k4a[A2] 


where A is anthracene. Step (1) is absorption of a photon by anthracene to raise it 
toan excited electronic state; Eq. (21.82) gives rı = Ja Step (2) is dimerization. Step 
(3) is fluorescence. Step (4) is a unimolecular decomposition of the dimer. 

The rate r for the overall reaction 2A > Ay is 


r = d[Az]/dt = ka[A*][A] — ka[A2] (21.84) 
Application of the steady-state approximation to the reactive intermediate A* gives 
dA*]/at = 0 = J, — kof AJ[A*] — KafA*] (21.85) 
Which gives [A*] = 4, /(k2[A] + ks). Substitution in (21.84) gives 
p= Hole _ i TA] (21.86) 
k,[A] + ks 


Note that J, depends on [A] in a complicated way [Eq. (21.82)]. 
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The quantum yield is given by (21.83) as 
a[Az|/dt r OO kofA] k, A 
ene A a e as 


If ką = 0 (no reverse reaction) and k = 0 (no fluorescence), then ® becomes 1, The 
first fraction on the right can be written as k,/(k, + k3/[A]); an increase in [A] 
increases ®, since it increases r, (dimerization) compared with r3 (fluorescence), This 
is the observed behavior. A typical ® for this reaction is 0.2. 

Instead of dealing with the individual rates of all the physical and chemical pro- 
cesses that follow absorption of radiation, one often adopts the simplifying approach 
of writing the initial step of the reaction as 


M B+hw>R+S 1=¢% 


Here, R and S are the first chemically different species formed following the absorp- 
tion of radiation by B. Step I really summarizes several processes, namely, absorp- 
tion of radiation by B to give B*, deactivation of B* by collisions and fluorescence, 
decomposition (or isomerization) of B* to R and S, and recombination of R and § 
immediately after their formation (recall the cage effect). The quantity @, called the 
primary quantum yield, varies between 0 and 1. The greater the degree of collisional 
and fluorescent deactivation of B*, the smaller @ is. For absorption by gas-phase 
diatomic molecules that leads to dissociation, the dissociation is so rapid that de- 
activation is usually negligible and @ ~ 1. 


Da 


The Photostationary State. When a system containing a chemical reaction in equi- 
librium is placed in a beam of radiation that is absorbed by one of the reactants, the 
rate of the forward reaction is changed, thereby throwing the system out of equilibrium. 
Eventually a state will be reached in which the forward and reverse rates are again 
equal. This state will have a composition different from that of the original equilibrium 
state and is a photostationary state. It is a steady state (Sec. 1.2) rather than an 
equilibrium state, because removal of the system from its surroundings (the radiation 
beam) will alter the system’s properties. An important photostationary state 1s the 
ozone layer in the earth's atmosphere (Sec. 17.15). 


SUMMARY 


Electromagnetic radiation (light) consists of oscillating electric and magnetic fields, 
Spectroscopy studies the interaction of light and matter, especially absorption and 
emission of radiation by matter. The energy hv of the photon absorbed or emitted in 
a transition is equal to the energy difference between the stationary states mand n $ 
volved in the transition: hy = |Em — E,|. For a radiative transition to have case 
probability of occurring, the transition-moment integral (21.5) must be nonzero. m 
selection rules give the allowed transitions for a given kind of system. tt 
Beer-Lambert law (21.11) relates the fraction of radiation in a small wavelength range 
absorbed by a sample to the molar absorption coefficient £. 

The energy of a molecule is (to a good approximation) equal to the su i 
translational, rotational, vibrational, and electronic energies. The spacings be 
levels increase in the order: translational, rotational, vibrational, electronic. 


m of 


For a diatomic molecule, the rotational energy is E,., © J(J + 1)h?/2I, = 

| phd + 1), where J = 0, 1, 2,..., the equilibrium moment of inertia is I, = 4R,? 
where u is the reduced mass of the two atoms), and B, is the equilibrium rotational 
constant. Because vibration affects the average bond distances, B, is replaced by B, 
Eq. (21.32)] when the molecule is in vibrational state v. For polyatomic molecules, 
the rotational-energy expression depends on whether the molecule is a spherical, 
symmetric, or asymmetric top. 
The vibrational energy of a diatomic molecule is approximately that of a har- 
monic oscillator: Eyi © (V + 3)hv,, where v = 0, 1, 2,... and the equilibrium vibra- 
tion frequency is Vp = (1/2n)(k./u)"/?. Anharmonicity adds a term proportional to 
-w+ 4) to Eyn and causes the vibrational levels to converge as v increases (Fig. 
21.8). For an M-atom molecule, the vibrational energy is approximately the sum of 
W — 6 (or 3M — 5 if the molecule is linear) harmonic-oscillator energies, one for 
each normal vibrational mode [Eq. (21.48)]. 

The pure-rotational spectrum lies in the microwave (or far-IR) region and is 
studied in microwave spectroscopy. Bond distances and angles are obtainable from 
the pure-rotational spectra of molecules with nonzero dipole moments. For a diatomic 
molecule, the radiative rotational selection rule is AJ = +1. 

The vibration-rotation spectrum lies in the infrared and consists of a series of 
bands. Each line in a band corresponds to a different rotational change. A normal 
mode is IR-active if it changes the dipole moment. Analysis of the IR spectrum yields 
the IR-active vibrational frequencies and (provided the rotational lines are resolved) 
the moments of inertia, from which the molecular structure can be found. 

Pure-rotational and vibration-rotation transitions can also be observed in 
Raman spectroscopy. Here, rather than absorbing a photon, a molecule scatters a 
photon, exchanging energy with it in the process. 

Transitions of valence electrons to higher levels produce absorption in the UV 
and visible regions. 

In NMR spectroscopy, one observes transitions of nuclear spin magnetic mo- 
ments in an applied magnetic field. The local field at a nucleus is influenced by the 
electronic environment, so nonequivalent nuclei in a molecule undergo NMR transi- 
tions at different frequencies. Moreover, because of interactions between nuclear spins 
within a molecule, the NMR absorption lines are split. Provided the spectrum is first- 
order, n equivalent protons act to split the absorption peak of a set of adjacent 
protons into n + 1 peaks. Spin-spin splitting is usually negligible for protons sepa- 
tated by more than three bonds. 

In ESR spectroscopy, one observes transitions between the energy levels of an 
unpaired electron spin magnetic moment in an applied magnetic field. i 

Photochemistry studies chemical reactions produced by absorption of light. 

Important kinds of calculations discussed in this chapter include: 


Calculation of absorption and emission frequencies and wavelengths from quan- 
tum-mechanical energy levels using Eypper — Etower = hy = he/A and the selection 
tules for the system. 

* Evaluation of the transition-moment integral | Yž(®; QitWndt to find the selec- 


tion rules for the allowed transitions. E 
* Use of the Beer-Lambert law I =Io10~“" to find the transmittance I/Iq at a 


particular 4. f 
* Use of Exot = J(J + 1)h?/2I and I = uR¿ to calculate rotational energy levels and 


bond distances in diatomic molecules. 


— Ea 


SECTION 21.17 


2 


‘a Use of Evin © (V + Shy and v = (1/2n)(k/p)"? to find force Constants of diatom 
EA =| molecules. ic 


CHAPTER 24 * Calculation of relative populations of energy levels using the Boltzmann distrib 
tion law N;/N; = (g;/9e"'~*"*7, where N;, N; and g; gj are the population 
and degeneracies of energy levels i and j. 
e Calculation of the NMR transition frequency v = lan|ByB/h. 
e Calculation of the specific optical rotation [x]. 
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1983. ` 
PROBLEMS ' 
Sec. 21.1 | 21.2 | 214 | 21.5 21.6 | 21.8 
| aires ae l= 

Probs. 21.1-21.2 | 21.3-21.13 | 21.14-21.25 | 21.26-21.28 | 21.29-21.33 21.34-21.36 

Sec. 21.9 21.10 | 21.11 - 21.12 21.13 21.14 

Probs. 21.37-21.39 21.40 | 21.41-21.43 21.44-21.56 21.57-21.58 | 21.59-21.60 

Sec. | 21.15 21.16 | general 
Probs. l 21.61-21.63 21.64-21.67 | 21.68-21.69 


21.1 Find the frequency, wavelength, and wave number of 21.4 Use the harmonic-oscillator selection rule Av = +1! 


light with photons of energy 1.00 eV per photon. find the frequency or frequencies of light absorbed by 4 pa 


monic oscillator with vibrational frequency Vyin- 


21.2 Find the speed, frequency, and wavelength of sodium D | 


light in water at 25°C. For data, see the material following 21-5 Use Fig. 18.12 and Table 15.1 to evaluate terpa 
Eq. (21.4). moment integral (21.5) for each of the following pairs ©! si i 

i of a charged harmonic oscillator: (a) v = 0 and v = 1; ©) A 
21.3 Verify Eq. (21.6) for the particle-in-a-box transition and v = 2; (c) v = 0 and v = 3. Are the results consistent 
moment. the selection rule Av = +1? 


NOD 


6 A hypothetical quantum-mechanical system has the 
energy levels E = bn(n + 2), where n = 1,2,3,... and b is a 
positive constant. The selection rule for radiative transitions is 
An= +2. Fora collection of such systems distributed among 
many energy levels, the lowest-frequency absorption transition 
is observed to be at 80 GHz. Find the next lowest absorption 
frequency. 

21.7 (a) For an electron confined to a one-dimensional box of 
length 2.00 A, calculate the three lowest possible absorption 
frequencies for transitions that start from the ground stationary 
state, (b) Repeat (a) without assuming that the initial state is 
the ground state. . 


28 For each of the absorbance values 0.1, 1, 2, and 10, 
calculate the \transmittance and the percentage of radiation 
absorbed. 


18, Gee has a UV absorption peak at 162 nm with £ = 


10 X10 dm? mol”! cm~}. Calculate the transmittance of 
162-nm radiation through a sample of ethylene gas at 25°C 
and 10 torr for a cell length of (a) 1.0 cm; (b) 10 cm. 


24.10 Methanol has a UV absorption peak at 184 nm with 
t= 150dm? mol” ' cm~!. Calculate the transmittance of 184- 
nm radii throygr ODIO dm”? solution of methanol 
in a nonab: ing solvent for a cell length of (a) 1.0 cm; (b) 
10cm. 


2.11 A certain solution, of the enzyme lysozyme (molecular 
weight 14600) in DO with a mass concentration of 80 mg/cm? 
in a 0.10-mm-long absorption cell is found to have a trans- 
mittance of 8.3 percent for infrared radiation of wavelength 
6000 nm. Find the absorbance of the solution and the molar 
absorption coefficient of lysozyme at this wavelength. 


21.12 A solution of 2.00 g of a compound transmits 60.0 per- 
cent of the 4300-A light incident on a 3.00-cm-long cell. What 
percent of 4300-A light will be transmitted by a solution of 
400 g of this compound in the same cell? 


21.13 nm, the ion Fe(CN)2~(aq) has ¢ = 800 dm? 
mol”! chf“!, and Fe(CN)?~(aq) has £= 320 dm° mol * 
cm”! The reduction of Fe(CN)?~ to Fe(CN)é~ is being fol- 
lowed spectrophotometrically in 1.00-cm-long cell. The solu- 
tion has an initial Fe(CN)2~ concentration of 1.00 x 107° mol 
dm™? and no Fe(CN)é_. After 340 s, the absorbance is 0.701. 
Calculate the eat of Ewes has reacted, 


+ 
2.14 Use data in Table 2h1 Pata Pe 
the ground electronic state of (a) **N3; (b) 2GA; 


te Do for 


21.15 (a) Explain why D, and k, for D?5CI are essentially the 
ame as D, and k, for H?5CI but Do for these two species 
differs. (b) Use data in Table 21.1 in Sec. 21.4 to calculate Do 
for each of these two species. Neglect the difference in 3.x, for 
the two species. 


Ose. (0" 
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21.16 As noted before Eq. (21.20), the vibrational coordinate 
x for a diatomic molecule equals R — R,. We can estimate the 
typical departure A of a diatomic-molecule bond length from 
its equilibrium value due to zero-point vibration by setting the 
harmonic-oscillator ground-state vibrational energy equal to 
the classical-mechanical expression for the maximum potential 
energy of a harmonic oscillator. Show that this gives A = 
(h/4n?v,u)"/?, Use Table 21.1 in Sec, 21.4 to calculate this typi- 
cal departure for H*°CI and for '*N>. 


21.17 TheJ =0 > 1,v = 0 > 0 transition for 'H7°Br occurs 
at 500.7216 GHz, and that for 'H®'Br occurs at 500.5658 GHz. 
(a) Calculate the bond distance Ro in each of these molecules. 
Use Table 21.2. Neglect centrifugal distortion. (b) Predict the 
J= 1 = 2, v = 0 > 0 transition frequency for 'H7°Br. (c) Pre- 
dict the J = 0 + 1, v = 0 — 0 transition frequency for 2H7°Br. 
[Actually, each pure-rotational transition of these species is 
split into several lines because of the electric quadrupole mo- 
ments (Levine (1975), p. 224) of the 7°Br and *'Br nuclei, 
The frequencies given are for the centers of the J = 0-1 
transitions. ] 


21.18 TheJ = 2 — 3 pure-rotational transition for the ground 
vibrational state of 2°K37CI occurs at 22410 MHz. Neglecting 
centrifugal distortion, predict the frequency of the J=0> 1 
pure-rotational transition of (a) 39K 371; (b) 3°K35Cl. 


21.19 Verify that neglect of vibration-rotation interaction 
gives Eq. (21.38) for op. 


21.20 Verify Eqs. (21.39) and (21.40) for R- and P-branch 
wave numbers. 


21.21 For "05, 7e = 1580 em” '. Find ke for fOr 


21.22 (a) From the IR data following Eq. (21.36), calculate ¥, 
and i,x, for 'H?SCl. (b) Use the results of (a) to predict ag for 
the v = 0 > 6 transition of this molecule. 


21.23 Use data in Table 21.1 to calculate the relative popu- 
lations at 300 K of the J = 0 through J = 6 rotational levels 
of the v = 0 vibrational level of THC, 


21.24 Match each of the symbols Be, %, D, VeXe with one 
of these terms: anharmonicity, vibration-rotation interaction, 
centrifugal distortion, rotational constant. 


21.25 (a) For Op, Ož, and Oz, which species has the largest 
k, in the ground electronic state and which has the smallest 
ke? (b) For N2 and Nj, which species has the larger Ve in the 
ground electronic state? (c) For Nz and O , which molecule 
has the larger k, in the ground electronic state? (d) For Lig 
and Na, which molecule has the greater rotational energy in 
the J = 1 level? 


21.26 List all the symmetry elements present in (a) H3S; (b) 
CF,Cl; (c) XeF4; (d) PCls: (e) IFs; (f) benzene; (g) p- 


dibromobenzene; (h) HCI; (i) CO2. 


21.27 List all the symmetry operations for (a) HS; (b) CF3Cl. 


21.28 The inversion operation f moves a nucleus at x, y, z to 
=x, —y, —z. What effect does each of the following operations 
have on a nucleus at x, y, z? (a) A Ô, rotation about the z 
axis; (b) a reflection in the xy plane; (c) an S, rotation about 
the z axis. From the answer to (c), what statement can be made 
about the $, operation? 


21.29 Without doing any calculations, describe as fully as you 
can the locations of the principal axes of inertia of (a) BF3; 
(b) H30; (c) CO3. 


21.30 Classify each of the following as a spherical, symmetric, 
or asymmetric top: (a) SF¢; (b) IFs; (c) H2S; (d) PF3; (e) 
benzene; (f) CO3; (g) *SCIC37Cl,. 


21.31 For CFI, the rotational constants are A = 0.1910 
om”! and B = 0.05081 cm™ £. (a) Calculate E,o,/h for the J = 0 
and J = 1 rotational levels. (b) Calculate the two lowest micro- 
wave absorption frequencies. 


21.32 The Ro bond lengths in the linear molecule OCS are 
Roc = 1.160 A and Reg = 1.560 A. (a) The z coordinate of the 
center of mass (com) of a set of Particles with masses m; and z 
Coordinates 2; iS Zoom = (J; mzi)/(X; m;). Find the position of 
the center of mass of '°O!C325, (b) Find the moment of inertia 
of 16012C3?S about an axis through the center of mass and 
perpendicular to the molecular axis, (c) Find the three lowest 
microwave absorption frequencies of 16012C325, 


21.33 Analysis of the infrared spectrum of ACE gives the 
rotational constant as By = 0.39021 cm~!. Find the CO bond 
length in CO}. 


21.34 Give the number of normal vibrational modes of (a) 
SO; (b) C3F3; (c) CCly. 


21.35 H,O vapor has an IR absorption band at Oo = 7252 
* cm”! The lower vibrational level for this band is 000. What 
are the possibilities for the upper vibrational level? 


21.36 Use data in Sec. 21.8 to calculate the zero-point vibra- 
tional energy of (a) CO3; (b) H,0. 


21.37 State which of each of the following pairs of vibrations 
has the higher vibrational frequency. (a) C=C stretching, 

=C stretching; (b) C—H stretching, C—D stretching; (c) 
C—H stretching, CH, bending. 


21.38 C—H stretching vibrations in organic compounds oc- 
cur near 2900 cm™ t+, Near what wave number would C—D 
stretching vibrations occur? 


21.39 From the CH and C=O stretching frequencies listed in 
Sec. 21.9 estimate the force constants for stretching vibrations 
of these bonds. 


21.40 (a) Derive the formula for the Raman shifts of the 
760 


pure-rotational Raman lines of a linear molecule, 
the spacing between adjacent pure-rotational Raman lines? ( 
The pure-rotational Raman spectrum of “SN, shows a spac 
of 7.99 cm~* between adjacent rotational lines. Find the ie 
distance in N3. (c) What is the spacing between the unshifted 
line at vo and each of the pure-rotational linear-molecule lines 
closest to vo? (d) If 540.8-nm radiation from an argon laser is 
used as the exciting radiation, find the wavelengths of the two 
pure-rotational Raman '4N, lines nearest the unshifted Jine, 


21.41 Calculate the wavelength of the series limit of the 
Balmer lines of the hydrogen-atom spectrum, 


What jg 


21.42 Calculate the wavelengths of the first three lines in the 
Paschen series of the hydrogen-atom spectrum, 


21.43 Calculate the wavelength of the n=2- | transition 
in Li?*. 

21.44 Calculate the force on an electron moving at 3.0 x 108 
cm/s through a magnetic field of 1.5 T if the angle between the 
electron’s velocity vector and the magnetic field is (a) 0°; (b) 
45°; (c) 90°; (d) 180°. 

21.45 Calculate the magnetic dipole moment of a particle with 
charge 2.0 x 10716 C moving on a circle of radius 25 A with 
speed 2.0 x 107 cm/s. 


21.46 The nucleus ''B has / = 3 and gy = 1.792. Calculate 
the energy levels of a ''B nucleus in a magnetic field of (a) 
1.50 T; (b) 15000 G. 


21.47 Use data in Prob. 21.46 to find the NMR absorption 
frequency of !'B in a magnetic field of (a) 1.50 T; (b) 2.00T. 


21.48 Calculate the value of B in a proton magnetic resonance 
Spectrometer that has v,,,.. equal to (a) 60 MHz; (b) 300 MHz. 


21.49 (a) Calculate the ratio of the populations of the two 
nuclear-spin energy levels of a proton in a field of 1.41 T (the 
field in a 60-MHz spectrometer) at 25°C. As well as causing 
absorption from the lower level of a transition, the incident 
radiation produces stimulated emission from the upper level. 
This stimulated emission travels in the same direction as the 
incident radiation beam and so decreases the observed absorp- 
tion signal. (Spontaneous emission is sent out in all directions 
and need not be considered.) Therefore, the intensity of an ab- 
Sorption is proportional to the population difference between 
the initial and final states. The very small population auc 
in NMR spectroscopy mean that the method can’t be used | é 
study very small amounts of a compound. (b) Explain We 
creasing the applied field By increases the NMR absorp 
line strengths. 


ina 
21.50 For an applied field of 1.41 T (the field ei 
60-MHz spectrometer), calculate the difference in er iy 
sorption frequencies for two protons whose ô values d! 
1.0. 


51 For each of the following, state how many proton 
NMR peaks occur, the relative intensity of each peak, and 
whether each peak is a singlet, doublet, triplet, etc.: (a) ben- 
rene; (b) acetaldehyde; (c) C2H6; (d) CH;CH,OCH,CH;; (e) 
(CH,)yCHBr; (f) methyl acetate; (g) CH,=CHBr in a mag- 


netic field large enough to produce a first-order spectrum. 


1152 Repeat Prob. 21.51 for the natural-abundance Be 
NMR spectra observed with proton—!3C spin-spin splittings 
diminated by double resonance. 


1153 Use Fig. 21.37 to estimate J for the CH, and CH, 
protons in ethanol. A 


41,54 Suppose the proton NMR spectrum of CH4CH,OH 
is observed using a 60-MHz spectrometer and a 600-MHz 
spectrometer. State whether each of the following quantities is 
the same or different for the two spectrometers. If different, by 
what factor does the quantity change when one goes from 60 
to 600 MHz? (a) cn, — Scns (b) Vens — Yous’ (€) Jens,cus: 


11.55 Verify Eq. (21.71). (Use the fact that  < 1.) 
21.56 Verify that 1 T corresponds to 10*G. 


2187 Calculate the ESR frequency in a field of 2.50 T for 
"CH3, which has g = 2.0026. 


21.58 How many lines will the ESR spectrum of the naph- 
thalene negative ion CygHg have? 


1159 A solution of the amino acid L-lysine in water at 20°C 
containing 6.50 g of solute per 100 mL in a 2.00-dm-long tube 
has an observed optical rotation of + 1.90° for 589.3-nm light. 
Find the specific rotation at this wavelength. 


1.60 For a freshly prepared aqueous solution of a-D-glucose, 
[x] = +112.2°, where the subscript and superscript on the 
specific rotation indicate sodium D (589.3 nm) light and 20°C. 
Fora freshly prepared aqueous solution of f-D-glucose, [8 = 
+175°. As time goes by, [a]2° for each solution changes and 
teaches the limiting value 52.7°, which is for the equilibrium 
mixture of x- and f-p-glucose. Find the percentage of a-D- 
slucose present at equilibrium at 20°C in water. 


2461 (a) When 30.4-nm radiation is used to produce the 

Photoelectron spectrum of benzene, the highest-energy photo- 

tlecttons have kinetic energy of 31.5 eV. Find the ionization 

energy of the highest-energy MO in benzene (which is a pi MO). 

(6) What would be the kinetic energy of the highest-energy 

h Eee emitted from benzene if 58.4-nm radiation were 
ed? 


a The ground electronic state of N has Fo = 2330 cm™ @ 
a spacing between adjacent lines in the 17-eV band of the Nz 
Photoelectron spectrum is approximately 1800 om” *, Explain 


Y this spacing is less than 2330 cm” *. 


z 


21.63 For each of the following molecules, state the number 
and relative intensities of the carbon 1s ESCA peaks and do 
the same for the oxygen 1s ESCA peaks: (a) C,H5OH; (b) 
CHOCH ;; (c) CH;COOCH;; (d) C6H50OH (phenol). 


21.64 Verify the photon energy and molar-energy calculations 
in (21.79). 


21.65 In a certain photochemical reaction using 464-nm ra- 
diation, the incident-light power was 0.00155 W and the system 
absorbed 74.4 percent of the incident light; 6.80 x 1076 mole 
of product was produced during an exposure of 110 s. Find the 
quantum yield. 


21.66 The photochemical decomposition of HI proceeds by 
the mechanism 
HIl+hv>H+1 
H+HI>H, +1 
I+I+M>l, +M 


where the rate of the first step is p% with @ = 1. (a) Show that 
—d[HI]/dt =24,. Hence the quantum yield with respect to 
HI is 2. (b) How many HI molecules will be decomposed when 
1.00 kcal of 250-nm radiation is absorbed? 


21.67 In the anthracene dimerization, the rate of the forward 
reaction is negligible in the absence of radiation, but let us 
assume a forward bimolecular reaction with rate constant ks 
in the absence of radiation: 


(5) 2A=>A, rs =ks[A]? 


in addition to reactions (1) to (4) preceding Eq. (21.84). With 
inclusion of step 5, express the reaction rate r in terms of [A], 
[A2], and s. Set r = 0 to obtain the photostationary-state Az 
concentration, Compare with the equilibrium A, concentration 
in the absence of radiation. 

21.68 Consider the molecules Nz, HBr, CO3, H3S, CHy, 
CH,Cl, and C6H6. (a) Which have pure-rotational absorption 
spectra? (b) Which have vibration—rotation absorption spectra? 
(c) Which have pure-rotational Raman spectra? 


21.69 True or false? (a) Linear molecules are symmetric tops. 
(b) A molecule with zero dipole moment cannot change its 
rotational state. (c) A molecule whose dipole moment is zero 
must have a center of symmetry. (d) Whenever a molecule goes 
from one energy level to another, it emits or absorbs a photon 
whose energy is equal to the energy difference between the 
levels. (e) An asymmetric top cannot have any axes of symme- 
try. (f) The Raman shift of a given Raman-spectrum line is 
independent of the value of the exciting frequency vo. (g) The 
rotational energy of any molecule is given by BhJ(J + 1) pro- 
vided centrifugal distortion is neglected. (h) The vibrational 
levels of a given electronic state of a diatomic molecule are 
unequally spaced. (i) We all have moments of inertia. 
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STATISTICAL MECHANICS 


In Chaps. 1-14 we used thermodynamics to provide a framework for studying the 
macroscopic properties of matter. In Chaps. 18-21 we used quantum mechanics to 
examine molecular properties. The link between quantum mechanics and thermo- 
dynamics is provided by statistical mechanics, whose aim is to deduce the macro- 
scopic properties of matter from the properties of the molecules composing the system. 
Typical macroscopic properties are entropy, internal energy, heat capacity, surface 
tension, dielectric constant, viscosity, electrical conductivity, and chemical reaction 
rate. Molecular properties include molecular masses, molecular geometries, intra 
molecular forces (which determine the molecular vibration frequencies), and inter- 
molecular forces. Because of the huge number of molecules in a macroscopic system, 
one uses statistical methods instead of attempting to consider the motion of each 
molecule in the system. 

This chapter is restricted to equilibrium statistical mechanics (also called sta- 
tistical thermodynamics), which deals with systems in thermodynamic equilibri 
Nonequilibrium statistical mechanics (whose theory is not as well developed as g 
of equilibrium statistical mechanics) deals with transport properties and ee 
reaction rates. Very crude treatments of transport properties were given in Chap. if 
A statistical-mechanical theory of reaction rates is given in Chap. 23. Equilibriu! 
statistical mechanics is applied to solids in Chap. 24. the 

Statistical mechanics originated in the work of Maxwell and Boltzmann on i 
kinetic theory of gases (1860-1900). Major advances in the theory and the nieu i 
of practical calculation were made by Gibbs in his 1902 book Elementary Print 
in Statistical Mechanics and by Einstein in a series of papers (1902-1904). Since PE 
tum mechanics had not yet been discovered, these workers assumed that the systé 


molecules obeyed classical mechanics. This led to incorrect results in some cases; for 
example, calculated heat capacities of polyatomic gases did not agree with experiment 
(Geo. 15.10). When quantum mechanics was discovered, the necessary modifications 
in statistical mechanics were easily made. This chapter presents statistical mechanics 
ysing quantum mechanics and in a general form applicable to all forms of matter, 
not just gases. 

Statistical mechanics deals with both the microscopic (molecular) level and the 
macroscopic level, and it is important to define our terminology clearly. The word 
system in this chapter refers only to a macroscopic thermodynamic system. The funda- 
mental microscopic entities that compose a (thermodynamic) system will be called 
molecules or particles. In some cases, these entities are not actually molecules. For 
example, one can apply statistical mechanics to the conduction electrons in a metal 
or to the photons in electromagnetic radiation. 

The term state of a system has two meanings in statistical mechanics. The 
thermodynamic state of a system is specified by giving the values of enough macro- 
scopic parameters to characterize the system. (For example, we might have 24.0 g of 
benzene plus 2.87 g of toluene at 72°C and 3.65 atm; or we might have 18.0 g of H20 
at 54°C in a volume of 17.2 cm?.) On the other hand, we can talk about the quantum 
state of the system. By this we mean the following. Consider as an example the 18.0 g 
of H,O at 54°C and 17.2 cm?. We set up and solve the Schrödinger equation for a 
system composed of 6 x 1073 H,O molecules to obtain a set of allowed wave func- 
tions and energy levels. (In practice, this is an impossible task, but we can imagine 
doing so in principle.) At any instant of time, the system will be in a definite quantum 
state j characterized by a certain wave function ; (which is a function of a huge 
number of spatial and spin coordinates), an energy Ej, and a set of quantum num- 
bers. (Actually, the system might well be in a nonstationary, time-dependent state, 
but to simplify the arguments we shall not consider this possibility.) 

The term macrostate means the thermodynamic state of a system. The term 
microstate means the quantum state of a system. Because of the very large number 
of particles in a system, there are a huge number of different microstates that are 
compatible with a given macrostate. For example, suppose we have a fixed amount 
of an ideal monatomic gas whose internal energy and volume are fixed. The trans- 
lational energy levels (18.40) lie extremely close together [see the discussion after 
(21.27)], and there are a huge number of different ways we can populate these levels 
and still end up with the same total energy. The macrostate is experimentally observ- 
able; the microstate is usually not observable. 

If the molecules of the system do not interact with one another, we can also 
refer to the quantum states available to each molecule. We call these the molecular 
states. For example, consider a pure ideal monatomic gas. Its macrostate can be 
Specified by giving the thermodynamic variables T, P, and n (or the variables T, V, 
and n, or some other set of three thermodynamic properties). Its microstate 1s specified 
by saying how many molecules are in each of the available molecular translational 
quantum states (18.39), where nx, "ys and n, each go from 1 on up. A molecular state 
is specified by giving the values of the three quantum numbers Nx, Ny» Nz» SINCE specifi- 
Cation of these quantum numbers specifies the wave function of a molecule. In con- 
trast, it takes a huge set of numbers to specify the system’s microstate. 

We now proceed to relate macrostates to microstates, 1n order to calculate 


macroscopic properties from molecular properties. 
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THE CANONICAL ENSEMBLE 


This section derives some of the fundamental formulas of statistical Mechanics, These 
derivations are abstract and mathematical. Don’t be discouraged if you find it hard 
going. Later sections that apply the formulas to specific systems such as ideal pases 
are easier reading than this section. 

Suppose we measure a macroscopic property of an equilibrium system, for 
example, the pressure. It takes time to make the measurement, and the observed 
pressure is a time average over the impacts of individual molecules on the walls 
[Equation (15.57) shows that for a gas at I atm there are about 1017 impacts every 
microsecond on a 1-cm? wall area.] To calculate the value of the macroscopic prop. 
erty, we would have to take a time average over the changes in the microstate of the 
system. In some simple cases, the time-averaging calculation can be performed— 
recall the kinetic-theory calculation of ideal-gas pressure in Sec. 15.2. In general, 
however, it is not feasible to do a time-average calculation. Instead, one resorts to 
what is called an ensemble. 


The Canonical Ensemble. An ensemble is a hypothetical collection of an infinite 
number of noninteracting systems, each of which is in the same macrostate (ther- 
modynamic state) as the system of interest. Although the members of the ensemble 
are macroscopically identical, they show a wide variety of microstates, since many 
different microstates are compatible with a given macrostate. We postulate that: 


The measured time average of a macroscopic property in the system of interest is equal 
to the average value of that property in the ensemble. 


This postulate allows us to replace the difficult calculation of a time average by the 
easier calculation of an average Over systems in the ensemble. 

Consider a single equilibrium thermodynamic system whose volume, tempera- 
ture, and composition are held fixed. The system is enclosed in walls that are rigid 
(V constant), impermeable (composition constant), and thermally conducting, and 
the system is immersed in an extremely large constant-temperature bath. Because of 
thermal interactions with the bath, the system’s microstate changes from moment to 
moment, and its pressure and quantum-mechanical energy fluctuate. Of course, these 
fluctuations are generally far too small to be detectable macroscopically, because of 
the large number of molecules in the system (Sec. 3.7). 

We want to calculate such thermodynamic properties as pressure, internal ur 
and entropy for this system. To do so, we imagine an ensemble in which each ol t i 
systems has the same temperature, volume, and composition as the system of 7 
est; each system of the ensemble sits in a very large constant-temperature bate i 
22.1). An ensemble of systems each having fixed T, V, and composition is call N 
canonical ensemble. Canonical means standard, basic, authoritative. The name W 
chosen by Gibbs. 0- 

Consider an exämple. Suppose we were interested in calculating the them 
dynamic properties of 1.00 millimole of H, at 0°C in a 2.00-dm° box: 


3 (221) 
1.00 mmol H,(273 K, 2.00 dm?) 


Macroscopic copy of system 


Rigid, impermeable, thermally conducting walls 
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We would imagine an infinitely large number of macroscopic copies of this system, 
each copy containing 1.00 mmol of H, in a 2.00-dm? box that is immersed in a very 
large bath at 0°C. 

We shall take an average at a fixed time over the microstates of the systems 
in the ensemble. The possible microstates are found by solving the Schrödinger 
equation Aw j = Ej; for the (macroscopic) system. The possible wave functions /; 
(j= 1,2,...) and quantum energies E; will depend on the composition of the system 
(since the number of molecules and the intermolecular and intramolecular forces 
depend on the composition) and will depend on the system’s volume [recall from 
(18.42) that the translational energy of a particle in a cubic box depends on the 
volume of the box since a? = V?/*]. We have 


E;= EV, Np, Nes) (22.2) 


where the system’s composition is specified by giving Ng,.Nc,-.., the number of 
molecules of each chemical species B, C, . . . in the system. (Although our procedure 
is applicable to a multiphase system, for simplicity we shall usually consider only 
one-phase systems.) Note that E; does not depend on the system’s temperature. 
Temperature is a macroscopic nonmechanical property and does not appear in the 
quantum-mechanical Hamiltonian of the system or in the condition that the wave 
functions be well behaved. 

We postulated that any macroscopic property of the system is to be calculated 
as an average over the ensemble at a fixed time. For example, the thermodynamic 
internal energy U will equal the average energy of the systems in the ensemble: U = 
(E;). Because of the above-mentioned fluctuations, E; will not be precisely the same 
for different systems in the ensemble. Similar to (15.40), we write 


hide <E) 1 E pjEj (22.3) 
J 


where p j is a probability. There are two ways this equation can be interpreted. If the 
sum is taken over the different possible energy values E; of the system, then pjis the 
Probability that a system in the ensemble has energy Ej. Alternatively, if the sum is 
taken over the different possible quantum states of the system, then p; is the prob- 
ability that a system is in the microstate j (whose energy is E;). We shall use the 
Second interpretation. Thus, the symbol Y ; indicates a sum over the allowed quantum 
states of the system (and not a sum over energy levels); p; is the probability that the 
System is in the quantum state j (and not the probability that the system has energy E;). 


A canonical ensemble of 
macroscopically identical systems 
held at fixed T, V, and 
composition. The dots indicate 
the infinite number of systems and 
baths, 
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‘A sum over states differs from a sum over energy levels because there may 
several different quantum states that have the same energy, a condition called dom 
eracy (Sec. 18.10). For the system (22.1), each system energy level is highly degenerate: 
there are 6 x 10°° molecules, each of which has translational energies in the x y 
and z directions, rotational energy, and vibrational energy; there are a huge Tae 
of ways a fixed amount of energy can be distributed among the various molecular 
quantum states. 

To find U in (22.3), we need the probabilities p; (and the quantum-mechanical 
energies E,). We postulate that: 


For a thermodynamic system of fixed volume, composition, and temperature, all quan- 
tum states that have equal energy have equal probability of occurring, 


This postulate and the postulate of equality of ensemble averages and time averages 
are the two fundamental postulates of statistical mechanics. If microstates i and k of 
the (macroscopic) system have the same energy (E; = E,), then p; equals p,. Therefore 
Pj in (22.3) can depend only on the energy of state $ 


p; = S(E)) (224) 


Evaluation of p;. We now find how the probability p; of being in microstate j 
depends on the energy E}; of the microstate. To find the function f, imagine that a 
second system of fixed volume, temperature, and composition is put into each bath 
of the ensemble (Fig. 22.2). Let I and II denote the two systems in each bath, All the 
systems labeled I are macroscopically identical to one another. All the systems labeled 
II are macroscopically identical. However, systems I and II are not necessarily iden- 
tical to each other; they can differ in volume and composition. We have 


Pij = fE) and Pu = HE x) (22.5) 


where p; j is the probability that system I is in the microstate j (whose energy is £j} 
Pux is the probability that system II is in the microstate k (whose energy is En) and 
f and g are (at this point) unknown functions. Since systems I and II may differ, f 
and g are not necessarily the same function. 

If we like, we can consider I and II to form a single composite system (I + D) 
of fixed volume, temperature, and composition. For this composite system, 


Prone = hEr n) 28) 


where p;,1,; is the probability that system I + II is in the microstate i (whose energy 
is E,1,;) and h is some function. The subsystems I and II are independent of each 
other, so Esn, = Ej + Eng The microstate i of the composite system I +l A 
defined by the microstates j and k of the independent subsystems I and II. The pro? 
ability that two independent events both happen is the product of the probabilities 


A canonical ensemble for a 
composite system composed of 
two noninteracting parts I and II. 


Rigid, impermeable, adiabatic wall pP“ 


ofeach event, so the probability that system I + II is in microstate i is the product 
of the independent probabilities that system I is in microstate j and system II is 
in microstate k; thus py +1,; = Py,;Pu,,- Substitution of (22.5) and (22.6) into Pimi = 
pijPtLk gives j 


WCE; + Ena) = f(E IEn) (22.7) 

Equation (22.7) has the form 
h(x + y) = fogy) where x = E, j y = Ey, (228) 
hlz) = fogy)  wherez=x+y (229) 


We now solve (22.9) for f. Taking (0/6x), of (22.9), we have 
[ah(z)/6x], = [afl /dxJaly) = F'ogo) 
But [0h(z)/0x], = [dh(z)/dz](0z/Ax), = dh/dz, since (ðz/ðx), = 1. Therefore 
dh/dz = f'(x)g(y) 
Similarly, taking (0/éy), of (22.9), we get dh/dz = S(x)g'(y). Equating these two ex- 
pressions for dh/dz, we have 
Sog) = Say) 


d Okar eaa 
SONON B (22.10) 


where B is defined as —f"(x)/f(x). Since the function S'(x)/f(x) is independent of y, 
fis independent of y. The left side of (22.10) is independent of x, so f is independent 
of x. Therefore $ is a constant. We have df(x)/f(x) = —Bdx, which integrates to 
f= —Bx + const; thus f = ee" — ae ~P where a =e" is a constant, 
Similarly, g'(y)/g(y) = —B integrates to g( y) = ce, where c is another constant. 
We have 


S(x) = ae~** and g(y) = ce~”” (22.11) 
Use of Eqs. (22.5) and (22.8) in (22.11) gives 
pj =ae~PEs and pyy = ce PE (22.12) 


To complete things, we must find a, B, and c. We know that these quantities are 
constants for a system of fixed temperature, volume, and composition. Therefore 
they might depend on one or more of T, V, and composition. However, they cannot 
depend on the microstate energies E; ; (or En) since B, a, and c are independent of 
Xand y in the above derivation and x and y are E; j and Enx: i 

Consider B. Equation (22.10) or (22.12) shows that any two systems I and TI in 
the same constant-temperature bath have the same value of $. Two systems in the 
tne bath have a common value of T but can differ in volume and in composition. 
We conclude that P must be a function of T only: $ = $(T), where ¢ is the same 
tinction for any two systems. In contrast, a can depend on all three of temperature, 
Yolume, and composition. 

The use of two systems was a temporary device, and we now go back to the 
‘semble with a single system in each bath. We thus write (22.12) as 


pj = ag PEs (22.13) 


Where B is a function of T and a is a function of T, V, and composition. 
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To evaluate a, we use the fact that the total probability must be 1. Thus Tips 
1=ayje ’™, and Kii 


(22.14) 


Equation (22.13) becomes 


2a get” —Z (22.15) 


The summation index is a dummy variable (Sec. 1.8), so any letter can be used for it, 
To avoid later confusion, j in (22.14) was changed to k. 

The sum in (22.15) plays a star role in statistical mechanics and is called the 
canonical partition function of the system: 


Z= X e` PEs azio 


where the sum goes over all possible quantum states of the system for a given 
composition and volume. E; is the quantum-mechanical energy of the macroscopic 
system when it is in microstate j. From (22.15), the terms e ?#/ in the partition 
function govern how the systems of the ensemble are distributed or “partitioned” 
among the possible quantum states of the system, (The letter Z comes from the 
German word Zustandssumme, “sum over states.”) The contribution e™’™ of state j 
to Z is proportional to the probability p; [Eq. (22.15)] that state j will occur. 

Having evaluated a, we turn our attention to B in (22.13). We know that f= 
(T). We must find the function ¢. 


Evaluation of U and P. To help find (T), we shall get expressions for U and P, the 
internal energy and the pressure. Equations (22.3) and (22.15) give 


Syke Ee 
U SDE = DIER e a (2217 
Èp; j Spe PE Z 


The canonical partition function Z is a function of 8 and the quantum-mechanical 
energy levels Ej, which depend on V and composition [Eq. (22.2)]. Therefore 


Z=Z(B, V, Ng, Noy...) = Z(T, V, Np, Ncs- ++) (22.18 


since £ is a function of T. Equation (22.18) shows that Z is a function of the ther- 
modynamic state of the system. Partial differentiation of (22.16) gives 


(2) -y a oak Ee7 AEs (22.19 
Blynas F ôB Jynn 7” 

since E; is independent of T and hence of B. In (22.19) the subscript Ng ey 
constant values of each of the composition variables Ng, Nc. ... - Equation (22. 


can thus be written as 


eee (5) a £ In 2) (22.20) 
Z\0B/v ve OB /v.Ns 


which is the desired expression for U. : 
Now consider the system's pressure P. (Don’t confuse P for pressure with st 
Probability.) Just as there are energy fluctuations among systems of the ensemb™ 


p for 


there are also pressure fluctuations. Let P; be the pressure in a system whose mi- 
crostate is j. Our averaging postulate gives, similar to (22.3), 


P= z P,P; (22.21) 


What is P;? Consider a single adiabatically enclosed system in quantum state j 
with pressure P; and quantum energy Ej. Its thermodynamic energy is U = E;. 
Imagine a reversible change in volume by dV while the system remains in state j. 
The quantum-mechanical expression for the energy change is (0E/OV)y,, dV. For 
example, consider a system consisting of two noninteracting distinguishable particles 
land 2 having only translational energy and confined to a cubic box of volume V. 
The system’s quantum energy Ej; is the sum of the energies of the noninteracting 
particles. The particle-in-a-box formula (18.42) gives 


E; = (h?/8m, ye Ms + ya + nza) + (H7/8m,V2)\(n2., + n2, + n23) 
OE; 2| h PE h? 
o, dV = = lm ya (nza + npa + m2 1) + Sm y (na + n2 +n) | aV 
B 
where, since the system’s quantum state doesn’t change, the quantum numbers 
M,ty++sMz,2 Of the two particles stay fixed. Of course, actual thermodynamic sys- 
tems have far more than two particles. 

The thermodynamic expression for the reversible adiabatic energy change is 
dU = dw,., = —P, dV. (We restrict ourselves to systems capable of P-V work only.) 
Equating the thermodynamic and quantum-mechanical expressions, we have 
-P;dV = (GE,/0V)y,, dV, and 


P; = —(0E,/0V)yy (22.22) 
Substitution of (22.22) for P; and (22.15) for p; in (22.21) gives 
1 OE 
P=) pP,=—-= ee) (22.23) 
> Py Z 2 ôV Jnn 


Partial differentiation of Z = È; e FES gives 


(7) = yr e- oi 5 ĝe BES ôE; £ -y pee) 
IV) Tna. T\ OV Srne F OB Wo 7 OV Ann 


(Recall that B is a function of T only.) Therefore Eq. (22.23) can be written as 


peat (3) ext C In z) (22.24) 
BZ \@V/t.yn B\ OV /t,Np 


Which is the desired expression for the pressure. 


Waluation of $. To find B, we evaluate (@U/@V)z,n, using (22.20) for U and (22.24) 
lor P; 

g ô on?) | -GA 

a)r loy NN oB\ eV Jri 


ô mila 5) (22.25) 
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where we reversed the order of differentiation [Eq. (1.36)], and where 
position is understood in (22.25) and the following few equations, 
The thermodynamic identity (4.47) gives at constant composition 


au -1(2*) p.—1[_a r 
ACE a E a E T S (22.24 


where we used OP/0T = [6P/A(1/T)][a1/T)/OT] = —[aP/aci /T)\/T?. 
Equating (22.25) and (22.26), we get 


(=) å) r| oP ] 
Fi a aT) |y 


Let Y = 1/T. Then p(ôP/ðß)y = Y(ôP/ðY )y, and 


Bre ba pa 7 et _ dp 
a Y \ep/\ar/, NY), aY 


since B and Y are each functions of T only. We have dY/Y = dp/p, which integrates 
to In Y= Inf + const, so Y = elec" Z Rk where k = eost ig a constant, So 
P = Y/k. Since Y = 1/T, our final result for is 
l 
= 22.27) 
B ET (22.27) 
We saw earlier that £ is the same for any two systems in thermal equilibrium, 
Therefore k must be a universal constant. In Sec. 22.6, we shall find that k is 
Boltzmann’s constant, Eq. (3.57). 
Equations (22.20) and (22.24) for U and P become 


ya —2inZ_ olin Z dT _ on? (- x)= ar? (22) an 
T /v.Np 


constant com. 


op âT dp aT kp? é 
pa ir(2R5) (2228) 
OV JTNa 


Equation (22.29) allows the system’s equation of state to be calculated from its 
canonical partition function. NEDRE 
The probability that a system of fixed volume, temperature, and composition is 

in quantum state j is given by (22.15) as p; = e7 */*T/Z, where Z is a constant at 
fixed T, V, and composition. Let p(E;) be the probability that this system has quantum 
energy E;. As noted earlier, the quantum energy levels of a system with a large E 
of molecules are highly degenerate, with many different quantum states having thè 
same energy. Let W; be the number of quantum states that have energy E; ne 
W is the degeneracy of the level E;. The probability of being in any one of the stale 
having energy E; is e~ /T/7. Hence, the probability p(E,) that the system has energy 
E; is We" FT, 0) 
P(E;) = We E*T/Z es 


The degeneracy W; is a sharply increasing function of the system’s energy a “i 
as E; increases, the number of ways of distributing the energy among the m ae 
increases rapidly. The exponential function e “KT is a sharply decreasing wees 
of E;, especially since Boltzmann's constant k is a very small number. (The sys 


Ei kT 
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energy E; is on the order of magnitude RF, and —RT/kT = —N 4.) The product of 
asharply increasing function and a sharply decreasing function in (22.30) gives a 
probability p(E;) that is peaked extremely narrowly about a single value, which is 
the observed thermodynamic internal energy U (Fig. 22.3). The probabilities of sig- 
nificant fluctuations in the thermodynamic internal energy are extremely small. 


Evaluation of S. We have found statistical-mechanical expressions for the thermo- 
dynamic internal energy U and pressure P [Eqs. (22.28) and (22.29)] in terms of the 
canonical partition function Z, where Z is a certain sum over the possible quantum 
states of the thermodynamic system [Eq. (22.16)]. There remains but one task—to find 
the statistical-mechanical expression for the entropy. For a reversible process in a sys- 
tem of fixed composition and capable of P-V work only, we have dU = TdS — P dV. 
Solving for dS, we have (at constant composition) 


dS = T-1 dU + PT7!dV = d(T~!U) + T’ UdT + PT ‘dV 


since d(T ~'U) = —T~2U dT + T` ' dU. Substitution of (22.28) and (22.29) for U and 
P gives 


ainZ 
as = aru) + (22) aT + H $ ) dv const. Ng 
V.NB T,Ng 


ôT Ov 
From (22.18), In Z is a function of T, V, and composition. At constant composition, 


dinZ= C iB 7) dT + (=?) dv const. Ng (22.31) 
ĝ VNB T.NB 


OV 
Therefore dS = d(T- 1U) + kd In Z = d(T +U + k In Z). Integration gives 
S=TU+kInZ+C const. Ng (22.32) 


, Since the derivation of (22.32) assumed constant composition, the integration 
“constant” C might be a function of composition: C = f(Np; Nc» - . -). A detailed 
investigation (see E. Schrödinger, Statistical Thermodynamics, Cambridge University 
Press, 1952, pp. 16-17) shows that C will always cancel out in calculating entropy 
changes for processes. Since only entropy changes are measurable, the value of C is 


The probability 

P(E) = W, x (e ®*T/Z) that the 
system has energy £; is extremely 
sharply peaked about U, 


| 772 | of no significance and a sensible thing to do is to take C as zero. Thus 
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where (22.28) was used for U. Equation (22.33) is the desired expression for S. 
The Helmholtz energy is A = U — TS. The use of (22.33) for § gives 4 = 
U —T(U/T + kin Z) = —kT In Z: 


A=—kTInZ (22.34)¢ 


U 
S=—+kilnZ=kT 
Tt n ( 


The Gibbs energy is G = A + PV and can be found from (22.34) and (22.29), 

The chemical potential of species B is given by (4.77) as jp = (0A /ðna)r v ney 
where ng = Ng/N 4 is the number of moles of B and N4 is the Avogadro constant, 
The use of (22.34) gives 


r(? n 2) rr(? n 2) (2235 
ge 3 
: Ong /T,V.ncsn ONB /T,V,Ncpn ! 


since dng = dNg/Ną and we are anticipating the result (Sec. 22.6) that k is Boltz- 
mann’s constant: Nak = R. 

If the formula A = —kT In Z is remembered, the equations for P, U, S, G, 
and ug can be quickly derived as follows. The Gibbs equation (4.77) reads dA = 
—SdT — PdV + Yp ugdng. Hence, S = —(0A/0T)y.y,, P = —(0A/ÔV )r np and 
Hp = (0A/Ône)T,v nc y- Partial differentiation of (22.34) then gives (22.33) for $, 
(22.29) for P, and (22.35) for up. Equation (22.28) for U is then derived from U = 
A + TS. The reason A is simply related to the canonical partition function is that 
the canonical ensemble consists of systems of constant T, V, and composition, and 
these are the “natural” variables for A. 


Summary. We postulated that the thermodynamic properties of a system at fixed 
T, V, and composition can be found by averaging over the systems of a hypothetical 
ensemble, each system in the ensemble having the same T, V, and composition, but 
not necessarily the same quantum state. Using the postulate that quantum states of 
equal energy have equal probability of occurring in the ensemble, and using various 
thermodynamic relations, we found expressions for the average energy and pressure 
of the ensemble systems. Equating these averages to the thermodynamic U and P, 
we obtained the statistical-mechanical formulas (22.28) and (22.29) for U and P in 
terms of the canonical partition function Z, where Z is defined by (22.16). The expres- 
sions for U and P were used in dU = TdS — PdV to find the statistical-mechanical 
expression (22.33) for S. The key statistical-mechanical formulas for calculating 
thermodynamic properties are 


t 
Z=V e BT (22.36) 
j 3 
haps ( In 2) (2237) 
OV JT, Na 
iain? t In 4 (2238) 
ôT Jve (2239) 


S=U/T+kinZ 


A=—kTInZ (22.40)* 


ôln Z 
He = =R7( ) 22.4 
Ng /Ty.Nceo Q24) 


where E; is the energy of quantum state j of the thermodynamic system and the sum 
in (22.36) goes over all possible quantum states of the thermodynamic system. If 
species B is electrically charged, Hg in (22.41) is to be replaced by the electrochemical 
potential Ap (Sec. 14.3); this is true of all equations containing pg in this chapter. 
Equations (22.36) to (22.41) are valid for gases, liquids, and solids and for solutions 
as well as pure substances. 

Having gone through the abstract reasoning of this section, what have we found? 
We have found how to relate macroscopic thermodynamic properties to molecular 
properties. This is done as follows. (a) We solve the Schrédinger equation for the 
entire thermodynamic system to obtain the quantum-mechanical energies E; of the 
system’s possible quantum states j. (b) We then evaluate the canonical partition func- 
tion Z = Ye ™*T. (c) We use In Z to calculate the system’s thermodynamic prop- 
erties from Eqs. (22.37) to (22.41). 

Provided we can solve the Schrédinger equation for the thermodynamic system, 
statistical mechanics allows us to calculate all the system’s thermodynamic properties. 


CANONICAL PARTITION FUNCTION FOR A SYSTEM OF 
NONINTERACTING PARTICLES 


Once a system’s canonical partition function Z has been found by summation of 
CERT over all possible quantum states of the system, all the system’s thermody- 
namic properties (P, U, S, A, Hp» Hes --) are readily found. However, the existence 
of forces between molecules makes Z extremely difficult to evaluate, since it is ex- 
tremely hard to solve the Schrödinger equation for N interacting molecules to find 
the Ejs. For a system with no intermolecular forces, we can readily calculate Z. 

Let the Hamiltonian operator Â for the system be the sum of separate terms 
for the individual molecules, with no interaction terms between the molecules: H 7 
A, + Â 2+ + Ay, where there are N molecules. Then the system’s energy Ej is 
the sum of an energy for each molecule [Eq. (18.59)]: 


Ej = ey + Ong t° + Enw (22.42) 


Where e; , is the energy of molecule 1 when the system is in state j, and r denotes 
the quantum state of molecule 1. We use an epsilon to indicate the energy of a single 
Molecule, to avoid confusion with Ej, which is the quantum-mechanical energy of a 
thermodynamic system containing N molecules. From (18,60), the allowed energies 
for molecule 1 are found from the one-molecule Schrödinger equation Hipis = 
=,,,,,. When the molecules exert forces on one another, Eq. (22.42) does not hold. 
. _ The canonical partition function (22.36) for a system of noninteracting molecules 
às [where £ = 1/kT, Eq. (22.27)] 


Z = Sie m sergeant en (22.43) 
j j 
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First consider the case where the molecules are distinguishable from one a; 
other by being confined to different locations in space. This would occur in a crys a 
(Of course, the molecules in a crystal do interact with each other, but we à 
about that later; Sec. 24.12.) For distinguishable molecules, the state of the system iş 
defined by giving the quantum state of each molecule; molecule 1 is in state r, mole. 
cule 2 in state s, etc. Therefore, to sum over all possible quantum States j of the sys. 
tem, we sum separately over all the possible states of each molecule, and (22.43) 
becomes 


Z = PET -F E Pire Pias eee hwn Le Pte Y e7 Pens Ga Yen Prw 
ros w F s w 
(22.44 


"Il wo 


where the sum identity (1.51) was used. 
We define the molecular partition functions 2,, z3, .. . as 


FA =} e rr, Z2 zje Penn, 
T s 


where £; „ is the energy of molecule 1 in the molecular quantum state r and the first 
sum goes over the available quantum states of molecule 1. Equation (22.44) becomes 


Z = 2422'*' Zy localized noninteracting molecules (22.45) 

If all the molecules happen to be the same kind, the set of molecular quantum 
States is the same for each molecule and z, = Z3 =": = Zy. Thus 

Z=2%, identical loc. nonint. molecules (2246) 

z=% e” (22.47) 


s 


(To avoid confusion between Z and z in handwritten equations, use a script lower- 
case “zee” for the molecular partition function.) 

If the molecules are not all alike but there are Ny molecules of species B, Ne 
molecules of species C, etc., (22.45) becomes 


Z = (z) loc. nonint. molecules (22.48) 
Zg = yi eo Aten z= y eT Pte, 
r s 


Now consider a pure ideal gas. The molecules move through the entire volume 
of the system and so are nonlocalized; moreover, they are all identical in a pure gas. 
There is thus no way whatever of distinguishing one molecule from another. There- 
fore, a situation where molecule 1 is in state r and molecule 2 is in state s core 
sponds to the same quantum state as the situation where molecule 1 is in state s an 
molecule 2 is in state r (and the states of the other molecules are unchanged). re 
that for the helium atom [Egs. (19.37) and (19.38)], we could not say that electron 
was in the 1s orbital and electron 2 in the 2s orbital or that electron 1 was in the 
orbital and electron 2 in the 1s orbital. Instead, a state of He with the electron si 
figuration 1s2s corresponds to a wave function containing the terms 1s(1)2s(2) am 
2s(1)15(2); each electron is in both orbitals, Similarly, the wave function for a gv? 
quantum state of the gas of N identical nonlocalized molecules contains terms ie 
which all the molecules are permuted among all the occupied molecular states. A 
microstate of the system depends not on which molecules are in which molecu 
states but on how many molecules are in each of the available molecular states. 


How do we get Z when the noninteracting molecules are indistinguishable? Let 
us assume that the number of molecular states with significant probability of being 
occupied is much, much greater than the number of molecules in the gas. (This as- 
sumption will be justified below.) We then expect that the probability that two or 
more gas molecules are in the same molecular state will be very small, and we shall 
assume that no two molecules are in the same molecular state. If we were to use Eq. 
(22.44) or its equivalent (22.46) for Z, we would be counting each microstate of the 
system too many times. For example, suppose the system consists of three identical 
molecules, and let the system microstate j have one molecule in molecular state r, 
one molecule in t, and one in w. The system’s wave function for state j would contain 
the term y/,(1)¥/,(2)y/,(3) and the five other terms that correspond to the 3! = 6 per- 
mutations of molecules 1, 2, and 3 among the molecular states r, t, and w. [Thus, 
the Slater determinant (19.45) when expanded contains six terms that involve per- 
mutations of the three electrons among the states Isa, 1s, and 2sa.] 

Equation (22.44), which sums separately over all molecular states for each 
molecule, counts W,(1)W,(2)y,(3) as a separate state from ,(1),(2)W,(3) and from 
the other four permutations, since it contains the separate terms 


e ~ Bet re Pezo Bes.w. Petty Benro Bes.w, ete. 


These six terms are numerically equal, since each contains the sum £, + & + £w. Thus, 
Eq. (22.46) has 3! = 3-2: 1 = 6 numerically equal terms where there should be only 
one term, and this situation holds for each quantum state of the system [provided 
there is a negligible probability that two molecules have the same molecular state; 
for #,(1)W/,(2)W,(3) with molecules 2 and 3 both having state w, there are only two 
other possible permutations of the molecules among the occupied molecular states]. 
The correct value of Z for our hypothetical three-particle system can be obtained by 
dividing (22.46) by 3!. For a system of N indistinguishable noninteracting particles, 
the correct canonical partition function is obtained by dividing by N! to give 


„N 
Z= a for <N,> < 1, pure ideal gas (22.49)* 
z=} e fe (22.50)* 
r 


where <N,) is the average number of molecules in the molecular quantum state r 
and the inequality must hold for each available molecular state to ensure that there 
is negligible probability that two molecules will have the same molecular state. 


For bosons (Sec. 19.5), any number of molecules can occupy a given molecular state and 
a system state like y,(1)Y „(24 „(3) can occur, but such states are incorrectly counted by 
the 1/N! factor. For identical fermions, no two molecules can be in the same molecular 
state, and a state like w,(1)W/(2) (3) is forbidden. However, evaluation of Z by indepen- 
dent summation over the molecular states as in (22.44) and subsequent division by N! in- 
cludes states with two or more molecules in the same molecular state and so gives an 
incorrect Z for fermions. For both fermions and bosons, the incorrect counting arises 
from terms in the sum (22.44) where two or more molecules have the same molecular 
state. When <N,) < 1, we expect terms with multiple occupancy of molecular states to 
make a negligible contribution to Z and so expect (22.49) to be accurate. 


s of species B, Nc of C, etc. 


Now consider an i as mixture with Ng molecule: of C, e 
pri but we cannot distinguish 


en we can distinguish B molecules from C molecules, 


775 | 


SECTION 22.3 


77) 


CHAPTER 22 


two B molecules from each other. We must correct (22.44) for Permutations of p 
molecules with other B molecules by dividing by Ny!, for permutations of C molecu 
with other C molecules, etc. Instead of (22.48), we get 


ose ideal gas mixture (2251) 


provided (Ng) <1, (Nc) < 1, ete. 

Let us examine whether the assumption <N,) < 1 is Justified. For an ideal gas, 
the molecular energy is the sum of translational, rotational, vibrational, and electronic 
energies, We shall consider only the translational states; inclusion of rotational, vi- 
brational, and electronic states would only strengthen the result. 

For a cubic box of volume V, Eq. (18.42) gives the translational energy of a 
molecule as £, = (h?/8mV?/*)(n,? + n,? + n,). We ask for the number of transla- 
tional states whose energy is less than some maximum value Emax: FOF €r S Eman the 
translational quantum numbers must satisfy the inequality 


ny? +n,? + ng? < 8mV? h ema (22.52) 


The average translational energy per molecule is 3kT (Eq. (15.16)], and most mole- 
cules have &, within 2 or 3 times this average value (Fig. 15.10). We therefore take 
Emax = 3kT as the “maximum” ¢,, for a typical molecule. The translational states that 
have significant probability of being occupied have their energies between 0 and Seer 
In Prob. 22.7, it is shown that the number of translational states that satisly 
(22.52) and so have energy equal to or less than 3kT is 
pN 3/2 
Z (24mV2/3h~ kT)? x sof") v 
6 h 
For <N,) < 1 to hold, we must have 60(mkT/h?)3/2V > N, where N is the num- 
ber of molecules. This inequality reads 


2 \ 3/2 
Gr) r< (2233) 
60 \mkT 


A typical system is 1 mole of O, at 0°C and 1 atm, for which m = [32/(6 x 10°) 
8, N = 6 x 10%, and V = 22400 cm®. One finds 4 x 10~8 for the left side of (22.53) 
Hence, <N,> < 1 is well satisfied. The translational levels are spaced extremely close 
together, so there are far more translational states available than there are molecules 
in the gas. 

The inequality (22.53) does not hold for (a) extremely low temperatures, ies 
tremely high densities, (c) extremely small particle masses. Physical examples of these 
conditions are (a) liquid helium at 2 or 3 K, (b) white-dwarf stars and neutron stars 
(pulsars), (c) the conduction electrons in metals. 't 

When the condition <N,) < 1 is not met, Eqs. (22.49) and (22.51) for Z P 
hold. The proper result for Z depends on whether the particles of the gas are cae 
or fermions (Sec. 19.5). The boson and fermion expressions for Z in terms of molecu 
energy levels are given in Prob. 22.18, 


racy of 


It was formerly believed that having <N,> <1 was sufficient to ensure the accu! ditions 


Zis z") N! [Eq. (22.49)]. Surprisingly, however, it has been found that under ysr an 
of typical F and P, even though there are many more available molecular sta! 


molecules, the dominant contribution to Z comes from terms with multiple occupancy 
of molecular states. This produces a huge error in the formula Z = z^/N!. For example, 
in an ideal gas at 25°C and 1 atm, the true Z typically differs from z*/N! by a factor of 
10! for bosons and 10° 10:3) for fermions. [F. Hynne, Am. J. Phys., 49, 125 (1981); 
H. Kroemer, ibid., 48, 962 (1980).] This monstrous error in Z is of no consequence because 
it is In Z that determines all thermodynamic properties [Eqs. (22.37)-(22.41)], and the 
error in In Z turns out to be negligible (Prob. 22.84). 


summary. For a system of noninteracting molecules, we have expressed the ca- 
nonical partition function Z in terms of the molecular partition function z, where z 
isa sum over the molecular quantum states. For a pure ideal gas, Z = z^ /N!, where 


1= De e’, 


CANONICAL PARTITION FUNCTION OF A PURE IDEAL GAS 


In Secs. 22.4, 22.6, and 22.7, we restrict ourselves to a pure ideal gas (all molecules 
alike). The thermodynamic functions of an ideal gas mixture are easily obtained as 
the sum of those for each gas in the mixture; Prob. 9.10. 

In an ideal gas (no intermolecular forces) the system energy is the sum of molec- 
ular energies, and the canonical partition function is given by (22.49) as Z = ZNINI, 
where z is the molecular partition function. Since In Z (rather than Z) occurs in Eqs. 
(22.37) to (22.41) for the thermodynamic properties, we take In Z: 


In Z = In(2X/N!)=NInz—InN! pure ideal gas (22.54) 


It’s a bit tiresome to evaluate a number like In (10231), (A computer that takes 
1076s to multiply two numbers would require 3 x 10° years to calculate 10°*! 
directly.) Fortunately, an excellent approximation is available. Stirling’s formula, valid 
for large N, is 


N! = (2n)!/2NN* rage M(1 + aL, + 5 -) for N large (22.55) 


12N | 288N? 


[For a derivation, see N. D. Mermin, Am. J. Phys., 52, 362 (1984).] Taking the natural 
log of (22.55), we have 


In NI =41n 2m + (N +4) In N —N + In (1 + 1/12N +") 


Since N is something like 107°, we have N +42 N, $1n2n—N&—N, and 
In(1 + 1/12N +++) 7% 1n 1 = 0. Therefore 


In N!xNinN—N for N large (22.56)* 


¥ To show how well (22.56) works, the following table compares In N! and 
InN —N: 


y In Nt NinN-N Error 
2 
i 363.7 360.5 -0.8% 
it 5912.1 5907.8 —0.07% 
108 82108.9 2103.4 —0,007% 
12815518.4 12815510.6 —0.00006% 
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Each additional power of 10 in N decreases the percent error by roughly a factor of 
10, so the percent error is entirely negligible for the usual numbers of molecules ina 
thermodynamic system. 

Now consider the ideal-gas molecular partition function z ae i 
(22.50)]. It is usually a good approximation to write the molecular energy as the an 
of translational, rotational, vibrational, and electronic energies [Eq. (21.21) 


E, = bes F Erot + Evide F Echu (22.51) 
where the subscripts s, t, v, u indicate the translational, rotational, vibrational, and 
electronic states. The molecular state r is defined by the translational, rotational, 
vibrational, and electronic states s, £, v, and u, so summation over r is accomplished 
by summing over s, t, v, and u. The quantum numbers of the four kinds of energies 
vary independently of one another. Using the sum identity (1.51), we have 


z= Ber _ = Bleve.s + Eror t evib,y + tel,u) 
pew ADEE Ee 


E 
= X = Ptrr,s Piro Ç p> Bevin a7 Beery 
e J e e J € 
s T D 


Z = ZirŽrotŽvibŽel (22.58) 

In z = In Zy + In Zo + In 2yy + In za (22.59) 

am erie. tape ev o, zp Sete, (22.60) 
s t 


When the molecular energy is the sum of different kinds of energies, the molecular par- 

tition function factors into a product of partition functions, one for each kind of energy. 

[Actually, Eq. (22.58) is a lie, but this will be cleared up in Sec. 22.6] 
Substitution of (22.59) and (22.56) into (22.54) gives for an ideal gas 


In Z = N In Ze +N In Zo + N In Zuig + NInz—N(InN—1) (2261) 


The thermodynamic internal energy is given by Eq. (22.38) as U= 
kT?(ô In ZjôT)y n. Partial differentiation of (22.61) gives for an ideal gas 


U= wer] (222) ni d ÎN 204 P3 din Zvi F din za | 
v 


ôT dT dT dT 
U = Uy + Uso + Usiy + Ua (22.63) 
ôlnz dinz 
Ur = NRTA eh). = 20 Frot =o, = etc. (2263) 
tr ( aT ) Uro = NkT aT vib 


(Only the translational energy depends on the volume.) d 
The entropy is given by (22.39) as $ = U/T + k In Z. The use of (22.62) an 
(22.61) gives for a pure ideal gas 


S = Su + Srt Sin + Sey Er 
Sp = U,./T + Nk In z, — Nk(in N — 1) ae 
So = Uro/T + NK In Zoo Syn = Uyzy/T + Nk In zy, etc. (2260 


The translational contribution to the entropy differs in form from the rotational, 
vibrational, and electronic contributions because it incorporates the —In N! term. 
The N! in Z is due to the indistinguishability of the molecules, which results from 
their being nonlocalized. Hence it is appropriate to include this term in Sır- 21 

Detailed application of these ideal-gas formulas is given in Secs. 22.6 and 22.1 
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tHe BOLTZMANN DISTRIBUTION LAW FOR NONINTERACTING MOLECULES 


We now derive the Boltzmann distribution law. Consider a thermodynamic system 
of noninteracting identical molecules, and let the possible quantum states available 
to each molecule be r, 5, 1,4... - Since there are no intermolecular interactions, the 
quantum energy of the system is 


Ej = Nnr + No jest" 
where N,,j, Ny,j-+- are the numbers of molecules in the molecular states r, s,.. . 
when the system is in microstate j, and ¢,,€5,... are the energies of the molecular 


states r, s,..- . To avoid confusion, the quantum states of the thermodynamic system 
are labeled i, j, k,..., Whereas the quantum states of a single molecule are labeled 


kpe 

Let us calculate <N,>, the average number of molecules in the molecular state 
swhen the system is in a given macrostate. As we did with U and P, we average over 
the microstates in the canonical ensemble, and we have 


(Ny = E oNsj 
which is similar to (Ej) = Z; pyE; [Eq (22.3)]. The probability pj that the thermo- 
dynamic system is in microstate j is pj = e` °Fi/Z (Eq. (22.15)]. Hence 


(Ny = et Nd RP Eanes Net I (2267) 


where the above expression for Ej was used. 
Now consider the partial derivative 0Z/de,. We have 


oZ ô 
Z == Y exp [BIN yj + Note +") 


de, 08, J 


= —BYNgjexp [By jf + Noes t J 
J 


Therefore the numerator in (22.67) equals —(1/B)(@Z/ée3), and 
AM eee (22.68) 


where the partial derivative is taken at constant B (that is, constant T) and constant 


Shag 

For a system of N noninteracting identical molecules, Eqs. (22.49) and (22.46) 
give (provided <N,> < 1 for all r) Z = 7N/(N!) and In Z = N In z — (ln N), where the 
N! is present or absent according to whether the molecules are nonlocalized or local- 
ized. In either case, 


ainz _ dine N êz anae ee BA N e 


de, Fa i a ee z 
where (22.50) was used for z. Substitution in (22.68) gives 
oa =eg/kT 
wo. for <N,> <1 22.69)" 


N Zz Si e` @r/kT 
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where <N,> is the average number of molecules in molecular state 5, Note that 
<N,/N is the probability that a molecule picked at random is in the molecular state 
s. This probability decreases exponentially as the energy £, of state s increases, 
Equation (22.69) is the Boltzmann (or Maxwell-Boltzmann) distribution law, This 
equation is easily written down if it is remembered that <N,> = const x e~#/kT 


N = $, <N,) =, (const x e~*/*7) = const F, e~ ®/T, “ 
Equation (22.69) for state r is <N,>/N =e **T/2, so 
N, P 
WN _ en em ET = e ART for {N,) <1 en 


<N.) 


We proved (22.70) in Chap. 15 for a couple of specific cases, but we now have a gen- 
eral proof of its validity. 

Often we are interested in the average number of molecules having a given energy 
rather than the average number in a given molecular state. Several different molecular 
states may have the same energy (degeneracy, Sec. 18.10). If the molecular states s, 
t, and u all have the same energy (Es = £, = £,) and no other states have this energy, 
then the energy level e, is threefold degenerate and the average number of molecules 
having energy £, equals <N,) + <N,» + <N,> = 3¢N,>, where (22.69) was used, In 
general, if the energy level e, is 9s-fold degenerate, (22.69) gives 


CNE) ge tT 


for <N,> <1 (22.71) 

N z 
KN(e,)). = fr pte bg /kT 4 22.72)* 
<NG@)) ~ 9, e for <N,> <1 (22.72) 


where (N(¢,)) is the average number of molecules having energy ¢,. The degeneracy g, 
is sometimes called the statistical weight of the molecular energy level e, An example 
of (22.71) is Fig. 21.13, which plots populations of rotational levels; here, g = 2J + 1. 
The molecular partition function z = ye ®*? is a sum over all one-molecule 
states. The term e~*/*T is equal for two or more states that have the same energy. 
Therefore, if we write z as a sum over molecular energy values (rather than as a sum 
over molecular states), we have 
z= © ge kT (22.73) 
mi(levels) 
where the sum is over the energy levels and g,, is the degeneracy of level m. = 
The above equations apply when the noninteracting molecules are all alike. 
When several species are present, each species has its own set of molecular energy 
levels and Z is given by (22.51) or (22.48). A derivation similar to the above gives 


Nae 6 aT 
Ng Zg 


where <Na.> is the average number of species B molecules in the B molecular state 
r (whose energy is £p ,) and Ng is the total number of B molecules in the system. 
Let us show that the Boltzmann distribution law can be applied to each kog 
energy—translational, rotational, vibrational, and electronic. Equation (22.69), wit 
changed to r, and Eqs. (22.57) and (22.58) give 
<N,) = Nev sit a Ne ~ Pts Btrot.tg— Beviv.vg~ Peru 


= ZtrĒrotŽvibŽel 


for <Np,) <1 (22.14) 


Let (Nyib,»» be the average number of molecules in the vibrational state v, without 
regard to what translational, rotational, and electronic states these molecules are in. 
To find <N,jp,.> We must add up all the <N,)’s that correspond to different trans- 
lational, rotational, and electronic states s, t, and u but the same vibrational state. 
Hence, we must sum <N,)> over s, t, and u, keeping the vibrational state v fixed: 


e~ Bevivwy ; 
(Ning) = AE Fe Biie gr PEAY e i 
“ar ZtrŽrotŽvibŽel s 2 X 
<Nyib.w> e~ fvib.w/kT e7 tvib,wlkT 
N aago ty Sut Steptoe (22.75) 
v 


vib 
where (22.60) was used. 

Equation (22.75) has the same form as (22.69). Similar equations hold for trans- 
lational, rotational, and electronic populations. The condition for the validity of 
(22.15) is <N,) < 1, but <N,) <1 does not require that <N,ip,„) be much less than 
|. Iftwo molecules are in the same vibrational state v but are in different translational 
states, the molecular state r differs for these molecules. The huge number of available 
translational states allows many molecules to have the same vibrational quantum 
number without violating <N,> < 1. 

Some examples of the Boltzmann distribution are Eq. (15.52) for the Maxwell 

distribution of kinetic energy in gases and Eq. (15.72) for the distribution of potential 
energy of gas molecules in a gravitational field. The Boltzmann distribution plays a 
key role in the distribution of ions around a given ion in an electrolyte solution [note 
the kT in the Debye—Hiickel equation (10.61)], in the degree of orientation polariza- 
tion that occurs when a dielectric composed of polar molecules is placed in an electric 
eld [note the kT in (14.87)], and in the distribution of double-layer ions and dipoles 
near a charged electrode (Sec. 14.14). 
To get a feeling for the Boltzmann distribution, we shall apply it to the molecular 
vibrational energy levels of an ideal diatomic gas. In the harmonic-oscillator approx- 
imation, the vibrational energy of a diatomic molecule is given by (21.22) as &ip = 
v + )hv, where v = 0, 1, 2,... . The zero level of energy is arbitrary, and we choose 
to measure the energy starting from the ground state v = 0; thus, we subtract 3hy 
ftom each level and write £yi» = vhy. [If this seems disturbing, note that the numer- 
ator and each term in the denominator of (22.75) contain the factor e~"”’?*” and this 
actor cancels.] The levels are equally spaced, the spacing being Ae, = hv = &,;,/v. 
hus (22.75) can be written as 


—vAey/kT 
(Na) ee 2 eae (22.76) 
N aa oe Zyib 


Where <N) is the average number of molecules in vibrational state v. 
The populations of vibrational levels thus depend on the ratio Ae,/kT = hv/kT 


and on the quantum number v. 


bean | 


hr a collection of one-dimensional harmonic oscillators, calculate the roon 
tonal populations of the lowest few vibrational levels for hv/kT equal to (a) 4; 


l; (c) 0.2. Comment on the results. 


` 
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Fractional populations of the four 
lowest one-dimensional harmonic- 


oscillator vibrational levels for For Ae,/kT =4, the molecular partition function in (22.76) is Z= 

three different values of kT/Az,. e° +e7*+4e 78 + e712 +--+ = 1.01866. [The terms decrease rapidly, so it is easy 
enough to sum the series on a calculator. However, time can be saved by not- 
ing that z,;, is a geometric series whose sum is 1/(1 — e +); see Eq. (22.89)] 
Equation (22.76) with Ae,/kT = 4 gives the fractional populations of the v= 
0, 1, 2,... levels as e°/2,,,, €” */2yy, € 8/2), .... . The calculated percent populo- 
tions are: A : A ý 


% | 98.2 | 1.8 | 0.03 | 0.0006 


Populations of the Cl,(g) v = 0, 1, ra = 
and 2 vibrational levele (in the Similarly, for Ae,/kKT = 1 and Ae,/kT = 0.2, one finds: 


harmonic-oscillator i i | 
approximation) vs. temperature. Ag,/kT = 1 e os “a vie 2 a | Gi Ss y 
The v = 1 and v = 2 populations "r | | 

are a maximum at 1150 K and 


| Tae 


f — 
% | 632] 233 | 8.6 | 31 | 1.2 | 0.4 | 02! 006 


1970 K, respectively. Paone pibg ja Sf 0 15 
Ae,/kT = 0.2 HHHH i kinah A A ke r 

<N,>IN 
: % | 181 | 148 |122 | 9.9 | 8a | 67|- 125l- 09 


When the vibrational energy spacing is substantially greater than kT, the 
molecules pile up in the ground vibrational level; this is the low-teriperctu 
behavior. When Ae, < kT (high T), the distribution tends toward uniformity 
22.4), Figure 22.5 plots the fractional populations of the lowest three vibration! 
levels of Cl, vs. T. 


What is the physical reason behind the Boltzmann distribution? For à us 
system energy, any one given distribution of the total system energy among the one 
cules is as likely to occur as any other distribution. This follows from the are 
in Sec. 22.2 that the probability of a microstate is a function only of the sys 
energy. The probability that a molecule has a given energy is thus penne 
the number of ways of distributing the rest of the energy among the other mo i 


Asthe amount of energy given one particular molecule increases, the number of ways 


of distributing the remaining energy decreases, so the probability <N,)/N in (22.69) 
decreases with increasing ¢,. 


When the condition <N,> < 1 is not obeyed, the Boltzmann distribution doesn’t hold. 
The average populations of the one-particle states then depend on whether the particles 
are bosons or fermions. Thére is no limit on the number of bosons that can have the same 
molecular state, but for fermions, each molecular state can hold no more than one fermion 
(Sec. 19.6). For a system containing only one species of particle, the correct result for the 
average population of state r turns out to be [for a derivation, see Andrews (1975), chap. 9] 


A 1 
<N,)BE = INAT T nonloc. ident. nonint. particles (22.77) 


where u is the chemical potential of the species and the upper sign is for fermions and 
the lower sign for bosons. For electrons and other charged species, is replaced by the 
electrochemical potential ji. Note that with the plus sign, the denominator exceeds the 
numerator and <N,) is less than 1, as it should be for fermions. 

Bosons are said to obey Bose-Einstein statistics. Fermions obey Fermi-Dirac 
statistics. When <N,) < 1, Eq. (22.77) reduces to the Boltzmann distribution law (22.69) 
(see Prob. 22.17). 


STATISTICAL THERMODYNAMICS OF IDEAL DIATOMIC AND MONATOMIC GASES 


We now explicitly evaluate the canonical partition function Z for a pure ideal gas of 
diatomic or monatomic molecules and use the result to express the gas’s thermody- 
namic properties in terms of molecular properties. To find Z in (22.61), we must find 
the translational, rotational, vibrational, and electronic partition functions. 


Nanslational Partition Function. Equation (22.60) gives Zy = Ys ess, For the 
translational energies, we use the energies (18.40) of a particle in a rectangular box 
With sides a, b, c. Thus, b= (h?/8m)(n,?/a? + ny?/b? + n: °) where each quantum 
number goes from 1 to co, independently of the others. To sum over all translational 
quantum states, we sum over all the quantum numbers: 


c f e (Bh? / 8my(nzJa + nò/bž + n2/c2) 


ne=1 ny=1 n=1 
Ps F e~ (Bh?/8ma?)nz. $ e7 (Bh2/8mb?)ns S e7 (Bh?/8me?)nz (22.78) 
= m ny=1 n:=1 
The sums in (22.78) can be evaluated exactly, but to do so involves advanced 
Mathematics. Instead, we shall use an approximate treatment that is simple and highly 
curate. The approximation we make is to replace each sum by an integral. This 
Procedure is accurate provided the terms in the sum change very little from one term 
‘othe next, Consider Eo f(n), where f(n) = fin + 1) for all n. We have 
© J 2 
È m=O -so Í an+ sen dn+':: 
n=0 o 
2 


1 
-Í son + | f(ldn +o 
o 1 
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Since the function f(n) varies very slowly with n, we can set S(O) ~ fin) for Hi 
the range 0 to 1 and f(1) x f(n) for n in the range 1 to 2, etc, Therefore, we tan 
Dro fin) x fò fln) dn + f? fin)dn + --- = JE f(x) dn, 

Because f(n) varies slowly, we have f(0) x S(l)  f(2) z+, Hence, many terms 
contribute substantially to the sum, and the relative contribution of any one term ig 
small and can be neglected. If we like, we can start the sum at n = 1 instead ofn = 0 
Likewise, we can start the integration at n = 1 instead of n = 0. Therefore. j 


H fin) = z sin) = | fn)dn x f fln)dn an 
n= n= o 1 


provided |[ f(n + 1) — S(n)]/f(n)| < 1. Whether the lower limit is taken as 0 or 1 is 
simply a matter of which integral is easier to evaluate. 

Let us check that the approximation (22.79) is applicable to the sums in (22.78), 
For the n, sum we have 


fin, +1) — fin) y gnt t) e Dia 
fin,) m e Bens) 


where e(n,) = (h?/8ma?)n,? and Ac is the spacing between adjacent levels of x trans 
lational energy. The translational levels are extremely close together, and for typ- 
ical conditions one finds As/kT ~ 107° (Prob. 22.12). Therefore eT _{ = 
EO a AOS 4 ES —10~°, where the Taylor series (8.31) was 
used. Thus f decreases by 1 part in 10° for each increase of 1 in n,, and replace- 
ment of the sum by an integral is eminently justified. More generally, we have shown 
that the molecular-partition-function sum ¥, e- *? can be replaced by an integral 
whenever Ae, € kT, where Ae, is the spacing between adjacent levels of the kind of 
energy being considered (translational, rotational, etc.). 

The use of (22,79) and of integral 2 in Table 15.1 gives for the first sum in (22.78) 


w% æ 1/2 

y e~ Bh?/8ma2yn2 _ ~ (Ph?/8ma?)n? dn. = l 8mn a 
= e *q ny = 2 

Mx=1 0 z Bh 


Similarly, the n, and n, sums equal }(8mn/fh2)"/2b and 4(8m/Bh?)"?c, Thus zy = 
$(8mm/Bh?)°/abe. Since B = 1/kT and abe = V (the volume of the container holding 
the ideal gas), we have 


=e Ahk] (2280) 


Zu = (22mkT/h?)”? V (2281) 
In 24, = } In (2zmk/h?) +3} 1n T + In V (22.82) 


Rotational Partition Function. From Secs. 21.3 and 18.14, the rotational quantum 
State of a diatomic molecule is defined by the quantum numbers J and Mj, and 
the energy levels (in the rigid-rotor approximation) are £, = (h?/21)J(J + 1), where 
I is the moment of inertia [Eq. (21.15)] and J goes from 0 to œ. For J fixed, My 
takes on the 2J + 1 integral values from — J to +J. Since £, is independent of M,, 
each level is (2J + 1)-fold degenerate. To evaluate Zo; by summing over all TOOT 
States as in Eq. (22.50), we must sum over both J and M}. It’s a bit easier to the 
a sum over energy levels instead of states. The energy levels are defined by J, and 
degeneracy is 2J + 1; therefore Eq. (22.73) gives 


æ fa 
= =(@rot/T)(I +1) 
Fro = LOS + De AYINI +1) _ y QJ + te (®rot/T). 
g J=0 


` where the characteristic rotational temperature ©,,, was defined as 
©, = h?/21k = Bhe/k (22.83) 


where (21.33) was used for the rotational constant B. The parameter ©,,, has the 
dimensions of temperature but is not a temperature in the physical sense of the word. 

If ©,.,/T is small, the rotational levels are closely spaced compared with kT and 
we can approximate the sum by an integral (as we did for z,,). Thus 


Bron Í (QJ + Le rod TH + Day = if e7 @rolTW dy 
0 0 
where we made the change of variable w = J(J + 1) = J? + J,dw = (2J + 1)dJ. Using 
fedw = —b- 1e- ™, we get 
Zrot © T/O, heteronuclear, O,,, < T (22.84) 


Equation (22.84) is valid only for heteronuclear diatomic molecules. For homo- 
nuclear diatomics, the Pauli principle (Sec. 19.5) requires that Yy (the wave function 
for nuclear motion) be symmetric with respect to interchange of the identical nuclei 
ifthe nuclei are bosons or antisymmetric if they are fermions. This restriction on 
Yy cuts the number of available quantum states in half compared with a hetero- 
nuclear diatomic, for which there is no symmetry restriction. (For example, if the 
identical nuclei are bosons, a symmetric nuclear-spin function requires a symmetric 
rotational wave function and an antisymmetric nuclear-spin function requires an 
antisymmetric rotational function, but the combination of a symmetric spin function 
with an antisymmetric rotational function or an antisymmetric spin function with a 
symmetric rotational function is excluded.) Chemists customarily ignore the nuclear- 
spin quantum states in calculating z (see Sec. 22.9 for an explanation of why this is 
all right), but for consistency between homonuclear and heteronuclear partition func- 
tions, one must allow for the reduction in quantum states by dividing z,., by 2 for 
ahomonuclear diatomic. (This explanation is a bit vague; a fuller discussion is given 
in McQuarrie (1973), pp. 104-105.) Therefore, 2, ~ T/2©;o for a homonuclear 
diatomic. i 

To have a single formula for both homonuclear and heteronuclear diatomics, 
We define the symmetry number o as 2 for a homonuclear diatomic and 1 for a 
heteronuclear diatomic, and we include a factor 1/0 in Zro: 

ig a a a ee (22.85) 
oO, oh 

Some values of ©,,, and of 2,, at 300 and 1000 K for ground electronic states 

are: 


Molecule H, | HC N3 0; | sa, Naz LA i 
Bulk 85.35 15.02 2862 2.069 | 0.3500 0.2220 0.05369 
Fm,300 1.76 20.0 52 72 | 429 616 2794 
o, 1000 5.86 66.6 175 m4 | 1429 2252 9313 


The light molecule H, has a small moment of inertia and hence a relatively high 
ta: Except for H, and its isotopic species D, and HD, ©,,, for diatomics is much 
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Characteristic vibrational 
temperatures for some diatomic 
molecules. 


Oyip/K 


ae, 
> HE 


5000 il 


less than T at temperatures that chemists commonly deal with, so w 
approximation (22.85). 

Actually, the derivation of (22.85) was a bit phony. It is true that the rotational 
spacing is generally small compared with kT; however, the 2J + 1 factor in the z 
sum causes substantial term-to-term variation for the low-J terms, and we have rat 
really justified replacing the sum by an integral. A more rigorous derivation is given 
in Prob. 22.27, where it is shown that 


rie 14 Her, 1 (Om A 4 (0.1? 
Aan |. oa rT BT 35\ T +] (22.86) 


For T > ©,,,, Eq. (22.86) reduces to (22.85). Equation (22.86) is accurate provided T 
is greater than ©,.,. For T < ©,.,, one must evaluate the rotational partition function 
by direct term-by-term summation (Prob. 22.53). 


© CAN use the 


Vibrational Partition Function. The harmonic-oscillator approximation gives the 
vibrational energies of a diatomic molecule as (v + })hv, where v goes from 0 to œ 
and there is no degeneracy (Sec. 21.3). The choice of zero level of energy is arbitrary, 
and it is customary in molecular statistical mechanics to take the energy zero at the 
lowest available energy level of the molecule. This level has zero rotational energy and 
thy vibrational energy. We therefore write Eyjp = (v + 4)hv — Shy = vhy, where £i is 
measured from the v = 0 level. The expression for the thermodynamic internal energy 
that is obtained from the partition function will then be U relative to the lowest 
molecular energy level. (See also Prob. 22.4.) To be fully consistent, we should have 
subtracted the zero-point translational energy from £, but this is so small as to be 
utterly negligible. 
We have ‘ 


æ x 
Zp = Y e7 hevtw.w x F eT "WhkT _ z e7 POvin/T (2287) 
v v=0 v= 


Ovis = hv/k = the/k (22.88) 


where ©,;,, is the characteristic vibrational temperature and (21.35) was used. 
Some values of @,;,, for ground electronic states are: 


N3 


Molecule | H, HCI 
Oyin/K 5990 


0: i a" 


4151 3352 2239 


The generally high values of @,;, (Fig. 22.6) compared with ordinary bees ae 
show that the vibrational levels are not closely spaced compared with kT. (Reca 
from Sec. 21.3 that for most diatomic molecules there is very little occupancy of ex 
cited vibrational levels at room temperature.) Hence, the vibrational sum cannes 
replaced by an integral. This is no cause for alarm, because the sum is easily evaluate 
exactly. 


Recall from Eq. (8.8) the following formula for the sum of a geometric series 


OS seo: fae) l for |x| <1 (22.89) 
x 


A derivation of (22.89) is given in Prob. 22.43.] The sum in z,;, in (22.87) corre- 
sponds to (22.89) with x =e TWAT < 1 and n =v. Therefore Lo ean 


1 1 
Zyib = I-e mira Ie ST T not extremely high (22.90) 


The rigid-rotor and harmonic-oscillator expressions for rot and Eip are only 
approximations, since they omit the effects of anharmonicity, centrifugal distortion, 
and vibration-rotation interaction (Sec. 21.3). Our expressions for Zrot and 2,;, are 
therefore approximations. Fortunately, the corrections introduced by anharmonicity, 
etc, are generally small (except at high temperatures) and need only be considered 
in precise work. (For details of these corrections, see McQuarrie (1973), prob. 6-24; 
Davidson, pp. 116-119.) 

We should point out that v in (22.90) is to be taken as vp [Eq. (21.36)], the 
fundamental frequency corresponding to the v = 0 — 1 transition (rather than as the 
equilibrium vibrational frequency ve). Likewise, I in (22.85) is Ip, the moment of 
inertia averaged over the zero-point vibrations, and is calculated from the rotational 
constant By [Eq. (21.32) with v = 0]. 

There is another reason besides anharmonicity for (22.90) to fail at very high 
temperatures. 2,;,, in (22.90) is for a harmonic oscillator, which has an infinite number 
of vibrational levels. However, a diatomic molecule has only a finite number of vibra- 
tional levels (Fig. 21.8), and the sum in its z,,, should contain only a finite number 
ofterms. This difference is unimportant at low and moderate temperatures where very 
high vibrational levels are not appreciably populated, but (22.90) becomes very in- 
accurate for temperatures where vibrational levels near the dissociation limit are 
significantly populated. One should use (22.90) only for kT < 0.1D,, where D, is the 
equilibrium dissociation energy (see Knox, sec. 6.3). For a typical D, of 4 eV, this 
corresponds to T < 4600 K. 


Use data in Table 21.1 to calculate @,;,, and ©, for CO in its ground electronic 
state, 


We have [Eqs. (21.36) and (21.32)] 
i F,X~ = 2169.8 cm~ — 2(13.3 cm” ') = 2143.2 cm™* 
By = B, — 4a, = 1.931 cm~! — $(0.018 cm~*) = 1.922 cm~! 
Use of (22.88) and (22.83) for Osip ANd O,.. gives 
Oyj, =Tohc/k, Oro = Bohe/k ne 
he/k = (6.6261 x 10-34 J s)(2.9979 x 108 m/s)/(1.38066 x 10” 7° J/K) 
he/k = 0.014388 m K = 1.4388 cm K 
yin = (2143.2 cm” ')(1.4388 cm K) = 3084 K 
O;ot = (1.922 cm~ 1)(1.4388 cm K) = 2.765 K 


| 
= 

| 
p N 


Bectronic Partition Function. We shall calculate ze, as a sum over electronic energy 
vels (rather than states), so we include the degeneracy ger of each electronic level. 
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Let the electronic energy levels be numbered 0, 1, 2, .. . in order of increasing energy, 
and let their degeneracies be 9.1.9. Jet, 1> Ge1,2,++- - AS noted above, we take the zeto 
of energy at the lowest available level (the J = 0, v = 0 level of the ground electronic 
level); hence the energy of the ground electronic level is taken as zero; £er,0 = 0. The 
energy of each excited electronic level is then measured relative to the ground elec. 
tronic level. With ¢.),9 = 0, we have 


Zel = Geto + Genre Pe! + Gor2@ Pel? 0 (22.91) 


Since there is no general formula for the £e1 $, the series is added term by term using 
spectroscopically observed electronic energies. 

For nearly all diatomic molecules, &4,1 iS very much greater than.kT at room 
temperature, and all terms in (22.91) after the first term contribute negligibly for all 
temperatures up to 5000 or 10000 K. Therefore 


Zel = Gel,o T not extremely high (22,92) 


The main exception to (22,92) is NO, which has a very-low-lying excited electronic 
state (see Kestin and Dorfman, p. 261). O, has an excited electronic state that con- 
tributes significantly to z,; above 1500 K. 

For most diatomics, the ground electronic level is nondegenerate: ga, = 1, An 
important exception is Oz, for which g.1,o = 3, as a result of spin degeneracy; recall 
that O, has a triplet ground level. Another exception is NO, which has an odd num- 
ber of electrons; here, Jei, = 2, as a result of the two possible orientations of the 
spin of the unpaired electron. The general rule for gą, of a diatomic molecule is given 
in Hirschfelder, Curtiss, and Bird, p. 119, 

Monatomic molecules with filled subshells (Be, He, Ne, Ar, ...) have ga,o = 1. 
For H, Li, Na, K,..., the spin degeneracy of the odd electron gives gero = 2. For F, 
Cl, Br, and I, ge, = 4 and there is a low-lying excited state that contributes to 24. 
See McQuarrie (1973), sec. 5-2, for more details. : 

In deriving z = ZtrŽrotŽvibŽe1 [Eq. (22.58)] we assumed the four kinds of energies 
to be independent of one another and summed separately over each kind of energy. 
Actually, this assumption is false. The bond distance and force constant of a diatomic 
molecule change from one electronic state to another, so each electronic state has a 
different vibrational frequency and a different moment of inertia. To allow for this, 
we must replace z,..2);,2.) by 


m — hteli iy z ssi 
Ge1,07vib,07r01,0 + Jer, 1€ P Z ib, 1Zron1 + 


where Zyip,o and Zrot,0 are calculated using the vibrational frequency and moment of 
inertia of the ground electronic level, z,;4,1 and 2,..,; use the parameters of the first 
excited electronic level, etc, Since the contributions of excited electronic levels are 
generally very small (except at very high T), it is usually an adequate approximation 
to ignore the change in z,;, and z,,, from one electronic state to another. The accurate 
expression then reduces to the form ZyibZrorZe1 Used earlier. 


Pause for Refreshment and Review. We began by expressing all thermodynamic 
Properties in terms of the canonical Partition function Z of the system. We then 
showed that for a pure ideal gas, Z = 2%/N! and z = ZuZroZvibzer: We have now 
evaluated 2,5 Zo, Zvi, and ze for diatomic and monatomic molecules in terms a 
molecular properties (m, ©,.., @yig, and Ge1,0); so all the pieces are in place for U 


ipasaloate the thermodynamic properties of an ideal gas in terms of molecular 
properties. 


uation of State. The first thermodynamic property we evaluate is the pressure 
p, Equation (22.37) reads P = kT(ô In Z/ôV)r y. For an ideal gas, In Z is expressed 
interms Of Zir Zrov Zvib» ANd Ze; by Eq. (22.61). The molecular vibrational, rotational, 
and electronic energies depend on properties of the gas molecules but are independent 
of V. In contrast, &r does depend on V. Therefore only z, is a function of V, as can 
be verified from (22.91), (22.90), (22.85), and (22.82). The use of (22.61) for In Z gives 


p= r (R5) =r | | = mer (7) 
aV jrw ôV jrw WV Jr 


Equation (22.82) gives (6 In z,/0V)r = 1/V. Hence, P = NkT/V, or PV = NKT. Since 
N=Nan (where Ny is the Avogadro constant and n the number of moles of gas), 
we have PV = nN kT. The absolute temperature scale was defined in Sec. 1.5 to 
make PV = nRT hold. Hence, Nak = R, and k = R/N 4. This agrees with Eq. (3.57) 
and shows that k in (22.27) is Boltzmann’s constant: = 1/kT = N4/RT. Also, 
Nk=NR/N, = nR: 


Nk =nR (22.93) 


internal Energy. We now calculate the internal energy of an ideal diatomic gas. 
Since we took the zero level of energy at the lowest available molecular energy level, 
we shall be finding U — Uo, where Up is the thermodynamic internal energy of a 
hypothetical ideal gas in which every molecule is in the lowest translational, rota- 
tional, vibrational, and electronic state. This would be the internal energy at abso- 
lute zero if the gas didn’t condense and if the molecules were not fermions. Thus Eq. 
(2262) reads U — Uo = Uy + User + Unip + Uar: From (22.63), (22.93), and (22.82), 
we have U, = nRT2(0 In 24,/0T)y = nRT7(G/2T) = 3nRT/2. Similarly, Usov Uvivs 
and U, are found from (22.63), (22.85), (22.90), and (22.92). è 

The results for a diatomic ideal gas at temperatures that are not extremely high 
or low are (Prob. 22.28) 


U — Uo = Uu + Uro + Urin + Ver (22.94) 
Us = 3nRT (22.95) 

Uro = nRT (22.96) 

hy 4 

Us = WR RT nROvin OvielT — | (22.97) 
(22.98) 


Uy =0 


Figure 22.7 plots Uy;, vs. T for COW). TA del la i 
For a monatomic gas, there is no rotation or vibration, so Ū -Ü= Uu = 


RT, in agreement with the classical-kinetic-theory result (15.17). 


When the high-temperature expression for Uro 


Actually, Eq. (22.96) is not quite correct. 
RART E ror USING (22.86) instead of (22.85) for Zro one 


is properly evaluated in the limit T > © 
finds (Prob, 22.55) 
Ugo = WRIT — Pro1/3) 

at high T from the equipartition result nRT (Sec. 15.10). 


Thus U,,. always deviates slight! 1 
E I, Eq. (22.96) is only slightly in error. 


Since @,,,/3 is generally quite smal 
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Vibrational contribution to the 
molar internal energy of CO(g) vs. 
temperature. Uo is the molar 
zero-point vibrational energy. 
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Heat Capacity. Differentiation of (22.94) with respect to T at constant y and n 
gives 
Cy = Cre + Cro + Cyviy + Cya (22.99) 


where Cy ır = (0U,,/OT)y,,, etc. Differentiation of (22.95) to (22.98) gives for an ideal 
gas of diatomic molecules at moderate temperatures: 


Cyte = 2NR (22.100) 

Cy,rot = nR (22.101) 
Orin 2 Oviv/T 

Cy viv = nk ( T ) eT 42 (22.102) 

Cy = 0 (22.103) 


Note that U and Cy of the ideal gas are functions of T only, in agreement with 
(2.67) and (2.69). 

Equations (22.100) and (22.101) for Cy, and Cyr. agree with the classical- 
statistical-mechanical equipartition theorem of ÈR for each quadratic term in the 
energy (Sec. 15.10), but Gia does not agree with the equipartition theorem. We 
obtained z,, and z,o by using the fact that the translational and rotational energy 
spacings were very small compared with kT, so that the sums over discrete energy 
levels could be replaced by integrals over a continuous range of energy. Since con- 
tinuous values for energy correspond to classical mechanics, we obtained the classical 
results for Cy... and Cy, rot: However, vibrational levels are not closely spaced com- 
pared with kT, and the classical equipartition theorem fails for Cy viv: 

Figure 22.8 plots Čy „ip of (22.102) vs. T. At high T, the harmonic-oscillator 
Čr vi» goes to the classical equipartition value R (see Prob, 22.29). 

The result Cy so = nR applies only at temperatures for which T > ©, At low 
temperatures, we must use the series (22.86) for z,,, and calculate U, and Cy, 
from (22.86). At very low temperatures, (22.86) fails, and z,,, must be calculated by 
direct term-by-term summation. We omit details but simply plot Ĉy so vs. T in Fig. 
22.9. The classical value R is reached at T x 1.50,.4- 

For a monatomic gas with no low-lying excited electronic states, there is only 
a translational contribution to Cy, and Cy = 3R, in agreement with (15.18). 


The vibrational contribution to 
Cy of a gas of diatomic molecules 
in the harmonic-oscillator 
approximation. The dashed line is 
the classical equipartition result of 
R at all temperatures. (Because a 
real diatomic molecule has a finite 
number of vibrational levels, its 

Cy vip decreases at very high T.) 


Cr, vib 


O.5R 


T/® viv 
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The rotational contribution to Cy 
of a gas of diatomic molecules, 


Entropy. Equations (22.64) to (22.66) allow the entropy of an ideal gas to be cal- The dashed line is the classical 
culated, Using these equations, (22.95) to (22.98), (22.82), (22.85), (22.90), (22.92), and ardon result 
PV = NkT, we readily find for an ideal diatomic gas (Prob. 22.30) 
5 (2am)??? (KT)? 
Sy =3 "R +nR In [m z (22.104) 
So = NR + nR In (22.105) 
Frou 
Ov Bey 
Syw = NR E FL ns In (1 — e797) (22.106) 
Sa = NR In geo (22.107) 


where @,,, and @,,, are given by (22.83) and (22.88). S is the sum of (22.104) to 


(22.107), provided T is not extremely high or low. Figure 22.10 plots Syn vs. T for E Ficer: 22.10 


some gases. 4 z -3k J), Svo VS. temperature for Cl,(g) and 
Substitution of P = (P/bar)(10® N/m?) (Eq. (1.11)},m = (My/N)10"" kg/mol), "coy For Cla, Osy = 198K. 
where M, is the (dimensionless) molecular weight, T = (T/K) K, where K is 1 kelvin, For CO, @yiy = 3083 K and Sip 


and the SI values of h, k, and N4 into (22.104) gives Su in a form convenient for is negligible for cow) arroa 
calculations (Prob. 22.31): fa 

§,, = R[1.5 In M, + 2.5 In (T/K) — In (P/bar) — 1.1517] (22.108) j 

§,, = R[1.5 In M, + 25 In (T/K) — In (P/atm) — 1.1649] 
since In (P/bar) = In (P/atm) + In (atm/bar) = In (P/atm) + In (760/750.06). From Ali 


(22.108), S,, increases as T increases, as V (=nRT/P) increases, and as M, increases 


(Prob. 22.52). r 
For a gas of monatomic molecules with a nondegenerate ground electronic 


state, Sio = Sviv = Sa= 0, and S = Six L 
1 


Calculate 539g of N2(g). 

Even though N; is slightly noni i 
hypothetical ideal gas at 1 bar, so the above id 
earlier in this section give Oroi = 2862 pee 


°C. and 1 bar, the standard state is the R 
eaae leal-gas equations apply. Tables © 1000 2000 3000 
= 3352 K for Nz; GISO, Jeo = 1. TIK 


| 792 | Substitution in (22.105) to (22.108) gives at 298.15 K 


CHAPTER 22 


come 22.1; 
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S3og = 191.60 J mol`! K`} 
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nee 
2(2.862 K) 


Je anismo 


For comparison, the experimental value (found by the methods of Sec, 
192.1 J mol ~ t K7 +. Further comparisons between theoretically calculate 
experimental entropies are given in Sec. 22.9. 

The calculations of this example reflect a truly impressive synthesis of quantum 
mechanics, statistical mechanics, and thermodynamics. 


Se. = (8.3145 J mol! K~!)(1.5 In 28.013 + 2.5 In 298.15 — In 1 — 1.1517) 
= 150.42 J mol"! K~! 


5.6) is 
d and 


EXAMPLE 


Physical Interpretation of z and S. Taking the zero level of molecular energy to 
coincide with the ground state (gs), we have ¢,, = 0, and the Boltzmann distribution 
law (22.70) gives <N,)/<N s) = eT Ifẹ, is less than kT or of the same magnitude 
as kT, then e~*’*? will be reasonably close to 1 and the population (N,) of state r 
will be a significant fraction of the ground-state population CN ps). If €, is substan- 
tially greater than kT, then both e“’*" and <N,)/<N p) will be close to zero. Since 
the molecular partition function is z = F, e~“/*", each state that is significantly pop- 
ulated at temperature T will contribute to z a term whose order of magnitude is 1, 
whereas each state not significantly populated will contribute negligibly to z. There- 
fore, the numerical value of the molecular partition function z gives a very rough esti- 
mate of the number of molecular states that are significantly populated at T. 


Nh? 


Zu = 3.51 x 102° 


Zro = 


298 K 


dOa 1(2.765K) 


Since T > ©,,, is satisfied, Eq. (22.85) for z,o gives 


108 


In a previous example, we found @,,, = 2.765 K and Oi» = 3084 K for CO. Cat 
Culate Zie Zrov Zviw ANA Ze for 1.000 mol of CO(g) at 25°C and 1 atm, treating 
the gas as ideal. Relate the results to populations of energy levels. Are Z 
Zrov Zviw ANA Ze, extensive or intensive properties? 

Equation (22.81) for z,, gives z,, = (2nmkT/h?)3/2V. We have V = nRT/P = 
24460 cm? and m = M/N}. Thus 


ae Geary p [= g/mol)(1.38 x 10716 erg/K)(298 K) 
' > iad pe 


3/2 
23 = 55 7 | (24460 cm") 
(6.02 x 10**/mol)(6.63 x 10777 erg s)* 


Equations (22.90) and (22.92) for Zyip and za give 


1 1 
Zi = = SECTION 227 
vib = T _ e Oviv/T =osaKy(aoEKy = 1.00003 


lie: 
Zea = Jao = | 


The equation preceding (22.53) gives the number of translational states that 
are significantly populated in this system as SE Fior: 22.12 | 


60(mkT/h?)°/2V it 602z,,/(2n)?/? z7 6083.5 x 103)/(2n)3/2 =13x 103° Rotational partition function vs. T 


for some gases. As T increases, 


is the same order of ma nitus ; more rotational states become 
which is de as z,,. Problem 22.46 uses the Boltzmann significantly populated and zra 


distribution law to show that 93 percent of the CO molecules at 25°C are in increases, At extremely'low 
tational states with J < 16. Since each rotational level is (2J + 1)-fold de- temperatures, the z,.,-vs-T plot 
rercte, there are 1+ 3+ 54+: +33 = 289 rotational states with J < 16 EER irse e NE cud 
which is the same order of magnitude aS Zro: At room temperature, only one plot. 
vibrational state and one electronic state are significantly populated, in accord Frot 
with the Zvip ANd Ze values. ^ 

The equation z,, = (2nmkT/h?)°?V shows that Zu is a state function. Since 
1, 18 proportional to V, Zą is extensive. SINCE Zrov Zvi and zą are functions 
of T only, they are intensive properties. (Since these z's are not directly mea- 
surable, it is perhaps stretching things to call them “properties.”) 


As T increases and more states become significantly populated, z increases and 
S [which has a term proportional to In z—Eaqs. (22.65) and (22.66)] increases. Recall 
that entropy is related to the spread or distribution of molecules over energy levels 
(Sec. 3.7). 

Figures 22.11, 22.12, and 22.13 plot 2, Zro ANd Zyip VS- T for some gases. 

The connection between entropy and distribution of molecules among molecular 
quantum states is shown directly by the fact that S can be expressed in terms of the 
mole-fraction populations of the molecular states; Prob. 22.54 shows that 


= e = i Plots of Zy VS. T for some gases. 
S= —Nk> x, Inx,—In NM, x,=<N,)/N . pure ideal gas Le eta Ae eg 

i i 798 K for Cla, and 2239 K for O3. 
where the sum goes over all molecular quantum states and x, is the fractional pop- Bet a 


ulation of state r. Note the close resemblance to the entropy-of-mixing formula N 
(9.46). The function — x, In x, goes to 0 as x, goes to 0 or to 1 and is positive for 
0< x, < 1. Quantum states with negligible population or with fractional population st 
extremely close to 1 make negligible contribution to S. As T increases and more 
quantum states attain nonnegligible populations, the sum —),, x, In x, increases and aj 
S increases. 

Jg 
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STATISTICAL THERMODYNAMICS OF IDEAL POLYATOMIC GASES i 


The separation of the molecular energy £ into translational, rotational, vibrational, 


and electronic contributions holds well for the ground electronic states of mor Pon 
atomic molecules, so we have Z = 2 sZrotŽvibŽel for an ideal gas of polyatomic molecules, 


DS 


0 300 600 1200 
TIK 


CHAPTER 22 


Translational Partition Function. Since &, has the same form for 


Sah : : Polyatomics as 
for diatomics, Eq. (22.81) gives z,, for polyatomic molecules. 


Rotational Partition Function. For a linear polyatomic molecule, £, and the ro- 
tational quantum numbers are the same as for a diatomic molecule, so (22.85) gives 
Zro for a linear polyatomic molecule. For a linear molecule, ¢ = 2 if there is a center 
of symmetry (for example, HCCH, OCO), and o = 1 if there is no center of sym- 
metry (for example, HCCF, OCS). 

For a nonlinear molecule, the exact rotational energies can be found if the mol- 
ecule is a spherical or symmetric top (Sec. 21.6), but there is no simple algebraic 
formula for the quantum-mechanical rotational energies of an asymmetric top. There- 
fore, we have a problem in evaluating z,,,. We noted in Sec. that replacing the 
sum in z by an integral amounts to treating the system cla ly. The classical- 
mechanical formula for the partition function will be given in Sec. 22.11. Using this 
formula and the known classical-mechanical expression for £a of a polyatomic mol- 
ecule, one finds for any nonlinear polyatomic molecule (see McClelland, sec. 11.6, for 
the derivation) 


1/2 3/2 
pe — (Fr) (lll)? nonlinear (22.109) 
where J,, I,, and J, are the molecule’s principal moments of inertia (Sec. 21.6). Equa- 
tion (22.109) holds provided T is not extremely low. [For corrections to Zo at very 
low T, see Herzberg, vol. II, pp. 505-506; K. F. Stripp and J. G. Kirkwood, J. Chem. 
Phys., 19, 1131 (1951).] 

For a nonlinear molecule, the symmetry number o in Zot iS the number of indis- 
tinguishable orientations obtainable from one another by rotations of the molecule. 
For example, ø = 8 for the square-planar molecule XeF, (Fig. 22.14). The second, 
third, and fourth orientations in Fig. 22.14 are obtained by 90, 180, and 270° ro- 
tations about the C4 axis; the fifth orientation is obtained from the first by a 180° 
rotation about the C, axis passing through atoms 1 and 3; the sixth, seventh, and 
eighth orientations are obtained by 90, 180, and 270° rotations applied to the fifth 
orientation. For CHCl, o = 3. The factor 1/ø arises for the same reason as with 
diatomic molecules: The Pauli principle restricts the number of possible quantum 
states, so for a given nuclear-spin wave function, only 1/o of the rotational wave 
functions are allowed. 


Vibrational Partition Function. Equation (21.48) gives the harmonic-oscillator ap- 
proximation to the vibrational energy of a polyatomic molecule as the sum of vibra- 


The eight indistinguishable 
orientations of XeF, obtainable 
from one another by rotations, 
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ional energies associated with the 3. — 6 (or 3.W — 5) normal modes of vibration. 
The vibrational quantum numbers vary independently of one another. As usual, 
when the energy is the sum of independent energies, the partition function is the 
roduct of partition functions, one for each kind of energy [recall the derivation of 
Eq. (22.58)]: 

34-6 1 


z (22.110) 


w- 
Zyib = Žvib,1Žvib,2 ` `` Žvib„3 w -6 = Il Zyib,s = Ses a 
s=1 TE 


where v, is the frequency of the sth normal mode and (22.90) was used for the parti- 
tion function zyjp,5 Of a single vibrational mode. If the molecule is linear, change 
3W — 6 to 3M — 5 here and below. 


internal Rotation. The molecular partition function must be modified for mole- 
wles with internal rotation (for example, CH3CH3, CH3OH, CH,CCCH;). See 
McClelland, secs. 5.6, 10.5, and 10.6, for details. 


Hectronic Partition Function. For nearly all stable molecules, g¢,0 is 1, and there 
are no low-lying excited electronic states. Hence, Ze can usually be taken as 1. For 
species with an odd number of electrons (for example, NO, and the CH, radical), 
fo i8 2, because of spin degeneracy. 


Equation of State. As with diatomic molecules, only Z is a function of volume, 
and the equation of state for an ideal polyatomic gas is PV = NkT. 


Internal Energy. Equation (22.63) gives (Prob. 22.60) 


Ur = 3nRT, Ua= 0 (22.111) 
U= 3nRT nonlinear (22.112) 
zR. Pes linear 
3V -6 p 
sinh) 2s OS 
The sum of these four energies is U — Up. 
Heat Capacity. Differentiation of the U’s gives 
Cyar= mR, Cyr = 0 (22.114) 
i 3nR nonlinear (22.115) 
vot \nR linear 
BA, (22.116) 


Cy vib = L Cy wviv,s 
# 


Where Cy, is given b ith Op replaced by ®yip,s- Large polyatomic 
wvib,s IS given by (22.102) wi yib f 

molecules oien have low-frequency vibrations that contribute to Cy at room Ciis 

Perature, The high-temperature (classical) limit of each Cy its iS R (Fig. 22.8), an 

the high-temperature Cy i» is G M —6)R or BM — 5)R (recall the equipartition 


theorem in Sec. 15.10). 
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Entropy. Application of Eqs. (22.64) to (22.66) shows that Si, is given by (22,104 


and (22.108), that S,,, for a linear molecule is given by (22.105), and that ) 


Sto = 3MR+nRInz,. nonlinear (22.117) 
34-6 

Siib = X Syiv,s» Se = nR In gaio (22.118) 
a 


where Sips is gotten by replacing vin by Oyin,s in (22.106) and Zrot ÍS given by 
(22.109). 

As a reminder, the equations of Secs. 22.6 and 22.7 apply only to ideal gases, 

Molecular properties (molecular weights, vibrational frequencies, moments of 
inertia), partition functions, and thermodynamic properties differ slightly for different 
isotopic species. To calculate the thermod ynamic properties of CHCl using statistical 
mechanics, one does the calculations for >°CICH, and for >”CICH 3 and then takes 
a weighted average based on the percent abundances of 3C] and MGT: 

The calculation of thermodynamic properties of gases using statistical mechanics 
is surveyed in M. L. McGlashan (ed.), Specialist Periodical Reports, Chemical Thermo- 
dynamics, vol. 1, Chemical Society, 1973, pp. 268-316. 

IDEAL-GAS THERMODYNAMIC PROPERTIES AND EQUILIBRIUM CONSTANTS 

We have seen that U — Uo, S, and Cy of an ideal gas are readily calculated using 
Statistical mechanics. The molecular Properties needed for these calculations are: 
(a) the molecular weight (which occurs in Zir), (b) the molecular geometry (which is 
needed to calculate the moments of inertia in Zrot), (c) the molecular vibration fre- 
quencies (which occur in 2vip and (d) the degeneracy of the ground electronic level 
and the energies and degeneracies of any low-lying excited electronic levels (which 
occur in Za). This information is obtained spectroscopically (Chap. 21). Hence, we 
can calculate the thermodynamic Properties of an ideal gas from observations on the 
gas molecules’ spectrum. For fairly small molecules, the gas-phase thermodynamic 
properties calculated by statistical mechanics are usually more accurate than the 
values determined from calorimetric measurements (Chap. 5), and many of the values 
listed in the Appendix are theoretical statistical-mechanical values. For liquids and 


solids, the intermolecular forces make the statistical-mechanical values less accurate 
than the calorimetric values, 


If both calorimetric and Spectroscopic data are lacking for a molecule (as is often true 
for reaction intermediates), one can use theoretical quantum-mechanical calculations to 
estimate the molecular Properties and then calculate the thermodynamic gas-phase prop- 
erties. The ab initio SCF method and the semiempirical MINDO/3 and MNDO methods 
(Chap. 20) generally yield accurate molecular geometries. Vibrational frequencies GT 
culated by these methods are rather inaccurate. However, only low-frequency vibrations 
contribute to thermodynamic properties at room temperature, and even with rather in- 
accurate vibrational frequencies one can get reasonably good estimates of 25°C thermo- 
dynamic properties. For example, for a sample of 27 molecules without internal rotations, 
MINDO/3 calculations of moments of inertia and vibrational frequencies led to gas-phase 
S3og values with an average error of 1 percent and Cp.20g Values with average error 0 
4 percent; M. J. S. Dewar and G. P, Ford, J. Am. Chem. Soc., 99, 7822 (1977). 


We now examine the relation between the tabulated gas-phase thermodynami 
quantities AH;, 5°, Cp, AG;, and G° — Ho and the 2) ie E ened 
quantities U — Uo, Cy, and S°. The standard state of any gas is the hypothetical 
ideal gas at | bar, so the ideal-gas formulas of Secs. 22.6 and 22.7 are applicable. 

Asa preliminary, consider the gas-phase reaction 0 + F; ¥;BAg), where the v's 
are the stoichiometric coefficients, negative for reactants and positive for products, 
The reaction’s standard change in internal energy at temperature T is AU}. = 
SinUrj;. At T =0, this equation becomes AUG = J; vj,U5,,, where AUS is the 
sandard change in U for the gas-phase reaction at 0 K. Subtraction gives 

AUy — AUg = 2 viU — py viU, 
7 
AU = AUG + 1 v(O>,;—Us,) gas-phase reaction (22.119) 
7 


Bach Ü$; — Ug,; in (22.119) is calculated by statistical mechanics from Eqs. (22.94) 
to (2298) and (22.111) to (22.113). Note that U9,; is for gas-phase i. To get AUS 
in (22.119), we use the following hypothetical path for the gas-phase reaction 
Big) + cC(g) + eE(g) + f Flg): 


bB + cC at 0 K gaseous atoms at 0K eE+fFatOK (22.120) 


AT = 0, all the molecules of each species are in their ground electronic, vibrational, 
and rotational states. Step 1 involves dissociation of each ground-state reactant into 
atoms, The energy needed to dissociate one molecule of ground-state B into atoms 
is the ground-state dissociation energy Do,g of B (shown in Fig. 21.8 for a diatomic 
molecule), The energy needed to dissociate b moles of B(g) at 0 K is bN 4Do,g, where 
Na is the Avogadro constant. Step 2 is the reverse of dissociation of the products, 
ind AU, = —eNaDo,p — fNaDo,r. We have AUg = AU, + AU2 = bN4Do,s + 
WNyDo,c — eN 4Do,e — [NaDo,p and 


AU} = -N4 AD, where ADo = Y viDo,, gas-phase reaction (22.121) 
i 


For example, for CH,4(g) + 2F(g) > CH2F2(9) + 2HF(g), we have AU¢/N, = 
D(CH4) + 2Do(F 2) — Do(CH2F 2) — 2Do(HF). To calculate AU; for a gas-phase 
faction from statistical mechanics using (22.119), we need the dissociation energies 
Do of the species. 


Standard Enthalpies of Formation. AH; of a gaseous compound is readily cal- 
tulated from AU; 7 using AH® = AU® +(An/mol)RT. If the elements forming the 
compound are all gaseous at T and 1 bar, then we can calculate Ur- Uo for each 
tment and for the compound, using statistical mechanics; we calculate AUĵ o using 
Eo and then find AU? from (22.119). 
one or more of the elements are not gaseous, i 

find AUS. For example, suppose we want AU},r of CHa4(9), according t 
graphite) + 2H(g) > CH4(g). For the solid graphite, Uy — Uo is more meas y 
und from experimental heat-capacity data than from eiatintical mechanical a or 
litions; since (GH/OT)p = Cp, we have Hr — Ho = fo Cp dT. Also, since step u 
' (22.120) involves vaporization of solid graphite to C(g), instead of NaDo we u; 

o Of vaporization of graphite. 

The quantity A}; — Ho,» which i 
Nadily calculated for a gas by statistical me 


additional data are needed to 


iven i i bles, is 
s often given mm thermodynamics ta 3l 
chanics. We have H7,;= Ur, + RT 


— Ea 


SECTION 22.8 


EA = 


CHAPTER 22 


and Ħọ = U0; for a gas, so Ay; = Aoi =U}; - Üdi + RT, where Hee and 
Ug,; are for the hypothetical gas-phase i at 0 K. n 


Standard Entropies. In Sec. 22.9 we shall show that the convention of Setting C =() 
in (22.32) agrees with the entropy convention used in thermodynamics (Sec, 5.6), 
Therefore, the thermodynamic S° of any gas is found by setting P = 1 bar in Sy and 
using (22.64). 


Standard Heat Capacities. The equations in Secs. 22.6 and 22.7 give Cy for ideal 
gases. The ideal-gas equation Cp = Cy + R then gives Cp. 


Standard Gibbs Energies of Formation. We have AG sv = AH 7 — TAS? y Cal 
culation of AH}; is discussed above. AS',7 is found from the entropies of the 
compound and of its elements. If these are all gases, their entropies can all be cal- 
culated by statistical mechanics. For solid and liquid elements, the experimental § 
must be used. 


The Quantity G — Hy. Thermodynamics tables often tabulate (Gy — Ap)/T vs, T 
(Sec. 5.8). We now relate this quantity to the molecular partition function of an ideal 
gas. 

Since it is U — Up (and not U) that is calculated from the partition function, it 
follows that the relation A = U — TS = —kT In Z [Eq. (22.40)] must be modified 
to read 


A=Up = -kTInZ (22.122) 


to reflect our choice of zero energy at the lowest available molecular energy level. 
For a pure ideal gas, Z = 2%/N! and 


InZ=NiInz—InN!=NInz—NinN+N pure ideal gas 
Substitution for In Z in (22.122) and use of Nk = nR give 


A — Uo = —nRT In z + nRT In N — nRT 
A-—Uo=-—RTIn (2/N) — RT pure ideal gas 


We have G = A+ PV = A + RT for an ideal gas, so 
Gr — U9 = —RT In (z/N) pure ideal gas (22.123) 


Since Ho = Uo for an ideal gas, (22.123) allows us to calculate (Gr — Ao)/T by 
setting P = 1 bar in z of the ideal gas. 


Equilibrium Constants. For the ideal-gas reaction 0 + J; v;B;, we have AG a 


ea fa 
—RT In Kp. To calculate Kẹ using statistical mechanics, one calculates Gr — e i 
each gas using (22.123), calculates AG? using AG}. = J; v,(Gp,; — Ho,)) + AHo Bi 
AH is found from (22.121)], and then calculates Kp from AG7. 

For theoretical discussions, it is useful to express the equilibrium cons i 
terms of the species’ partition functions. From Sec. 6. 1, the chemical potential of ah 
ponent i of an ideal gas mixture is given by u; = G#(T, P;), where P; is the pal at 
Pressure of i in the mixture and the star denotes pure i. Since P;V = niRT; te 
is at temperature T and Pressure P;, its volume equals the mixture volume er 12) 
Hi = GE(T, V), where V is the volume of the gas mixture. For pure gas i, Eq. (22 


tant in 


gives Gži = Uo, — RT In (zi/N;); so 
Hi = Uoi — RT In(z/N) ideal gas mixture (22.124) 


where z; is evaluated at the T and V of the mixture, Substitution of (22.124) into the 
equilibrium condition Yi vii = 0 [Eq. (4.98)] gives 
Z 


= g i o zae 
UT RTX viin = AUG rrafn(E] 


AUG | z/ VN \" z/ VN \" 
RT -nG |-»[n( z ‘) | 


exp (AUQ/RT) = [] (# ani I ss 
iMG 


K, = [] (c) = exp (—AU@/RT) [] GF) ideal gases (22.125) 
i i VN; 


‘ i 


where the product identity Į]; (a;/b) = ([]; a)/([ |; b) was used. In (22.125), c; = 
n/V =N;/VN; is the equilibrium concentration of species i, and K, is the 
concentration-scale equilibrium constant with units of (mol/dm>)*"""!. The quantity 
AU, is calculated from (22.121). 

Equations (22.58) and (22.81) show that z; is proportional to V. Therefore, z;/V 
is independent of V and is a function of T only, as is K.. The exponential factor in 
(22.125) corrects for the use of different zero levels of energy in z of each species. The 
VN, converts from numbers of molecules N; to concentrations ¢;. 


Estimate K, for the isotope-exchange reaction *5Cl, + *7Cl, = 2 *°Cl?7Cl and 
comment on the result. 

The molecular weights, vibrational frequencies, moments of inertia, and Do 
Values for all three species are nearly the same, and we shall neglect the small 
differences in them. Therefore ADy 0 = AU, and (22.125) gives 


f225c 7c]? 
e SCRE C) 


One's first impulse might be to set all three z's equal to gne another. However, 
the symmetry numbers difer: a =2 for *7Cl, and for *°Cl,, but a= 1 for 
CIBICI, Since z,o in (22.85) contains a factor 1/a, we have 2(°*Cl3) = 2° Cla) ~ 
k@5C137C)), Therefore K, ~ 4. This result might seem surprising, but it can be 
'eadily understood, Imagine reaching into a bag containing equal numbers of 
ŚCI and 37CI atoms, pulling out one atom with each hand, and joining them 
toform a Cl, molecule. There are four possible outcomes—"°Cl, “°C: Cle TEE 
cl 37c1 37C], 35CI—where the first-isted atom is the one in your left hand. 
Since these outcomes are equally likely, the number of *cI?7Cl molecules 
Wil be twice the number of >7Cl, molecules and twice the number of Cl, 
Molecules. Hence, K = 4. (Note also that the reaction can be written as 
02+ Ch = 8cR7cl +37G1Cl) 
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Low-energy states for two species, 
B and D. B has a lower-energy 
ground state; D has a greater 
number of low-energy states. 


NIN 


TE 


For the isotope-exchange reaction H, + D, = 2HD, the molecular weights, ete, 
differ substantially, and these differences cannot be ignored. Hence, K differs sub, 
stantially from 4. At 25°C, the value calculated from (22.125) is 3.28, in good agree. 
ment with the experimental value 3.3. 

Equation (22.125) is actually an example of the Boltzmann distribution Jay, 
To see this, consider the special case of the isomerization reaction B=D, The 
Boltzmann distribution law (22.74) gives the average number of molecules in quantum 
state r of species B in an ideal gas mixture at equilibrium as (Np) = Nae Por Ly 
where Ny is the total number of B molecules. Let r be the ground state (state 0) of 
B. By convention, in calculating zy we set the zero level of energy at the ground state 
of B, so that ég.9 = 0. Therefore (Ng o> = Np/zp, and Np = (Npo>zp- Similarly, 
Np = <Np,o>2p, Where zp is calculated taking ép 9 = 0. Thus 


Np e <Np,0>2p 
Ng <Np.o>Z8 


But the Boltzmann distribution gives <Np.9>/<Ng.o> = exp [—flep,o — &,9)] = 
exp (—Aéo/kT) = exp (—AU§/RT); therefore 


Apis exp(—AU@/RT) or ® = exp(—AU/RT) > LAE (22.126) 
Ng 2B Cp VNA Zg 
which is (22.125). An extension of these arguments shows that for the general reaction 
0 = Ñ; vB; the Boltzmann distribution law yields (22.125). (The derivation for the 
B + C&D case is given in Knox, sec. 11.2.) 

The factor exp(—AU§/RT) in (22.126) is an energy (or enthalpy) factor that 
favors the species with the lower ground-state €o. The zp/zy partition-function factor 
in (22.126) is an entropy factor (since z and S both increase as the number of signif- 
icantly populated states increases) that favors the species with the greater number 
of thermally accessible states, For example, in Fig. 22.15, species B has a lower €g 
and species D has a greater number of low-lying states. At low T, only the very 
lowest levels are significantly occupied, and the exp (—AU{¢/RT) factor makes 
Ng > Np. At high T, the greater number of accessible states for D is more important 
than the energy factor, and we have Np > Ng. (Recall a similar discussion in Chap. 6) 


ENTROPY AND THE THIRD LAW OF THERMODYNAMICS 


We begin this section by deriving another statistical-mechanical formula for the 
entropy. Equation (22.30) reads p(E,) = We ®*T/Z, where p(E;) is the pea 
the thermodynamic system has quantum energy E; and W, is the degeneracy of leve 
E; (the number of system quantum states that have energy E;). The total probability 
is 1, so 1 = Lrevets P(E) = Dievers We **7/Z, where the sum goes over all the pos- 
sible quantum energy levels E;. As shown in Fig. 22.3, p(E;) is essentially zero unless 
E; is extremely close to the thermodynamic internal energy U. Therefore we nee 
include in the sum only those terms where E; is very close to U. We have K 
Reve We 7/Z and Z æ e- UAT Lievers W, where the prime indicates that m 
sum goes only over levels for which p(E;) in Fig. 22.3 is significantly different t 
zero. The quantity Y..., W; equals the total number of quantum states in A 
narrow band of energy levels around U for which there is a significant probally > 
finding the system. Let W = Dievets Wj. Then Z x We~¥*T and In Z = In W ~ UK” 


(A detailed investigation shows that this approximation is not accurate for Z but 
is extremely accurate for In Z, and it is In Z which is used to calculate thermo- 
dynamic functions.) Equation (22.39) becomes $ = U/T + k In Z = U/T +k In W + 
-U/kT) = k In W. This is the desired result: 
S=kinw (22.127) 

The entropy of a thermodynamic system is proportional to the log of W, where 
Wis the total number of microstates for system energy levels that have a significant 
probability of being occupied. As the number of microstates available to the system 
increases, the system’s entropy increases. (Recall the relation between entropy and 
spread over energy levels.) Equation (22.127) is Boltzmann's principle and is carved 
onhis tombstone in Vienna, This equation is a more explicit formulation of Eq. (3.52). 
Wewere rather vague about the meaning of the probability in (3.52), Equation (22.127) 
is generally not as useful for practical calculations as the formula S$ = U/T + k In Z. 
Let us estimate the magnitude of W, The entropy of a thermodynamic system 
containing 1 mole is on the order of R (where R is the gas constant). Equation (22.127) 
then gives the order of magnitude of W as 
a elk x eP = ENa x elt0 ~ 100 x 4910,000,000,000,000,000,000,000 


Recall from Fig. 22.3 that the degeneracy W is a very sharply increasing function of 
the system’s quantum energy. 


The formula S = k In W seems to have a certain arbitrariness, since we have not precisely 
specified how wide a band of levels around U should be taken in Fig. 22.3 in computing 
S. Actually, this arbitrariness is of no consequence, since k In W is extraordinarily insensi- 
tive to the value of W. For example, suppose that two people, Tom and Nan, choose 
bands around U such that Tom’s band includes e!°"” times as many states as Nan’s. 
Then 


kine!) + kin Woon 
10711 J/K + Swan = Sans 


Som = k In Wrom = k In (e0 Wan) 
= (1.4 x 10723 J/K)101? + Swan 


since an entropy difference of 107 11 J/K is utterly undetectable. 


We now examine the conventions used for entropy. The statistical-mechanical 
result (22.32) reads S = U/T +k In Z + C, and we set the integration constant C 
‘qual to zero for all systems. In Sec. 5.6, we adopted the thermodynamic convention 
that limpo S = 0 for each element. This convention plus the third law of thermo- 
dynamics led to the result lim, S = 0 for every pure substance in internal equilib- 
tum, We must now see whether the statistical-mechanical convention (C = 0) is 
consistent with the thermodynamic convention (So = 0 for elements). $ 

As T goes to 0, all the systems in a canonical ensemble fall into the system’s 
lowest available quantum energy level, so only this energy level is populated in the 
ensemble, and W in Eq. (22.127) becomes Wo, where Wo is the degeneracy of the 
lowest quantum energy level of the system. Equation (22.127) then gives 

lim S= kin Wo 
T=0 
For this statistical-mechanical result to be consistent 
limy_.9 S = 0 for a pure substance, the degeneracy Wo 
Component system would have to be 1. Actually, Wo is not 
Or two reasons: 


with the thermodynamic result 
of the ground level of a one- 
1 for a pure substance, 


L Bach i i tum numbers 7 and M; (Sec. 21.12). I is a con- 
aiaa a E the 27 + 1 values from —I to +I. In 


stant for a given nucleus, but M, takes on 


— 
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the absence of an external magnetic field, the 27 + 1 states Corresponding to differ. 
ent M, values have the same energy [note that E = 0 for B = Oin (21.65)}, Thus 
there is a nuclear-spin degeneracy of 2/ + 1 for each atom. The M, quantum num. 
bers of the atoms vary independently of one another, so the total ground-level 
nuclear-spin degeneracy is the product [la (2%, + 1), where I, is the nuclear spin 
of atom a and the product goes over all atoms. For example, for a crystal contain 
ing N atoms each with J = 1, we get a nuclear-spin contribution to Wo of 3% 
a contribution to Sọ of k In 3 = Nk In 3. 

2. When chemists talk of “pure” FCI, they mean a mixture of 75.8 percent !9F35¢y 
and 24.2 percent '°F?7CI. These isotopic species are distinguishable from each 
other, and there is an entropy of mixing associated with mixing the pure isotopic 
species to get the naturally occurring isotopic mixture. Since isotopic species form 
ideal solutions, AS,,;, is given by (9.46). In a crystal of naturally occurring FC) 
there is a degeneracy associated with the various permutations of the F*5¢| an 
F°7CI molecules among different locations in the crystal. 


and 


To make the statistical-mechanical and thermodynamic entropies agree, chem- 
ists have adopted the convention of ignoring contributions to $ made by nuclear 
spins and by isotopic mixing. Recall that we didn’t sum over different nuclear-spin 
quantum states in calculating partition functions in Secs. 22.6 and 22.7, and we 
ignored the entropy of isotopic mixing. There is no harm in using these conventions 
because nuclear spins are not changed in chemical reactions and the amount of 
isotopic fractionation that occurs in chemical reactions is ordinarily negligible. With 
these conventions, we can expect Wo to be | for a perfect crystal of a pure substance, 
so that limpo S = k In 1 = 0 for the statistical-mechanical entropy of a pure sub- 
Stance at absolute zero, in agreement with the thermodynamic result. 

Statistical-mechanical entropies are not absolute entropies, since they ignore the 
contributions of nuclear spins and isotopic mixing. Even if these contributions were 
included, we still would not have absolute entropies, since the statistical-mechanical 
formulas for S are based on the arbitrary convention of setting C = 0 in (22.32). 

A comparison of gas-phase calorimetrically determined thermodynamic (td) 
entropies (Sec. 5.6) and spectroscopically determined statistical-mechanical (sm) 
entropies (Secs. 22.6 and 22.7) follows: 


Gas |. HS co, CH;Cl | CH,NO, CoHs 
Soni | 205.5 213.9 234.0 2750 | 200 
Siossm 191.6 223.1 2058 | 213.7 234.6 275.0 269.5 


where the units of 5 in this and the following table are J mol”! K~!. Theta 
entropies agree within the limits of experimental error. However, Sig and Ssm disagre 
for several gases. Examples are: 


Gas co | No NO H,0 CH;D H3 
Sosua aj 1935 | 2153 208.1 185.5 153.7 124.4 
= j T 5-5 Ge } it 

Siogsm | 1977 | 2198 210.8 188.8 165.3 130.7 


_ To see the reason for these discrepancies, consider CO. There are two ane 
orientations for each CO molecule in the crystal (either CO or OC). The dip 


moment of CO is very small (0.1 D), and so the difference in energy Ae for these two 
orientations is very small. When the crystal is formed at the CO normal melting point 
(66K), Ae/kT is very small and the Boltzmann factor e~*/T ~ e° = 1, Therefore 
the crystal is formed with approximately equal numbers of CO molecules with each 
orientation. As T is decreased toward zero, Ae/kT becomes large and e7 4%? _, 
e7” = 0. Hence, if thermodynamic equilibrium were maintained, all the CO molecules 
would adopt the orientation with the lower energy. However, to have the incorrectly 
oriented CO molecules rotate 180° in the crystal requires a substantial activation 
energy, Which is not available to the molecules at low T. The CO molecules remain 
locked into their nearly random orientations as T is lowered. The thermodynamic 
determination of S from observed Cp values is based on the third law, which applies 
only to systems in equilibrium. A CO crystal at 10 or 15 K is not in true thermody- 
namic equilibrium, and the calorimetrically measured entropy S,q is therefore in error. 
The correct entropy is that calculated by statistical mechanics; it is Se, that is listed 
in tables of thermodynamic properties. 

The discrepancies for N,O, NO, and CHD arise from the same reason as for 
CO. The discrepancy for H,O is due to a randomness in the positions of H atoms 
in hydrogen bonds. H, is a special case; see McClelland, sec. 8.4. 

One final comment. Although the entropy of a thermodynamic system is calcu- 
lable from molecular properties, entropy is not a molecular property. Entropy has 
meaning only for a large collection of molecules. Individual molecules don’t have 


entropy. 


INTERMOLECULAR FORCES 


The statistical-mechanical formulas of Sec. 22.2 were applied to ideal gases (which 
have no intermolecular forces) in Secs. 22.3 to 22.8. Before treating systems with inter- 
molecular forces, we discuss the nature of the forces between nonreacting molecules. 
Interactions between chemically reacting molecules are considered in Chap. 23. 

In solids, liquids, and nonideal gases, the Hamiltonian of the thermodynamic 
system contains the potential energy ¥ of interaction between the molecules. ¥ is 
a function of the distances between the molecules and for polar molecules (and non- 
spherical nonpolar molecules) is also a function of the molecular orientations in space. 

In most statistical-mechanical treatments, the force between molecules 1 and 2 
is assumed to be unaffected by the nearby presence of a third molecule. This is an 
approximation because molecule 3 will polarize molecules 1 and 2 (Sec. 14.15), there- 
by changing the 1-2 intermolecular force. In gases not at high densities, there is little 
Probability that three gas molecules will be simultaneously close together. Ignoring 
three-body forces is a very good approximation for low- and medium-density gases 
but not so good for solids, liquids, and high-density gases. we ws! A 
_ In dealing with gases and liquids, one often makes the simplifying approxima- 
tion of averaging over the orientation dependence of 7, converting ¥ into a func- 
tion solely of the distances between molecules. This approximation is inapplicable 
to solids composed of polar molecules, since the molecules are held in fixed orien- 
lations in the solid, Tye j Ea 
_ With three-body forces neglected, ¥ is a sum of pairwise potential E 
teraction vij between molecules i and j. With averaging over the orientation de- 


___ 
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A molecule with a permanent 
dipole moment induces a dipole 
moment in a nearby molecule, 
Note that the interaction is 
attractive in both cases. 


(b) 


pendence, v;; depends only on the distance r;; between the centers of i and ips 
vijr;j). For example, for a system with three molecules, 7 = D1 2(ry9) + Distr) 
v23(r23); if the molecules are identical, v; 2, v13, and v2, are the same function. For 
a system of N molecules 


N 
ved 2 rata) (22.128) 


The two-molecule potential energy v;j could be calculated in principle by solving 
the Schrödinger equation for a system consisting of molecules i and j and averaging 
the result over all orientations. Such a calculation is extremely difficult, Instead of 
quantum mechanics, one uses an approximate model of a molecule as an electric 
dipole having a certain electric polarizability (Sec. 14.15), and one uses classical elec- 
trostatics to calculate v;j. Intermolecular forces between nonreacting molecules are 
substantially weaker than chemical-bonding forces and therefore have only small 
effects on the internal structures of the molecules. Thus we can get a fairly accurate 
representation of intermolecular interactions without dealing with the detailed struc- 
tures of the molecules. An exception is hydrogen bonding. 

The force F(r) and potential energy u(r) between two bodies are related by Eq. 
(2.21) as F(r) = —dbv(r)/dr. For two ions, F(r) is given by Coulomb’s law (14.1), and 
u(r) = 2122e7/4neor [Eq. (19.4)]. Forces between ions occur in electrolyte solutions, 
ionic solids, and molten salts. This section considers only neutral molecules. 

If molecules 1 and 2 have permanent electric dipole moments p, and pz, the 
force one exerts on the other will depend on p,, pz, the separation r, and the relative 
orientation of the two dipoles. Since we are ignoring the orientation dependence of 
v, we must average v over all orientations. If the two molecular dipoles were oriented 
completely randomly with respect to each other, their average interaction energy 
would be zero, because repulsive orientations would occur just as often as attrac- 
tive orientations. However, the Boltzmann factor e~ "*" favors attractive orientations 
(which have lower energies) over repulsive ones. (Recall the phenomenon of orien- 
tation polarization; Sec. 14.15.) The orientation-averaged potential energy of two 
dipoles calculated with allowance for the Boltzmann distribution turns out to be 


x y 
Ya-a(") = ——— ae (22.129) 


where p, and p are the dipole moments in cgs gaussian units (statC cm) and vis 0 
ergs. (For conversion of the equations in this section to SI units, see Sec. 19.1 ani 
inside the back cover.) As T + 00, the e™4"*T Boltzmann factor goes to 1, all orien- 
tations become equally likely, and vy_ + 0. The term (22.129) is the dipole-dipole 
contribution to v. [For derivations of (22.129) to (22.131), see Hirschfelder, Curtiss 
and Bird, secs. 13.3 and 13.5.] A h 

Besides v4.4 other interactions contribute to the intermolecular potential °. ee 
permanent dipole moment of one molecule will induce a dipole moment in a eae 
molecule (whether or not the second molecule has a permanent dipole moment) 
Fig. 22.16. The (attractive) interaction between the permanent moment of one ps 
cule and the induced moment of the second gives the dipole-induced-dipole oor 
bution to v. This turns out to be 


/2 ot 1204 


pi & + a 
paces to (22.130) = e205 | 


r 


where x, and æ, are the polarizabilities of molecules 1 and 2 in cgs gaussian units 
(cm). Note the absence of kT in (22.130); the induced dipoles are born oriented, as 
noted in Sec. 14.15. 

Even if neither molecule has a permanent dipole moment, there will still be an 
attractive force between the molecules. This must be so; otherwise, gases like He or 
N, would not condense to liquids. The electrons (and to a lesser extent the nuclei) 
are in continual motion within a molecule. The permanent dipole moment p is cal- 
culated using the average locations of the charges. If p is zero, the time-average charge 
distribution must be completely symmetric. However, the charge distribution at any 
instant in time need not be. For example, at a given instant, both electrons in a 
helium atom might be on the same side of the nucleus. The instantaneous dipole of 
a molecule induces a dipole in a nearby molecule. The interaction between the in- 
stantaneous dipole moment and the induced dipole moment produces a net attraction, 
whose form was calculated by London in 1930 using quantum mechanics. This London 
or dispersion energy is (approximately) 

ly 31l, a4 
Pap STT TA 


where J, and J, are the ionization energies of molecules 1 and 2. The order of mag- 
nitude of J is 10 eV for most molecules. 

The net long-range attractive potential energy for two neutral molecules is the 
Sum va-d + Va-ia + Yaisp Each term is proportional to 1/r°. The attractive force (called 
the van der Waals force) that results from these three effects is proportional to 1 jr” and 
falls off much faster with distance than a Coulomb’s law force (1/r?). Table 22.1 gives 
minus the coefficient of 1/r® in (22.129) to (22.131) for several pure substances at 
25°C. 

Note that, except for small, highly polar molecules (for example, H,O and HCN), 
the dominant term in the van der Waals attraction is the dispersion energy. Also, Va-ia 


TABLE 22.4 


CONTRIBUTIONS TO THE INTERMOLECULAR POTENTIAL ENERGY OF LIKE MOLECULES AT 25°C 


(22.131) 


— 10°" vr (erg cm®) 
Dipole- 
Molecule p'/D a’/A? IJeV_Dipole-dipole induced dipole Dispersion 
ar 0 1.63 158 0 0 50 
be 0 1.76 15.6 0 0 58 
CoH 0 9.89 92 0 0 1086 
GHg 0.08 6.29 tlt 0.0008 0.09 528 
Hcl 1.08 2.63 127 2 6 106 
CHCl, 1.60 6.48 113 106 3 570 
30; 163 372 123 114 2% 205 
#20 1.85 1.59 12.6 190 11 38 


HCN 2.98 2.59 138 1277 46 
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is always quite small. The polarizability (which determines Vaisp) increases with in. 
creasing number of electrons. Values of a’ for the halogens and some straight-chain 
hydrocarbons are: 


Molecule | Fz | Ch | Br h CH; CH, GH, 
——_ i a ah 
a'/A? tats i a 6.7 10.2 26 45 63 


The outer electrons in I, are farther from the nuclei than in Br, and so are more 
easily distorted. The increase in increases vgj,, in (22.131), so F, and Cly are gases 
at room temperature, Br, is a liquid, and I, is a solid. The increase in boiling point 
as n increases in the series C,H>,,, 2 is due to the increase in æ and vyic. 

Just as molecular dipole moments can be estimated as the vector sum of bond 
moments, the molecular polarizability can be estimated as the sum of bond polariz- 
abilities. 

Besides the terms (22.129) to (22,131), another important intermolecular attraction 
is the hydrogen bond. This is an attraction between an electronegative atom in one 
molecule and a hydrogen atom bound to an electronegative atom in a second mole- 
cule. The electronegative atoms involved are F, O, N, and, to a lesser extent, Cl and 
S. Species showing substantial hydrogen bonding include HF, H,O, NH3, CH,OH, 
CH3NH), and CH;COOH. In water, each OH bond is highly polar, and the small, 
positive H of one H,O molecule is strongly attracted to the negative O of a nearby 
H20 molecule, as symbolized by HOH: --OH),. The magnitude of the hydrogen- 
bond energy (2 to 10 kcal/mol at the distance of lowest potential energy) is sig- 
nificantly greater than that of the energies (22.129) to (22.131) (which run 0.1 to 
2 kcal/mol for molecules that are not large) but substantially less than the energy of 
an intramolecular covalent bond (30 to 230 kcal/mol, Sec. 20.1). The relatively high 
melting and boiling points of H,O and NH, are due to hydrogen bonding. Hydro- 
gen bonds hold together the paired bases in DNA, are responsible for binding most 
substrates to enzymes, and help determine the conformations of proteins. 

Because of its occurrence in such key species as water, proteins, and DNA, the 
hydrogen bond has been intensively studied experimentally and theoretically. A full 
quantum-mechanical understanding of the hydrogen bond has not yet been achieved. 
The hydrogen bond cannot be explained solely as an electrostatic attraction but has 
a significant amount of covalent character due to the sharing of lone-pair electrons 
on N, O, or F with H. [For further discussion, see the references cited in L. C. Allen, 
J. Am. Chem. Soc., 97, 6921 (1975).] The hydrogen bond is a relatively strong, highly 
directional interaction, and we shall assume the absence of hydrogen bonding in the 
discussion below. ` 

So far we have considered the forces that occur at relatively large separations 
between molecules. At small intermolecular distances, the molecules exert strong 
repulsions on each other, mainly because of the Pauli-exclusion-principle repulsion 
between the overlapping electron probability densities (Sec. 20.4). The very steep, 
short-range repulsion can be crudely approximated by an inverse power Of F; Yep * 
Alr", where A is a positive constant and n is a large integer (8 to 18). The relative 
incompressibility of liquids and solids is due to v,,,. To experience Urep bang Your 
fist on a table. 

In addition, there are intermediate-range quantum-mechanical inter 
whose calculation is extremely difficult. it 

If the intermolecular potential energy v is approximated as the sum of the sho 


rep’ 


actions 


range (rep) and Jongrans (Va-a + gid + Vaisp) potentials, we get a function with 
the form v = A/r” — B/r°. Perhaps the most widely used intermolecular potential is 
the Lennard-Jones 6-12 potential (Prob. 22.72) 


{QO a 


where ¢ is the depth of the minimum in the potential and a is the intermolecular 
distance at which v = 0 (Fig. 22.17a). For r <a, the 1/r'? term dominates, and v 
increases steeply as r decreases. For r > a, the — 1/r® term dominates, and v decreases 
as r decreases. The parameter o is an approximation to the sum of the average radii 
of the two molecules. Note the resemblance to Fig. 21.8, which is an intramolecular 
potential. The Lennard-Jones potential is not too bad but is not an accurate rep- 
resentation of intermolecular interactions, even for rare-gas atoms. (The physicist 
John E. Jones changed his surname to Lennard-Jones when he married Kathleen 
Mary Lennard in 1925.) 

Note from Fig. 22.17 that intermolecular forces between neutral molecules are 
comparatively short-range. The attractive energy between two Ar atoms drops to 
nearly zero at a center-to-center distance of 8 A, which is a bit more than twice the 
diameter of an Ar atom. At r = 2.50, Eq. (22.132) gives v = —0,016e, and the inter- 
molecular potential energy is a mere 14 percent of its value at the bottom of the curve. 

The crudest approximation to intermolecular potentials is the hard-sphere po- 
tential function (Fig. 22.17) 


ie p forr>d 22.133) 


© forr <d 


where d is the sum of the radii of the colliding molecules, considered to be infinitely 
hard “billiard balls.” The hard-sphere potential is often used in statistical mechanics, 
not because it accurately represents intermolecular forces, but because it greatly 
simplifies calculations. 

We shall see in Sec. 22.11 that the second virial coefficient B(T) in the virial equa- 
tion of state (8.4) for gases can be expressed in terms of the intermolecular potential. 
Ifv is taken to be a Lennard-Jones function, the best fit to experimental B(T) data 
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(a) The Lennard-Jones 
intermolecular potential for Ar. 

(b) The hard-sphere intermolecular 
potential. 
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for several gases is obtained with the following o and ¢ values: 


Molecule dyislÅ a/A eleV e/kT,, 
Ar 37 3.50 0.0101 1.3 
Xe 49 4.10 0.0192 1.3 
CH, 4.1 3.78 0.0128 13 
co; 46 433 0.0171 

CHo 74 8.57 0.0209 07 


The d,;, values are hard-sphere diameters calculated from gas viscosities using the 
kinetic-theory equation (16.25) and are in Tough agreement with the Lennard-Jones 
a values. T, is the normal boiling point. Interestingly, £ = 1.3kT;, for the nonpolar, 
spherical molecules Ar, Xe, and CH4, but this relation doesn’t hold for CoH, where 
v depends on the relative molecular orientation and the Lennard-Jones potential is 
a poor approximation. When the Lennard-Jones £ is equal to FKT = 1.5kT, the mean 
molecular translational energy equals the maximum intermolecular attraction energy, 
and so we should expect ¢ to correlate with the boiling point. 

Note that € is far less than the dissociation energies Do of diatomic molecules, 
which run 1 to 10eV. The van der Waals attraction between two molecules is far 
weaker than chemical-bonding forces. Also, o (which is 3 to 6 A for molecules that 
are not very large) is substantially greater than chemical-bond distances (1 to 3A). 
Hydrogen bonds are 2 to 3 A for the distance of minimum potential energy. 

Equations (22.129) and (22.130) for Va-a and vg_jq treat the molecule as an electric 
dipole, and their derivation is based on Eq. (14.82) for the electric potential of a dipole. 
Since (14.82) applies only at large distances from a system of charges, Eqs. (22.129) 
and (22.130) are not accurate for molecules that approach each other closely, These 
inaccuracies are partly compensated for by the use of empirically adjusted values of a 
and £ in the Lennard-Jones potential. Note also that the orientation-averaged vg.g in 
(22.129) is temperature-dependent, but this is ignored in the Lennard-Jones potential. 

For polar molecules, a substantial improvement on the Lennard-Jones potential 
is obtained by dropping the approximation that v depends only on the intermolecular 
distance r. A commonly used orientation-dependent potential is the Stockmayer poten- 
tial, which includes a term depending on the angles defining the relative orientation 
of the two dipoles (see Hirschfelder, Curtiss, and Bird, pp. 35, 211-222). 

The van der Waals attractions in Ar, are sufficiently strong for a small concen- 
tration of Ar, molecules to exist in argon gas at temperatures below 100 K, The Arz 
dissociation energy and internuclear distance are D, = 0.012 eV and Re = 3.76 A, and 
Ar, has several bound vibrational levels existing in the potential of Fig. 22.174 Van 
der Waals molecules detected by spectroscopic methods include Ne, Arz, Kta, te 
Ar-N3, (Oo), Mg», and Ar-HCI. One of the van der Waals molecules NO-O, an 
(NO), might be a reaction intermediate in the NO + O, reaction; recall meen 
(17.60) and (17.61). For more on van der Waals molecules, see B. L. Blaney and G. È- 
Ewing, Ann. Rev. Phys, Chem., 27, 553 (1976). eh f 

Experimental information on intermolecular forces is obtained from virial coe 
ficients and transport properties of gases and from excess functions of liquid pe 
since these macroscopic properties are related to intermolecular forces. More aire 
information on intermolecular forces is found from molecular-beam scattering s 
periments (Sec. 23.3) and study of van der Waals molecules. The very inadequal 


current knowledge of intermolecular forces is the major stumbling block in calculating 
macroscopic properties of liquids and high-pressure gases from molecular properties. 


STATISTICAL MECHANICS OF FLUIDS 


Ideal gases were treated in Secs. 22.3 to 22.8. We now consider nonideal gases and 
liquids. Section 24.12 treats the statistical mechanics of solids. 

For liquids and nonideal gases, the potential energy ¥ of intermolecular inter- 
actions makes it impossible to write the canonical partition function Z as a product 
of molecular partition functions. Moreover, it is a hopeless task to try and solve the 
Schrödinger equation for the entire system of 10°? molecules to obtain the system 
quantum energies E;. One therefore resorts to the approximation of using classical 
statistical mechanics to evaluate part of Z. 

In earlier sections we noted that when the spacing between the levels of a given 
kind of energy is much less than kT (Ac < kT), this kind of energy can be treated 
classically, replacing the sum over states by an integral. Let H be the Hamiltonian 
(Sec. 18.11) for the entire system. Suppose that H can be written as 


H= Ha + Hay (22.134) 


where H contains the energies that can be treated classically and H,, contains the 
energies that must be treated quantum mechanically. Further, suppose that the terms 
in Hą are independent of those in Hg,, and vice versa. Because of the assumed 
independence of the terms in He and Hqw Ezin Z =), e "1 is the sum of classical 
and quantum energies and therefore 


Z=Leokau (22.135) 


Where Z,a is calculated classically using integration over states and Z,, is calculated 
quantum mechanically using summation over states. The subscript scl stands for 
Semiclassical and will be explained later. 

Except at very low T, the translational and rotational levels are closely spaced 
compared with kT, so Ha contains the translational and rotational energies. The 
intermolecular potential Y [Eq. (22.128)] is a function of the coordinates of the 
centers of mass of the molecules (since the distances between molecules depend on 
these coordinates) and is a function of the angles defining the spatial orientations of 
the molecules (since the force between polar molecules depends on their orientation). 
These are the same coordinates that describe molecular translations and rotations, 
$0 ¥ is part of Ha. The vibrational and electronic levels are not closely spaced 
compared with kT and are included in Hq, of the fluid. Thus 


He = Hit Heat %> Hau = Hin + Ha (22.136) 


The restoring forces in chemical bonds within a molecule are much stronger 
than intermolecular forces, so the molecular vibrations are not substantially affected 
by intermolecular forces, Also, rotational and vibrational motions are approximately 
independent of each other. Although the intermolecular potential depends on the 
electronic states of the interacting molecules, at ordinary temperatures there is neg- 
ligible occupation of excited electronic states. Therefore the separation (22.136) into 
noninteracting classical and quantum-mechanical motions is reasonably accurate. 
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We need the expression for Z,., in (22.135). This is obtained by taking the limit 
of the quantum-mechanical canonical partition function for the relevant energies as 
Ae/kT > 0. The derivation is very complicated (see Hill, sec. 22-6, or McQuarrie 
(1973), sec. 10-7), and we omit it, simply quoting the result. For a fluid containing 
molecules, all of the same species, one obtains 


1 -Ha 
m= aan fff "T dq, ++- dary dp; `++ dppy (22.137) 


where f is the number of molecular coordinates that are being treated classically 
and the p’s and q’s are explained below. We are treating the translational and rota- 
tional coordinates classically. Each molecule has three translational coordinates and 
two or three rotational coordinates, depending on whether the molecule is linear or 
nonlinear (Fig. 21.22). Thus, f = 5 for a linear molecule, and f = 6 for a nonlinear 
molecule. 

In Eq. (22.137), q, to ry are the translational and rotational coordinates of the 
N molecules. These coordinates consist of the 3N translational cartesian coordinates 
Xis Yi» Zis: ++, Xy, Yy» Zy Of the centers of mass of the N molecules, and the 2N or 
3N angles of rotation for the N molecules. This gives a total of 5N or 6N coordinates: 
JN = 5N or 6N. The quantities p}, ... ọ Pyy are the momenta that correspond to these 
coordinates. For the translational coordinate x, of molecule 1, the corresponding 
momentum is the linear momentum py, , = mv, ;. For a rotational coordinate (that is, 
angle), the corresponding momentum is the angular momentum of rotation involving 
that angle. 

Ha is a function of the fN coordinates and the fN momenta. The integration in 
(22.137) consists of 2fN definite integrals over the full ranges of gy... syns Pra 
Psy. Each cartesian coordinate ranges from 0 to a or b or c, where a, b, and c are the 
x, y, and z dimensions of the container. Each linear momentum and each angular 
momentum ranges from — oo to oo. The angular coordinates range from 0 to xor0 
to 27, depending on the angle. For simplicity, the integration limits have been omitted 
in (22.137). 

The state of a system in classical mechanics is defined by the coordinates and 
momenta of all the particles (Sec. 18.6). Hence, the quantum-mechanical summation 
of e~**) over states is replaced in (22.137) by a classical-mechanical integration of 
e~ P4e1 over coordinates and momenta. The N! arises from the indistinguishability of 
the molecules. The h~" factor cannot be understood classically, since h occurs only 
in quantum mechanics. Because of the h~“ in (22.137), we use the designation semt- 
classical rather than classical. 

Equation (22.137) is for a pure fluid. For a fluid mixture, N!4/™ is replaced by 
[Tp Np! h/®*®, where Ny is the number of molecules of species B, where fg is the num- 
ber of classical coordinates (five or six) of a B molecule, and where the product goes 
over all species present. In the rest of this section we shall assume a pure fluid. 

Hy in (22.136) contains the vibrational and electronic energies. These have 
been taken to be independent of intermolecular interactions. Therefore the systems 
vibrational and electronic energy levels are the sums of the vibrational and electroni¢ 
energies of the isolated molecules, and the work of Secs. 22.6 and 22.7 applies: We 
have for a pure substance iN 02139) 

Zou = ZvivZe1 


where z,;, is given by (22.110) or (22.90) and z„ by (22.92). 


He in (22.136) is 
Ha = Hoah i + Ate + Aros a + Arouw + ¥ (22.139) 


Hyp, ÍS the translational kinetic energy of molecule 1 and is given by Eq. (18.45) as 
Haa = (Px, + Py. + Pz,1)/2m. Ho, is the classical Hamiltonian for rotation of 
molecule 1 and is a function of the two or three rotational angular momenta and the 
rotational angles. The intermolecular potential energy ¥ is a function of the center- 
of-mass coordinates of each molecule and of the rotational angles specifying the 
molecular orientations. 

The next step is to substitute (22.139) for H., in the Z,.; expression (22.137) and 
integrate over the translational and rotational momenta. We omit the details (see 
McClelland, secs. 11.4 to 11,6) and just give the final result. One finds 


ANE N 
Zi = pihy) 2rorZcon (22.140) 
where z,, and Z,o are the ideal-gas molecular translational and rotational partition 
functions of Eqs. (22.81) and (22.85) or (22.109), and where the configuration integral 
(or configurational partition function) Zeon is 


1 
aN f j ffe sin 0; ++- sin @ydx,+*+dzyd(angs) (22.141) 


(fe e G. 
con (4r or 8r 


In (22.141) one uses 4r for linear molecules and 8x? for nonlinear molecules. For a 
linear molecule, d(angs) = d0, do; `` ` dOy dy, where 0, and ġ, are the polar coor- 
dinate angles that give the spatial orientation of the axis of molecule 1 (Fig. 21.7). 
For a nonlinear molecule, d(angs) = d0, do, dy, +** d0y doy diy; where 0, and ġ, 
give the spatial orientation of some chosen axis in molecule 1 and x, (which ranges 
from 0 to 2z) is the angle of rotation of the molecule about that axis. The coordinate 
integration limits in (22.141) are the same as in (22.137). 

Substitution of (22.140) for Z,.. and (22.138) for Zqy into Z = ZyZqu LEQ. 
(22.135)] gives as the canonical partition function of a pure fluid: 


1 X ‘ 
Zai (*) zN 28 2hZcon pure fluid (22.142) 
This differs from the ideal-gas Z of Eqs. (22.49) and (22.58) solely in the presence of 
the factor Z,,,/V%. We can write 


In Zn’ Zig + Zeon = NIV. pure fluid (22.143) 


where Zia is for the corresponding ideal gas. Equation (. 22.143) is the key result of 
this section. : 

Once Z has been found, the thermodynamic properties of the fluid are readily 
calculated from Z by using Eqs. (22.37) to (22.41). For example, A = —kT In Z and 
P =KT( In Z/3V )r.y. Since Zro Zvib» Zeh 204 2u/V [Eq; (22.81)] are independent 
of V, partial differentiation of (22.142) gives as the equation of state 


ohn Zan) (22.144) 
pa ar( eo}. 


The obstacle to finding Z for a fluid is the difficulty in evaluating Zeon, Which involves 


the intermolecular potential ¥. 


__ Kaa 


SECTION 22.11 


| 812 | For a nonideal gas or a liquid, one approximates ¥ as the sum of pairwise 

interactions, ¥ ~ È® v,; [Eq. (22.128)], chooses a form for vij (for example, th 

SRA Lennard-Jones potential or the Stockmayer potential) and tries to evaluate Z, Ey 

Since direct evaluation of Z.., is extremely difficult, various mathematica 

gymnastics are used to simplify the problem. One approach leads to the following 

expression for Z con as an infinite series (for a partial derivation, see Kestin and Dorfman, 
chap. 7, or Jackson, sec. 4.5): 


tt Zee = N tn V —N| cr) +2 (% “cr HRI 
Manha an VN, INEN tS NEN Dna] 
(22.145) 
where VN,/N = V is the molar volume and B, C, ... are functions of temperature 
that can be expressed as certain integrals involving e~ ’"/. [The general expressions 
for B and C are given in E. A. Mason and T. H. Spurling, The Virial Equation of 
State, Pergamon, 1969, eqs. (2.5.25) and (2.5.26).] 
If v;; depends only on the intermolecular distance r, it turns out that 


æ 


B(T) = -2n | (e7 MOKT _ yr? dr ifv = ofr) (22.146) 


o 
where v is the intermolecular potential for two molecules separated by r. When the 
Lennard-Jones potential (22.132) is used in (22.146), one finds (see Hirschfelder, Curtiss, 
EZEZ ana Bird, pp. 163, 1114, and 1119) the results for B(T) shown in Fig, 22.18, Note the 


The second virial coefficient a(r)  Tesemblance to Fig. 8.2. 


for the Lennard-Jones potential. ¢ Substitution of (22.145) into (22.144) gives for the equation of state 
and o are the Lennard-Jones RT BIT) CIT) 
parameters, 
spires cat A ac 22.147) 
BIo2N, P= f: ++ | (22.147) 


which is the virial equation (8.4). 

Expressions for the thermodynamic functions U — Uo, S, G — Uo, etc., are read- 
ily calculated from (22.145) and (22.142); see Prob, 22.83 for the results. l 

If the intermolecular pair potential v is known (say, from a quantum-mechanical 
calculation), the virial coefficients B, C,... can in principle be calculated and the 
thermodynamic properties are then found from (22.147) and the equations of Prob. 
22.83. Conversely, the experimentally measured virial coefficients determined from 
P-V-T data can provide information on v. For gases of nonpolar, approximately 
spherical molecules (for example, Ar, N 2, CH4), observed B(T) data agree quite wel 
with values calculated from the Lennard-Jones 6-12 potential. 

Using reasonable potentials to calculate the virial coefficients, one finds that for 
gases at low or moderate densities, the successive terms in the virial expansion (22.145) 
rapidly decrease in magnitude and only the first few terms need be included. mee 
for gases at very high densities (low V) and for liquids, the successive terms do 
decrease, and the series does not converge; the virial expansion fails, and one mu 
use a different approach for liquids (see Sec. 24.14). 

Let us evaluate the average translational energy for a molecule in the 
the log of the partition function (22.142) in Eq. (22.38), we get 


U = NKT? (ô in 2,/0T)y + NkT2(d In z,.,/dT) + NkT2(d In 2yip/47) 
+ NkT*(d In 2/47) + kT?(2 In Zeon/6T yw 


Clearly, the first term on the right is the total translational energy, the secon 


log (KT/e) 


fluid. Using 


d term 


is the total rotational energy, etc. Thus, U = Uy. + Ugg, + Uyin + Uc + Uintermonr 
where Ujqtermot İS the contribution of the intermolecular potential energies. Using 
(22.81) for Zir, we get 


U = NkT?(6 In z,,/0T)y = NKT (22.148) 


Hence, the average translational energy per molecule is <e} = U,,/N = 3kT. This 
holds for any fluid, not just an ideal gas [Eq. (15.16)]. 

Moreover, because the fluid’s partition function (22.142) is the product of inde- 
pendent translational, rotational, vibrational, electronic, and intermolecular partition 
functions, the Boltzmann distribution law can be applied to each kind of energy. In 
particular, the distribution of translational energies is given by the Maxwell distri- 
bution (15.52). The Maxwell distribution of speeds, Eq. (15.44), holds in any fluid, not 
just in an ideal gas. 


SUMMARY 


By averaging over a canonical ensemble of thermodynamic systems of fixed volume, 
temperature, and composition, we found expressions for the thermodynamic state 
functions in terms of the system’s canonical partition function Z, defined as Z = 
Ye re, where $ = 1/kT, E; is the energy of the system’s quantum state j, and the 
sum goes over all possible quantum states of the system. The quantum states and 
energies are found by solving the Schrédinger equation Aw; = Eph; for the entire 
thermodynamic system. The key formula relating Z and thermodynamic properties 
i A= —kT in Z. 

For a system of N nonlocalized, identical, noninteracting molecules (a pure 
ideal gas), the canonical partition function is Z = z'/N!, where the molecular parti- 
tion function is z = $, e~ ^", where e, is the energy of quantum state r of a mole- 
cule and the sum goes over all the possible molecular quantum states. The relation 
Z=2%/N! is valid provided the number of available molecular quantum states is 
much, much greater than the number of molecules. (If this condition doesn’t hold, 
one must use either the Fermi-Dirac or Bose-Einstein expression for Z.) Writing 
E= Er + Erot + Eyib + Se}, We evaluated z for ideal-gas molecules as the product of 
translational, rotational, vibrational, and electronic molecular partition functions and 
arrived at expressions for thermodynamic properties (U — Uo, S, Cy, etc.) of an ideal 
gasin terms of molecular properties (molecular weight, moments of inertia, vibrational 
frequencies, degeneracy of ground electronic state). e 

For a system of N noninteracting molecules, we derived the Boltzmann distri- 
bution law <N,)/N =e **/*T/z for the average number of molecules in quantum 
State s. This law holds provided <N,) < 1 for all molecular quantum states r. Other- 
wise, Bose-Einstein or FermiDirac statistics must be used. 

In evaluating z, we adopted the convention of taking the zero level of energy to 
coincide with the molecular ground state. With this convention, z gives a very rough 
tstimate of the number of states that are significantly occupied. r 

The entropy of a thermodynamic system is S = kln W, where A is the eiy 
number of system quantum states that have a significant probability of being occupied. 

The intermolecular potential energy for two nonreacting molecules can be ap- 
Proximated as the sum of an attractive term (which is the sum of dispersion, dipole- 
dipole, and dipole-induced-dipole interactions) and a repulsive term (which is due 
mainly to the Pauli repulsion between electrons). 


— Ba 


SECTION 22.12 


| 814 | For a fluid (liquid or nonideal gas) of N interacting molecules, one treats the 
translational, rotational, and intermolecular energies classically and treats the vibra. 

Serie tional and electronic energies quantum-mechanically. This leads to the relation 
In Z = In Zig + In Zeon — N In V, where Zig is for the corresponding ideal as and 
the configuration integral Zeon is a certain integral involving the intermolecular 
potential energy ¥. If Z,,., can be evaluated, then the fluid’s canonical Partition 
function Z is known and its thermodynamic properties can be calculated, 

Important kinds of calculations in this chapter include: 


* Use of Stirling’s formula In N! ~ N In N — N to find In N! for large N. 
e Calculation of populations of molecular states using the Boltzmann distribu- 
tion law <N,>/N = e™*/*T/z and of molecular energy levels using <N(e,))/N = 


geek fz, 
e Calculation of ©,,, and ©,;,, from spectroscopic data using (22.83) and (22.88). 
e Calculation of 2,,, Zro Zvi», and zą for an ideal gas from » (22.81), (22.85), 


(22.90), and (22.92) for diatomic molecules and (22.81), (22.109), (22.1 10), and (22.92) 
for polyatomic molecules, 

e Calculation of U — Up for an ideal gas from (22,94) to (22.98) for diatomic mole- 
cules and (22.111) to (22.113) for polyatomics. 

* Calculation of Cy for an ideal gas from (22.99) to (22.103) for diatomic molecules 
or (22.114) to (22.116) for polyatomics. 

* Calculation of $ for an ideal gas from (22.105) to (22.108) or (22.108), (22.117), 
and (22.118). 


FURTHER READING 


Andrews (1975); Davidson; Denbigh, chaps. 11 and 12; Hill; Jackson; Kestin and 
Dorfman; Knox; McClelland; McQuarrie (1973); Mandl: Reed and Gubbins. 


PROBLEMS 


Sec. 22.2 | 22.3 | 22.4 22.5 22.6 22.7 

Probs. | 22,1-22.5 22,6-22.8 22.9-22.11 | 2212-2219 if 22.20-22.55 | 22.56-22.60 

Sec, | 22.8 229 | 22.10 l 22.11 | general 

Probs. | 22.61-22.65 22.66-22.67 | 22.68-22.78 | 22.79-22.83 | 22.84-22.87 

22.1 What are the units of Z? 225 Verify that (22.33) for S can be written as S= 


22.2 If system 1 is 10.0 g of water at 25°C and 1 atm and sys- =k E; p; In pj. 

tem 2 is 25.0 g of water at 25°C and 1 atm, and Z, and Z, are ; 3 culate the 
Í iti ; p : 22.6 For neon gas in a 10-cm* box at 300 K, calcu 

the canonical partition functions of these systems, what is the ` i i Jess than 

r a al s th energy less 

numerical value of (In Z,)/(In Z,)? es of available translational states with energy 

22.3 Verify that G = kKTV7[@(V~! In Z)/eV i A 

: [ eV Irn 22.7 This problem finds the number of translational quanim 

22.4 The choice of zero level of energy is arbitrary. Show that states with energy less than some maximum value. Let the A 

if a constant b is added to each of the system’s possible energies of a cartesian coordinate system be labeled with the partic 

E; in (22.36), then (a) P in (22.37) is unchanged; (b) U is increased in-a-box quantum numbers ny, ny, n, and let a dot be ei 

by b; (c) S is unchanged; (d) A is increased by b. at each point in space whose coordinates are integers. (a) EXP! 


why the number of particle-in-a-box states with energy £ < 
tna CqUAIS the number of dots in one-eighth of a sphere whose 
radius iS Tmax = (SMV? ČA ema)". [See Eq. (22.52)] (b) Let 
lines be drawn between the dots to form cubes, each cube having 
adot at each of its 8 corners. Satisfy yourself that each dot is 
shared by 8 cubes—4 at the same altitude and 4 more above 
or below. The number of dots per cube is therefore 8/8 = 1, 
and the density of translational states is thus one per unit vol- 
ume, Hence the number of translational states with £ < &may 
equals one-eighth the volume of a sphere of radius r,,,,. Show 
that for Emax = 347, the number of translational states is 


amV?/3h-?2kT)P 77/6. 


28 What are the units of z? 


129 Use Eq. (22.55) including the three terms in parentheses 
to estimate (a) 10!; (b) 100!; (c) 1000!. The accurate values are 
3628800, 9.3326215444 x 10'7, and 4,0238726008 x 102557, 


210 Use a computer or programmable calculator to accu- 
rately evaluate In (300!). Compare the result with the approxi- 
mation In N! = N In N — N. 


N11 Show that for a system of noninteracting, nonlocalized 
molecules, pp = — RT In (zp/N pg) provided <N,) < 1. 


1212 Most molecules in a gas have &, < 3kT and trx < kT, 
where ¢,,,, is the x component of translational energy. For N3 
inan 8-cm? cubic box at 0°C, calculate Ae,/kT, where Ae, is 
the spacing between adjacent x translational energies when é,.x 
equals kT. 


2213 The mean translational energy of molecules in a fluid 
is3kT. The relative populations of energy levels are determined 
by kT. Calculate kT in eV, kT/he in em™*, and RT in kJ/mol 
and in kcal/mol at room temperature. 


1214 For N,, the fundamental vibrational frequency is Yọ = 
698 x 10!3.5~!. Calculate the ratio of the v = 1 to v = 0 pop- 
ulations at (a) 25°C; (b) 800°C; (c) 3000°C. 


215 For No, the rotational constant is By = 5.96 x 10°° 
s7! Calculate the ratio of the J = 1 to J = 0 populations at 

(@) 200 K; (b) 600 K. (c) What is the limiting value of this ratio 
a T+ 0? 


2216 In this problem, (No), N1)»: :» are the average num- 
ber of molecules in the v = 0,0 = 1, -++ vibrational levels of a 
diatomic molecule. (a) Measurement of the intensities of spec- 
troscopic absorption lines for a certain sample of I,(g) gives 
(NIYAN o) = 0.528 and <N2)/<No) = 0.279. Do these data 
Indicate an equilibrium vibrational distribution? (b) For 1z, ¥ = 
639 x 10!2 5-1. Calculate the temperature of the Iz sample. 
(0) For a certain gas of diatomic molecules (not Iz) in thermal 
‘quilibrium, one finds <N,)/<No> = 0.340. Find <N3>/<No?- 
Explain why your answer is only an approximation. [Spectro- 
opic observation of energy-level population ratios can be used 


to find temperatures of flames and stellar atmospheres; see C. S. 
McKee, J. Chem, Educ., 58, 605 (1981).] 


22.17 When <N,) < 1, the denominator of the Fermi—Dirac/ 
Bose-Einstein distribution law (22.77) must be very large com- 
pared with the numerator, which is 1; hence, the +1 in the de- 
nominator can be neglected. Use the result of Prob, 22.11 to 
show that (22.77) reduces to the Boltzmann distribution when 
<N,) <1. 


22.18 The correct expression for the canonical partition func- 
tion of a system of identical nonlocalized noninteracting par- 
ticles is [Mandl, eqs. (11.15) and (11.31)] 


Zan, = e” BHNINA ia (a+ eha mejt 1 
r 


where f = 1/kT, p ìs the chemical potential, the product goes 
over the molecular quantum states, the upper signs are for fer- 
mions, and the lower signs are for bosons, For ¢N,> @ 1, we 
see from (22.77) that e *“/NA~") » 1. Show that Zid reduces 
to (22.49) when <N,) < 1. Hint: Take In Zip and use (8,30); 
then use (22.77) (with the +1 neglected) twice, 


22,19 For variables that are statistically independent of one 
another, the probability that the variables simultaneously have 
certain values is the product of the individual probabilities for 
each variable. Examine Eq. (22.77) to see whether the velocity 
components Vy, Vy, Vs in an ideal gas are statistically indepen- 
dent of one another (as assumed in the Chap, 15 derivation of 
the Maxwell distribution of speeds) when the condition <N,) * 
1 does not hold. 


22.20 Suppose a system consists of N noninteracting, nonlo- 
calized, identical particles and that each particle has available 
to it only two quantum states, whose energies are £; = 0 and 
£, =a. (a) Find expressions for z, Z, U, Cy, and S. (See the 
note at the end of this problem.) (b) If a = 1.0 x 1077°J and 
N = 6.0 x 1024, calculate z, S, and U at 400 K. (c) Find the 
limiting values of U and of Cy as T ~ %. Give physical expla- 
nations for your results in terms of the populations of the levels. 
(d) Find the limiting value of S as T — œ. Note: The two quan- 
tum states referred to are the quantum states for the internal 
motion (Sec. 21.3) in each particle. In addition, each nonlocal- 
ized particle has a huge number of available translational states 
that allow <N,)> < 1 to be satisfied. The problem therefore cal- 
culates the contributions of only the internal motions to the 
thermodynamic properties. The 1/N! should be omitted from 
Z, since the 1/N! belongs as part of the translational factor in 
Z, which is not being considered in this problem. 


2221 For a collection of harmonic oscillators, calculate the 
rcent of oscillators in the v = 0 level when hy/kT equals (a) 
10; (b) 3; (c) 2; (d) 1; (e) 0.1. 


2222 (a) Show that if the harmonic-oscillator approximation 
is used, the fractional population of the diatomic-molecule 


vibrational level v is 
<N,)/N 5 e~ OuviT(] re e7 Ovni) 


(b) For Nz, Osp = 3352 K. Plot the fractional population of 
the v = 1 vibrational level of N.(g) vs. T from 0 to 15000 K, 
using the harmonic-oscillator approximation. Explain why the 
high-T part of the curve is not accurate. 


22.23 Show that the temperature at which the fractional popu- 
lation of the harmonic-oscillator level v is a maximum is 


T= Ov /n (1 + 1/0) 
and that the fractional population of level v at this T is 
(N,>/N = v'/(v + 1°! 
[See Prob. 22.22(a).] 


22.24 For a system of noninteracting molecules, let the mo- 
lecular energy levels (not states) be £4, £3, &,... . Ife > £}, is 
it possible for a system in equilibrium to have more molecules 
in the level e, than in ¢,? Explain. 


22.25 A certain system is composed of 1 mole of identical, 
noninteracting, nonlocalized molecules. Each molecule has 
available to it only three energy levels, whose energies and 
degeneracies are: e, = 0, g, = 1; £3/k = 100 K, g, = 3; £,/k = 
300 K, g, = 5. (k is Boltzmann's constant.) (a) Calculate z at 
200 K. (b) Calculate the average number of molecules in each 
level at 200 K. (c) Calculate the average number of molecules 
in each level in the limit T — oo. (See the note at the end of 
Prob. 22.20.) 


22.26 (a) Show that In N! = Ẹ¥-, In x. (b) Explain why this 
sum can be approximated by an integral if N is large. (c) Use 
(22.79) to show that In N! = N In N — N for large N. 


22.27 (a) The Euler-Maclaurin summation formula is 


fa fa so Mw 
2 12 720 30240 


È fin) = Í Sindan + 


where f™ is the fifth derivative of f(n) evaluated at n = a. Use 
this formula to derive Eq. (22.86). (b) Calculate the percent 
error in 2,9 Of Hz at 0°C when (22.85) is used. (c) Repeat 
(b) for N3. 


22.28 
22.29 


22.30 
to S. 


22.31 


Verify Eqs. (22.96) to (22.98) for the contributions to U. 
Show that Cy vip in (22.102) goes to nR as T > œ. 
Verify Eqs. (22.104) to (22.107) for the contributions 


Verify (22.108) for Sy. 
Calculate $39g for He(g), Ne(g), Ar(g), and Kr(g). 
Calculate S39 for H(g). 


22.34 Calculate U3, — Us for He(g), Ne(g), and Ar(o). 


22.35 For Ar(g), Probs. 22.32 and 22.34 give Sios = 1548 
Jmol”! K~! and U3ox — Us = 3718 J/mol. Calculate h 7 
Z, and z for 1 mole of the ideal gas Ar at 25°C and 1 bar, 4 


22.36 (a) Use data in Table 21.1 of Sec. 21.4 to calculate 
Oyj, and ©,., of '*N>. (b) For 1 mole of N,, calculate 1 
Zov Zyiby ANd Zą at 300K and 2.00 atm. (c) Repeat (b) for 
2500 K and 2.00 atm. 


22.37 For HF, ¥9 = 3959 cm™', and By = 20.56 cm”, For 
HF(g), calculate (a) S39; (b) Cy2083 (€) Co, 298: 


22.38 For Iz, vo = 6.395 x 10'? s~!, and the internuclear 
distance is 2.67 A. For 1,(g), calculate (a) T5009 — Ue; (b) 
F309 — Uo; (c) S300; (d) G00 — UG. 


22.39 The far-IR spectrum of HCI shows a series of lines 
with the approximately constant spacing 20.9 cm~, The near- 
IR spectrum shows a strong absorption band at 2885 cm™!, 
Assume the data are for H*°CI and calculate 539 for H5C\(g), 


22.40 (a) Without looking up data or doing elaborate calcula- 
tions, estimate the room-temperature Cy and Cp of HF(g). 
Compare with the Appendix value. (b) Explain why several of 
the diatomic gases listed in the Appendix have the same Cp 293 
value. 


22.41 For NO, the ground electronic level and the first excited 
electronic level are each doubly degenerate, The separation be- 
tween these two electronic levels is a mere 0.0149 eV. There 
are no other low-lying electronic levels. For NO(g), calculate 
Ze at 30 K, 150 K, and 300 K. 


22.42 Use information in the preceding problem to calculate 
and plot Cy,.; vs. T for NO(g) from 30 to 300K. (See also 
Prob. 22.20¢.) 


22.43 (a) Let s=1+x+x? ++ Show that s—xs=1. 
Then solve for s to get the geometric-series formula (22.89). (6) 
By considering the function 1/(1 — x), devise another deriva- 
tion for (22.89). 


22.44 (a) Find the expression for z,;, of a diatomic mole 
if the zero of energy is taken at the bottom of the potenti d 
energy curve, so that £i = (v + hv. (b) Then find Uvip a 
compare with (22.97). Does your result agree with Prob. 22. 


22.45 Sketch Cy vs. T for a typical ideal diatomic gas. 


22.46 For CO (which has @,,, = 2.77 K), find the Ligier 
of molecules having J < 16 at 25°C (a) by using the bik 
mation of replacing a sum by an integral; (b) by using 2 00 m 
puter or programmable calculator to evaluate the required i 
directly. In both (a) and (b), use (22.86) for Zor In working 
also tabulate the percentages of molecules with J =0, =" 
J =2,...,5= 16. 


1241 In an example in Sec. 22.6, we found that Sib oon is 
negligible for N>. However, S¥ip,29g is not completely negligi- 
ble for Fz or for FCI. Explain this in terms of the bonds in 
the molecules. Explain why S¥;,,.29g is much smaller for HF 
than for F>. 


2248 (a) Replace the sum in (22.87) by an integral and perform 
the integration to get the semiclassical expression for zy of a 
diatomic molecule. (b) Verify that in the limit T > 00, Eq. (22.90) 
reduces to the result for (a). 


7.49 Equation (22.104) predicts that S, > —% as T + Oat 
fixed n and P. But from the third law of thermodynamics we 
know that § + 0 as T — 0 for a pure substance. Explain this 
apparent contradiction. 


2250 (a) For the isoelectronic molecules CO(g) and N,(g), 
state (without looking up any data) whether each of the fol- 
lowing partition functions will be approximately equal or will 
differ substantially for temperatures in the range 100 to 1000 K: 
ty Zrov Zvib» Zer: (b) Estimate $3og[CO(g)] — S398[N2(9)] by 
doing the minimum amount of calculation. Check your estimate 
with data in the Appendix. 


251 Consider the species N3(g), O2(g), F2(g), Br2(g). With- 
out looking up any data or formulas, answer the following 
questions. (a) Which one has the smallest ©,,, and which the 
largest ©,,,? (b) Which one has the smallest @,;, and which the 
largest ©,;,,? (c) Which one has the greatest z,., at room tem- 
perature? (d) Which one has the greatest z,;, at room tempera- 
ture? (e) Which one has the greatest Cy ro at room temperature? 
(f) Which one has the greatest Cy vip at room temperature? 


252 According to (22.108), Są increases as the molecular 
weight increases. Equations (22.104), (22.82), and (22.65) show 
that this increase is due to the increase in Zy as M, increases. 
Explain why z, increases as M, increases at constant T; 


ni 
253 For HF, @,,, = 29.577 K. Evaluate 2, for HF(g) at 
20 K, 30 K, and 40 K, using (a) the high-T equation (22.85); (b) 
the expansion (22.86) with terms through (©,,/T)* included; 
(c) exact evaluation of z,o in the equation preceding (22.83) by 
direct term-by-term addition. For (c), use a computer or pro- 
grammable calculator; include a test to decide when to stop 
adding terms, Compare the approximate results of (a) and (b) 
with the exact result of (c). 


254 Derive the formula S = —Nk Y, x; In x, —In N! (Sec. 
226) as follows. Substitute (22.49) and (22.38) into (22.39). Then 
multiply the Nk In z term by $s e~ **"/z (which equals 1) and 
combine the sum in this term with the other sum in the S 
equation, Then use (22.69) and the log of (22.69). What condi- 
tion (besides “ideal gas”) must be satisfied for this formula for 
Sto hold? 


255 Obtain the correct high-T limit of U,. as follows. Use 
the Taylor series (8.30) to show that (22.86) gives 


In Zro = In T — In Opo, + Opo 3T + OR/90T? +-+ 


Then use (22.63) to show that the high-T limit of Ü, is 
RT — RO,,/3. [For a more rigorous derivation, see I.N. 
Levine, J. Chem. Educ., 62, 53 (1985).] 


22.56 Give the symmetry number for (a) BF; (b) H30; (c) 
HCN; (d) CH4; (e) C2H3; (f) C2H4- 


22.57 For H,S the fundamental vibrational wave numbers 
are 2615, 1183, and 2628 cm7 t, and the rotational constants 
Ao, Bo, and Ey are 10.37, 8.99, and 4.73 cm~'. Calculate $39g 
for H,S(g). 


22.58 For CO, the fundamental vibrational wave numbers 
are 1340, 667, 667, and 2349 cm~ 1 and the rotational constant 
is By = 0.390 cm~ !. Calculate $3.9, for CO2(g). 


22.59 Give the high-temperature values of Cp and Cy, for (a) 
CO,(9); (b) SO3(g); (c) CzH4(g). (Interpret “high temperature” 
to mean a temperature not high enough to give a significant 
population of excited electronic levels.) 


22.60 Verify Eqs. (22.111) to (22.113) for the contributions to 
U. 


22.61 Without doing elaborate calculations, estimate Kp 
for each of these gas-phase isotope-exchange reactions: (a) 
B*5Cl, + 37C, = B35C1, "C1 + 5CIP CI, (b) 2NH; + 
ND, = 3NH,D, (c) PH,D + H20 = PH; + HDO. 


22.62 Given that Dp = 4.4780 eV for the H3 ground electronic 
state, (a) find AU@ for H,(g) > 2H(g); (b) without looking up 
data or doing elaborate calculations, give an accurate estimate 
of AH3og of H,(g) + 2H(g). Compare with the value obtained 
from Appendix data. 

22.63 For Ar(g), calculate (a) Boa — Hg; (b) Aiooo — Ao: 
(c) Gog — Ho; (d) Giooo — Ho: 

2264 A thermodynamics table gives (Gp — Ħg)/T = 
—257.7 J mol”! K~! for CH,OH(g) at 1000 K, Find z for 
1 mole of CH;OH(g) at 1000 K and 1 bar, assuming ideal-gas 
behavior. 

22.65 For diamond, Hog — Hà = 0.523 kJ/mol and S39 = 
2.377 J mol”! K~!. Calculate In Z for 1 mole of diamond at 
25°C and 1 bar. 

22.66 Calculate Whinai/ Winia for mixing 1 mole of benzene 
with 1 mole of toluene at 300 K and 1 atm (assume an ideal 
solution). 


2267 Calculate In W for 1 mole of N2(g) at 25°C and 1 bar. 


22.68 For each of the following pairs of molecules, state which 
one has the greater polarizability. (a) He or Ne; (b) H3 or He; 
(c) Fz or Cl; (d) H3S or Ar; (e) CH4 or C3H6- 
22.69 Write Eqs. (22.129) to (22.131) in SI units. 
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22.70 Verify the values listed in Table 22.1 for vg, Ug.jg, and 
Vaisp for CHCl. 


22.71 Use the Lennard-Jones parameters listed in Sec, 22.10 
to estimate the force between two CH, molecules separated by 
(a) 8 A; (b) 5 A; (c) 3A. 


22.72 With n in vj, = A/r” set equal to 12, we get v= 
Alr!? — B/r®. (a) Let a be the value of r at which v = 0. Show 
that v = Bo®/r'? — B/r®. (b) Let rmin be the value of r at which 
v is a minimum. Show that pin = 2'/%o. (c) Let 2 = v(00) — 
vF min) be the depth of the potential well. Show that B = 4o°e. 
Hence v is given by the Lennard-Jones potential (22.132). (d) 
Verify that (22.132) can be written as v/e=(rmin/r)"? — Armin’) É. 


22.73 Use the result of Prob. 22.72b and data in Sec. 22.10 
to calculate rmin in the Lennard-Jones potential for (a) Ar; 
(b) CoHg. 


22.74 (a) The normal boiling point of Ne is 27.1 K. Estimate 
the Lennard-Jones £ for Ne. (The experimental value is 4,92 x 
107 +5 erg.) (b) The critical temperature of C,H, is 305 K, Esti- 
mate the Lennard-Jones £ for C,Hg. (The experimental value 
is 3.18 x 107! erg.) 


22.75 (a) Sketch F(r) vs. r, where F(r) is the force between two 
nonpolar molecules. (b) Let b be the value of r at which F = 0, 
Express b in terms of the Lennard-Jones o. 


22.76 An intermolecular potential intermediate in crudity be- 
tween the hard-sphere and the Lennard-Jones potentials is the 
square-well potential, defined by v = œ for r < o, v = —¢ for 
a <r < a, and v = 0 for r > a. Sketch this potential, 


22.77 Which of cach of the following pairs has the greater 
normal boiling point? (a) Kr or Xe; (b) C3H5OH or (CH;),0; 
(c) H20 or H,S, 


22.78 Calculate the Lennard-Jones v/e for each of these sepa- 
rations: (a) 2'/°a; (b) 1.50; (e) 2a; (d) 2.50: (e) 30. 


22.79 (a) Show that Zso = V™ for an ideal gas in a rectan- 
gular box with edges a, b, c. Consider separately the cases of 
linear and nonlinear molecules. (b) Show that (22.144) gives 
P = NkT/V for an ideal gas. 


22.80 Show that for the hard-sphere potential of Fig. 22.17b, 
B = 4N 4 Vnoiecy Where Viroiee = 47(d/2)> is the volume of one 
molecule. Hint: Break the integration range into two parts. 
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22.81 The Lennard-Jones parameters for N, are e= 131 

10°71 J and ø = 3.74 A. Use Fig. 22.18 to find the ee 
Jones B of N, at 100, 300, and 500 K. The experimental vals 
are —149, —4, and 17 cm?/mol, respectively 


22.82 (a) For the square-well potential (defined in Prob, 22.76), 
find the expression for B(T) in (22.146). (b) For N3, the square. 
well-potential parameters (found by fitting B data) are ¿= 
131 x 1077" J, ¢ = 3.28 A, a = 5.18 A. Calculate the square- 
well predictions for B of N, at 100, 300, and 500 K. The 
experimental values are —149, —4, and 17 cm?/mol, respec- 
tively, (c) Use the result of (b) to estimate the compression factor 
Z = PVJRT for N, at 100 K and 3.0 atm. 


22.83 Use Eqs. (22.145) and (22.143) to show that for a non- 
ideal gas 
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22.84 As noted at the end of Sec. 22.3, the formula Z = z"/N! 

gives a typical error in Z at 25°C and 1 atm of a factor of 


104109 Use (22.40) to find the error in A produced by such 
an error in Z at 25°C, Is this error in A significant? 


U= Ua- ner>( 


G=Gigt nr ( 


22.85 In a certain gas at a certain temperature, Z,, = 154. 
What fraction of the molecules are in the ground rotational 
state? 


22.86 Consider the quantities Z, In 
Ze for an ideal gas. (a) Which of the: 


In Z, ics Zrous Zvibs nd 
re proportional to the 


„number of moles n? (b) Which are independent of n? (c) Which 


are independent of T? (d) Which are independent of P? 


2287 The formula A = —kT In Z applies to which of the 
following kinds of thermodynamic systems? (a) Every thermo- 
dynamic system in equilibrium; (b) equilibrium thermody- 
namic systems where there are no intermolecular forces; o 
equilibrium thermodynamic systems where <N,) < 1; (d) equi- 
librium thermodynamic systems where there are no intermolee- 
ular forces and where (N,) < 1. 


CHAPTE 


THEORIES OF 
REACTION [RATES 


This chapter discusses the theoretical calculation of rate constants of elementary 
chemical reactions. If a reaction mechanism consists of several steps, the theories of 
this chapter can be applied to each elementary step to calculate its rate constant. 
Accurate theoretical prediction of reaction rates is a largely unsolved problem that 
is the subject of much current research, 

Sections 23.1 to 23.7 deal with gas-phase reactions. Reactions in solution are 
considered in Sec. 23.8. 


En 


HARD-SPHERE COLLISION THEORY OF GAS-PHASE REACTIONS 


The hard-sphere collision theory (developed about 1920 by several people) uses the 
following assumptions to arrive at an expression for the rate constant of an ele- 
mentary bimolecular gas-phase reaction. (a) The molecules are hard spheres. (b) For 
a reaction to occur between molecules B and C, the two molecules must collide, 
(© Not all collisions produce reaction; instead, reaction occurs if and only if the 
telative translational kinetic energy along the line of centers of the colliding molecules 
exceeds a threshold energy én, (Fig. 23.1). (d) The Maxwell—Boltzmann equilibrium 
distribution of molecular velocities is maintained during the reaction. i 
Assumption (a) is a crude approximation; polyatomic molecules are not spheri- 
cal but have a structure, and the hard-sphere potential function (Fig. 22.17b) is 
à grotesque caricature of intermolecular interactions. Assumption (c) seems reason- 
able, since a certain minimum energy is needed to initiate the breaking of the relevant 
bond(s) to cause reaction. We shall see in Sec. 23.3 that assumption (c) is somewhat 
inaccurate, 


— aa 


Line of centers components te, 
and vp, of the velocities of two 
colliding molecules 
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What about assumption (d)? According to assumption (c), it is the fast-moving 
molecules that react. Hence the gas mixture is continually being depleted of high- 
energy reactant molecules. The equilibrium distribution of molecular speeds ig main- 
tained by molecular collisions. In most reactions, the threshold energy (which we 
shall soon see is nearly the same as the experimental activation energy) is many 
times greater than the mean molecular translational energy 3kT. (Typical gas-phase 
bimolecular activation energies are 3 to 30 kcal/mol, compared with 0.9 kcal/mol for 
3RT at room temperature.) Consequently, only a tiny fraction of collisions produces 
reaction. Since the collision rate is usually far greater than the rate of depletion of 
high-energy reactant molecules, the redistribution of energy by collisions is able to 
maintain the Maxwell distribution of speeds during the reaction. For the opposite 
extreme, where ¢,,, © 0, virtually all B-C collisions lead to reaction, so the mixture 
is being depleted of low-energy as well as high-energy molecules. A careful study 
[B. M. Morris and R. D. Present, J. Chem. Phys., 51, 4862 (1969)] showed that for 
all values of &,,/kT, the corrections to the rate due to departure from the Maxwell 
distribution are slight. 

To calculate the gas-phase reaction rate, one simply calculates the rate of colli- 
sions for which the line-of-centers relative translational energy £, exceeds ĉnr: Equa- 
tion (15.62) gives Zgc, the total number of B-C collisions per unit time per unit 
volume when the gas is in equilibrium. Zy- was found from the Maxwell distribu- 
tion of speeds, so, by assumption (d) above, we use (15.62) in the reacting system. The 
number of molecules reacting per unit time per unit volume equals Zgc multiplied 
by the fraction ¢ of collisions for which £y. > £. Since the rigorous calculation of 
this fraction is complicated (see Moore and Pearson, chap. 4), we shall give only a 
semiplausible argument, rather than a derivation. 

There are two components of velocity involved (namely, the component of ve- 
locity of each molecule along the line of centers), so we might suspect that @ equals 
the fraction of molecules in a hypothetical two-dimensional gas whose translational 
energy & = £y + £, = 4mv,? + dmv,? = dmv? exceeds £r. A derivation similar to the 
one that gave (15.44) shows that the fraction of molecules with speed between v and 
v + dv in a two-dimensional gas is (Prob. 15.12) 


(m/2xkT )e~™!T x Inv dv = (m/kT)e 7 "Ty dv (23.1) 


The use of £ = mv? and de = mvdv gives the fraction of molecules with energy be- 
tween £ and £ + de as (1/kT)e~"*? de. Integration of this expression from Bane t0 9 
gives the fraction with translational energy exceeding £p, as e “7. The rigorous 
derivation shows that ġ does equal e~***/*7. alts 
Therefore, the number of B molecules reacting per unit volume per second in he 
elementary bimolecular reaction B + C + products is Zyce "7, where Em = 
Naéinr is the threshold energy on a per-mole basis. The reaction rate r in Gi 
defined in terms of moles, so r = Zpoe E™/RT/N Since r = k[B][C], the predicte 
rate constant is 
5s Zpce Eel RT B) 
Na[B][C] 


The use of (15.62) with N3/V = Nang/V = N,[B] and Nc/¥ = Na[C] gives 


1/2 
k= Nan(rg + r¢)? [= es + ral e-EnRT  forB#C (23.3) 
T B c 


For the bimolecular reaction 2B > products, the rate of reaction is given by 
(174) and (17.5) as r= —}d[B]/dt = k[B]’. The rate of disappearance of B is 
-d[B]/dt = 2Zppe Ew/RT/N The factor 2 appears because two B molecules dis- 
appear at each reactive collision. Therefore k = Zpye”*"/®7/N ,[B]?. Substitution 
of (15.63) with Ng/V = N,[B] gives 


1 SRT\ 
k=37 Nard? (SRE) enEmdRT i for B =C (23.4) 
Equations (23.3) and (23.4) have the form In k= const + $1n T — Ey,,/RT. 
The definition (17.68) gives the activation energy as E,=RT*dink/dT = 

RTŽ(I/2T + Eimr/RT°Y: 
E, = Emr + 4RT (23.5) 


Substitution of (23.5) and (23.3) in A = ke®"/®T (Eq. (17.69)] gives the pre-exponential 
factor as 


8RT (1 1 \}? 
A=Nanlrg +r | —|— +— 12 B f 
at(rg + ro) [ Ge ral e forB#C (23.6) 
Since }RT is small, the hard-sphere threshold energy is nearly the same as the acti- 
vation energy. The simple collision theory provides no means of calculating E,,, but 
gives only the Arrhenius factor A. Because of the crudities of the theory, the predicted 
T'? dependence of A should not be taken seriously. 


Ex 


The bimolecular (elementary) reaction CO + O, > CO, + O has an observed 
activation energy of 51.0 kcal/mol and an Arrhenius factor 3.5 x 10° dm? s~! 
mol”! for the temperature range 2400 to 3000 K. Viscosity measurements and 
Eq. (16.25) give the hard-sphere diameters as d(O,) = 3.6 A and d(CO) = 3.7 A. 
Calculate the hard-sphere collision-theory A factor and compare with the ex- 
perimental value. 

Equation (23.6) gives at the mean temperature 2700 K: 


A = (6.0 x 1075 mol” *)(3.14)(3.65 x 107 1° m}? 
(8.3 J/mol-K)(2700 K) ( mol My mol jan) 
i [ 314 0028 ke * 0.032 ke)” 
A=8.1 x 108 mê s~! mol! = 8.1 x 10"! dm? s~! mol! 
(Note that the use of 2400 or 3000 K instead of 2700 K would change A only 
slightly.) The calculated Arrhenius factor is 230 times the experimental 4 value. 


Since experimental A values are typically accurate to a factor of 3, the discrep- 
ancy between theory and experiment cannot be blamed on experimental error. 


For most reactions, the calculated A values are much higher than the observed 


: isi i dding 
values. Hence, in the 1920s the hard-sphere collision theory was modified by a 

a factor p to the right sides of Eqs. (23.2) to (23.4) and (23.6). The factor p is called 
the steric (or probability) factor. The argument is that the colliding molecules must 
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be properly oriented for collision to produce a reaction; p (which lies between 0 and $ 
1) supposedly represents the fraction of collisions in which the molecules have the 
right orientation. For example, for CO + O, > CO, + O, we would expect the Te 
action to occur if the carbon end of the CO hits the O, but not if the oxygen end 
hits O3. The hard-sphere collision theory provides no way to calculate p theoretically, 
Instead, p is found from the ratio of the experimental A to the collision-theory Al 
Thus, for CO + O, + CO, + O, p = 1/230 = 0.0043. With this approach, pis simply 

a fudge factor that brings theory into agreement with experiment. 

The idea of a proper orientation being needed for reaction is valid, but p also 
includes contributions that arise from using a hard-sphere potential and from ignor- 
ing molecular vibration and rotation. Typical p values range from 1 to 1076, tending 
to be smaller for reactions involving larger molecules, as would be expected if p were 
due at least in part to orientational requirements. 

For trimolecular reactions, we need the three-body collision rate. Since the prob- 
ability that three hard spheres collide at precisely the same instant is vanishingly 
small, a three-body collision is defined as one in which the three molecules are within 
a specified short distance from one another. With this definition, the trimolecular 
collision rate per unit volume is found to be proportional to [A][B][C]. We omit 
the expression for k. 


POTENTIAL-ENERGY SURFACES 


We have seen that the hard-sphere collision theory of chemical kinetics does not give 
accurate rate constants. A correct theory must use the true intermolecular forces 
between the reacting molecules and must take into account the internal structure of 
the molecules and their vibrations and rotations. In chemical reactions, bonds are 
being formed and broken, so we must consider the forces acting on the atoms in the 
molecules. During a molecular collision, the force on a given atom depends on both 
the intramolecular forces (which determine the vibrational motions in the molecule) 
and the intermolecular forces (Sec. 22.10). We cannot deal separately with each of the 
colliding molecules but must consider the two molecules to form a single quantum- 
mechanical entity, which we shall call a supermolecule. The supermolecule is not to 
be thought of as having any permanence or stability; it exists only during the collision 
process, i 

The force on a given atom in the supermolecule is determined by the potential 
energy V of the supermolecule; Eq. (2.21) gives Fy.q = —OV/Ox,, where Fx,a is the X 
component of the force on atom a and V is the potential energy for atomic motion In 
the supermolecule. (The Phrase “atomic motion” in the last sentence can be replaced 
by “nuclear motion,” since the electrons follow the nuclear motion almost perfectly; 
Sec. 20.2.) The supermolecule’s potential energy V is determined the same way the 
potential energy for nuclear vibrational motion in an ordinary molecule is calculated. 
Using the Born—-Oppenheimer approximation, we solve the electronic Schrédinget 
equation H.W, = ew, [Eq. (20.8)] for a fixed nuclear configuration. The energy ĉe 
equals V at the chosen nuclear configuration. By varying the nuclear configuration, 
we get V as a function of the nuclear coordinates. ith 

If the supermolecule has W atoms, there are 3.4” nuclear coordinates. As wi 
an ordinary molecule, there are three translational and three rotational coordinates, 


which leave V unchanged (since they leave all internuclear distances unchanged), so 
Vis a function of 3.W =é variables. If V were a function of two variables x and y, we 
could plot V in three-dimensional space; this plot is a surface (the potential-energy 
surface) whose distance above the xy plane at the point x = a, y = b equals V(a, b). 
Since V is usually a function of far more than two variables, such a plot usually can- 
not be made. Nevertheless, the function V is still called the potential-energy surface, 
no matter how many variables it depends on. 

Consider some examples, The simplest bimolecular collision is that between two 
atoms. Here V is a function of only one variable, the interatomic distance R. (The 
supermolecule has .W = 2 and is linear. There are only two rotational coordinates, 
and 34^ — 3 — 2 = 1.) The function V(R) is the familiar potential-energy curve for 
the diatomic molecule formed by the two atoms. For example, for two colliding H 
atoms, the supermolecule is H3. Its V(R) is given by the second lowest curve in 
Fig. 20.2 if the electron spins are parallel, and by the lowest curve if the spins are 
antiparallel. Since there are three two-electron spin functions that have total electron- 
spin quantum number S = 1 and only one spin function that has § = 0 [Eqs. (19.32) 
and (19.33)], two H atoms will repel each other in 75 percent of collisions. Even when 
the spins are antiparallel, a stable molecule will not be formed, since a third body is 
required to carry away some of the bond energy to prevent dissociation (Sec. 17.11). 

Two colliding ground-state He atoms always repel each other (except for the 
very weak van der Waals attraction at relatively large R). A rough approximation 
to V(R) is the Lennard-Jones potential. 

Two colliding atoms are a very special case. Consider the general features of V 
when two stable, closed-shell polyatomic molecules collide. At relatively large dis- 
tances, the weak van der Waals attraction (Sec. 22.10) causes V to decrease slightly 
as the molecules approach each other. When they are close enough for their electron 
probability densities to overlap substantially, the Pauli-principle repulsive force sets 
in, causing V to increase substantially. If the colliding molecules are not oriented 
properly to react, or if they don’t have sufficient relative kinetic energy to overcome 
the intermolecular repulsion, the short-range repulsion causes them to bounce off 
each other without reacting. If, however, the molecules B and C are properly oriented 
and have sufficient relative kinetic energy to approach closely enough, a new chemical 
bond can be formed between them, usually accompanied by the simultaneous break- 
ing of one or more bonds in the original molecules, thereby yielding the products 
Dand E. The Pauli-principle repulsion between D and E then causes them to move 
away from each other, the potential energy V decreasing as this happens. During the 
course of the elementary reaction, the supermolecule’s potential energy first decreases 
slightly, then rises to a maximum, and then falls off. Recall from Sec. 22.10 that 
intermolecular interactions between nonreacting species can be reasonably estimated 
Without considering the internal structures of the species. However, calculation of 
V in a chemical reaction requires detailed quantum-mechanical calculations on the 
Supermolecule. i i 

The most investigated potential-energy surface is that for the reaction H+H, > 
H, +H. The reaction can be studied experimentally using isotopes (D+H, > 
DH + H) or ortho and para H, (H + para H, > ortho H3 + H). [In ortho ee 
nuclear (that is, proton) spins are parallel; in para H3, they are antiparallel. The 


i i tential 
supermolecule is H3. The first quantum-mechanical calculation of the H3 po! 


surface was made by Eyring and Polanyi in 1931, but reasonably accurate results 


Were not obtained until the 1960s. 
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FIGURE 23.2 
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The first highly accurate ab initio calculation of the H, potential Surface (includ. 
ing nonlinear geometries) was made by Liu and Siegbahn [B. Liu, J. Chem, Phys 
58, 1925 (1973); P. Siegbahn and B. Liu, ibid., 68, 2457 (1978); B. Liu, ibid., 80, 581 
(1984).] The Liu-Siegbahn surface is estimated to be in error by less than 0.03 ev 
(} kcal/mol) at every point. Recall from Sec. 20.7 that Hartree-Fock wave functions 
do not give correct values for the energy changes involved in breaking bonds, There. 
fore, accurate calculation of potential-energy surfaces in chemical reactions Tequires a 
procedure, such as configuration interaction (CI), that goes beyond the Hartree-Fock 
method; such procedures are much harder than SCF Hartree-Fock calculations, Liv 
and Siegbahn did CI calculations at 267 H, geometries. Once V has been calculated 
at many points, one can fit an algebraic function to the calculated V values; this 
allows V and its partial derivatives to be found everywhere on the surface. 

For H3, V is a function of 9 — 6 = 3 variables. These can be taken as two 
interatomic distances Ras, Rẹ and an angle 6 (Fig. 23.2a). The reaction is 


H, + HH, > H,H, + H, (237) 


The electron probability density of H, is greatest in the region between the 
nuclei, and the overlap between the electron probability densities of H, and the H, 
molecule is a minimum when @ = 180°. We therefore expect the Pauli repulsion to 
be minimized when the H, atom approaches along the H,H, axis. (Recall the steric 
factor of simple collision theory.) Accurate quantum-mechanical calculations bear 
this out. 

Since V is a function of three variables, the potential-energy “surface” must 
be plotted in four dimensions. If we temporarily restrict ourselves to a fixed value 
of 0, then V is a function of R,, and Rẹ only. We plot R,, and Rp on the two 
horizontal axes and V(R,», Ry) for a fixed 8 on the vertical axis. Figure 23.2b shows 
the V(R,,, Rpe) surface for @ = 180°. A contour map of this surface is shown in Fig. 
23.3. Plots for other values of @ have the same general appearance, The solid lines 
in Fig. 23.3 are lines of constant V, each labeled with its V value. 

At point p in Fig. 23.3, the distance R, equals the equilibrium bond length 
(0.74 A) in H3, and R, is large, indicating that atom H, is far from molecule HyH,. 
Point p corresponds to the reactants H, + H,H,. Point u, where Rp is large and 


(a) Variables for the H + H, 
reaction. (b) The potential-energy 
surface for the H + H, reaction 
for 0 = 180°, 
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Ras = 0.74 A, corresponds to the products H,H, + He. The energy of the reactants 
H, + H,H, has been taken as zero, so points p and u each have zero energy. This 
is not true in general for the reaction A + BC + AB + C, since the energy of AB 
will usually differ from that of BC. 

Point i has both Rap and Rp very large and corresponds to three widely separated 
H atoms: H, + H, + H,. The region around point i in Fig. 23.2b is a nearly flat 
plateau. The potential energy varies hardly at all here, since the atoms are so far 
apart that changing R,, or Rp, doesn’t affect V. The potential energy at i is 4.75 eV 
(1094 kcal/mol) above that at p, this being the equilibrium dissociation energy De 
of H,. The region around i plays no part in the reaction (23.7). (This would be the 
reactant region for the trimolecular reaction H + H + H > H; + H.) 

Along a line joining points g, p, and h, the distance Rap between H, and mole- 
cule H,H, is fixed, but Ry, in HH, varies. This generates the ground-state diatomic 
potential-energy curve for Hy (Fig. 21.8), which can be seen in Fig. 23.2b. V increases 
in going from p to g or from p to h, so point p lies at the bottom of a valley. Point 
lies at the bottom of a second valley at right angles to the valley of p. 

We now look for the path of minimum potential energy that connects reactants 
to products on the potential-energy surface. This is called the minimum-energy path, 
(It is often called the “reaction path” or the “reaction coordinate,” but these names 
are open to objection. The term “reaction path” is misleading, in that the reacting 
Molecules do not precisely follow the minimum-energy path; see Sec. 23.3. The term 
“teaction coordinate” has a meaning slightly different from that of “minimum-energy 
path”: see Sec, 23.4.) The minimum-energy path is the dotted line pgstu in Figs. 23.2b 


Contour map of the H + H2 
potential-energy surface for 

0 = 180°, Note that this diagram 
starts at Ray = Rye ™ 0.5 A rather 
than at zero. [Data from R, N 
Porter and M. Karplus, J. Chem, 
Phys., 40, 1105 (1964).} 
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FIGURE 23.5 


Potential energy V vs. distance d 
along the minimum-energy path 
for the H + H3 reaction. 
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The H + H, potential-energy 
sur in the region of the saddle 
point s. 


and 23.3. Figure 23.4 shows the configurations of the H} supermolecule for some 
points on the minimum-energy path. 

At point q, the atom H, has approached fairly close to the molecule H,H,, and 
the bond distance R,, has lengthened a bit, indicating a slight weakening of the bond. 
Point s has Ra, = Rp: and here the H,—H,, bond is half formed and the H,—H, 
bond is half broken. At point 1, the atom H, is retreating from the newly formed 
H,H, molecule. At point u, the reaction is over. Figures 23.2b and 23.3 show that the 
potential energy along the minimum-energy path increases from p to q to s, reaches 
a maximum at s, and then decreases from s to ¢ to u (Fig. 23.5). Actually, there is an 
initial decrease in V between points p and q due to the yan der Waals attraction, but 
this is too slight to be visible in the figures. 

Point s is the maximum point on the minimum-energy path and is what 
mathematicians call a saddle point, since the surface around s resembles a saddle 
(Fig. 23.6). We have V, < V, and V< V,, but V, > V, and V, > V,. A hiker starting 
at point p and facing toward q is in a deep valley with walls rising to infinity on the 
left and to a high plateau on the right. As he walks from p to s, his elevation rises 
gradually from 0 to 0.4 eV (10 kcal/mol) [compared with 4.7 eV (110 kcal/mol) for 
the plateau height]. The region around s is a pass connecting the reactant valley to 
the product valley. 

For the present, let us ignore the rotation and vibration of H, and use classical 
mechanics to consider a linear collision between an H atom and an H, molecule. The 
total energy of the colliding species in Fig. 23.4 remains fixed (conservation of energy). 
As H, and H,H, approach each other, their potential energy increases (because of 
the Pauli-principle repulsion), so their kinetic energy decreases. If the relative trans- 
lational kinetic energy of the colliding molecules is insufficient to allow the super- 
molecule to climb the potential hill to point s, the repulsion causes H, to bounce 
off without reacting. If the relative kinetic energy is high enough, the supermolecule 
can go over point s and yield products (point u). An analogy is a ball rolled on the 
potential-energy surface from point p toward s. Whether or not it gets over the saddle 
point at s depends on its initial kinetic energy, 

Since the colliding reactants need not have 0 = 180°, all values of @ from 0 to 
180° must be considered. For each value of 0, one can do quantum-mechanical cal- 


culations of V(Rap, Rac). Contour plots of V for various values of 9 resemble Fig. 23,3, 
and can be found in R. N. Porter and M. Karplus, J. Chem. Phys., 40, 1105 (1964), and 
D. G. Truhlar and C. J, Horowitz, ibid., 68, 2466 (1978). Drawing a graph like Fig. 
23.5 for each value of 0, one finds the potential-energy maximum Emax to be sur- 
mounted in going from reactants to products at various 8 values to be 10 kcal/mol at 
§ = 180°, 18 kcal/mol at 112°, 64 kcal/mol at 60°, 34 kcal/mol at 45°, and 10 kcal/mol 
at 0°. As noted earlier, reaction occurs most readily for a linear approach. 

A plot of V(Ras Rsc» 0) requires four dimensions and is not readily made. In- 
stead, we can set up coordinates with the R,, and Ry: axes horizontal and the 8 axis 
vertical and plot contours like Fig, 23.3 at various values of 0. Figure 23.7 indicates 
such a contour plot. (The meaning of the critical dividing surface is discussed in Sec. 
23.4.) The angle 0 may change during a given H,-H,H, collision, and the full potential- 
energy function V(Rj,, Rae» O) is required to deal with an arbitrary collision process. 
Since a linear approach requires the least energy for reaction to occur, most collisions 
that lead to reaction will have 0 reasonably close to 180°. 

Since 0 = 180° is the energetically most favored angle, point s in Fig. 23.3 (which 
is for @ = 180°) lies at a minimum with respect to variations in 0, as well as with 
respect to variations along the line vsw. The configuration of the colliding molecules 
at the saddle point s is called the transition state. For H + H,, the transition state 
is linear and symmetric, with each H—H distance equal to 0.93 A (compared with 
R, = 0.74 A in H3). The potential-energy difference between the transition state and 
the reactants (omitting zero-point vibrational energy) is the (classical) barrier height 
ê; that is, 6, = V, — V,. For H, + H, ab initio quantum-mechanical calculations give 
& = 0.42 eV and E, = N48, = 9.6 kcal/mol. We shall see later that the barrier height 
is approximately (but not exactly) equal to the activation energy for the reaction. 

The term “transition state” should not mislead one into thinking that the super- 
molecule at point s has any sort of stability. The transition state is just one par- 
ticular point on the continuous path from reactants to products. (H, calculations 
made in the 1930s showed a slight dip in V in the region of point s to give a shallow 
“well” or “basin,” but this dip results from errors in the crude quantum-mechanical 
approximations used. Accurate calculations show no dip.) 

The 10-kcal/mol barrier height for H, + H,H, > H,H, + H, is much less than 
the 110 kcal/mol needed to break the bond in H, (H; > 2H). In general, observed 
bimolecular activation energies are only a fraction of the energy needed to break the 
relevant bond, because simultaneous formation of a new chemical bond largely com- 
Pensates for the breaking of the old bond. As the H,—H, bond is breaking, the 
H.-H, bond is forming. When no new bonds are formed, E, is quite high. Thus, E, 
Values for unimolecular decompositions are high and are approximately equal to the 
energy of the bond broken if the products have no bonds not present in the reactants. 

Figure 23.84 shows potential energy contours found from ab initio calculations 
forthe F + H, + H + HF reaction (and for the reverse reaction H + HF > H; + F) 
for @ = 180°, the energetically most favored approach angle. Energies are in kcal/mol, 
and the zero of energy is taken at the separated reactants. The figure is less san ce 
than Fig. 23.3 for H 3, since the products differ from the reactants. The calculate 
barrier height is 1.7 kcal/mol for the forward reaction. (The experimental activa- 
tion energy is 1.7 kcal/mol.) Since the calculated energy change for the reaction is 
~344 kcal/mol, the calculated barrier height for the reverse reaction is 36.1 kcal/mol 
(Fig. 23.85). hea 

The calculated saddle-point (transition-state) geometry has R(HF) = 1.54 a) 
RHH) = 0.77 A, compared with R(HH) = 0.74 A in the isolated H, molecule an 
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Potential-energy contour plots 

for the H + H, reaction at various 
values of 0, There is a set of con- 
tours for each 0 value, but to keep 
the figure simple only two sets of 
contours are shown. 
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(a) Potential-energy contours for 
F + H3 > HF + H for @ = 180°. 
(Adapted from C, F. Bender, S. V. 
O'Neil, P. K. Pearson, and H. F. 
Schaefer, Science, 176, 1412-1414, 
30 June 1972. Original figure 
copyright 1972 by the American 
Association for the Advancement 
of Science.) (b) Barrier height for 
this reaction. 


R(HF) = 0.93 Å in HF. The transition state occurs early in the reaction, with the 
H—H bond distance only slightly elongated and the F atom relatively far from the 
H, molecule. The transition state for F + H, + H + HF resembles the reactants 
much more than the products. For the reverse reaction, the transition state (which 
is the same as for the forward reaction) resembles the products. (In 1955, Hammond 
postulated that in an exothermic reaction the transition state will be likely to resemble 
the reactants, while in an endothermic reaction it will resemble the products. See 
Lewis, pp. 466-468.) 

The rate constant and the detailed course of an elementary chemical reaction 
depend on the shape of the entire potential-energy surface (see Sec. 23.3). However, 
the main features of an elementary reaction can be determined if only the barrier 
height and the structure of the transition state are known. The barrier height does 
not differ greatly from the activation energy, so a reaction with a low barrier height 
is rapid, whereas one with a high barrier is slow. 

The transition state occurs at the maximum point on the minimum-energy path 
between reactants and products. The energy of the transition state relative to that 
of the reactants determines the barrier height. The geometrical structure of the tran- 
sition state determines the stereochemistry of the reaction products. 

An example is the elementary bimolecular reaction I~ + CRR'R”Br > 
CRR’R"I + Br~ (in the jargon of organic chemists, an Sy2 reaction, a bimolecular 
nucleophilic substitution). The I~ might attack the alkyl bromide on the same side 
of the molecule as the Br or on the opposite side (Fig. 23.9). The transition states 
are shown in braces. (These transition states are not reaction intermediates but are 
simply one point on the continuous path from reactants to products.) The product 
obtained in one case is the mirror image of that in the other case. For attack by I 
on the side opposite the Br, the transition state is expected to be of lower energy 
than that formed in attack on the same side as Br; this is because, for “backside 
attack, the carbon can undergo gradual rehybridization to sp? AOs, which bond the 
three R groups, leaving a carbon p orbital to partially bond both the I and the Br 
in the transition state. The barrier should be lower for backside attack. This is borne 
out by the observation that the product is stereochemically inverted with respect to 
the reactant. The transition-state structure also explains why this reaction a r 
slow when the R groups are bulky. Large R groups mean a large Pauli-princip’? 
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repulsion between I~ and the alkyl halide, and hence a greater barrier height and a 
slower reaction. This example shows why organic chemists spend so much time 
talking about transition-state structures. 

For a reaction between two five-atom molecules, the potential-energy surface 
isa function of 24 variables, Clearly the calculation of an accurate ab initio potential- 
energy surface for such a reaction is a fantastically difficult task, especially since con- 
figuration interaction is needed. Things can be simplified by the fact that only a 
small number of bond distances and angles change significantly during the reaction, 
so the number of variables can be substantially reduced. Even so, an accurate ab 
initio calculation of V is still extremely difficult and has been accomplished for only 
a few reactions. 

Semiempirical calculations require much less computer time and storage capacity 
than ab initio calculations. The AM1, MNDO, and MINDO/3 methods (Sec. 20.9) 
give rather accurate AH® values for many reactions and so might be useful for calcu- 
lation of reaction potential-energy surfaces. Many potential-energy surfaces, barrier 
heights, and transition-state structures have been calculated with these methods. A 
comparison of activation energies and transition-state structures and vibrational fre- 
quencies for 24 organic reactions calculated using MNDO and MNDOC (a method 
that adds a modest amount of configuration interaction to MNDO) with the results 
of ab initio configuration-interaction calculations found that “MNDO and MNDOC 
usually reproduce the qualitative features of ab initio potential surfaces and transi- 
tion structures. The calculated semiempirical activation energies are sometimes less 
accurate than desirable; however, the MNDOC barriers are normally realistic enough 
to allow correct mechanistic conclusions” [S. Schroder and W. Thiel, J. Am. Chem. 
Soc, 107, 4422 (1985)]. 

Since reliable theoretical calculation of barrier heights is very difficult, several 
empirical and semiempirical schemes have been proposed to estimate barrier heights. 
The bond-energy—bond-order (BEBO) method of Johnston works well in many cases. 
(See Johnston, pp. 179-183, 339-347, chap. 11.) Benson has discussed methods of 
estimating E, and A. (See S. W. Benson and D. M. Golden, chap. 2 in vol. vil of 
Eyring, Henderson, and Jost, S. W. Benson, Thermochemical Kinetics, 2d ed., Wiley- 
Interscience, 1976.) f i 

The Woodward—Hoffmann rules use MO theory to decide which stereochemical 
Path has the lower barrier height in various organic reactions. These tules are dis- 
cussed in most current undergraduate organic chemistry texts. Pearson has used MO 
Concepts to decide whether the activation energies of various elementary inorganic 
reactions are high or low. (See R. G. Pearson, Symmetry Rules for Chemical Reac- 
tions, Wiley-Interscience, 1976.) Theorems that restrict the symmetry of the transition 
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state have been developed; see R. E. Stanton and J. W. McIver, J. Am. Chem, Soc., 
97, 3632 (1975); P. Pechukas, J. Chem. Phys., 64, 1516 (1976). 

Potential-energy surfaces for unimolecular and trimolecular reactions are dis- 
cussed in Secs. 23.6 and 23.7. 


MOLECULAR REACTION DYNAMICS 


Molecular reaction dynamics studies what happens at the molecular level during an 
elementary chemical reaction. The kinetics methods discussed in C) hap. 17 can tell 
us that the rate constant for the elementary reaction Cl + H, > HCI + H is given 
by k= Ae */RT, where A= 1.2 x 101° dm? mol s~! and E, = 4.3 kcal/mol 
in the temperature range 250 to 450 K, but this statement gives little information 
about the details of the elementary reaction. Molecular dynamics considers such 
questions as: How does the probability for reaction vary with the angle the incoming 
Cl atom makes with the H—H line? How does this probability vary with the relative 
translational energy of the reactants? How is the product HCI distributed among its 
various translational, rotational, and vibrational states? How can quantum mechanics 
and statistical mechanics be used to calculate theoretically the rate constant at a 
given temperature? 

The initial development of molecular reaction dynamics began in the 1930s with 
work of Eyring, M. Polanyi, and Hirschfelder, but it wasn’t until the 1960s that new 
experimental techniques and the availability of electronic computers for theoretical 
calculations allowed reliable information to be obtained. With these developments, 
chemists are beginning to understand what happens in an elementary chemical 
reaction. 


Trajectory Calculations. Suppose that the potential-energy surface for a given gas- 
phase elementary chemical reaction has been accurately calculated using quantum 
mechanics. How does one use this surface to calculate the rate constant at a given 
temperature? 

The probability that two colliding gas molecules will react depends on the initial 
translational, rotational, and vibrational states of the molecules. One picks a pair of 
initial states for the reactant molecules and solves the time-dependent Schrödinger 
equation (18.9) to calculate the probability that reaction will occur for these initial 
states. The potential-energy V occurs in the Hamiltonian operator Ĥ in (18.9), so V 
is needed for this calculation. Since the gas molecules are distributed among many 
translational, rotational, and vibrational states, the process of solving the time- 
dependent Schrédinger equation must be repeated for sufficiently many different 
initial states to give a statistically representative sample of all possible initial states. 
Then one uses the Boltzmann distribution to calculate the relative number of collisions 
that occur for each set of initial states at temperature T, and a weighted average of 
the reaction probabilities is taken, thereby giving the rate constant at T. This proce- 
dure can be viewed as the rigorously correct version of the simple collision theory 
of Sec. 23.1. 

Solving the time-dependent Schrödinger equation is extremely difficult, and only 
a very few such calculations of rate constants have been made. Fortunately, there is 
an approximate approach that is much easier. Instead of using quantum mechanics 


to deal with the collision process, one uses classical mechanics. One chooses a pair 
ofinitial states for the reactant molecules (rotational and vibrational energies, relative 
translational energy, approach angle). The forces are obtained from the potential- 
energy surface (Fy a = — ôV /éx,, etc.). Newton’s second law F = ma is numerically 
integrated on a computer to give the locations of the atoms as functions of time. The 
path of a particle is called its trajectory in classical mechanics, and such calculations 
are called trajectory calculations. After trajectories have been calculated for a repre- 
sentative set of initial conditions, suitable averaging using the Boltzmann distribution 
at the temperature of interest gives the rate constant. 

Of course, the motions of atoms obey quantum mechanics, not classical me- 
chanics. However, comparisons of the results of quantum-mechanical and classical 
calculations indicate that the classical-trajectory results are accurate except when 
very light species are involved. (As a particle’s mass increases, its behavior approaches 
classical behavior.) Classical mechanics is completely deterministic, and the probability 
that a given initial state will lead to reaction is either 0 or 1. This is not so in quantum 
mechanics. In particular, there is some probability that molecules having relative 
kinetic energy less than the potential-energy barrier height will tunnel (Sec. 18.12) 
through the barrier and yield products. For reactions involving one of the species 
6 H", H, ‘and! Hy (including reactions that transfer e7, H*, or H between two 
heavy molecules), tunneling is important and can easily multiply the rate constant 
by a factor of 3 or more. For heavier species, tunneling is unimportant. Methods for 
correcting classical-trajectory results to allow for tunneling are being developed. [See 
W. H. Miller, Adv. Chem. Phys., 25, 69 (1974).] 

Consider the atom-diatomic-molecule reaction A + BC > AB +C. Figure 
23.10 shows two typical classical trajectories for a linear collision plotted on the 
9= 180° contour map. (The angle @ may well change during a collision, and the 
trajectory must be plotted on a figure like Fig. 23.7. Here we restrict ourselves to 
collisions in which @ stays constant at 180°.) In Fig. 23.10a, molecule BC is in the 
= 0 vibrational level. Because of the zero-point vibration in BC, the trajectory of 
the supermolecule oscillates about the minimum-energy path (the dashed line), and 
the supermolecule is not likely to pass over the barrier precisely at the saddle point. 
Another reason the minimum-energy path is not precisely followed is that many 
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A+BC 


Classical trajectories for the 
reaction A + BC + AB + C. The 
saddle point is indicated by a dot. 
(a) A reactive collision, (b) A 
nonreactive collision, 
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FIGURE 23.414 


reactive collisions have 0 4 180°. The wide vibrations of the product AB in Fig. 
23.10a indicate that in this collision AB has been produced in an excited vibrational 
level. Figure 23.10b shows a nonreactive collision trajectory. 

For the reaction H, + H, Karplus and co-workers calculated thousands of 
classical trajectories on a reasonably accurate semiempirical potential surface and 
calculated rate constants at several temperatures [M. Karplus, R. N. Porter, and 
R. D. Sharma, J. Chem. Phys., 43, 3259 (1965)]. Figure 23.11 shows the results of 
two such calculations. 

In Fig. 23.11a, the distances R,, and R first decrease (indicating that atom H, 
is approaching molecule H,H,) and then increase (indicating that H, is moving away 
from H,H,); no reaction has occurred. The continual fluctuation in R,, is due to 
zero-point vibration in molecule H,H,. In Fig. 23.11b, atom H, again approaches 
H,H,, colliding with it at 3 x 10714 s. Now, however, Rp, goes to infinity after 
3 x 10° '*s, indicating that the H,—H, bond has broken, and Ran fluctuates about 
the equilibrium H, bond distance 0.74 A, indicating that atom H, has bonded to 
H,. The reaction H, + HH, > H,H, + H, has occurred. Note that at 4 x 107!4s 
atom H, is closer to H, in H,H,, but at 5 x 107 '* it is closer to H,. This indicates 
that the product molecule H,H, is rotating. The initial state of the reactants had 
J = 0, and so part of the relative translational energy of the reactants has gone into 
rotational energy of a product. Trajectory calculations thus show how the energy of 
the products is distributed among rotational, vibrational, and relative translational 
energies. 

Since most collisions are nonlinear and since 0 changes during rotation, one 
needs to know V as a function of all three variables R,,, R,., and 0 in order to 
calculate k from H, + H trajectory calculations. 

The H + H, calculations of Karplus, Porter, and Sharma showed that vibra- 
tional energy of the reactants can contribute to the energy needed to overcome the 
barrier, but that rotational energy does not contribute. Although 0 = 180° is the 
energetically most favored approach angle, the large number of nonlinear approaches 
leads to an average approach angle of 160° for reactive collisions. 

Rate constants calculated from classical trajectories agree reasonably well with 
experimental rate constants. The main sources of error in the calculated k values are 
inaccuracies in the potential-energy surface and tunneling. 


Two classical trajectories for the 
H + H; reaction. [M. Karplus, 

R. N. Porter, and R. D. Sharma, 
J. Chem. Phys., 43, 3259 (1965),] 
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In the hard-sphere collision theory (Sec. 23.1), the probability p, of a reactive 
collision varies with ¢,, the line-of-centers component of the relative translational 
kinetic energy of the colliding molecules, according to Fig. 23.12a. When the hard- 
sphere p, is calculated as a function of ¢,.;, the total relative translational kinetic 
energy of the molecules, one obtains Fig. 23.12b. [See E. F. Greene and A. Kupper- 
man, J. Chem. Educ., 45, 361 (1968) for the derivation.] The results of trajectory 
calculations on potential-energy surfaces and of molecular-beam experiments (see 
below) show that Fig, 23.12b is in error in two ways: (a) the true reaction prob- 
abilities are usually less than those of the hard-sphere theory (recall the steric factor), 
and (b) the true reaction probability reaches a maximum, and then at energies much 
greater than ¢,,, falls off. 


Molecular Beams. We now consider some experimental techniques in molecular 
reaction dynamics. In a crossed-molecular-beam experiment, a beam of A molecules 
crosses a beam of B molecules in a high-vacuum chamber (Fig. 23.13). The beams 
may be produced by vaporization from a heated oven and collimation by slits, Colli- 
sions in the region of intersection of the crossed beams can lead to the chemical 
reaction A + B + C + D. A movable detector is used to detect the products. The 
most useful detector is a mass spectrometer. The speeds of the molecules in the beam 
tan be controlled by velocity selectors (Fig. 15.8). Such experiments yield informa- 
tion on how the probability of reaction varies with the relative kinetic energy of the 
colliding molecules, on the angles at which the reaction products leave the collision 
site, and on the energy distribution of the products. Polar molecules can be oriented 
ina beam by applied electric fields. This technique showed that in the reaction 
K+ CHI + KI + CH}, the reaction probability when the K atom collides with 
the Tend of CHGI is about twice that when K hits the CH, end. The steric factor p 
ec. 23.1) was determined to be 0.5 for this reaction. Reactions studied in molecular 
| beams include D +H, > HD + H, F + H; ~HF+H,K+ Br, > KBr + Br, and 
(l+ CH,=CHBr + CH,=CHCI + Br. For details of the results, see Moore and 
Pearson, pp. 102-116. 
The 1986 Nobel prize in chemistry [Science, 234, 673 (1986)] was shared by the 
Kineticists Dudley Herschbach and Yuan Lee, who developed the crossed-molecular- 
| eam method, and John Polanyi, who developed the infrared-chemiluminescence 
method, discussed next. 


hared Chemiluminescence. In the infrared-chemiluminescence technique, a 
&s-phase reaction is carried out at a pressure sufficiently low for there to be a neg- 
kible Probability that the products will lose vibrational and rotational energy by 


Hard-sphere collision-theory 
reaction probability as a function 
of (a) the line-of-centers kinetic 


energy and (b) the re 


tive kinetic 


energy of the colliding molecules. 


— ia 


Schematic diagram of a cri 
molecular-beam apparatus, 


šach 


beam may be produced by 
effusion from a heated oven or by 
expansion through a nozzle from 
an unheated chamber containing 
gas at rather high pressure, Not 
shown are velocity selectors 
(rotating slotted disks), which are 
placed in each beam before the 


To 
vacuum 
pump 


collision region. 


xz = 


CHAPTER 23 


[cure 22.14 


Distribution of vibrational 
energy in the HF formed in the 
gas-phase reaction H + F, > 
HF + F at 300 K as determined 
by infrared chemiluminescence 
using a low-pressure flow system. 
(Based on data of J. C. Polanyi 
and co-workers.) The length of 
each line is proportional to the 
number of HF molecules formed 
in vibrational level v. The v = 0 
population cannot be found by this 
method because v = 0 molecules 
do not emit IR radiation. Note 
the unequal vibrational-level 
spacings. 
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collisions. Instead, this energy is lost by emission of radiation (chemiluminescence, Se, 
21.16). For example, if the highly exothermic reaction H + F, > HF +F is stud- 
ied, measurement of the intensities of the infrared vibration—rotation emission lines 
from HF tells us how the energy of the product HF is distributed among its various 
vibrational-—rotational states, and thus it tells us the relative rates of formation of 
HF in these excited states. It turns out that a non-Boltzmann distribution is produced 
by the reaction, with a maximum population in the v = 6 HF vibrational level at 
300 K (Fig. 23.14). (At ordinary pressures, molecular collisions would rapidly pro- 
duce a Boltzmann distribution.) The energy-level distribution of product molecules is 
determined by the reaction’s potential-energy surface [see Laidler (1987), sec. 12.3 for 
a discussion], so infrared-chemiluminescence studies give information about this 
surface. 

Because the product HF vibrational levels show a population inversion, one can 
use the reaction H + F, > HF + F (which is an elementary step in the mechanism 
of the H, + F, > 2HF chain reaction) to produce a laser. A laser in which the pop- 
ulation inversion is produced by a chemical reaction is called a chemical laser. The 
HF chemical laser has been considered by the United States for use in its antimissile 
strategic defense (“star wars”) system. 


Laser Techniques. Lasers can be used to give information about molecular dy- 
namics. For example, a laser can be used to excite a substantial fraction of one of 
the reactant species in a molecular beam to a specific vibrational level. We can then 
study the dependence of the reaction probability on the vibrational quantum state 
of this reactant. 


ACTIVATED-COMPLEX THEORY FOR IDEAL-GAS REACTIONS 


The rigorously correct way to calculate a reaction’s rate constant theoretically is 
(a) to solve the electronic (time-independent) Schrödinger equation for a very large 
number of configurations of the nuclei, so as to generate the complete potential- 
energy surface for the reaction; (b) if light species are not involved, use this surface 
to perform classical trajectory calculations for a wide variety of initial reactant states 
and suitably average the results to obtain k. If light species are involved, the collisions 
must be dealt with using the time-dependent Schrödinger equation instead of classical 
mechanics. 

The very great difficulties involved in this procedure make it highly desirable 
to have a simpler, approximate theory of rate constants. Such a theory is the 
activated-complex theory (ACT), also called the transition-state theory (TST). ACT 
was developed in the 1930s by Pelzer and Wigner, Evans and M. Polanyi, and Eyring, 
and has been widely applied by Eyring and co-workers. For the history of the develop- 
ment of TST, see K. J. Laidler and M. C. King, J. Phys. Chem., 87, 2657 (1983). (The 
theory is sometimes called the “absolute rate theory,” but this name is not appropriate 
for an approximate theory.) ACT eliminates the need for trajectory calculations and 
requires that the potential-energy surface be known only in the region of the reac- 
tants and the region of the transition state. This section develops ACT for ideal-gas 
reactions. ACT for reactions in liquid solution is discussed in Sec. 23.8. 

We saw in Sec. 23.2 that the potential-energy surface for a reaction has a reactant 
region and a product region that are separated by a barrier. ACT chooses a boundary 
surface located between the reactant and product regions and assumes that all supef- 


molecules that cross this boundary surface become products. The boundary surface, 
called the (critical) dividing surface, is taken to Pass through the saddle point of the 
potential-energy surface. For the H} potential-energy contour map of F ig. 23.3, the 
critical dividing surface is a straight line that starts at the origin, passes through 
points w, s, and v, and extends out through the H + H +H region. (Most super- 
molecules cross the dividing line not too far from the saddle point s.) Figure 23.3 
considers only collisions with @ = 180°. The complete critical dividing surface for the 
H + H; reaction is shown in the more general figure 23.7. 

ACT assumes that all supermolecules that cross the critical surface from the react- 
ant side become products. This is reasonable, since once a supermolecule crosses the 
critical surface it is a downhill journey to products, A second assumption of ACT 
is that during the reaction, the Boltzmann distribution of energy is maintained for the 
reactant molecules. This assumption was also used in the hard-sphere collision theory 
and, as noted in Sec. 23.1, is usually accurate. A third assumption is that the super- 
molecules crossing the critical surface from the reactant side have a Boltzmann dis- 
tribution of energy corresponding to the temperature of the reacting system. These 
supermolecules originated from collisions of reactant molecules, and the reactant 
molecules have a Boltzmann distribution, so the third assumption is not unreasonable. 

Let the elementary ideal-gas reaction under consideration be B +C +--: > 
E+F+---. The reaction may have any molecularity, so “B +C +--:” is to be 
interpreted as “B,” “B + C,” or “B +C + D,” according to whether the reaction is 
unimolecular, bimolecular, or trimolecular. Also, C might be the same as B. 

As noted in Sec. 23.3, not all supermolecules cross the dividing surface at precisely 
the saddle point of the potential-energy surface. An activated complex is any super- 
molecule whose nuclear configuration corresponds to any point on the dividing sur- 
face or to any point within a short distance ô beyond the dividing surface (see below). 
We expect that most activated complexes will have configurations reasonably close 
to the saddle-point configuration. The saddle point corresponds to the “equilibrium” 
structure of the activated complex and points on the dividing surface near the saddle 
point correspond to “vibrations” about the “equilibrium” structure. 

For H + H,, the saddle-point geometry (“equilibrium” activated-complex 
structure) is the linear symmetric structure H >+- H -+ H. Points on the dividing line 
through v, s, w in Fig. 23.15 and lying to either side of s correspond to configura- 
tions in which R,, and Rp, are equal to each other but differ from the saddle- 
point Ra, distance (0.930 A); such points correspond to the symmetric stretching 
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vibration v; in Fig. 21.23. For linear H + H, collisions, the activated complexes haye 
configurations lying between the two parallel dashed lines in Fig. 23.15. If we start at 
point s and move toward products on a line perpendicular to vsw, Rap is decreasing 
and R,, is increasing; this corresponds to the asymmetric stretching vibration y, in 
Fig. 21.23. An arbitrary point in the region between the parallel lines in Fig, 23,15 
corresponds to a superposition of the vibrations v, and v}. When all H + H; col- 
lisions (including nonlinear ones) are considered, the activated complexes have con- 
figurations lying between the dividing surface in Fig. 23.7 and a second surface (not 
shown) that is a distance ô beyond the dividing surface. If we move up or down in 
Fig. 23.7, the angle @ varies, which corresponds to the degenerate bending vibra- 
tion v, in Fig. 21.23. An arbitrary activated complex corresponds to a superposition 
of the vibrations v}, vz, and v3. 

A given activated complex exists only momentarily and does not actually undergo 
repeated bending and stretching vibrations. Instead, since supermolecules cross the 
dividing surface at various points, any given activated complex can be considered to 
be in a vibrational state that corresponds to the point at which the dividing surface 
is crossed. ACT assumes these vibrational states to be populated in accord with the 
Boltzmann distribution. 

The term “transition state” is often used synonymously with “activated complex,” 
but it might be best to define the transition state as the saddle-point configuration, 
that is, as the “equilibrium” configuration of the activated complex. 

Denoting an activated complex by X$, we write the elementary reaction B + 
C+- E+F +---as 


B+C +i {X$} >E +F (238) 


The braces are a reminder that an activated complex is not a stable species or a reac- 
tion intermediate (Sec. 17.6) but is simply one stage in the smooth, continuous trans- 
formation of reactants to products in the elementary reaction. The subscript f indi- 
cates that we are talking about activated complexes that are crossing the dividing 
surface in the forward direction from reactants to products. If any reverse reaction 
E+F+--->B+C+:--is occurring in the system, there are also present acti- 
vated complexes {X$} that cross the dividing surface in the reverse (back) direction; 
but these are of no concern to us, since we are considering only the rate of the for- 
ward reaction. 

ACT postulates a Boltzmann distribution for the reactants B, C,... and for the 
activated complex Xf. The arguments preceding Eq. (22.126) show that when the 
species B, C, . . . and the species X$ (which is formed from B, C, . . .) are present with 
each species distributed among its states according to the Boltzmann distribution 
law, then [see Eq. (22.126)] 


Pal ke = exp (—Ae$/kT) (23.9) 
NpNc:*: Zp 3 a 
where N$, Ng, ... are the numbers of molecules of Xt, B,..., where zy, Zp, +++ are 
the molecular partition functions of X$, B,..., and where Ae}, = &9(X}) — £o(B) — 
&o(C) — -+ - is the difference between the energy of X$ in its lowest state and the 


energies of the reactants B, C,... in their lowest states. The quantity Aeb differs 
somewhat from the classical barrier height ¢,, because of the zero-point vibrational 
energies of X$, B, C,...; see Fig. 23.16. 


Division of each y: in (23.9) by N,V converts it to a molar concentration. There- 
fore, (23.9) can be written as 


= [X}] V 23/N,4V 
[BIC] NKV eN y POAST) 8310) 


Since (23.10) has the same form as (22.125), we defined K; as [X}]/[B][C] +. The 
quantity K ș looks like an equilibrium constant, and it is often said that ACT assumes 
that the activated complexes are in equilibrium with reactants, This statement is mis- 
leading and is best avoided. The word “equilibrium” suggests that molecules of X} 
sit around for a while, and then some of them go on to form products and some go 
back to reactants, but this is not what happens. The symbol X} denotes those super- 
molecules that cross the critical dividing surface from the reactant side; by hypothesis, 
such supermolecules always go on to form products. (It’s true that supermolecules 
formed in low-energy collisions go only part way up the barrier and then “roll” back 
down to form separated reactants, but such supermolecules are not activated com- 
plexes, since they do not reach the critical dividing surface.) The activated complexes 
are not in a true chemical-reaction equilibrium with the reactants. Instead the activated 
complexes are assumed to be in thermal equilibrium with the reacting system, the 
activated-complex states being populated according to the Boltzmann distribution 
appropriate to the system’s temperature. 

A nonlinear activated complex with ^ atoms has three translational, three rota- 
tional, and 3.4 — 6 vibrational degrees of freedom (coordinates). The “equilibrium” 
structure of the activated complex lies at a saddle point. Since it lies on the minimum- 
energy path, the saddle point is a point of minimum potential energy for all coordi- 
nates but one, for which it is a maximum point. The first derivative vanishes at either 
a minimum or a maximum, so all the first derivatives of the potential energy V for 
nuclear motion are zero at the saddle point and V of the activated complex can be 
approximated as a quadratic function of the normal vibrational coordinates, just as 
for an ordinary molecule (Sec. 21.8). 

The one vibrational normal coordinate of the activated complex for which V at 
the saddle point is a maximum is called the reaction coordinate. The normal “vibra- 
tion” corresponding to the reaction coordinate is anomalous: because the potential- 
energy surface slopes downhill along the reaction coordinate to either side of the 
saddle point, there is no restoring force for this “vibration,” and a stable back-and- 
forth vibration along the reaction coordinate is impossible. Instead, nuclear motion 
along this coordinate breaks up the activated complex into products. For example, 
for the reaction H, + H,H,, the anomalous vibrational mode of the H3 activated 


complex is v} (Fig. 21.23): 


H, H, He (23.11) 
This mode leads to formation of the H,—H, bond and breaking of the H,—H, bond 
to give the products H,H, + He. As H, moves away and H, and H, move toward 
each other, V decreases, so there is no restoring force to bring H. back. 

The reaction coordinate may be depicted as a line on the potential-energy con- 
tour map. In Fig. 23.15 for H + Hp, the reaction coordinate would be a line perpen- 
dicular to line vsw and going through point s. Along this line, Re decreases and 
R,, increases. (The reaction coordinate is defined only in the region of the saddle 
Point.) For H +H), the direction of the reaction coordinate is tangent to the 
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minimum-energy path at the saddle point. This is not true for reactions with unsym- 
metrical activated complexes (for example, H + F2). The ACT critical dividing sur- 
face is defined to pass through the saddle point and to be oriented perpendicular to 
the reaction coordinate. 

The partition function z, of the activated complex is given by Eq. (22.58) as 
Zt = zhzhztined). From Eq. (22.110), 2%, is the product of partition functions for 
the normal vibrational modes. Singling out the reaction coordinate for special atten- 
tion, we write złp = z,,2%/,, where Zre is the partition function for the anomalous 
motion along the reaction coordinate and złp is the partition function of the 
nonanomalous vibrational modes; zł, is a product over 3.” — 7 or 3. — 6 vibra- 
tional modes, according to whether the saddle-point geometry is nonlinear or linear, 
Therefore 


Zg = Zrežę (23.12) 
z= zizi itch (23.13) 


We must decide how to treat motion along the reaction coordinate in order to 
calculate z,,. Let Q,, be the distance along the reaction coordinate. As noted above, 
6V/0Q,, = 0 at the saddle point. Hence, V is nearly constant along the reaction co- 
ordinate for the short distance ô (Fig. 23.15) that defines the region of existence of 
activated complexes. ô will cancel in the final expression for the rate constant, so we 
need not specify its value except to say that ô is short enough to prevent V from 
varying significantly along Q,.. With V x const along the reaction coordinate, the 
force component for motion along the reaction coordinate is approximately zero: 
F,, = —0V/0Q,, = 0. The motion of the activated complexes along the reaction co- 
ordinate is therefore treated as a one-dimensional translational motion of a free 
particle (“free” means no forces act) confined to a region of length 6, the region of 
existence of activated complexes. Translation along the reaction coordinate is an 
internal motion of activated-complex nuclei relative to one another [see, for example, 
Eq. (23.11)] and is to be distinguished from the ordinary translational motion of the 
activated complex through the three-dimensional space of the container. The former 
motion corresponds to z,, in (23.12); the latter corresponds to z$ in (23.13). 

The partition function for a particle undergoing translation in a one-dimensional 
box of length a is given by the first sum in Eq. (22.78), and this sum was found to 
equal (2nmkT)'/?a/h. Replacing a by ò and m by Mc» Where m,, is the effective mass 
for motion along the reaction coordinate, we get (2xm,.kT)!/?5/h. [The expression 
for m,, can be worked out if desired; however, since m, will eventually cancel out, 
we need not worry about it.] The first sum in (22.78) assumes motion in both positive 
and negative directions along the coordinate axis, but we are considering only acti- 
vated complexes that are moving forward along Q,.. The partition function is a sum 
over states, and half the possible states are missing when reverse motion is excluded. 
We therefore add a factor of } to get z, for X$; thus, 


Zro = $ (2nm,,kT)"/75/h (23.14) 
2, = 3 (2nm,kT)! 28h sz (23.15) 
where (23.12) was used. 

Since ACT assumes that all supermolecules crossing the dividing surface become 
products, we need only calculate the rate at which supermolecules cross the dividing 
surface to find the reaction rate. Let Yre = dQ,./dt be the velocity component of a 
given activated complex along the reaction coordinate. At a given time tọ let there 


be N% activated complexes in the system. Let t be the average time needed for an 
activated complex to move a distance ô along Q,,. At time tg + t all Nj complexes 
that were present at time tọ will have passed through the surface located a distance 6 
beyond the critical dividing surface and become products. The reaction rate therefore 
equals N}/t. But T = 6/<v,,.) (where (v,.) is the average value of v,,), so the reaction 
rate is N$ <v,c)/ð. This rate is in terms of number of molecules per unit time. In 
kinetics, chemists use r, the rate in terms of moles per unit volume per unit time. 
Dividing by N4 to convert to moles and by V to convert to rate per unit volume, we 
have r = N}<v,_>/N VO = [X}]<v,.)/5. The use of (23.10) for [X}] gives 


ae Py Z/N V 
5 (ZB/NaV)zc/NaV) 


- exp (— Aeb /kT) [B][C] +; (23.16) 


To complete the calculation of r, we need ¢v,,. Motion along Q,, is being treated 
as a translation. As with the other degrees of freedom of the activated complex, we 
assume a Boltzmann distribution of energy for this translation. Hence the fraction of 
complexes with speeds along Q,, in the range v,e to Vre + dupe is Be ™tFe7?4T dy., 
where B is a constant [cf. Eq. (15.42)]. To determine B, we integrate this expression 
from v,e = 0 to v,e = œ% (negative values of v,, are excluded, as noted above) and set the 
total probability equal to one: B fọ e Mrctre?/2kT dy — 1. The use of integral 2 in 


Table 15.1 gives B = 2(m,,/2kT)'/?. The probability density g(v,.) for vre is therefore 
gvr) = 2(m,¢/2akT)!/2e~ mrctre/2kT (23.17) 


The average value of v,e is given by (15.38) as <v,.) = JO Uc (Uc) duro: Substitution 
of (23.17) and the use of integral 5 of Table 15.1 give (Prob. 23.3) 


vre) = (2kT/nm, .)'/? (23.18) 
Substitution of (23.18) and (23.15) into (23.16) gives 
ý 1/2 1/2 af 
= = Cres TO Sela E E ATC 
ô \nme 2h (zp/NaV)(zo/NaV) °°: 


For the elementary reaction B+ C+: > products, the reaction rate is r= 
k,[B][C] ---, where k, is the rate constant. (The subscript r avoids confusion with the 


Boltzmann constant k.) We have k, = r/[B][C] >; so 


pou (HAE exp(—Aef/kT) ideal gas (23.19) 
"hh (zp/NaV)(Zc/Na¥)*** 
which is the desired ACT expression for the rate constant of an ideal-gas elementary 
reaction and is the key result of this section. 


Sometimes a factor x (kappa) is included on the right side of (23.19). The quantity x (which 
is called the transmission coefficient and allows for the possibility that 
the shape of the potential-energy surface might be such that some of the supermolecules 
crossing the critical dividing surface are reflected back to give reactants. Since there is no 
simple way to calculate x, and since it is likely to lie reasonably close to 1 in most cases, 


it will be omitted. 


lies between 0 and 1) 


To calculate z, = zizt,zii,zt}, we need the mass of the activated complex 
: cture (to calculate the moments of inertia in 


(to calculate z}), its equilibrium stru 
E E, ; i x lectronic level. 
24), its vibrational frequencies, and the degeneracy of its ground el 
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The equilibrium structure is given by the location of the saddle point. The normal- 
mode vibrational frequencies can be found if the potential-energy surface is known in 
the region of the activated complex; vibrational frequencies are related to force con- 
stants, and force constants are the second derivatives of V with respect to the normal 
vibrational coordinates [see Eq. (21.23)]. To calculate Aj, we need the barrier 
height (and the vibrational frequencies, to correct for zero-point vibrations), 

The quantity kT/h equals 0.6 x 10! s~! at 300 K and 2 x 1013 571 at 1000 
K. At temperatures of 300 to 400 K, z, is typically 102+ V/cm? to 1027 Viem?, zya is 
typically 10 to 1000, and each normal vibrational mode typically contributes a factor 
1 to 3 to Zuip. 

The equation preceding (22.81), which was used to find Z, is a (semi)- 
classical statistical-mechanical result, since it was derived by assuming the levels to 
be closely spaced compared with kT, so that the sum could be replaced by an integral, 
Moreover, <v,,> was calculated using a classical-mechanical Boltzmann distribution. 
Thus, an additional assumption of ACT is that motion along the reaction coordinate 
can be treated classically. For reactions involving light species, this assumption fails, 
and a correction for quantum-mechanical tunneling must be applied (Sec. 23,3). 
Several methods for calculating tunneling corrections for ACT reaction rates have 
been proposed [B. C. Garrett and D. G. Truhlar, J. Phys. Chem., 83, 200 (1979); 
J. Chem. Phys., 79, 4931 (1983)]. Several quantum-mechanical versions of ACT that 
may give results with a correct allowance for tunneling have been proposed [J. W. 
Tromp and W. H. Miller, J. Phys, Chem., 90, 3482 (1986)]. 


EXAMPLE 


Ab initio calculation of the H 3 Potential-energy surface by Liu and Siegbahn 
gives a classical barrier height of 9.6 kcal/mol and a linear transition state with 
bond distances Ri, = Rj. = 0.930 A. The vibrational wave numbers of the DH 2 
activated complex (calculated from the H; surface by allowing for the change 
in mass) are 1764 cm~! (symmetric stretching) and 870 cm~! (degenerate bend- 
ing). The bond length and vibrational wave number of H 2 are Rp = 0.741 A and 
4400 cm~!. Use the transition-state theory to calculate the rate constant for D + 
H > DH + H at 450 K. [The experimental value is 9 x 10? cm? mol”! s~!. Hy 
kinetics is reviewed in D. G. Truhlar and R. E. Wyatt, Ann. Rev. Phys. Chem, 27, 1 
(1976).] 

Equation (23.19) with B = D and C = H, and Eq. (23.13) give 

(CRIV ziazio 

Gir,D/V )Ze1, (Zir, 13/7 )Zror,HaZvib, H2212 

Since ¥ = v/c, the zero-point energy (ZPE) of the activated complex is 

the(1764 cm™! +870cm™! +870 cm~!) = 348 x 1071 erg 

The ZPE of D is zero, and that of H 2 İS $he¥ = 4.37 x 107 +° erg. The change in ZPE 
is —0.9 x 10”! erg. The classical barrier height & on a per molecule basis is 
found by dividing 9.6 kcal/mol by N, to give (Prob. 23.4) 6.7 x 10~ 13 erg. Hence 
(Fig. 23.16), Ae} = 5.8 x 10713 erg, 

We saw following Eq. (22.92) that Zep = 2. Since DH, also has one un- 


paired electron, we can expect that zi, =2. The H, ground electronic level is 
nondegenerate, and Ze, = 1. 


k, = NakTh~! exp (—Ae}/kT) 


Equation (22.85) for z,o gives | 844 | 
+ 


t 
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The symmetry numbers are oy, = 2 and Spun, = 1. Using (18.72) and (21.41) 
for the moments of inertia, one finds (Prob. 23.5) that In, =4myRj. and 
F/Iq, = 8.66. Therefore 244/2Z:0,4) = 17.3. 

The use of ¥ = v/c and Eqs. (22.90) and (22.110) for Zvi» GIVES Zyi4,4, = 1.000 
and zip = 1.140 at 450 K (Prob, 23.6). ( 

Equation (22.81) for z, gives at 450 K (Prob. 23.6) 


zt/V m 3/2/ h? \3/2 
a =f pte ) ( ) = 5.51 x 10725 cm? 
(2,0/V (Zts4/V)— \mpmy, 2nkT. 


Since z,, is dimensionless, the above ratio must have units of volume. 
Substitution in the expression for k, gives at 450 K (Prob. 23.6) 


k, = 5.4 x 10° cm? mol™! s~! 


[The ACT value is substantially lower than the experimental value 9 x 10° cm? 
mol! s£ mainly because of the neglect of tunneling. An approximate calcu- 
lation of the tunneling correction gives a factor of 2.0 for this reaction at 450 K, 
which brings the ACT rate into much better agreement with the experimental 
value; see B. C. Garrett and D. G. Truhlar, J. Chem. Phys, 72, 3460 (1980).] 


The treatment of the symmetry of the transition state in ACT has been the subject of con- 
troversy. See Laidler (1987), sec. 4.5.4. 


Relation between ACT and Hard-Sphere Collision Theory. For the bimolecular 
reaction B + C + products (with B 4 C), suppose we ignore the internal structure 
of the colliding molecules and treat them as hard spheres of radii rg and rç. Then 
the reactants’ partition functions are zy = Zir, and Zç = 2,,c. Equation (22.81) gives 
zB/V = (2nmgkT/h?)!?, zc) V = (2nmckT jh?) 

The most reasonable choice of transition state is the two hard spheres in contact. 
An ordinary diatomic molecule has one vibrational mode, so the “diatomic” activated 
complex has zero vibrational modes, since the reaction coordinate replaces the one 
vibration. The spheres of masses mg and mç are separated by a center-to-center dis- 
tance of rg + rc in the transition state, and (18.72) gives the moment of inertia as 
T= u(ry + rc), where u= mgmc/(mg + mc) [Eq. (18.69)]. Equations (22.81) and 
(22.85) give the partition function of the activated complex as 


j 3/2 
z% zł 3 2z(mp + ræt] 8n2 MENE (ra + ro? 
V V “rot h? mpg + Me 


Substitution in the ACT equation (23.19) gives for B # C 


8kT (mp + mc) | o(a Ast 23.20) 
k, = Nan(tg + ro)? [( ee )| exp (—Aej/kT) ( ) 


: t 
Which is identical to the hard-sphere collision-theory result (23.3) if we take Asĝ to 
be the threshold energy ene = Exns/Na- If B = C, then o* = 2, and ACT reduces to 
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(23.4). Thus, ACT reduces to the hard-sphere collision theor y when the structure of the + 
molecules is ignored. 


Temperature Dependence of the Rate Constant. To investigate the temperature 
dependence of the ACT rate constant (23.19), we must examine the temperature 
dependences of the partition functions. Equations (22.81), (22.85), (22.109), and (22.92) 
give 

Zee Od Zrot,lin © T, Zrot,nontin © T32, Z T’. 


The temperature dependence of Zvi» iS not so simple. At temperatures such that 
kT < hy, for all v,, Eq. (22.110) becomes Zw% 1 = T°. At temperatures such that 
kT > hy, for all v, expansion of the exponentials in (22.110) gives (Prob. 23.9) Zyip © 
T~», where fy is the number of vibrational modes of the molecule. For an inter- 
mediate temperature, Zip oc T”, where b is between 0 and Jais: For most vibrations, 
vs is sufficiently high for the condition kT > hy, to be reached only at quite high tem- 
peratures. For a moderate temperature, we can expect that 


Zin © T° = whereO<a<4f, 


Over a restricted temperature range, each Z, in (23.19) will have its a value 
approximately constant, and we can write 


k, = CT" exp (—AE}/RT) (23.21) 


where C and m are constants, and where AE} = N he}. 

Using the temperature dependences of the factors in the partition functions in 
(23.19), one can deduce the range of values of m, This is left as an exercise (Prob, 
23.10). The results are as follows: (a) for a bimolecular gas-phase reaction between 
an atom and a molecule, m usually lies between —0.5 and 0.5; (b) for a bimolecular 
gas-phase reaction between two molecules, m usually lies between —2 and 0.5. 

The activation energy is defined by (17.68) as E, = RT? d In k,/dT. Taking the 
log of (23.21) and differentiating, we get 


E, = AE} + mRT (23.22) 


Since m can be negative, zero, or Positive, E, can be less than, the same as, or greater 
than AE}. The quantity AE} differs from the classical barrier height E, by AZPE!, 
the change in zero-point energy on formation of the activated complex. Since AZPE 
can be negative, zero, or positive, E, can be less than, the same as, or greater than 
E,. 

The Arrhenius A factor is defined by (17.69) as A = k,e®/R", The use of (23.22), 
(23.19), and (23.21) gives 
an EEE 2,/NaV = Cem (23.23) 

h (2p/NaV)(zc/N,V) +> 

where m can be calculated if 2; is known. The accuracy of gas-kinetics data is 
usually too poor-to allow m to be found experimentally. The T” dependence of 
the A factor is overwhelmed by the exponential function exp (—AE}/RT) in k,, and 
Kinetics data give only an A averaged over the temperature range of the experi- 
ments. 

For further discussion, see W. C. Gardiner, Acc. Chem. Res., 10, 326 (1977). 


Isotope Effects. Consider a reaction whose rate-determining step involves breaking 
a C—H bond in a reactant. Suppose we substitute the hydrogen atom in this bond 
with deuterium. The frequency of the C—H stretching vibration is v = (1/2n)(k/)!/. 
We have u = mym /(m, + mz)  mym/m, = m,, where my, = my and m; is the mass 
of the rest of the molecule, and we used m, > m,. Substitution of D for H gives 
m; = Mp © My; 50 Vep © Vey/ Ja The zero-point vibrational energy of the reactant 
is lowered by żh(vcn — Yen) = żhvcn(l — 1/./2) = 0.146hvcn. In the activated com- 
plex, stretching the C—H or C—D bond corresponds to motion along the reaction 
coordinate that breaks up the activated complex to products (as discussed earlier in 
this section) and the CH or CD stretching “vibration” does not contribute at all to 
the zero-point energy of the activated complex. Of course, isotopic substitution has 
no effect on the potential-energy surface, which is found by solving the electronic 
Schrödinger equation. 

Since the ZPE of the reactants is lowered by 0.146hvcy and since the potential- 
energy surface and the ZPE of the activated complex are unaffected, substitution of 
D for H will increase Aeĝ in Fig. 23.16 by 0.146hvcy. The factor exp (—Ae}/kT) in 
the ACT equation (23.19) for k, will then lower k, substantially (by a factor of 8 at 
room temperature—Prob. 23.13). If tunneling is important, this will further lower 
the rate constant for the deuterated species, since the heavier D tunnels less readily 
than H. Isotopic substitution will also affect other vibrational frequencies, but these 
vibrations occur in both the reactant and the activated complex and their changes 
will result in only a small net change in rate. Likewise, the effects of isotopic 
substitution on Z, and z,,, will affect k, only slightly. 

The preceding discussion assumes the H atom breaks away from the molecule 
without being transferred to another species. However, the more common situation 
is the transfer of an H atom, with a new bond being formed as the old one is broken: 
MH + N + M + HN, where the transition state is M-:-H--- N. For this case, one 
finds that (in the absence of tunneling), the room-temperature factor-of-8 lowering 
on deuteration is the maximum effect and smaller effects occur if the transition state 
is unsymmetrical. (See Moore and Pearson, pp. 367-370; R. P. Bell, The Tunnel Effect 
in Chemistry, Chapman and Hall, 1980, chap. 4.) 

If substitution of D for H in a C—H bond produces a very substantial change 
in rate constant, the rate-determining step involves breaking that bond; if the rate 
constant changes only slightly on isotopic substitution, the rate-determining step 
may not involve breaking that bond. This is one technique used to determine reac- 
tion mechanisms. (For further discussion, see T. H. Lowry and K. S. Richardson, 
Mechanism and Theory in Organic Chemistry, 2d ed., Harper and Row, 1981, pp. 
205-212, 222-225.) 


Tests of ACT. Since accurate potential-energy surfaces are not known for most 
chemical reactions, one must usually guess at the structure of the activated complex 
and estimate its vibrational frequencies using approximate empirical rules that relate 
bond lengths and vibrational frequencies. Herschbach and co-workers used ACT to 
calculate the A factors of 12 bimolecular gas-phase reactions. Experimental A values 
can be in error by a factor of 3 or 4. One might allow a factor of perhaps 2 or 3 as 
the error in Zņ, since it is found by guesswork. Thus, an ACT A value ae no 
more than 10*! times the experimental value can be regarded as a confirmation of 
ACT. Ten of the 12 calculated A values were within a factor of 10 of being correct. 
[D. Herschbach et al., J. Chem. Phys., 25, 736 (1956); Knox, pp. 237-239.] 
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Reactions for which the potential-energy surface has been accurately calculated 
involve light species, for which tunneling is important, so it is hard to test ACT in 
these cases. However, a quantum-mechanical version of ACT has given good agree- 
ment with experimental k, values for the reaction D + H3 > HD +H, [See s, 
Chapman, B. C. Garrett, and W. H. Miller, J. Chem. Phys., 63, 2710 (1975).] 

Another kind of test compares the predictions of ACT with the results of trajec- 
tory calculations (Sec. 23.3). The majority of such comparisons have given pretty 
good agreement. However, in some cases, trajectory calculations show that the states 
of the activated complex are not populated according to the Boltzmann distribution. 
With certain shapes of potential-energy surface, trajectory calculations show that a 
significant fraction of supermolecules are reflected back to reactants after crossing 
the critical dividing surface. See K. Morokuma and M. Karplus, J. Chem. Phys., 55, 
63 (1971); D. G. Truhlar, J. Phys. Chem., 83, 188 (1979). 

Still another way to test ACT is to make an isotopic substitution in a reactant 
and compare the observed effect on k, with that calculated by ACT. Kinetic-isotope 
tests tend to confirm the validity of ACT. (See Weston and Schwarz, sec. 4.11.) 

Although definitive results are not available, the weight of the evidence is that the 
activated-complex theory works reasonably well in most (but not all) cases. Moreover, 
the theory is immensely helpful in providing a conceptual understanding of chemical 
reactions. A review of the theory concluded that “transition-state theory provides 
a useful conceptual framework for discussing chemical reactions under almost all 
conditions” [D. G. Truhlar, W. L, Hase, and J. T. Hynes, J. Phys. Chem., 87, 2664 
(1983)]. For extensions to transition-state theory, see Laidler (1987), sec. 4.9. 


ACT and Transport Properties. The applicability of ACT is wider than the above 
derivation implies, and the theory can be applied to such rate processes as diffusion 
and viscous flow in liquids; see Hirschfelder, Curtiss, and Bird, sec. 9.2. (To diffuse 
from one location to another, a molecule in a liquid must squeeze past its neighbors; 
the variation in potential energy for this process resembles Fig. 23.5.) 


THERMODYNAMIC FORMULATION OF ACT 


Comparing (23.19) with (22.125), we see that the stuff that follows kT/h in (23.19) 
resembles an equilibrium constant, the only difference being that z; is not the complete 
Partition function of the activated complex but omits the contribution of z,e [see Eq. 
(23.12)]. It is therefore customary to define KŻ by 


24/N,V 


Kt= — Aet /k (23.24) 
GaN AV )ec/N Vy P CARAT) 
Note from (23.10) that Kt 4 (X$]/[B]EC] -- -. Instead Eqs. (23.10) and (23.15) give 
Ki=k ( 2 E (23.25) 
© "Nam, kT) 6 


where K; = [X}]/[B][C] ---. The ACT equation (23.19) becomes 
(penal (23.26) 


In thermodynamics, the standard state used for ideal gases is the state at P = 
P = 1 bar and temperature T. In kinetics, rate constants are usually expressed in 
terms of concentrations, and it is more convenient to use a standard state having unit 
concentration rather than unit pressure. Equation (6.4) and P;=n;RT/V = c;RT give 
u= + RT In P;/P° = p? + RT In c)RT/P? = pẹ + RT In RTc°/P° + RT In c;/c°, 
where c° = 1 mol/dm?. When c;=c°, the chemical potential becomes u? + 
RT In RTc°/P° = pei Therefore, pi = ue; + RT ln c;/c°, where pẹ; is the chemical 
potential of gas i at 1 mol/dm? concentration and temperature T. Substituting into 
the reaction-equilibrium condition J; vi; = 0 and following the same steps that led 
to (6.14), we get 


AG? = —RT In Kẹ = —RT In[K,/(c°)*"™"] (23.27) 


where AG? = J; vike and Kẹ =[]; (ei/e) = Dhi ef'/[ ]: (C) = K,/(c°)"/™"", where 
K,= [i i 

For the process B +C +: > {Xi} we have An/mol = 1 — n, where n is the 
molecularity of the reaction. By analogy to (23.27), we define AG&*, the concentra- 
tion-scale standard Gibbs energy of activation, as 


AG3t = —RT In [Ki(c°)"""] (23.28) 


The use of (23.28) in (23.26) gives 
kyk TRTA (E) eT AGRE (23.29) 


This is the thermodynamic version of the ACT expression for the rate constant. The 


higher the value of AG2?, the slower the reaction. 
In analogy with (6.25) and (6.36), we define Kt and AH® for gas-phase re- 


actions as 


Kt = Ko(RTc°/P’)' " (23.30) 
AH? = AH? = RT? dn Kj*/dT (23.31) 


Since ideal-gas enthalpies depend on T only, the standard enthalpy of activation is 
the same whether the standard state is P=1 bar or c=1mol/dm’, that is, 
AH”? = AH. 
The concentration-scale standard entropy of activation AS¿* is defined by 
AS;* = (AH? — AG#Ż)/T, so 
AG? = AH’ — TAS: (23.32) 


Substitution of (23.32) in (23.29) gives 
kp = KTH (c°)! Meteo AMC IRT (23.33) 
r 


The quantities AG??, AH3*, and AS¢? are the changes in G, H, and S at tem- 


e EAT 
perature T when 1 mole of X} in its standard state (1 mol/dm? concentration) is 


formed from the pure, separated reactants in their 1 mol/dm? standard states, aedd 
that the contributions of motion along the reaction coordinate to the properties G $ 
Ät, and 5* of the activated complex X} are omitted. In other words, in calculating 
GA + and 5? from the statistical-mechanical equations of Chap. 22, we use Z; 
Instead of zy (where z} = Z4/Zre): 
Equations (17.68) and (2 
RT? dink,/dT = RT + RT? din 


3.26) give for the activation energy E,= 
K?*/dT. Equations (23.30) and (23.31) give 
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where n is the molecularity of the reaction. 

Equation (5.10) gives AH°* = AU®* + (1 — n)RT. Substitution in (23.34) gives 
E, = AU* + RT, where AU® equals U for X$ at T (the contribution of motion 
along the reaction coordinate being omitted) minus Ug + U.+--+ at T. This 
equation gives a simple physical interpretation to the activation energy E; 

Equation (17.69) gives the pre-exponential factor as A = k,e/®? and use of 
(23.33) and (23.34) gives the following relation between A and the activation entropy 
AS$: 

É A = (kT Jh)(c°)! "ered /R gas-phase reaction (23.35) 


From the experimental values of A and E,, we can calculate AS¢* and AH? 
using (23.34) and (23.35). Equation (23.32) then gives AG?*. 

For a bimolecular gas-phase reaction, the activated complex has fewer trans- 
lational and rotational degrees of freedom and more vibrational degrees of freedom 
than the pair of reactant molecules. The larger spacing between vibrational levels 
compared with rotational and translational levels makes the contribution of a vibra- 
tion to S less than that of a rotation or translation. The activation entropy AS? is 
therefore usually negative for a gas-phase bimolecular reaction. 


UNIMOLECULAR REACTIONS 


In a unimolecular decomposition or isomerization of a polyatomic molecule A, the 

elementary chemical reaction A* > products is preceded by the elementary physical 

("cure 23.17 reaction A + M — A* + M, which puts A into an excited vibrational level (Sec. 17.10). 

(a) Potential energy vs. twist For a gas-phase unimolecular reaction in the low-pressure falloff region, the rate 

angle for cis-CHF=CHF — of formation of vibrationally excited A molecules (symbolized by A*) falls below that 

ni needed to maintain the Boltzmann population of A*. Since the ACT equation (23.19) 

A assumes an equilibrium population of reactant states, we cannot apply (23.19) to the 

overall reaction A > products in the falloff region. In the high-pressure region, the 

Boltzmann population of A* is maintained, so ACT can be used to calculate kuni,P= 0, 
the experimentally observed high-pressure rate constant. 

For many unimolecular reactions, the potential-energy surface shows a saddle 
point, and we can identify the transition state with this saddle point. 

For example, for the unimolecular isomerization cis-CHF =CHF > 
trans-CHF=CHF, the minimum-energy path between the reactant and product in- 
volves a 180° rotation of one CHF group with respect to the other. As these groups 
rotate, the overlap between the carbon 2p AOs that form the pi bond is gradually 

a lost, becoming zero at a 90° rotation. The point of maximum potential energy on the 
(@) minimum-energy path is at 90°, and this is the transition state. During the rotation 
from the cis to the trans compound, the bond distances will change, but these changes 

H- -Cl are small compared with the change in twist angle. Therefore, V ~ V(0), where 0 is 
the angle between the two CHF planes. With only one variable, the potential-energy 
surface becomes a line (Fig. 23.17). The carbon-carbon double- and single-bond 
(0) energies are 615 and 344 kJ/mol (Table 20.1), so we expect the transition-state energy 


0° 90° 180° 


to lie about 271 kJ/mol above the reactant’s energy. The observed E, is 264 kJ/mol. 
The barrier is surmounted when sufficient vibrational energy flows into the vibrational 
normal mode that involves twisting about the CC axis. 

For the unimolecular decomposition CH,CH,Cl > CH,=CH, + HCI, the 
likely transition state is shown in Fig. 23.17b. We can expect this transition state, 
with its partially broken HC and CIC bonds and partially formed CC pi and HCI 
bonds, to lie at a maximum on the minimum-energy path. 

There are, however, many unimolecular decompositions whose potential-energy 
surfaces have no saddle point. Figure 23.18 shows potential-energy contour maps for 
the molecules HCN and CO, with the bond angle @ restricted to its equilibrium 
value of 180°. The points that are at the centers of the 2-eV contours correspond 
to the HCN and CO, equilibrium geometries; each of these points lies at the bottom 
of a well. For the unimolecular reaction A > products, the supermolecule is A itself 
and the potential-energy surface for the reaction is the potential-energy surface of the 
A molecule. Thus, there is a well (rather than a saddle point as in triatomic bi- 
molecular reactions) in the lower left corner of the linear contour maps of Fig. 23.18. 

The zero of energy in Fig. 23.18 is taken at the bottom of the well (the equilibrium 
geometry). Figure 23.18b shows that the decomposition CO, > CO + O has a saddle 
point on the minimum-energy path (which involves stretching one CO bond until it 
breaks, the atoms remaining collinear); the saddle point lies between the 7-eV con- 
tours. However, the decomposition HCN > H + CN shows no saddle point; the 
potential energy in Fig. 23,184 increases continually as Rey increases. The drop in V 
at large distances along the CO, decomposition path is due to formation of the third 
bond of the triple bond in carbon monoxide. We can expect that a unimolecular de- 
composition where no new bonds are formed in the products will show no saddle 
point. (Th: zigzag line in Fig. 23.18 is explained later.) 

To apply ACT where there is no saddle point, we must choose a dividing surface 
such that it is highly probable that a supermolecule crossing this surface will yield 
products. Clearly, the dividing surface must be much closer to the products than to 
the reactant molecule in this case; one speaks of a “loose” activated complex. For 
example, for the decomposition C,H, —> 2CH3, the dividing surface will correspond 
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to a greatly elongated carbon-carbon bond; the activated complex will closely re. 
semble two CH, radicals and will have more rotational degrees of freedom than 
C2H6- Two different methods have been proposed for choosing the dividing surface 
in a unimolecular reaction with no saddle point (for details, see Robinson and 
Holbrook, pp. 159-160; Forst, chap. 11). The carbon-carbon distance in the loose 
C2H4 activated complex turns out to be 5 A, compared with 1.5 A in CH6: 

The zigzag line in Fig. 23.18 is a classical trajectory for the decomposition 
HCN* > H + CN. The trajectory starts well away from the equilibrium HCN ge- 
ometry, corresponding to an excited vibrational level of HCN (as indicated by the 
star). The vibrations continue until the H—C bond has elongated sufficiently to break. 
This figure is incomplete, since it omits the bending vibrations. 

For a unimolecular reaction, the ACT equation (23.19) gives the high-pressure 
rate constant as 

AE A kT At oT Achar (23.36) 
hz, 


Since the activated complex A$ and the reactant A have the same mass, we have 
zk = Zma. Provided A} is not a loose complex, its dimensions and moments of 
inertia will be close to those of A, so Zrot,A © Zh. For a rigid complex we therefore 
have 23/z, ~ zii,/2yip,4; the complex A} has one less vibrational mode than A, 
this mode having become the reaction coordinate in the complex. 

What about the falloff region? A theory that allows calculation of kn; in this 
region was developed by Marcus and Rice in 1951-1952. The Marcus-Rice theory 
is based in part on earlier work of Rice, Ramsperger, and Kassel and is therefore 
commonly called the RRKM theory of unimolecular reactions. 


In the RRKM theory, the energization rate constant k, in (17.85) is calculated using statis- 
tical mechanics, making allowance for the fact that transfer of vibrational energy as well 
as of translational energy can raise A to an excited vibrational level, A + A*. The de- 
energization rate constant k_ 1 is found from the collision rate of A*. The theory recognizes 
that the rate constant k for decomposition of an energized A* molecule will depend on 
how much vibrational energy A* has; the greater its vibrational energy, the faster A* 
decomposes. The rate constant for decomposition of an A* molecule that has a given 
amount of vibrational energy is calculated using ideas from ACT. For details of the 
RRKM theory, see Robinson and Holbrook, chaps. 4-6; Gardiner, secs. 5-2 and 5-3. Com- 
parison with experimental data shows that the RRKM theory works very well in nearly 
all cases. At high pressures, the RRKM result reduces to the ACT equation (23.36). 


TRIMOLECULAR REACTIONS 


The best examples of trimolecular gas-phase reactions (Sec. 17.11) are recombinations 
of two atoms, for which a third species (M) is needed to carry away some of the 
bond energy to prevent dissociation. Figure 23.3 is the potential-energy contour map 
for collinear configurations of the recombination reaction H + H +H > H, + H. A 
trajectory that starts at point i and is parallel to the R,, axis corresponds to H, and 
H, approaching each other while H, remains far away. Imagine a ball rolling on 
the potential-energy surface along this trajectory. The ball will roll down into the 
H, + H,H, valley, roll past the Ry. = 0.74 A equilibrium internuclear distance, roll 


up the side of the valley with R,. < 0.74 A until it teaches an altitude of 110 kcal/mol 
(which was the initial potential energy of the system at point i), and then exactly 
reverse its path, ending up back at point i. Thus, if H, does not participate, the newly 
formed H,H, molecule will dissociate back into atoms. A trajectory that leads to 
formation of a stable H,H, molecule must involve a decrease in both R,, and Rye- 

For the recombination reaction A + B +M > AB +M (where A and B are 
atoms), there is a wide variety of trajectories along which the reaction can proceed, 
and there is no one configuration of A, B, and M that we can pick out as the tran- 
sition state. Thus, the activated-complex theory is not applicable to atomic recom- 
bination reactions. 

Several theories of trimolecular recombination reactions have been proposed, 
but none is fully satisfactory. For details, see Gardiner, pp. 141-147; H. O. Pritchard, 
Acc. Chem. Res., 9, 99 (1976). 


REACTIONS IN SOLUTION 


Because of the strong intermolecular interactions in the liquid state, the theory of 
reactions in solution is far less developed than that of gas-phase reactions. In general, 
itis not currently possible to calculate reaction rates in solution from molecular prop- 
erties. An exception is diffusion-controlled reactions; see below. 

Chemical reactions in solution can be divided into (a) chemically controlled 
reactions, in which the rate of chemical reaction between B and C molecules in a 
solvent cage is much less than the rate of diffusion of B and C toward each other 
through the solvent; (b) diffusion-controlled reactions (Sec. 17.14), in which the rate 
of diffusion is much less than the rate of chemical reaction in the cage; (c) mixed- 
control reactions, in which the rates of diffusion and of chemical reaction are of the 
same order of magnitude. 


ACT for Chemically Controlled Reactions in Solution. For the chemically con- 
trolled elementary reaction B+C +: > {X}}>D+E+---, the activated- 
complex theory gives r as the rate per unit volume at which supermolecules cross 
the critical dividing surface. From the paragraph preceding (23.16), 


r= [X#]<v,.9/6 (23.37) 


where [x#] is the concentration of activated complexes (defined to exist for a length 
6 on the product side of the dividing surface). Whether the system is ideal or nonideal, 
it is the concentration [X#] that appears in the expression Jor r. This is because r 
is always defined in terms of a concentration change: r =v d[B]/dt [Eq. (17.4)]. 

To get [X#], we modify Eq. (23.10) to allow for nonideality. Equation (23.10) 
expresses an apparent equilibrium between reactants and forward-moving activated 
Complexes for an ideal-gas reaction. To allow for nonideality, we replace the concen- 
trations in the apparent equilibrium constant [X#]/[BI[C] +++ by activities, to give 
[see Eqs. (11.6) and (10.30)] 


a spend Sed [X#]/e° (23.38) 
Ky agdc*** Btc ` ([B]/c°N[C]/c°) -++ 


849 
SECTION 23.8 


§ 
| 850 | where c° = 1 mol/dm?. (The cs are present because the activities and activity coeffi- 
cients are dimensionless.) All activities and activity coefficients in this section are on 
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the molar concentration scale (Sec. 10.3), so ac subscript on the a’s and »’s is to be 
understood. 
The use of (23.38) for [x#] and (23.18) for <v,.> in (23.37) gives 


Bře `i ary ojoti- 
poida E -= K4c°)' "[B][C] +: : 23.3 
r= e (ATN Ke! TBC (339) 


where n is the molecularity of the reaction. For a nonideal system, we define K°t by 
analogy to (23.25) as 


Kt = K;( 3 yo (23.40) 
7 mm, kT ô j 
The rate constant is k, = r/[B][C] -++ , and (23.39) and (23.40) give 
k = RT Yale (coyt-nyet (2341) 
h 7; 
which differs from the ideal-gas expression (23.26) by the presence of the concentra- 


tion-scale activity coefficients. The (c°)!~" is present in (23.41) [and absent from 
(23.45) below] because K*? is dimensionless whereas K? in (23.26) has dimensions 
of concentration! ~", 

Because of the strong intermolecular interactions in the solution, we cannot 
express K} or K°* in terms of individual partition functions zp, Zç, etc. We don’t 
have an equation like (23.19), and calculation of k, from molecular properties is not 
practical for reactions in solution. 

Equation (23.41) can also be applied to nonideal-gas reactions, in which case 
the activity coefficients are replaced by fugacity coefficients. 

The apparent equilibrium constant Ky and the related constant K°* are func- 
tions of temperature, pressure, and solvent (since the concentration-scale standard 
states of the species B, C,..., and x} depend on these things) but are independent 
of the solute concentrations. At infinite dilution, the y’s all become 1, and (23.41) 
becomes k,° = (kT/h)(c°)'~"K°*, where k® is the rate constant in the limit of infinite 
dilution. For a fixed temperature, pressure, and solvent, the ACT equation (23.41) 
can therefore be written as 

k, = (pic Ark? ee 


Comparison with Eq. (17.80) shows that Y in (17.80) equals 1/),, where 7; is the 
activity coefficient of the activated complex, Equation (23.42) (which is the Brensted- 
Bjerrum equation) predicts that the rate constant should vary with reactant concentra- 
tions, since the y’s change with a change in solution composition. The low accuracy 
of most kinetics data makes this effect not worth worrying about, except for ionic 
reactions. Ionic solutions are highly nonideal, even at low concentrations. 

Consider the bimolecular elementary ionic reaction B® + C€ > E Sia 
products. The log of (23.42) reads 


log k, = log k? + log Ys + log yc — log y; (23.43) 
For ionic strengths up to 0.1 mol/dm°, the Davies equation (10.71) gives for aqueous 
solutions at 25°C and 1 atm 

1/2 i 


i 
log yp = -osiz(; SPA 0301), l= z 


where I,=4 Dira replaces Im since we are using concentration-scale activity coef- 
ficients. Use of the Davies equation for yp, yç, and Yz in (23.43) gives [since the charge 
factor in log 7p + log yc — log 9 is zg? + zc? — (Zp + zo)? = —2zpzc] 


plz 
log k, = log k + voaa n = 020) dil. aq. soln., 25°C (23.44) 


A plot of log k, vs. 1'/7/(1 + 1?) — 0.301 should be linear, with slope 1.02zp2¢, for 
ionic strengths up to 0.1 mol/dm?, This has been verified for many ionic reactions in 
solution. In calculating J, formation of ion pairs and complex ions must be taken 
into account. 

The primary kinetic salt effect (23.44) is large, even at modest values of ionic 
strength. For example, for zgze = +2, the values of k,/k? at I = 107%, 10-7, and 
10°! are 1.15, 1.51, and 2.7, respectively; for 2pZc = —2, the corresponding values 
are 0.87, 0.66, and 0,37. For zgzc = 4, one finds k,/k? = 7.2 at I = 0.1. 

If the products have different charges than the reactants, the ionic strength can 
change markedly during a reaction, and k, will change as the reaction proceeds. To 
avoid this, a large amount of inert salt is often added to keep J essentially fixed 
during a given run. For a reaction of unknown mechanism, one can determine zpzc 
for the rate-determining step by investigating the dependence of k, on I. 

By analogy to (23.28), we define AG** for a reaction in solution by 


AG = —RT In K* (23.45) 
Equation (23.41) becomes 
ae KT Yayo" (e°)! “Me AGH/RT (23.46) 
fe indy 


For nonionic reactions in dilute solutions, the y's are reasonably close to 1 and 
(given the inaccuracy of most kinetics data) can be ignored: 


k, © KTh M(c2)! "e7 AC URE = KTh 10°) T" eAS"IRe AH HRT (23.47) 


Where we used AG°t = AH? — TAS**. Organic chemists are especially fond of (23.47), 
since it can be used to rationalize observed changes in rate constants in a series of 
reactions in terms of changes in standard-state activation entropies and enthalpies. 
The solvation of the reactants and the activated complex must be taken into account 
in discussing AS°t and AH°*. For example, the elementary reaction (CH,);CCl > 
(CH;);C* + CI” in aqueous ethanol has AS°* negative, even though a bond 
is partially broken in the transition state. The highly polar transition state 
(CH,)3* «+» 21°~ produces a high degree of ordering in the surrounding solvent, 

Equations (17.68) and (23.41) with the y’s omitted give E, = RT* dink,/dT = 


RT*(1/T + din K°t/dT). By analogy with equations following Eq. (17.71), we have 
din K°*/dT x AH®*/RT? x AU°*/RT?. Therefore 
E,~ AH + RT nonionic reaction in dil. soln. (23.48) 


a A — [ of alRT 
Which differs from (23.34) for gases. Equation (17.69) gives A = k,e /RT and the use 


of (23.48) and (23.47) gives 
Aw&kTh7 e(c2)! "e4S/® nonionic reaction in dil. soln. (23.49) 
S ot 
Equations (23.48) and (23.49) allow calculation of AH t and AS°t (and hence AG**) 
from experimental A and E, values. 
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Diffusion-Controlled and Mixed-Control Reactions. The ACT equation (23.41) is 
inapplicable for diffusion-controlled and mixed-control reactions, since their rate iş 
governed at least in part by the rate at which reactants can diffuse through the solvent 
to encounter each other. Let the elementary reaction be B + C > products. Very 
rapid reactions can be studied by producing one or both of the reactants in solution 
using flash photolysis, by perturbing the equilibrium B + C= products using a T 
jump, or by rapid mixing of the reagents (Sec. 17.13). 

At the start of the reaction, species B and C are distributed randomly in the 
solution. A short time after reaction begins, many pairs of B and C molecules that 
initially were close to each other will have encountered each other and reacted. The 
B molecules that remain will most likely be B molecules for which there were no C 
molecules in the immediate vicinity. If diffusion is not rapid enough to restore a ran- 
dom distribution, the region around a given B molecule will be somewhat depleted 
of C molecules (and vice versa). Let R be the distance from a given B molecule. As R 
increases, the average concentration of C molecules will increase, reaching its value 
in the bulk solution at some large value of R, which we shall call infinity. There is 
a concentration gradient of C in the region around a given B molecule. We shall 
assume that very shortly after the reaction begins a steady state is reached in which 
the rate of diffusion of C toward B equals the rate of reaction of C with B. 

Fick’s first law of diffusion, Eq. (16.30), gives the rate of diffusion of B molecules 
through the solvent A. To find the rate at which B and C molecules diffuse toward 
each other, we must use a diffusion coefficient that is the sum of the diffusion coef- 
ficients of B and C in the solvent A. We shall assume the solution is dilute, so the 
infinite-dilution diffusion coefficients can be used. Thus, 

dn d[c 

a = (Dy + DEA a (23.50) 
where dng is the number of moles of C that in time dt cross a spherical surface of 
area of = 4nR? surrounding a given B molecule and Dg and DË are the 
infinite-dilution diffusion coefficients of B and C in the solvent A. The prime avoids 
confusion of the quantity (23.50), which refers to diffusion of C toward one particular 
B molecule, with the total rate of disappearance of C in the solution. We have 
da[C]/dR > 0, and we shall consider dnc/dt to be positive; hence a plus sign is used 
in (23.50). 

Let us assume B and C are spherical molecules with radii rg and rc. For a steady 
state, dn¢/dt is a constant. Integration of (23.50) between the limits R = rg tlc 
(molecules B and C in contact) and R = oo (the bulk solution) gives 


dn 1 ra 1 
a Oa [ 
[C]r [Clears tre dt DE + DE Soyer, 4nR? dR 
Ken asic] ee i 0351) 


dt (Dy + D@)4n(rg + ro) 


where [C] = [C]g-,, is the concentration of C in the bulk solution. 
Let r be the observed Teaction rate (per unit volume): 


r = k[B][C] (23.52) 


where the observed rate constant k combines the effects of the diffusion rate and the 
chemical-reaction rate, and the concentrations are those in the bulk solution. The 


steady-state condition is that the rate at which C diffuses toward a given B molecule 
equal the reaction rate between C and that B molecule. Multiplication of r by the 
solution volume V gives the total reaction rate in the solution. The rate at one par- 
ticular B molecule is then rV/Ng, where Ng is the number of B molecules in the 
solution. The steady-state condition then gives dn¢/dt =rV/Ng = rV/N ang = 
r/N,[B] = k[C]/Na, where (23.52) was used and N, is the Avogadro constant. 
Substituting this expression for dn¢/dt in (23.51), we get 


k k 
Cla=rmtre = [O 1 —-———— = oa ; 
[C]r=rs+rc = [ i( TaN ADE ae) [eal =) (23.53) 
kaite = 4N (Dp + DE)(rs + ro) (23.54) 


The significance of the defined quantity kaipe will be seen shortly. 
Let kenem be the rate constant for chemical reaction of B and C pairs in a solvent 
cage (Fig. 17.13). The steady-state hypothesis allows us to express r as 


r = keheml BJ[C]r=r +re (23.55) 


Equating (23.55) and (23.52), we get k = kehemlC]r=rp+rc/[C]. The use of (23.53) 
gives k = kenem( 1 — k/kgiee). Solving for k, we have as our final result 


p — Kaittkenem _ Mr i eae 
kaite + Kenem k kaite Kenem 


For the limit kehem > ©, the reaction is diffusion-controlled, and (23.56) be- 
comes 1/k = I/kgige Or k = kaipe- Thus, kaipe in (23.54) is the rate constant for the 
diffusion-controlled reaction. Equation (23.54) was given earlier as Eq. (17.111). 

For the limit kaire > 00 (or more precisely, kaite > Kenem), Eq. (23.56) becomes 
k = kenem: The reaction is chemically controlled. The rate constant kenem is given by 
the ACT equation (23.41). 

When kaite and kenem are the same order of magnitude, the kinetics is mixed 
and k is given by (23.56). 

The existence of a concentration gradient around each reacting molecule is a 
departure from the Boltzmann distribution, which would predict a uniform distribu- 
tion in the absence of electric and gravitational fields. 

For fast ionic reactions, the rate at which C and B diffuse toward each other is 
affected by the Coulomb attraction or repulsion. An extension of the above deriva- 
tion (see Weston and Schwarz, secs. 6.2 and 6.3) gives Eq. (17.113). 


SUMMARY 


The hard-sphere collision theory of reaction rates equates the reaction rate to the 
rate of collisions of hard-sphere molecules in which the line-of-centers relative trans- 
lational energy exceeds a threshold value. The theory fails. sil 

The potential-energy surface for an elementary chemical reaction is a plot of the 
potential energy V of the supermolecule formed by the reacting molecules; the vari- 
ables are the nuclear coordinates of the supermolecule (excluding translational and 
rotational coordinates). The minimum-energy path connecting reactants and products 
on the potential-energy surface for a bimolecular reaction usually goes through a 


or (23.56) 
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maximum (which is a saddle point on the surface), and this maximum is the transi- 
tion state, 

Molecular reaction dynamics studies the motions (trajectories) of Teacting species 
on the potential-energy surface. Suitable averaging of reaction probabilities for a 
representative set of trajectories allows the rate constant to be calculated from the 
potential-energy surface. Such calculations are extremely difficult. Molecular-beam 
experiments yield detailed information about reaction probabilities and the energy 
distribution of products, 

The activated-complex or transition-state theory (ACT or TST) assumes that all 
supermolecules that cross the dividing surface located at the saddle point become 
products, that a Boltzmann distribution of energy holds for the activated complex 
and the reactants, and that motion along the reaction coordinate can be treated 
classically. ACT leads to an expression [Eq. (23.19)] for a gas-phase rate constant 
in terms of the molecular Partition functions of the activated complex and the reac- 
tants and the quantity Ae}, which is the difference in ground vibrational state 
energies of the transition state and the reactants (Fig. 23.16). ACT explains kinetic 
isotope effects and kinetic salt effects (the dependence of rate constants on ionic 
strength), 

Equation (23.54) relating the rate constant of a diffusion-controlled reaction to 
the diffusion coefficients and radii of the reactants was derived. 

Important kinds of calculations dealt with in this chapter include: 


CHAPTER 23 


* Calculation of the pre-exponential factor using hard-sphere collision theory. 

* Calculation of the rate constant of a reaction using the activated-complex theory. 

* Calculation of AS¢*, AH¢?, and AG°* from A and E, for gas-phase reactions and 
reactions in solution. 

* Calculation of the effect of ionic strength on the rate constant of an ionic reaction. 


FURTHER READING 


Levine and Bernstein; Moore and Pearson, chaps, 4, 5, and 7; Knox, chap. 12; Denbigh, 
secs. 15.7 to 15.9; McClelland, chap. 12; Johnston; Robinson and Holbrook: Bernasconi, 
part I, pp. 1-96; Gardiner, chap. 4; Weston and Schwarz, chaps. 3-6; Bamford and 
Tipper, vols. 2 and 25; Laidler (1969); Laidler (1987), chaps. 4, 11, and 12. 


PROBLEMS 


Sec. | 23.1 | 


—— 


Probs, | 231-232 | 


23.5 23.8 general 


| 23.16 | 12.17-23.20 | 2321-232 


23.21 -23.22 


23.1 Give the equation that Corresponds to (23.6) for the ele- 23.3 Verify (23.18). 
mentary reaction 2B ~ products. 


23.4 le. 
23.2 (a) Use the hard-sphere collision theory to calculate the Convert 9.6 kcal/mol to ergs Ret molec 


A factor for the elementary reaction NO + 0; > NO, + O3; 235 (a) Find the location of the principal axes of the linear 
reasonable values of molecular radii (calculated from the known DH, transition state and express its moment of inertia J, in 
molecular structures) are 1.4 A for NO and 2.0 A for O3.Take terms of Masses and bond distances. (Hint: Use the center-of- 
T = 500 K. (b) The experimental A for this reaction is 8 x mass formula in Sec. 18.13.) (b) Verify the value of the ratio of 
10°! cm? mol~! s~". Calculate the steric factor. rotational partition functions given in the example in Sec. 234. 


23.6 (a) Verify the numerical values of vibrational and trans- 
lational partition functions in the example in Sec. 23.4, (b) 
Verify the numerical value of k, in this example. 


23.7 Use ACT and data in the Sec. 23.4 example to calculate 
k, for D + H3 + DH + H at 600K. (The experimental value 
is 7.5 x 10'° cm? mol”! s~!.) From this calculation and the 
example in Sec. 23.4, is tunneling more or less important at 
higher T? Assume the discrepancy between theory and experi- 
ment is due mainly to tunneling. 


23.8 Use ACT and data in the example in Sec. 23.4 to calcu- 
late k, for H + D3 + HD + D at 600 K. The HD, activated 
complex has vibrational wave numbers 1762 cm~! (symmetric 
stretching) and 694 cm” ' (degenerate bending). Begin by cal- 
culating the D, vibrational wave number from that of H). 
(The experimental k, is 1.9 x 101° cm? mol~! s~!.) 


23.9 Show that in the high-T limit, zy in (22.110) is pro- 
portional to T/“», where fi» is the number of vibrational 
modes. 


23.10 Work out the typical range of values for m in (23.21). 


23.11 Use the ACT equation (23.22) and data in the example 
in Sec. 23.4 to calculate E, for D + H, at 300 K. Assume that 
T is low enough for the vibrational partition functions to be 
neglected. 


23.12 Use ACT to derive the effusion equation (15.58). Take 
the critical dividing surface as coinciding with the hole and 
use (23.16). 


23.13 Use data in Sec. 21.9 to estimate the factor by which k, 
at 300 K is lowered by substitution of D for H in a CH bond 
broken in the rate-determining step. Neglect tunneling. Does 
this isotope effect increase or decrease as T increases? 


23.14 By what factor is k, at 300 K lowered by substitution 
of tritium (°H) for H in a C—H bond broken in the rate- 
determining step? Neglect tunneling. 


23.15 For the electrophilic aromatic substitution reaction 
ArH + X* > ArX + H* (where X* is an electrophile like 
NOŽ), substitution of D for H causes only a small change in 
k,. This observation rules out which of the following steps as 


the rate-determining step? (a) ArH + X* + ArX + H*; (b) 
ArH + X* > ArHX*; (c) ArHX* > ArX + H*. 


23.16 (a) For the elementary gas-phase reaction O, + NO > 
NO, + O2, one finds that E, = 2.5 kcal/mol and A= 6 x 
10° dm? mol ~} s~! for the temperature range 220 to 320 K. 
Calculate AG;*, AH?*, and AS¿* for the midpoint of this tem- 
perature range. (b) The same as (a) for the gas-phase elementary 
reaction CO + O, > CO, + O; here, E, = 51 kcal/mol and 
A =3.5 x 10° dm? mol~!s~! for the range 2400 to 3000 K. 


23.17 (a) For an ionic elementary reaction between a + 2 ion 
and a —3 ion, calculate k,/k® in water at 25°C for J = 1073, 
107?, and 107!, (b) Do the same for reaction between a —2 ion 
and a —3 ion. 


23.18 Measurement of the rate constant of the reaction 
S208 + 217 + 280}> +1, as a function of I= I,/c° at 
25°C_in water yields the following data (where k° = 
1 dm? mol~!s~!); 

10°17 | 245 1245 


| 3.65 6.45 | 8.45 | 


10k/k° | 105 | 1.12 1.18 | 1.26 | 1.40 
Use a graphical method to find zgzc for the rate-determining 


step. 


23.19 For the elementary reaction CH,Br+ Cl” > 
CH3CI + Br” in acetone, one finds A = 2 x 10°%dm? mol~! 
s7! and E, = 15.7 kcal/mol. Calculate AH®?, AS°t, and AG°t 
for this reaction at 300 K. 


23.20 Combine (23.53) and (23.56) to express the concen- 
tration of C in the immediate vicinity of B as a function of the 
bulk concentration of C and of kaipe and kenem; then find the 
limiting values of this concentration for chemically controlled 
and for diffusion-controlled reactions. 


23.21 Name at least three kinds of reactions that involve de- 
partures from the Boltzmann distribution law for the reactants. 


23.22 State whether AS2? is expected to be quite positive, 
quite negative, or close to zero for the unimolecular decompo- 
sition of (a) CHCl (Fig. 23.17b); (b) C2H6- 


SOLIDS AND LIQUIDS 
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SOLIDS AND LIQUIDS 


A solid is classified as crystalline or amorphous. A erystalline solid generally shows a 
sharp melting point; examination by the naked eye (or by a microscope if the sample 
is microcrystalline) shows crystals having well-developed faces and a characteristic 
shape. X-ray diffraction (Sec, 24.9) shows a crystalline solid to have a regular, ordered 
structure composed of identical repeating units having the same orientation through- 
out the crystal; the repeating unit is a group of one or more atoms, molecules, or 
ions. 

An amorphous solid does not have a characteristic crystal shape. When heated, it 
softens and melts over a temperature range. X-ray diffraction shows a disordered 
Structure. Polymers often form amorphous solids; as the liquid polymer is cooled, 
the polymer chains become twisted and tangled together in a random, irregular way, 
(Some polymers do form crystalline solids; others give solids that are partly crystalline 
and partly amorphous.) A glass is an amorphous solid obtained by cooling a liquid. 
(Amorphous solids also may form on deposition of a vapor on a cold surface and on 
evaporation of solvent from a solution.) The most common kind of glass is prepared 
from molten SiO, with various amounts of dissolved metal oxides. It contains chains 
and rings involving Si—O bonds; the structure is disordered and irregular. Liquids 
that are very viscous (for example, glycerol) tend to form glasses when cooled rapidly. 
The high viscosity makes it hard for the molecules to become ordered into a crystalline 
solid. A glass phase is thermodynamically metastable, having a higher G than does 
the crystalline form of the substance. 

In solids, the structural units (atoms, molecules, or ions) are held more or less 
rigidly in place. In liquids, the structural units can move about by squeezing past 
their neighbors. The degree of order in a liquid is much less than in a crystalline 
solid. Liquids have a short-range order, in that molecules in the immediate environ- 
ment of a given molecule tend to adopt a preferred orientation and intermolecular 


distance, but liquids have no long-range order, since there is no correlation between 
the orientations of two widely separated molecules and no restriction on the distance 
between them. Amorphous solids have the rigidity of solids but resemble liquids in 
not having long-range order. 


POLYMERS 


A polymer (or macromolecule) is a substance whose molecules consist of a large number 
of simple structural units. Polymer molecular weights usually lie in the range 10* to 
10’. Biopolymers are those occurring in living organisms. Synthetic polymers are 
manufactured, 

Solid synthetic polymers are, in general, partly crystalline and partly amorphous. 
The degree of crystallinity depends on the polymer structure and the procedure used 
to prepare the solid. Rapid cooling of the molten polymer favors formation of an 
amorphous solid. Regularity of structure in the polymer molecules favors formation 
of crystals. 


At low temperatures, an amorphous solid polymer is hard and has a glassy appearance. 
When heated to a certain temperature, the amorphous solid becomes softer, rubberlike, 
and flexible, the polymer molecules now having sufficient energy to slide past one another; 
this temperature is called the glass-transition temperature T,. Cooling the polymer below 
T, locks the chains in fixed, random conformations to produce a hard, disordered, 
amorphous solid. A rubber ball cooled below T, in liquid nitrogen will shatter when 
dropped on the floor. 

A perfectly crystalline polymer would not show a glass transition but would melt at 
some temperature to a liquid. Perfect polymer crystals do not exist. A semicrystalline 
polymer shows both a glass-transition temperature T, and a melting temperature Tn that 
lies above T,. We can consider T, to be associated with the amorphous portions of the 
solid and T,, to be associated with the crystalline portions. For temperatures between T, 
and Tm, one has tiny crystallites embedded in a rubbery matrix. For nylon 66, T, is 60°C 
and T„ is 265°C. For polyethylene, T, is — 125°C and Tm is 140°C. At the melting point 
of a perfect crystal, the volume undergoes a discontinuous change, AV # 0. For polymers, 
one observes that AV = 0 at T,, but the slope of the V-vs.-T curve changes; in the region 
of T,,, there is a very rapid change in V, but V is not discontinuous, since the polymer 


is not a perfect crystal. 


The main kinds of biopolymers are proteins (whose structural units are amino 
acid residues), nucleic acids (DNA, RNA, whose structural units are nucleotides), and 
Polysaccharides (cellulose, starch, glycogen, whose structural units are glucose 
residues). ; i 

Proteins can be classified as fibrous or globular. In a fibrous protein, the chain 
is coiled into a helix. The helix is stabilized by hydrogen bonds between one turn 
and the next. Hair and muscle proteins and collagen are fibrous. Fibrous proteins 
are generally water-insoluble. i ues 

In a globular protein, some portions of the chain are coiled into hydrogen-bond- 
Stabilized helical segments; the helical content is from 0 to 75 percent, depending on 
the protein. Other portions of the chain are nearly fully extended and are hydrogen- 
bonded to adjacent parallel (or antiparallel—meaning adjacent chain portions run in 
Opposite directions) portions of the chain to form what is called a f (pleated) sheet, 
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typically composed of two to five strands. The conformation of the remaining Portions 
of the chain is not regular. The protein molecule folds on itself to give a roughly 
spherical or ellipsoidal overall shape. The folding is not random: rather, different por- 
tions of the chain are held together by S—S covalent bonds, hydrogen bonds, and 
van der Waals forces. Globular protein molecules contain many polar groups on their 
outer surface and are generally water-soluble. Most enzymes are globular proteins, 
Crystals of globular proteins can be prepared by adding large amounts of a salt 
to an aqueous solution of the protein, thereby reducing the protein’s solubility and 
precipitating it. 


CHEMICAL BONDING IN SOLIDS 


A crystal is classified as ionic, covalent, metallic, or molecular, according to the nature 
of the chemical bonding and the intermolecular forces in the crystal. 

Tonic crystals consist of an array of positive and negative ions and are held 
together by the Coulomb attraction between oppositely charged ions, Examples are 
NaCl, MgO, CaCl,, and KNO}. 

Metallic crystals are composed of bonded metal atoms; some of the valence 
electrons are delocalized over the entire metal and hold the crystal together. Examples 
are Na, Cu, Fe, and various alloys, 

Covalent (or nonmetallic network) crystals consist of an “infinite” network of 
atoms held together by (polar or nonpolar) covalent bonds, no individual molecules 
being present. Examples are carbon in the forms of diamond and graphite, Si, SiO, 
and SiC. In diamond (Fig. 24.18) each carbon is bonded to four others that surround 
it tetrahedrally, giving a three-dimensional network that extends throughout the 
crystal. Silicon has the same structure. SiO, has a three-dimensional network in 
which each Si is bonded to four O's at tetrahedral angles, and each O is bonded to 
two Si atoms. In many covalent crystals, the covalent bonds form a two-dimensional 
network. Examples are graphite and mica, Graphite consists of layers of fused hex- 
agonal rings of covalently bonded carbons, the bonds being intermediate between 
single and double bonds (as in benzene); weak van der Waals forces hold the layers 
together. The covalent solids BeH and BeCl, contain one-dimensional networks 
(Fig. 24.1). 

Crystals of a long-chain polymer like polyethylene can be viewed as covalent 
solids with one-dimensional networks. In certain synthetic polymers, covalent chemi- 
cal bonds between different chains join the whole piece of material into a single 
giant molecule. These polymers have three-dimensional networks and are called cross- 
linked. (In vulcanization of raw rubber, sulfur is added, which opens up double bonds 
in the polymer chains and cross-links adjacent molecules by bonds through one or 
more S atoms; this greatly increases the rubber’s strength.) 


One-dimensional-network 
structure of solid BeCl,. The four 
CI's around each Be are approx- 
imately tetrahedrally disposed. 


In ionic, metallic, and three-dimensional covalent crystals, it is not possible to 
_ pick out individual molecules, The entire crystal is a single giant molecule. 

The coordination number of an atom or ion in a solid is the number of nearest 
neighbors for that atom or ion. In NaCl (Fig. 24.15) each Na* has six C1” ions as 
nearest neighbors, and the coordination number of Na* is 6, The coordination num- 
ber of carbon in diamond (Fig. 24.18) is 4. In SiO}, the coordination number of 
Si is 4 and that of O is 2. The coordination number in a metal is usually 8 or 12. 

Molecular crystals are composed of individual molecules. The atoms within each 
molecule are held together by covalent bonds. Relatively weak intermolecular forces 
hold the molecules together in the crystal. Molecular crystals are subdivided into 
van der Waals crystals, in which the intermolecular attractions are dipole-dipole, 
dipole—induced-dipole, and dispersion forces (Sec, 22.10), and hydrogen-bonded crys- 
tals, in which the main intermolecular attraction is due to hydrogen bonding. Some 
van der Waals crystals are Ar, CO3, CO, O3, HI, CH3CHBr, CsH;NO), HgCl,, 
and SnCl,. Some hydrogen-bonded crystals are H,O, HF, NH,, and the amino acid 
Hj NCH,COO-. 

The distinctions between the various kinds of crystals are not always clear-cut. 
For example, ZnS contains a three-dimensional network of Zn and S and is often 
classed as a covalent solid. However, each Zn—S bond has a substantial amount of 
ionic character, and one might consider the structure an ionic one in which the S27 
ions are substantially polarized (distorted) to give considerable covalent bonding. 


COHESIVE ENERGIES OF SOLIDS 


The cohesive energy (or binding energy) E, of a crystal is the molar enthalpy change AH® 
for the isothermal conversion of the crystal into its ideal-gas-phase structural units; 
the structural units are isolated atoms for metallic and covalent crystals, molecules 
for molecular crystals, and ions for ionic crystals. E, depends on temperature; the 
theoretically most significant value is that at 0 K. At 0 K, AH® differs negligibly from 
AU”, The NBS tables (Sec. 5.8) list AH’; values extrapolated to 0 K for solids and 
for gaseous atoms, ions, and molecules, and this allows easy calculation of E, at 0 K. 


Metals. The cohesive energy of the metal M is AH® for M(c) + M(g). This is the 
heat of sublimation of the solid to a monatomic gas at 1 bar (provided we neglect 
the slight difference between real-gas and ideal-gas enthalpies at 1 bar) and can be 
| found from the solid’s vapor pressure using the Clausius-Clapeyron equation, E, 
values for metals are listed in thermodynamics tables as AH} for M(g). Some 0-K 


E, values in kJ/mol are 


Na K Be Mg | Cu | Ag Cd lane | Feely ENE se 
rite u2 | 324 | 414 | 848 | 564 


1s | 90 | 320 | 146 | 337 | 284 


The range is from 80 to 850 kJ/mol (20 to 200 kcal/mol), which corresponds to 1 to 
9 eV per atom. These energies are comparable to chemical-bond energies (Table 20. 1). 
E, values for transition metals tend to be high, because of covalent bonding in- 
volving d electrons. The melting points reflect the E, values (Fig. 24.2). Some melting 
Points are Na, 98°C; Mg, 650°C; Cu, 1083°C; Pt, 1770°C; W, 3400°C. 
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points of the first 12 metals of the 
fourth row of the periodic table. 
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Covalent Solids. ŒE, for a covalent solid can be found from AH, values of the 
solids and the gaseous atoms (Prob. 24.2). For example, E, of SiC is AH? of 
SiC(c) > Si(g) + C(g). Some E, values at 0 K in kJ/mol are: 


C(diamond) | (graphite) | Si | SiC SiO,(quartz) 
709 | mo è | 4 127 | 1851 


The cohesive energy of a covalent solid is due to covalent chemical bonds. The high 
E, values are reflected in the hardness and the high melting points of covalent solids. 
Diamond sublimes (rather than melts) at 3500°C. Quartz melts at 1600°C. Diamond 
is the hardest known substance because of its high cohesive energy per unit volume 
and symmetrical bonding structure. 


lonic Solids. The cohesive energy of NaCl is AH® for the process NaCl(c) > 
Na*(g) + Cl-(g). Born and Haber pointed out that this process can be broken into 
the following isothermal steps: 
NaCl(c) “+ Nafe) + 4Cla(g) © Na(g) + Clg)  Na*(g) + C1“) 

AH, equals minus the enthalpy of formation AH’, of NaC\(c) from its elements. AH, 
equals AH? of Na(g) plus AH; of Cl(g). [AH of Na(g) is the enthalpy of sublimation 
of solid Na. AH¥ of Cl(g) is closely related to the dissociation energy of Cl,; see the 
discussion in Sec. 21.3 on H3.] AH, equals Ny times the ionization energy J of Na 
minus N4 times the electron affinity A of Cl (since excited electronic states of the 
atoms and ions are not populated at room temperature). Thus 


E[NaCI(c)] = —AHj[NaCl(c)] + AH}[Na(g)] 
+ AH5[Cl(g)] + Nal(Na) — N,A(Cl) (24.1) 
Using thermodynamic data in the Appendix, /(Na) = 5.139 eV, A(Cl) = 3.614 eV, and 
Eq. (20.1), we get E, = 787 kJ/mol at 25°C (Prob, 24.3). 


Some values of E, in kJ/mol at 0 K for ionic solids are (values in parentheses 
are approximate): 


NaCl | NaBr | LiF | Ga | znc, MgCl, | MgO | CaO 
4 4 é $ 


786 751 1041 68 | 2728 | 2519 (3800) | (3400) 


The factor-of-4 difference between NaCl and CaO is due to the +2 charges on the 
Ca?* and 02> ions. Some melting points are NaCl, 801°C; NaBr, 755°C; MgO. 
2800°C, 


Molecular Solids. E, for a molecular solid is the enthalpy of sublimation. Some 
values in kJ/mol at the melting point of the crystal are: 


Ar |. Btn SBe, [vrei H,O HS Cl, lz (24.2) 


105 | 96 | 113 it 21 27 l ól 


7.5 


The weakness of intermolecular forces compared with chemical bonds means that 
E, for a molecular crystal is typically an order of magnitude smaller than for & 
covalent, ionic, or metallic crystal. For molecules of comparable size, hydrogen- 


bonded crystals have higher E, values than van der Waals crystals. Æ, values and 
melting points increase as the molecular size increases, because of the increase in 
dispersion energy as the number of electrons increases. Some melting points are Ar, 
— 189°C; Kr, —157°C; CH3, — 182°C; n-C1oH40, 32°C; HO, 0°C; HS, —86°C; 
Ch, — 101°C; I, 114°C. 


THEORETICAL CALCULATION OF COHESIVE ENERGIES 


Covalent Solids. E, for a covalent solid can be estimated as the sum of the bond 
energies for all the covalent bonds. Consider diamond, for example. In a mole, there 
are Na atoms of carbon. Each carbon atom is bonded to four others. If we were to 
take 4N, as the number of carbon-carbon single bonds per mole, we would be 
counting each C,—C,, bond twice, once as one of the four bonds of carbon atom a 
and once as one of the four bonds of C,. Hence, there are 2N a bonds per mole. 
Table 20.1 gives the carbon-carbon single-bond energy as 344 kJ/mol. We therefore 
estimate E, for diamond to be 688 kJ/mol, which is close to the actual value of 
709 kJ/mol. 

Use of an empirical C—C bond energy to estimate E, of diamond is far from 
a true theoretical calculation of E.. A quantum-mechanical calculation of E; of 
diamond using a procedure called the ab initio pseudopotential method gave 
730 kJ/mol [M. T. Yin and M. L. Cohen, Phys. Rev. B., 24, 6121 (1981)]. This method 
has been used to calculate cohesive energies, bond distances, and compressibilities 
of many solids with striking success; see M. L. Cohen et al., Scientific American, June 
1982, p. 82; M. L. Cohen, Int. J. Quantum Chem. Symp. 17, 583 (1983). 


lonic Solids. E, of an ionic crystal can be estimated by summing the energies of 
the interionic Coulomb attractions and repulsions and the Pauli repulsions arising 
from a slight overlap of the probability densities of ions in contact (recall Prob. 20.12); 
this approach is due to Born and Landé. 

Consider NaCl as an example. In the NaCl crystal structure (Fig. 24.15) each 
Na* ion is surrounded by six nearby Cl” ions at an equilibrium distance (averaged 
Over zero-point vibrations) Ro. The next nearest neighbors to an Na* ion are 12 
other Na* ions at a distance /2 Ry. Then come 8 Cl” ions at /3 Ro, then 6 Na* ions 
at V4Ro, then 24 Cl ions at V5Ro, then 24 Na* ions at V6 Ro, and so on. For a 
general separation R between Na* and Cl” nearest neighbors, Eq. (19.4) gives as 
the potential energy of interaction between one Na* ion and all the other ions in 


the crystal 
2 


e? (6. 12 a Seer secre e) r (243) 
-| —- - -—+—- = i ! 
= (hana lem en a R 
where the Madelung constant M is the sum of the series. Because of the long range of 
interionic forces, the series converges very slowly, and special techniques must be 
used to evaluate it [see the references in W. B. Bridgman, J. Chem. Educ., 46, 592 
(1969); E. L. Burrows and S. F. A. Kettle, ibid., 52, 58 (1975)]. One finds . = 1.74756 
for NaCl. By symmetry, the potential energy of Coulomb interaction between a a 
ion and the other ions of the crystal is also —e? MR. Multiplication of =2e MIR 
by N4 and division by 2 (to avoid counting each interionic interaction twice) gives 
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the Coulomb contribution Ecou; to the NaCl cohesive energy as 
Ecou = ~e? MN, R! (24.4) 


For NaCl, x-ray diffraction data give Rọ = 2.820 A at 25°C and 2.798 À at 0K. 
One finds (Prob. 24.6) Ecou = —868 kJ/mol at 0 K, 

The form of (24.4) and the Madelung constants for other crystal structures are 
discussed in D. Quane, J. Chem. Educ., 47, 396 (1970). 

In addition to the Coulomb interactions between the ions considered as spheres, 
there is the Pauli-principle repulsion (Sec. 20.4) due to the slight overlap of neigh- 
boring-ion probability densities. A crude approximation to this repulsion energy 
between two ions is the function A/R", where n is a large power and A is a con- 
stant. (Recall that Lennard-Jones took n = 12; Sec. 22.10.) Each ion has six nearest 
neighbors, and there are 2N, ions in 1 mole, so the total repulsion energy per mole 
is 6A(2N,)/2R" = B/R", where B = 6AN, and we divided by 2 to avoid counting 
each repulsion twice. Thus, Exep = B/R". 

Let E, = Ecou + Exep be the potential energy of interaction between the ions 
in 1 mole of the crystal for the arbitrary nearest-neighbor separation R. The cohesive 
energy E, is defined as a positive quantity, so E. = —E,, where E, is evaluated at 
R = Ro. We have 


—E, = —(Ecout + Erop) =€? WNR! — BR" (24.5) 


where B and n are as yet unknown. 

To evaluate B, we use the condition that E, is minimized at the equilib- 
rium nearest-neighbor separation Ro. Differentiation of (24.5) gives —dE,/dR = 
=e MN R? + nBR "1, Setting dE,/dR = 0 at R = Ro and solving for B, we get 


B= e MN nT RI: (24.6) 
Substitution of (24.6) in (24.5) gives 
—E, = e? MN A(R! — n RY R") (24.7) 
—E, =e? MN, RS [R/R — n7 1(Ro/R)"] (24.8) 
12 
E, = —E,(Ro) = 4% (1 - ‘) (249) 
Ro n 


The parameter n in the repulsive part of the potential can be evaluated from 
compressibility data. Differentiation of the thermodynamic relation (6U/0V); = 
“T/x — P [Eq. (4.47)] with respect to V gives an expression for (2U/dV2)7. Equating 
this at 0 K to 67E,/0V?, which is found by differentiation of (24.8), one finds (Prob. 
24.9) 
9VoRy 


eee: for T=0 (24.10) 
Ke WN, s 


n=1 +4 
where V and x are the molar volume and compressibility at 0 K. a 
We shall see in Sec. 24.8 that the NaCl crystal is composed of cubic unit cells; 
each unit cell (Fig. 24.15) contains four Na+ -C17 ion pairs and has an edge length 
2Ry. A mole of NaCl(c) contains N4/4 unit cells and has a volume My = (Na/4) X 
(2Ro)? = 2N4Ro>. Hence, for NaCl 


N=1+18Ro*/ke'2W for T=0 (24.11) 
Extrapolation of data to absolute zero gives x = 3.7 x 107 !2 cm? dyn! for NaCl 


at 1 atm. Using the 0-K Rọ value listed after Eq. (24.4), one finds n = 8.4 for NaCl 
(Prob. 24.7). 

The theoretical NaCl cohesive energy is given by (24.9), (24.4), and the data 
following (24.4) as (868 kJ/mol)(1 — 1/8.4) = 765 kJ/mol at T = 0. The experimental 
E, at O K listed after (24.1) is 786 kJ/mol. The agreement is good. 

There are two corrections that should be included. The theoretical E, should 
include the potential energy of the dispersion interaction (Sec, 22.10) between the 
ions. One finds that this adds 21 kJ/mol to the theoretical E., bringing it to 786 kJ/mol. 
The experimental E, is AH® for NaCl(c) + Na + (g) + CI” (g) and is less than the 
theoretical E, at T = 0 because of the zero-point vibrational energy of NaCl(c). This 
zero-point energy is 6 kJ/mol and reduces the theoretical E, to 780 kJ/mol, compared 
with the experimental 0-K value 786 kJ/mol. 


Metals. £, for Li and Na can be calculated quite accurately using the band theory 
(Sec, 24.11) of metals; see Pitzer, sec. 10e. Quantum-mechanical calculations of E, of 
the first 50 metals in the periodic table gave results generally within 15 percent of the 
true E.; see V. L. Moruzzi et al., Calculated Electronic Properties of Metals, Pergamon, 
1978. 


Molecular Solids. E, for a van der Waals crystal is found by summing the energies 
ofthe intermolecular van der Waals attractions and repulsions; for a hydrogen-bonded 
crystal, one also includes the energy of the hydrogen bonds. 

Since the form of the intermolecular potential is not accurately known for most 
molecules, accurate calculation of E, is difficult. For a simple crystal like Ar, a pretty 
accurate value of E, can be calculated theoretically by using a Lennard-Jones 6-12 
intermolecular potential and summing this over all pairs of Ar atoms in the crystal; 
this approach neglects three-molecule interactions. Each Ar atom in the crystal has 12 
nearest neighbors (Sec. 24.8). Counting only nearest-neighbor interactions and using 
the Lennard-Jones potential (22.132), we have E, = — 12Ġ)N ,4e[(o/R)? — (o/R)°}, 
where the factor 4 avoids counting each interaction twice. Substitution of the € and ø 
values in Sec. 22.10 and the experimental nearest-neighbor separation Ry = 3.75 A at 
OK gives (Prob. 24.12) 5.2 kJ/mol, compared with the experimental value 7.7 kJ/mol 
at OK. When non-nearest-neighbor interactions are included (Prob. 24.11), the 
Lennard-Jones potential predicts E, = 8.3 kJ/mol. Thus, measurement of gas-phase 
Properties of Ar allows the binding energy of solid Ar to be calculated. 

For H,0, spectroscopic observations on the intensity change with temperature 
of infrared bands of the gas-phase dimer (H,O), show that an O- - “HO hydrogen 
bond has an energy of roughly 5 kcal/mol. Since each H atom in ice participates in 
one hydrogen bond, there are 2N, hydrogen bonds per mole of ice. The hydrogen 
bonds thus account for most of the observed 12 kcal/mol cohesive energy of ice. The 
Test of E, is due to van der Waals forces. 


In summary, although accurate calculation of the cohesive energy of a crystal is 
not always possible, the forces that determine the cohesive energy are well understood. 


INTERATOMIC DISTANCES IN CRYSTALS 


lonic Crystals. Pauling used experimental nearest-neighbor distances in crystals 
With the NaCl-type structure (Fig. 24.15) together with arguments involving the 
dependence of an ion’s radius on the effective nuclear charge Z.p for the outer 
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Model of CO). re and Fe are the 
double-bond radius and the 
van der Waals radius of carbon, 
respectively. 
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electrons to arrive at a set of ionic radii. Some values in A are (L. Pauling, The Nature 
of the Chemical Bond, 3d ed., Cornell University Press, 1960, p. 514): 


Lit | Na* | Kt |_Rb* | Cs* | Be?* | Me’* | Ca?* | AP* | Fet | Fet 
oso 095 1133.1 148 | 169 1 osr | oss | 099 | oso | 075. l agp 
o> neg l F- | an | Bd ew l H- 

uss] a36 E 1s1] 195 | 216° | 208 


Of course, cation radii are smaller than the corresponding atomic radii, and anion 
radii are larger than the corresponding atomic radii. These values can be used to 
estimate nearest-neighbor distances in ionic crystals. 

The nearest-neighbor distance in NaCl(c) is 2.80 A, compared with R, = 2.36A 
in gas-phase NaCl. An ion in the crystal interacts with very many other ions, whereas 
an ion in the gas-phase molecule interacts with only one other ion. Hence, the poten- 
tial energy is minimized at different values of R in the crystal and in the isolated 
molecule. 


Molecular Crystals. Because of the weakness of intermolecular van der Waals 
forces compared with chemical-bonding forces, one usually finds bond distances 
within molecules to be almost unchanged on going from the gas phase to the solid 
phase. For example, the Raman spectrum of gas-phase benzene gives Ro(CC) = 
1.397 A, x-ray diffraction of solid benzene gives Ro(CC) = 1.39, A, and neutron dif- 
fraction of solid benzene gives Ro(CC) = 1.39, A. 

The distance between molecules in contact in a crystal is determined by the 
intermolecular yan der Waals attractive and repulsive forces. From intermolecular 
distances in crystals, one can deduce a set of van der Waals radii for atoms. For 
example, in solid Cl,, the shortest Cl-CI distance is 2.02 A, and this is the bond 
distance in Cl,; the single-bond covalent radius of Cl is 1.01 A. The Cl, molecules in 
the crystal are arranged in layers. The closest Cl-C1 distance between neighboring 
molecules in the same layer is 3.34 A, and between neighboring molecules in adjacent 
layers is 3.69 A. The van der Waals radius of CI thus lies between 3.34/2 and 3.69/2 A 
and is usually taken as 1.8 Å. A 

Van der Waals radii are much larger than bond radii, since there are two pairs 
of valence electrons between the nonbonded atoms, compared with one pair between 
the bonded atoms. Van der Waals radii are found to be close to ionic radii; note 
that the outer part of a Cl atom in the molecule X:Cl: resembles a :C1:7 ion. Some 
van der Waals radii in A (Pauling, op. cit., p. 260) are: 


Van der Waals radii are used to fix the size of atoms in space-filling molecular 
models. One takes each atom as a truncated sphere (Fig. 24.3). 

When hydrogen bonding exists, it may strongly influence the packing of the 
molecules in the crystal. Ice has a very open structure because of hydrogen bonding. 
When ice melts, the degree of hydrogen bonding decreases, and liquid water at 0°C 
is denser than ice. 


Covalent Crystals. Interatomic distances in covalent crystals are determined by 
essentially the same quantum-mechanical interactions as in isolated molecules, For 
example, the carbon-carbon bond distance in diamond at 18°C is 1.545 A, virtually 
the same as in most saturated organic compounds (1.53 to 1,54 A). 


Metallic Crystals. The metallic radius of an atom is half the distance between 
adjacent atoms in a metallic crystal with coordination number 12. The metallic radius 
of an atom is a bit larger than its single-bond covalent radius. For example, the 
metallic radius of Cu is 1.28 A, and its single-bond covalent radius is 1.17 A. 

Atoms at the surface of a metal experience different forces than those in the bulk; 
and low-energy-electron-diffraction experiments (Sec, 24,10) show that the distance 
between the surface layer and the second layer in a metal is typically 1 to 10 percent 
less than the distance between corresponding layers in the bulk (Somorjai, chap. 4). 


CRYSTAL STRUCTURES 


The Basis. A crystal contains a structural unit, called the basis (or motif), that is 
repeated in three dimensions to generate the crystal structure. The environment of 
each repeated unit is the same throughout the crystal (neglecting surface effects). The 
basis may be a single atom or molecule, or it may be a small group of atoms, molecules, 
or ions. Each repeated basis group has the same structure and the same spatial 
Orientation as every other one in the crystal. Of course, the basis must have the same 
_ stoichiometric composition as the crystal. 

For NaCl, the basis consists of one Na* ion and one Cl” ion. For Cu, the basis 
is a single Cu atom. For Zn, the basis consists of two Zn atoms. For diamond, the 
basis is two C atoms; the two atoms of the basis are each surrounded tetrahedrally 
by four carbons, but the four bonds at one basis atom differ in orientation from those 
at the other atom; see Fig. 24.18 and the accompanying discussion. For CO,, the 
basis is four CO, molecules. For benzene, it is four CH molecules. 


The Space Lattice. If we place a single point at the same location in each repeated 
basis group, the set of points obtained forms the (space) lattice of the crystal. Bach 
point of the space lattice has the same environment. The space lattice is not the 
Same as the crystal structure. Rather, the crystal structure is generated by placing 
an identical structural group (the basis) at each lattice point. The space lattice is 
a geometrical abstraction. Figure 24.4 shows a two-dimensional lattice and a hypo- 
thetical two-dimensional crystal structure formed by associating with each lattice 
Point a basis consisting of an M atom and a W atom. 
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The crystal structure is generated 
by associating a basis group with 
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Two ways of breaking the two- 
dimensional lattice of Fig. 24.4 


into unit cells, 
Crystal system Primitive (P) Body-centered (I) Face-centered (F) 


End-centered (C) 


Cubic 


a=b=c 


a=p=y7=90° 


Tetragonal 


a=b#c 


a=f=7=90' 


Orthorhombic 
atb#te 
a=p=7=90° c 


Hexagonal 


a=b#c 


a=B6= 90°, y= 120° 


Trigonal (rhombohedral) 
a=b=¢ 


90° #a=B=y < 120° 


Monoclinic 


atb#e 


a=y=90°, $ > 90° 


Triclinic 


a*b#c 
atpty 5 
| roves 246 | 4 


Unit cells of the 14 Bravais 
lattices. 


The W atoms in Fig, 24.4 do not lie at lattice points. Of course, the lattice points 
could have been chosen to coincide with the W atoms, in which case the M atoms 
would not lie at lattice points, In fact, no atom need lie at a lattice point. For example, 
in I,, one chooses the lattice point at the center of one I, molecule of the basis, 
which consists of two I, molecules; see Fig. 24.19b. 


The Unit Cell. The space lattice of a crystal can be divided into identical parallel- 
epipeds by joining the lattice points with straight lines. (A parallelepiped is a six-sided 
geometrical solid whose faces are all parallelograms.) Each such parallelepiped is 
called a unit cell. The way in which a lattice is broken up into unit cells is not unique. 
Figure 24.5 shows two different ways of forming unit cells in the two-dimensional 
lattice of Fig, 24.4. The same kind of choice exists for three-dimensional lattices, In 
crystallography, one chooses the unit cell so that it has the maximum symmetry and 
has the smallest volume consistent with the maximum symmetry; the maximum- 
symmetry requirement implies the maximum number of perpendicular unit-cell edges. 

In two dimensions, a unit cell is a parallelogram with sides of length a and b 
and angle y between these sides. In three dimensions, a unit cell is a parallelepiped 
with edges of length a, b, c and angles a, £, y, where « is the angle between edges b 
and c, etc. 

In 1848, Bravais showed that there are 14 different kinds of lattices in three 
dimensions. The unit cells of the 14 Bravais lattices are shown in Fig. 24.6. The 14 
Bravais lattices are grouped into seven crystal systems, based on unit-cell symmetry; 
the relations between a, b, c and between g, $, y for the seven systems are indicated 
in Fig. 24.6. (Some workers group the lattices into six systems; see Buerger, chap. 2.) 

Unit cells that have lattice points only at their corners are called primitive (or 
simple) unit cells. Seven of the Bravais lattices have primitive (P) unit cells. 

A body-centered lattice (denoted by the letter I, from the German innenzen- 
trierte) has a lattice point within the unit cell as well as at each corner of the unit 
cell. A face-centered (F) lattice has a lattice point on each of the six unit-cell faces as 
well as at the corners. The letter C denotes an end-centered lattice with a lattice point on 
each of the two faces bounded by edges of lengths a and b. A and B have similar 
meanings. 5 ; 

Each point at a unit-cell corner is shared among eight adjacent unit cells in the 
lattice—four at the same level (Fig. 24.7) and four immediately above or below, 
Therefore a primitive unit cell has 8/8 = 1 lattice point and 1 basis group per unit 
cell, Each point on a unit-cell face is shared between two unit cells, so an F unit cell 
has 8/8 + 6/2 = 4 lattice points and 4 basis groups per unit cell. y 

One could use a primitive unit cell to describe any crystal structure, but since 
in many cases this cell would have less symmetry than a cell of a (nonprimitive) 
centered lattice, it is more convenient to use the centered lattice. For example, Fig. 
24.8 shows a two-dimensional lattice broken into centered unit cells and into less 


symmetric primitive unit cells. 


Notation for Points and Planes. To designate the location of any point in the unit 
cell, we set up a coordinate system with origin at one corner of the unit cell and axes 
coinciding with the a, b, c edges of the cell. Note that these axes are not necessarily 
mutually perpendicular. The position of a point in the cell is specified by giving its 
coordinates as fractions of the unit-cell lengths a, b, and c. Thus, the point at the 
origin is 000; the interior lattice point in an I lattice is at 444; the point at the center 


of the face bounded by the b and c axes is 033. 
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The lattice point shown is shared 
by four unit cells at the same 
level and four more unit cells 

immediately above. 
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(a) A two-dimensional centered 
lattice. (b) The same lattice divided 
into primitive unit cells. 
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FIGURE 24.9 (a) (220) planes (b) (100) planes (c) (111) plane 


(a) (220) planes. (b) (100) planes. 


(c) A (111) plane. Two unit cells The orientation of a crystal plane is described by its Miller indices (hkl), which 
are shown in (a) and in (b); oneis are obtained by the following steps: (1) find the intercepts of the plane on the a,b, 
shown in (c). axes in terms of multiples of the unit-cell lengths a, b, c; (2) take the reciprocals of 


these numbers; (3) if fractions are obtained in step 2, multiply the three numbers by 
the smallest integer that will give whole numbers. If an intercept is negative, one 
indicates this by a bar over the corresponding Miller index, 
One is usually interested only in planes densely populated by lattice points, since 
it is these planes which are important in x-ray diffraction (Sec. 24.9). 
As an example, the shaded plane labeled r in Fig. 24.9 intercepts the a axis at 
a/2 and the b axis at b/2 and lies parallel to the c axis (intercept at 00), Step 1 gives 
2, 4, 00. Step 2 gives 2, 2, 0, Hence the Miller indices are (220). The plane labeled s 
has Miller indices (110). The plane labeled £ has intercepts 3a, 3b, 00; step 2 gives $, 
3, 0, and the Miller indices are (220). Plane u has intercepts 2a, 2b, 00, so step 2 gives 
3,4, 0, and step 3 gives (110). Also shown are a (111) plane and (100) planes, The 
higher the value of the Miller index h of a plane, the closer to the origin is the a 
intercept of the plane. 
As well as giving the orientation of a single plane, one also uses Miller indices 
to denote a whole stack of parallel, equally spaced planes. The planes s, u, and an 
infinite number of planes parallel to them and separated by the same distance as s 
and u form the set of (1 10) planes. The set of (220) planes is considered to include 
the (110) planes plus the planes midway between the (110) planes. Planes r, s, t, u,... 
form the (220) set. 
In determining the Miller indices of a set of parallel equally spaced planes, one 
looks at the intercepts of the plane closest to the origin but not containing the origin. 
Each face of a macroscopic crystal contains a high density of lattice points. 
Examination of the macroscopic shape of a single crystal will generally tell which of 
the seven crystal systems the crystal belongs to (but will not tell what the Bravais 
lattice is) and will allow the a, b, and c axes to be located. One can therefore use 
Miller indices to specify the orientations of the macroscopic faces (surfaces) of the 
crystal, as well as to specify the orientations of planes within the crystal lattice. 
("cure 2.10 Studies of chemisorption of gases on metals often use a single metal crystal cut 
Plancsiandtcurtacee ina ofni to expose a particular face to the gas. One finds that the (100) surface of a metal has , 
iattice, different adsorption Properties (heats of adsorption, sticking probabilities) than other 
surfaces such as the (110) surface. The structure of an adsorbed species may differ 
on different surfaces of the same metal. 


EE 


Find the Miller indices (hkl) of the surfaces $1, Sz, ANd s3 and the sets of planes 
Pı ANd p3 in Fig. 24.10, All these planes and surfaces are parallel to the c axis. 
Py The lattice in Fig. 24.10 is Primitive. 


Since the planes and surfaces are parallel to the c axis, the c intercepts are 
all at co, and so the Miller | indices are all 0. We set up an a-b coordinate system 
with origin at point e, which is chosen as close as Possible to the leftmost Py 
plane without being in this plane. For this origin, the leftmost Pı Plane intercepts 
the a axis at 1 - a and the b axis at 1 - b, so the Miller indices are h = 1/1 = 1 and 
k= 1/1 = 1. The p, planes are the (110) planes. Similarly, with origin at r, we see 
that sz is a (110) surface. With Origin at w, the $1 surface has a intercept at co and 
b intercept at 1, so s, isa (010) surface. The rest of this example is left for you to 
figure out (Prob, 24,17), 


Anisotropy. The repeated structural group of a crystal has a fixed orientation in 
space. It follows that the properties of a crystal will, in general, be different in dif- 
ferent directions. For example, we can see that the properties of the hypothetical 
two-dimensional crystal in Fig. 24.4 will differ in the a and b directions. A substance 
whose physical properties are the same in all directions is called isotropic; otherwise, 
it is anisotropic. 

Gases and liquids are isotropic. An exception is liquid crystals. Liquid crystals 
flow like liquids but have much of the long-range order of solids, In a liquid crystal, 
the molecules:can move about, and the intermolecular spacings are irregular; however, 
most of the molecules have the same spatial orientation (Fig. 24.11). (In certain liquid 
crystals, the molecules form layers; the molecules in a given layer all have the same 
orientation, but the orientation direction varies in a regular way from layer to layer. 
Such liquid crystals show bright temperature-dependent colors, and can be used to 
indicate temperature.) At a certain elevated temperature, a liquid crystal makes a 
transition to a true liquid state with random molecular orientations. Many liquid 
crystals are organic compounds having a long nonpolar chain and a polar group (for 
example, CsH;;CsH,COOH). The liquid-crystal state may occur in biological-cell 
membranes. 

Application of a weak electric field changes the orientation of molecules in a 
liquid crystal and thereby changes the appearance of the substance. This is how 
liquid-crystal displays for calculators, digital watches, and portable computers work. 

A single crystal is, in general, anisotropic. A finely powdered solid is isotropic, 
since the random orientations of the tiny crystals produce isotropy. A single crystal 
has different refractive indices, coefficients of thermal expansion, electrical conduc- 
tivities, speeds of sound, etc., in different directions. For example, the 20°C refractive 
indices of AgNO, along the a, b, and c axes are 1.73, 1.74, and 1.79 for sodium D 
light. The cubic crystal NaCl has the same refractive index along each axis and so is 
optically isotropic. However, NaCl is very anisotropic in its response to mechanical 
Stress; for example, when crushed, an NaCl crystal cleaves only along planes contain- 
ing unit-cell faces. Different faces of a crystal may show different catalytic activities 


and different rates of solution. ' 


The Avogadro Constant. Let Z be the number of formula units per unit cell. The 
unit cell of NaCl (Fig. 24.15) has four Na* and four Cl~ ions, so Z = 4 for NaCl. 
The unit cell of CO, has four CO, molecules, so Z = 4 for CO,(c).The unit cell of 
diamond (Fig. 24.18) has eight carbon atoms, so Z = 8 for diamond. ; 

One mole of a crystal contains N,/Z unit cells. The volume of a right-angled 
unit cell is the product abe of its edges. (The volume formula for a nonrectangular 
cell is given in Buerger, p. 187.) The molar volume is therefore V = abcN ,/Z. The 
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density is p = M/V, where M is the molar mass. Therefore 


ZM 
abcN x 


= for x = $ = y = 90° (24.12) 
X-ray diffraction (Sec. 24.9) allows a, b, c, and Z to be determined at temperature T, 
An accurate measurement of p at T then allows the Avogadro constant N, to be 
found. This is the most accurate method for determining N4. 


Silicon crystallizes in the same face-centered cubic lattice as diamond, and so 
a=b=c¢ and Z =8 for Si. Fora single crystal of very pure Si, one finds at 25°C 
and 1 atm [R. D. Deslattes et al, Phys. Rev. Lett, 33, 463 (1974); P. Becker et al, 
Phys. Rev. Lett, 46, 1540 (1981)] 


p = 2.328992 g/cm’, M = 28.08541 g/mol, a= 5.431055 A 


Find N4. 
Substitution in (24.12) gives 
.08541 g/ = 
Nowa S280354 Smo) =5—5 = 6.02213 x 1023 mol™! 
(2.328992 g/cm°)(5.431055 x 10 cm) 


pa 


EXAMPLES OF CRYSTAL STRUCTURES 


Metallic Crystals. Metal atoms are spherical, and the structures of metallic elements 
can be described in terms of the various ways of packing spheres. 

Figure 24.12 shows a planar layer of spheres, with each sphere touching four 
others in the layer. For now, ignore the lines and the shaded spheres. Let successive 
layers of spheres be added with each sphere directly over a sphere in the layer beneath 
it. This gives a structure having a simple cubic space lattice (Fig. 24.6) with a basis 
of one atom at each lattice point. The coordination number (CN) is 6, since each 
atom touches four atoms in the same layer, one atom in the layer above it, and one 


Instead of adding the second layer directly over the first, let us add a second 
layer of spheres (shown shaded in Fig. 24.12) by placing a sphere in each of the 


over a second-layer sphere; etc. This produces a Jace-centered cubic (fcc) space lattice 
(Fig. 24.6), the basis being one atom at each lattice point. The square base of a unit 
cell is outlined in Fig. 24.12. The four spheres with dots at their centers lie at the 
corners of the unit-cell base, and the sphere marked with a cross lies at the center 
of the unit-cell base. The four shaded second-layer spheres above the sphere with a 
cross lie at the centers of the four side faces of the unit cell. The third-layer sphere 
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directly over the sphere with a cross lies at the center of the top face of the unit cell. (a) Formation of a bee lattice. 
If you have as much trouble as I do at three-dimensional visualization, construct Č} Formation of an hep structure. 
models using coins or marbles held together with bits of clay. 

The CN of the fcc structure is 12, since each atom touches four others in the k 
same layer, four in the layer above, and four in the layer below. The high CN makes 
for a very close-packed structure with 74 percent of the volume occupied. The fec 
structure is often called cubic close-packed (ccp). [An alternative description of the 
fcc structure is often used. Drawing the (111) planes in the lattice, one finds that each 
atom touches six others in the same (111) plane, three others in the (111) plane above 
it, and three others in the (111) plane below it; Prob. 24.21.) 

The fcc structure is very common for metals. Examples include Al, Cu, Au, Pb, 
Pt, Pd, Ni, and Ca. 

Suppose we start with a layer of spheres arranged as in Fig. 24.13a with centers 
separated by 2/\/3 = 1.155 times the spheres’ diameter. We place a second layer 
(shaded spheres) in the hollows of the first layer, and a third layer with its spheres 
directly over the first-layer spheres, etc. This produces a body-centered cubic (bcc) 
space lattice (Fig. 24.6) with a basis of one atom at each lattice point. The CN is 8, 
since each atom touches four atoms in the layer above it, four in the layer below it, 
and none in its own layer. This structure fills 68 percent of the space and is quite 
common for metals. Examples include Cr, Mo, W, Ba, Li, Na, K, Rb, and Cs. 

Finally, we can start with a layer in which each sphere touches six others (Fig. 
24.13b). We place spheres in the hollows marked by dots to give a second layer 
(shaded spheres). We then place spheres in those second-layer hollows that lie directly 
Over the centers of the first-layer spheres to give a third layer of spheres lying 
directly over the first-layer spheres. (An alternative choice exists for the third-layer 
spheres; this turns out to give the fcc lattice discussed above.) A fourth layer is 
then formed with its spheres lying directly above the second-layer spheres, etc. The FIGURE 24.14 | 
CN is 12, since each atom touches six atoms in its own layer, three atoms in the i 1 
layer above, and three atoms in the layer below. One finds that this structure has a are hae alee by F hee 
(primitive) hexagonal space lattice; the basis consists of two atoms associated with with the origin at the atom at the 
each lattice point (Fig. 24.14). The second atom of the basis lies at the point 444, center orite hexagonal base, the 
which is not a lattice point. The unit cell is drawn with heavy lines in Fig. 24.14. shaded atoms lie at 34}. 
This structure fills 74 percent of the volume (the same as the fcc structure) and is 
called hexagonal close-packed (hcp). Many metals have hep structures, including Be, 
Mg, Cd, Co, Zn, Ti, and TI. 

Some metals undergo changes in structure as the sabes iy and pressure 
change. For example, Fe(c) at 1 atm is fcc between 906 and 1401°C but is bec both 


above and below this range. 
In summary, most metal structures are hcp (CN 12), fcc (CN 12), or bec 


(CN 8). 
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(a) The NaCI unit cell is outlined 
by the heavy lines. (b) Packing of aero an k 
ions in NaCl, lonic Crystals. Many M*X7~ ionic crystals have the NaCl-type structure. This 


is a face-centered cubic Space lattice with a basis of one M* ion and one X~ ion 
associated with each lattice point. Figure 24.15a shows the NaCl unit cell. A Cl” ion 
has been placed at each lattice point (the unit-cell corners and face centers), and an 
Na* ion has been placed a distance ła directly above each CI” (where a is the 
cubic unit-cell edge length). The Na* ions do not lie at lattice points. (Of course, the 
lattice points could have been chosen to be at the Na* ions, in which case the C17 
ions would not be at lattice points.) The four Nat ions on the bottom face of the 
unit cell are associated with lattice points in the unit cell below. 

There are 8 Cl” ions at the corners and 6 on the faces, so each unit cell has 
8/8 + 6/2 =4 CI" ions, There are 12 Na* ions on unit-cell edges, and these are 
shared with three other unit cells; there is 1 Na* at the unit-cell center. Hence there 
are 12/4 + 1 = 4 Na* ions Per unit cell. The number of formula units per unit cell is 
Z=4, The CN is 6, 

The ions in Fig. 24.15a have been shrunk to allow the structure to be seen 
clearly. Figure 24.15) shows the actual arrangement of ions in a plane through the 


(24.4)]; the centers of two nearest like-charged ions are 4a,/2 apart. y 
(a) The CsCl unit cell, (b) Packing Compounds having the NaCl-type structure include many group IA halides, 
of ions in CsCl. hydrides, and cyanides (for example, LiH, KF, KH, KCN, LiCl, NaBr, NaCN), 


Ake many group IIA oxides and sulfides (for example, MgO, CaO, MgS), and certain 
nitrides and phosphides (for example, CeN, CeP), Further examples are AgBr, MnO, 
PbS, and FeO, 

yes About 15 ionic compounds have the CsC] Structure, whose unit cell is shown 


in Fig. 24.16. The CsC] Space lattice is not body-centered cubic but is simple cubic. 
ass The basis consists of one Cs* ion and one CI” ion associated with each lattice 
point. The CI” ion at the center of the unit cell does not lie at a lattice point. The 
FS A) Cl” ions associated with the Other seven lattice points in Fig. 24.16 lie in adjacent 
OO unit cells. Obviously, Z = 1, The CN is 8. Compounds having this structure include 
me CsCl, CsBr, CsI, TICI, TIBr, TIL, and NH,CL. Certain alloys have the CsCl structure, 
p N) for example, CuZn (B-brass) and AgZn. (Recall the order—disorder transitions in 
CLG) NH,Cl and B-brass; Sec. 7.5.) 9, 
Figure 24.17 shows the CaF, (fluorite) structure. The CaF 2 Space lattice 1s 

(6) face-centered cubic. The basis consists of one Ca?* ion and two F~ ions, the Ca 
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ions lying at the lattice points. For the Ca2* ion at point 000, the associated F~ 
ions lie at 334 and —1—1-1. The CN of each Ca?* is 8, and that of each F” is 4. 
Figure 24.17b shows a projection of the unit-cell atom positions on the unit-cell 
base. The numbers in the circles give the c coordinate, the height above the base 
plane; when two numbers appear in a circle, there are two atoms directly above that 
position. Crystals with the CaF, structure include CaF,, BaF,, K,O, and Na,S. 

Several other structures occur for ionic crystals, but discussion is omitted. (De- 
tailed descriptions of many inorganic crystal structures are given in H. D. Megaw, 
Crystal Structures, Saunders, 1973.) 


Covalent Crystals. The diamond space lattice is face-centered cubic; the basis con- 
sists of two C atoms. One atom of the basis occupies a lattice point, and the second 
atom is displaced by one-fourth the unit-cell edge in each direction. For example, 
there are atoms at 000 and at 444 (see Fig. 24.18). Each of the two atoms of the 
basis is surrounded tetrahedrally by four carbons, but the bonds at each basis atom 
have different spatial orientations. The CN is 4, The unit cell contains 8/8 + 6/2 + 
4 = 8 carbon atoms, so Z = 8. Si and Ge have the diamond structure. 

The ZnS space lattice is face-centered cubic, and the basis consists of one Zn 
atom and one S atom. The ZnS crystal structure is obtained from the diamond struc- 
ture by replacing the two C atoms of each basis with one Zn atom and one $ atom. 


(a) The unit cell of CaF). The F 
atoms are shaded. (b) Projection 
of this unit cell on its base, 


FIGURE 24.18 


The unit cell of diamond, Shaded 
atoms lie within the unit cell and 
have c coordinate of } or 3. 
Dotted atoms lie on unit-cell 
faces, 
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(a) The unit cell of CO,. Each 
carbon atom lies at a corner or 
on a face of the unit cell. (b) The 
Structure of Br2(c) and of I,(c). 
Unshaded molecules lie on the 
base of the unit cell. Shaded 
molecules have ¢ coordinate of 4. 
The top face of the unit cell 
contains molecules in the same 
positions and orientations as on 
the base. The arrows point to two 
molecules that constitute the basis. 
The atoms have been shrunk for 
clarity. 


The unit cell has four Zn atoms and four S atoms, so Z = 4. (Some people classify 
ZnS as an ionic, rather than covalent, crystal.) Crystals with the ZnS (zinc blende) 
structure include the following largely covalent crystals: SiC, AIP, CuCl, Agl, GaAs, 
ZnS, ZnSe, and CdS. 


Molecular Crystals. Molecular crystals show a great variety of structures, and 
we shall consider only a few examples, 

Crystals of essentially spherical molecules often have structures determined by 
the packing of spheres. For example, Ne, Ar, Kr, and Xe have fcc unit cells with a 
basis of one atom at each lattice point. He crystallizes in the hep structure, CH, 
crystallizes in an fcc lattice with one CH, molecule per lattice point. 

The CO, space lattice is simple cubic, with a basis of four CO, molecules. The 
molecules of one basis have their centers at the corner point 000 and at the centers 
of the three faces that meet at this corner; each molecule is oriented with its axis 
parallel to one of the four cube diagonals. See Fig. 24.194. 

The Br, crystal has an end-centered orthorhombic space lattice with a basis of 
two Br, molecules associated with each lattice point; see Fig. 24.19b. 


DETERMINATION OF CRYSTAL STRUCTURES 


X-Ray Diffraction. Interatomic Spacings in crystals are on the order of 1 A. Elec- 
tromagnetic radiation of 1-A wavelength lies in the x-ray region. Hence, crystals 
act as diffraction gratings for x-rays. This was first realized by von Laue in 1912 
and forms the basis for the determination of crystal structures. 

Figure 24.20a shows a cross section of a primitive cubic lattice. The base of one 
of the unit cells is outlined. Dashed lines have been drawn through a particular set of 
equally spaced parallel planes, the (210) planes. Let a beam of monochromatic x-rays 
of wavelength À fall on the crystal. Although a given lattice point will in general be 
associated with a group of atoms, let us temporarily assume that each lattice point is 
associated with a single atom. Figure 24.20b shows the x-ray beam incident at angle 
0 to one of the (210) planes. Most of the x-ray photons will pass through this plane 
with no change in direction, but a small fraction will collide with electrons in the 
atoms of this plane and will be Scattered, that is, will undergo a change in direction. 
The x-ray photons are scattered in all directions by interaction with the electrons of 
the crystal. 

Figure 24.20b shows waves scattered at angle 8 by two adjacent lattice points 
p and q. The observation point o for the scattered wave is essentially at infinity, so 
the path difference for waves scattered from p and q at angle $ is op — (oq + FF) = 
(05 + 5p) — (og + GF) = 3p — F = Pq cos f — pq cos 0 = pa(cos  — cos 0). If this path 
difference is zero, scattered waves leaving points p and q at angle f will be in phase 
with each other and will give constructive interference: similarly, scattered waves 
leaving q and t at angle f will be in phase: etc. The zero-path-difference condi- 
tion gives 0 = pg(cos £ — cos 9), so B = 0. Thus, waves scattered from a plane of lat- 
tice points at an angle equal to the angle of incidence are in phase with one another. 
Waves scattered at other angles will generally be out of phase with one another 
and will give destructive interference. The single plane of lattice points acts as a 
“mirror” and “reflects” a small fraction of the incident x-rays. (It is true that, if the 
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path difference between scattered waves leaving p and q equals 2 or 24, etc., these 
waves are also in phase. However, it turns out that such waves can be regarded 
as being “reflected” from a set of differently oriented planes in Fig. 24.20a, so con- 
sideration of these waves will not add anything new. See C. Kittel, Introduction to 
Solid State Physics, 2d ed., Wiley, 1956, pp. 46-48.) 

So far we have considered only waves scattered by one of the (210) planes. The 
x-ray beam will penetrate the crystal to a depth of tens of thousands of layers of 
planes, so we must consider the scattering from many, many (210) planes. Figure 
24.20c shows the x-ray beam incident on successive (210) planes. At each plane there 
is some scattering with constructive interference at angle ð. For constructive inter- 
ference between x-rays scattered by the entire set of (210) planes, the waves construc- 
tively scattered (“reflected”) by two adjacent planes must have a path difference of an 
integral number of x-ray wavelengths. The path difference between adjacent layers 
is of + fg = 2ef. Since 0+ Lede = 90° = L cde + Ledf, we have Z edf = 0. There- 
fore ef = dj, sin @ and the path difference between adjacent planes is 2d,,, sin 0, where 
dix is the spacing between adjacent planes. (In this case, hkl is 210.) Therefore, 


dys sin O= nA, n=1,2,3,... (24.13) 


The Bragg equation (24.13) is the fundamental equation of x-ray crystallography. 
Constructive interference between waves scattered by the lattice points produces a 
diffracted beam of x-rays only for the angles of incidence that satisfy (24.13). 

For a set of planes to give a diffracted beam of sufficient intensity to be ob- 
served, each plane of the set must have a high density of electrons; this requires a 
high density of atoms, so each plane must have a high density of lattice points. Be- 
cause the number of sets of such planes is limited, the number of values of dyg is 
limited and the Bragg condition (24.13) will be met only for certain values of 0. 

X-ray crystallographers prefer to write (24.13) in the form 

yh nent SiN O = A (24.14) 
For example, for a primitive cubic lattice, the n = 2 diffracted beam from the (100) 
set of planes is considered to be the n = 1 diffracted beam from the (200) planes, 


i i imi = 3 diffracted 
Whose spacing d 99 is half that of the (100) planes. Similarly, the n =3 di 
beam for the (100) planes is considered to be the n = 1 diffracted beam for the (300) 


Planes, 


Derivation of the Bragg equation. 
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Unit cell of a face-centered lattice, 


For x-rays with 4 = 3.00 A, what angles of incidence produce a diffracted beam 
from the (100) planes in a simple cubic lattice with a = 5.00 A? 

The (100) planes are spaced by a, so sin 0199 = nd/2d 99 = n(3 A)/2(5 A) = 
0.300n = 0.300, 0.600, 0.900. We find 9100 = 17.5°, 36.9°, and 64.2°, These are the 
100, 200, and 300 refiections. 


For the Bragg equation to be applied, the x-ray wavelength must be accurately 
known. One way to measure À is to calculate the unit-cell dimension a for a cubic 
crystal from its measured density using Eq. (24,12); one then diffracts the x-rays from 
this crystal and uses the Bragg equation (24.13) to find 2. 

For some lattices, certain reflections that satisfy the Bragg equation do not 
give diffracted beams. For example, consider a face-centered lattice, not necessarily 
cubic (Fig. 24.21), For n = 1 and hkl = 100 in Eq. (24.13), the x-rays reflected from 
adjacent (100) planes have a path difference of one wavelength. Hence the path dif- 
ference between x-rays reflected from the (200) plane labeled v in Fig. 24.21 and x-rays 
reflected from either of the (100) planes labeled ¢ and w is one-half wavelength. These 
waves are out of phase and cancel. The cancellation is exact, because the number of 
lattice points in plane v of the unit cell is the same as the number of lattice points 
in planes t and w of the unit cell, (There are 4/2 = 2 lattice points in v, 4/8+1/2=1 
lattice point in t, and 1 lattice point in w.) For n = 2 in (24.13), the path difference 
between x-rays reflected from t and w is 24 and between x-rays ‘reflected from t and 
vis 4; hence, no cancellation occurs. Putting n = 3,4,..., we see that, in terms of the 


A more general treatment (Buerger, chap. 5) shows that: For a primitive lattice 
there are no extinctions; for a face-centered lattice, the only reflections that occur 
are those whose three indices in (24.14) are either all even numbers or all odd num- 
bers; for a body-centered lattice, the only reflections that occur are those for which 
the sum of the indices is an even number. The condition for end-centered lattices is 
omitted. 

In an x-ray crystal-structure determination, one mounts a small single crystal 
on a glass fiber. A monochromatic x-ray beam impinges on the crystal. The crystal 
is slowly rotated, thereby bringing different sets of planes into proper orientation 
for the Bragg equation to be satisfied. The diffracted beams are recorded on photo- 
graphic film to give a pattern of spots. Alternatively, an ionization counter or a scin- 
tillation counter is used to measure the intensities of the diffracted beams. In a 
scintillation counter, the x-rays fall on a material that fluoresces when illuminated 
with x-rays; a photoelectric cell measures the intensity of the fluorescent light. 

So far we have assumed one Scatterer to be present at each lattice point. In 
reality, most crystals have several atoms associated with each lattice point. For 
simplicity, consider the crystal structure of Fig. 24.4 with two atoms, M and W, 
associated with each lattice point. The set of M atoms forms an array exactly like 
the array of lattice points, so x-ray diffraction from the M atoms occurs for those 
angles that satisfy the Bragg equation (24.13), Likewise, the set of W atoms forms an 
array exactly like the array of lattice points, so x-ray diffraction from the W atoms 


occurs for those angles that satisfy the Bragg equation. However, the x-rays scat- 
tered by the W atoms are in general somewhat out of phase with those scattered 
by the M atoms. This diminishes the intensities of the observed diffraction spots on 
the film. The degree to which M-scattered and W-scattered rays are out of phase 
depends on the M-W interatomic distance and also on which set of planes (hkl) is 
doing the scattering. The intensity of a given spot on the diffraction pattern there- 
fore depends on the M-W distance; this intensity also depends on the nature of M 
and W, since different atoms have different x-ray scattering powers. 

The same argument holds when there are more than two atoms per lattice point. 
We conclude that the locations of the spots in the diffraction pattern depend only on 
the nature of the space lattice and the lengths and angles of the unit cell, and that 
the intensities of the spots depend on the kinds of atoms and the locations of atoms 
(interatomic distances) within the basis of the crystal structure. 

Actually, we still have oversimplified things. Atoms are not points. Instead each 
atom contains a spatial distribution of electron probability density. Since it is the 
electrons that scatter the x-rays, the scattered-beam intensities depend on how the 
electron probability density varies from point to point in the basis. Analysis of 
the locations of the diffraction spots gives the space lattice and the lengths and angles 
of the unit cell. The unit-cell content Z is calculated from (24.12) using the known 
crystal density. Analysis of the intensities of the diffraction spots gives the electron 
probability density p(x, y, z) as a function of position in the unit cell. From contours 
of p, the locations of the nuclei (other than H nuclei, which contribute little to p) are 
obvious (see, for example, Fig, 24.22), and bond lengths and angles can be found, 
Bond lengths determined by x-ray diffraction are generally less accurate than those 
found by spectroscopic methods, 

Figure 24.22 shows a cross section of contours of constant p for benzene(c) as 
determined by x-ray-diffraction data. 

It should be emphasized that determination of p from the x-ray diffraction data 
is not generally a straightforward procedure. p could be directly determined if the 
relative phases of the diffracted beams were known, but measurement of intensities 
does not give these phases. To determine a structure, one may have to prepare deriva- 
tives with some atoms substituted by heavy atoms and examine the x-ray diffraction 
patterns of the derivatives. The difficulty of structure determination increases as the 
size of the unit cell increases. 

For crystals with less than 100 independent atoms per unit cell, the structure 
is most commonly solved for by the direct method (Glusker and Trueblood, chap. 8), 
which uses procedures of mathematical statistics and has been developed into com- 
puter programs that automatically solve for the structure. The 1985 Nobel prize in 
chemistry was awarded to Hauptman and Karle for devising the direct method. Over 
50000 crystal structures have been solved with this method; unfortunately, it is not 
applicable to large molecules such as proteins. A» 3 

For a crystal of a large molecule, obtaining an electron-probability-density map 
from the x-ray diffraction pattern is an extremely complicated problem and requires 
a huge number (millions or billions) of individual calculations. Nowadays, one 
uses an automated computer-controlled x-ray diffractometer to obtain the x-ray- 
diffraction positions and intensities, and the calculations to find the molecular struc- 
ture are done on a computer. The Molecular Structure Corporation, College Station, 
Tex., uses x-ray diffraction to determine the structure of a crystal submitted to it; fees 


depend on the size of the molecule. 
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Cross section of contours of 
constant electron-probability 
density in CeHe. 
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The spectroscopic methods of structural determination discussed in Chap. 21 
are inapplicable to large molecules. X-ray diffraction is therefore an invaluable tool 
in structural determinations of large molecules, including biologically important 
molecules such as proteins (which typically contain 10° nonhydrogen atoms per mol- 
ecule). The three-dimensional structure of a protein whose amino acid sequence is 
known (from chemical analysis of fragments produced by partial hydrolysis) can 
frequently be determined by x-ray diffraction of a crystal of the protein. Protein 
crystals usually contain a substantial amount of solvent, so the environment of the 
protein molecule in a crystal is similar to its environment in solution, and the three- 
dimensional structures in the crystal and in solution are likely to be quite similar, For 
a tabulation of results, see B. W. Matthews, Ann. Rev. Phys. Chem., 27, 493 ( 1976), 

X-ray diffraction has been used to study the crystal structure of many synthetic 
polymers. Crystalline polyethylene has a primitive orthorhombic space lattice with 
room-temperature unit-cell dimensions 7.39, 4,93, and 2.54 A. A given polyethylene 
molecule in the crystal passes through many unit cells. Each unit cell contains four 
CH, groups. The basis is a fraction of one molecule and consists of two bonded 
CH, groups at one corner of the cell plus two bonded CH, groups in the center of 
the cell. Synthetic-polymer crystal structures are tabulated and discussed in B. 
Wunderlich, Macromolecular Physics, vol. 1, Academic Press, 1973. 

In the 1950s, it was found that single crystals of many polymers could be grown 
by cooling a solution of the polymer. These crystals are plates about 100 A thick. 
The polymer chains are oriented perpendicular to the top and bottom faces of the 
plate and fold over at the top and bottom faces. 

Improvements in x-ray diffraction techniques in the 1970s made possible highly 
accurate determinations of the electron probability density p in molecular solids. 
Such densities are being used to study chemical bonding in transition-metal com- 
plexes and in organometallic compounds; see P. Coppens and M. B. Hall (eds), 
Electron Distributions and the Chemical Bond, Plenum, 1982. A method of calculating 
orbitals from experimental x-ray diffraction data is given in L. Massa et al., Phys. 
Rev. Lett., 55, 622 (1985), 


For a cubic crystal, one can determine the unit-cell edge length using a powdered (micro- 
crystalline) sample. The tiny crystals in the sample have random orientations and, for any 
given set of planes [for example, the (220) planes], some of the tiny crystals will be oriented 
at the value of @ that satisfies the Bragg equation, (24.14). Hence we will get a Bragg reflec- 


tion from each set of planes (except those where extinctions occur). The x-rays reflected 
| Figure 24.23 | from a plane make an angle 20 with the direction of the incident beam (Fig. 24.23), so the 


X-rays reflected from a crystal 
plane. 


€ 


diffraction angles are readily measured. 

A little geometry (we omit the derivation) shows that for a cubic crystal the PELIEN, 
dicular distance between adjacent planes with indices (hkl) is dyyy = a/(h? + kK? +1’) g 
where a is the unit-cell edge length. If we relabel the indices nh, nk, nl in (24.14) as hkl, this 
equation becomes 

sin 0 = (2/2a)(h? + k? + 1?)!!? 


As the indices hkl of a reflection increase, @ increases. 
The extinction conditions stated earlier in this section show that the first several 
reflections observed for primitive, face-centered, and body-centered cubic lattices are: 


P 100, 110, 111, 200, 210, 211, 220, 221 and 300, Ui: i Hs 


F 111, 200, 220, 311, 222, 400, 331, 420, 422, 333 and Sil... 


I 110, 200, 211, 220, 310, 222, 321, 400, 411 and 330, 420, ... 


where the reflections are listed in order of increasing h? + k? + 1? and hence in order of 
increasing 0. The ratio of two sin? 0 values is 


sin? 0,/sin? 0, = (hy? + k,? + 1?)/(ha? + k3? + 1,2) 


Comparison of the observed ratios with those expected for P, F, and I cubic lattices allows 
the lattice type and the hkl values of the reflections to be found; hence a can be found if 
4 is known. 

For example, suppose that for a crystal known to be cubic (by examination of its 
macroscopic appearance) the first several powder diffraction angles are 17.66°, 25.40°, 
31,70°, 37.35°, 42.71°, 47.98°, and 59,08°, Calculation of sin? Ø gives 0.0920, 0.1840, 0.2761, 
0.3681, 0.4601, 0.5519, and 0.7360. These numbers have the ratios 1: 26:8. For P, 
F, and I cubic lattices, the expected sin? @ ratios for the first several diffraction angles are 
found from the above-listed reflections to be: 


Therefore the lattice is primitive cubic. 
Except for crystals with very simple structures, the powder method is completely 
unsuitable for structure determination, and one must use a single-crystal sample. 


Neutron Diffraction. A hydrogen atom contains but one electron and is therefore a 
very weak scatterer of x-rays. Consequently, it is very difficult to locate H-atom 
Positions accurately by x-ray diffraction. 

As noted in Chap. 18, microscopic particles like electrons, protons, and neutrons 
have wavelike properties and give diffraction effects. The wavelength of a neutron is 
given by the de Broglie relation 2 = h/mv. Neutrons are scattered by atomic nuclei 
(not by electrons), and the neutron-scattering power of the H nucleus is comparable 
to that of other nuclei. This allows H atoms to be accurately located by neutron 
diffraction of crystals. 


DETERMINATION OF SURFACE STRUCTURES 


Starting in the 1970s, extraordinary advances occurred in the determination of struc- 
tures of crystal surfaces and of species adsorbed on crystal surfaces. A review article 
listed 26 techniques to determine surface structure, composition, and vibrational and 
electronic properties (S. Y. Tong, Physics Today, August 1984, p. 50). 


LEED. Electrons give diffraction effects when scattered by a crystal surface (recall 
the Davisson-Germer experiment—Sec. 18.4). In low-energy electron diffraction 
(LEED), a monoenergetic beam of low-energy (10 to 500 eV) electrons is directed at 
One face of a single crystal. A few percent of the electrons are scattered elastically 
(that is, without a change in energy); because of wave interference, these scattered 
electrons are concentrated along specific directions and form a diffraction pattern of 
Spots on a fluorescent screen (Fig. 24.24). One can obtain additional information by 


varying the energy of the beam and its angle of incidence on the crystal. 
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Schematic diagram of L 
apparatus, Not shown are grids 
placed in front of the fluorescent 
screen. The voltage on one of 
these grids is adjusted so that 
electrons scattered inelastically 
(that is, with loss of energy) do not 
reach the screen, 


Fluorescent 
screen 


Sample 


Vacuum chamber 
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As a consequence of the way a 
crystal grows, the surface of a 
crystal contains a high concentra- 
tion of terraces, monatomic steps, 
and kinks. Step and kink atoms 
have fewer neighbors than terrace 
atoms and so have different 
chemical properties than terrace 
atoms, A surface also contains a 
low concentration of point defects 
(Sec. 24.13), such as vacancies. 


Because of the low penetrating power of the electrons, the diffraction pattern is 
determined by the surface structure of the crystal. The locations of the spots on the 
screen tell us the size and orientation of the two-dimensional unit cell of the surface 
structure. As in x-ray diffraction, the intensities of the spots can be analyzed to deter- 
mine the locations of the atoms. Analysis of LEED intensities is not straightforward, 
and bond lengths determined by LEED are typically in error by 0.05 to 0.1 A. 

LEED has revealed the bond shortening that occurs between the first and second 
layers of atoms in a metal (Sec. 24.6), a phenomenon called surface relaxation. 

For certain crystals, LEED shows that the surface structure differs from the 
structure of corresponding planes of the bulk solid. Here, atoms on the surface change 
their locations and bonding to give a new structure, a process called surface reconstruc- 
tion. For example, the (111) surface of annealed Si has a (7 x 7) reconstruction, mean- 
ing that the two-dimensional surface unit cell has sides each seven times longer than 
in the underlying bulk crystal. Surface reconstruction is much more common for 
semiconductors than for metals. 

Most LEED work has been done on metallic and covalent crystals. Ionic and 
molecular crystals are harder to study. 

LEED experiments (supplemented by other techniques such as EELS—Sec. 21.9) 
have determined the structures of several species adsorbed on metals, Recall the 
ethylidyne species of Fig. 21.27. For further results, see Somorjai, chap. 5. 


Electron diffraction by gases can be used to determine molecular structures. Although 
the gas molecules have random orientations, the orientations of atoms with respect to one 
another in a given molecule are fixed, so one can extract structural information (bond 
distances and angles) from gas-phase electron diffraction. The method is not applicable 
to large molecules. For details, see Brand, Speakman, and Tyler, chap. 10. 


The Scanning Tunneling Microscope. The scanning tunneling microscope (STM) 
was invented in 1981 by Binnig and Rohrer, who received part of the 1986 Nobel 
physics prize. In the STM, a precisely controlled, extremely sharp, metal needle tip 
is moved over the surface of an electrical conductor at a distance of about 5 A. Appli- 
cation of a small voltage between the tip and the surface causes electrons to tunnel 
(Sec. 18.12) through the space between surface and tip. The magnitude of the tunneling 
current depends strongly on the tip-surface separation, and an electronic feedback 
loop maintains a constant current by adjusting the tip height. The plot of tip height 
vs. surface position gives a contour map of the surface and can resolve single atoms. 

Clean surfaces of single crystals contain terraces and steps (Fig. 24.25). The STM 
is used to study the role of such steps in heterogeneous catalysis, For example, when 
Pt is exposed to C H4, this microscope shows that carbon atoms are deposited ini- 
tially near the steps. See C. Quate, Physics Today, August, 1986, p. 26. : 

By using particular voltages in an STM, one can restrict the tunneling to specific 
orbitals of surface atoms, thereby producing images of bonding orbitals. See Chem. 
Eng. News, Sept. 1, 1986, p. 4 and Physics Today, Jan. 1987, p. 19 for such images. 

Certain biological specimens conduct well enough to be used in an STM, and 
the surfaces of viruses have been imaged with this microscope. 


Field ion microscopy. In a field ion microscope (FIM), one places a single-crystal metal 
wire with a sharply pointed tip in’a very strong electric field in high vacuum. Helium 
gas at low pressure is introduced. The electric field at atoms that protrude from the metal 
surface is enhanced, and this electric field ionizes He atoms at these locations. The He 


ions formed at the metal surface are attracted to a fluorescent screen maintained at a 
negative electric potential and form a highly magnified map of the ionization sites, The 
motions of single rhenium atoms adsorbed on tungsten have been followed using a FIM. 
However, the method is limited to metal surfaces and, moreover, only protruding atoms 
are imaged. 


Electron microscopy. A light microscope uses a light beam to form an image. An elec- 
tron microscope uses an electron beam to form an image. In a transmission electron 
microscope (TEM), the electron beam is passed through a thin sample of the material. 
Typically, a beam of 105-eV electrons is used (corresponding to a 0.04-A de Broglie wave- 
length). The beam transmitted through the sample is focused and magnified using electric 
and magnetic fields to yield an image with magnification on the order of 500000. To 
achieve high resolution, the sample must be very thin (10 to 100 A). In a scanning trans- 
mission electron microscope (STEM), the incident electron beam is focused to a very small 
area and is scanned back and forth across the specimen. With the various forms of trans- 
mission electron microscopy, resolutions of 2} A are obtainable. Isolated single heavy 
atoms of U and Th on 20-A-thick carbon films have been observed, and some surface 
structures have been determined. 

In a scanning electron microscope (SEM), a finely focused electron beam moves from 
point to point over the sample's surface, Electrons scattered by the surface and secondary 
electrons emitted by the surface are used to form an image of the surface. The resolution 
is about 100 A. 


BAND THEORY OF SOLIDS 


A crystalline solid can be regarded as a single giant molecule. An approximate elec- 
tronic wave function for this giant molecule can be constructed by the MO approach. 
The electrons are fed into “crystal” orbitals that extend over the entire crystal. Each 
crystal orbital holds two electrons of opposite spin. Just as the MOs of a gas-phase 
molecule can be approximated as linear combinations of the orbitals of the atoms 
composing the molecule, the crystal orbitals can be approximated as linear combi- 
nations of orbitals of the species (atoms, ions, or molecules) composing the solid. i 
Consider Na(c) as an example. The electron configuration of an Na atom is 
1s?2s?2p%35, Let the crystal contain N atoms, where N is on the order of 10°°. We 
construct crystal orbitals as linear combinations of the AOs of the N sodium atoms. 
Recall that when two Na atoms are brought together to form an Na molecule, the 
two 1s AOs combine to give two MOs. In Nag, the overlap between these inner-shell 
AOs is negligible, so their energies are nearly identical to the 1s AO energy of an 
isolated Na atom. In the Na(c) solid, which is being regarded as a single Nay mole- 
cule, the N 1s AOs of the isolated atoms form N crystal orbitals with energies nearly 
identical to that of a sodium 1s AO. These N 1s crystal orbitals have a capacity of 2N 
electrons and hold the 2N 1s electrons of the atoms. Similarly, the inner-shell 2s and 
2p AOs form crystal orbitals with energies little changed from the AO energies, and 
t i in Nay. 4 
A ae T irm N delocalized crystal orbitals. The energy sp ag 
between the lowest and highest of these N crystal orbitals is of the ERAN FS 
Magnitude (a couple of eV or so) as the separation between the o,3s and oF 3 : s 
in Na,. Because we have N ~ 107° crystal orbitals in an energy range of onl SN 
eV, the energy spacing between adjacent crystal orbitals is extremely small, and for a 
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FIGURE 24.26 


practical purposes we can consider the crystal orbitals originating from the 3s AOs to 
form a continuous band of energy levels. This 3s band contains N orbitals and so has 
a capacity of 2N electrons. Since there are N 3s electrons in the N sodium atoms, the 
3s band is only half filled (Fig. 24.26a). Hence, there are many vacant electronic 
energy levels in Na(c) that lie a negligible distance above the highest occupied elec- 
tronic level. This makes Na(c) an excellent conductor of electricity, since electrons 
are easily excited to higher energy levels by an applied electric field. (Motion of elec- 
trons through the metal involves an increase in electronic energy.) 

Direct evidence for the 3s band in Na(c) is obtained from the x-ray emission 
spectrum (Sec. 21.11). In Na(c) and in Na(g) one finds the 2p + 1s x-ray line to be 
narrow, indicating that the 1s and 2p inner-shell bands in Na(c) are very narrow. In 
Na(g), the 3s > 2p line is narrow. In Na(c), the 3s + 2p line is centered at 407 A and 
is broad (about 30 A wide) because of the range of energies in the 3s band, These 
data give an energy range of 2.3 eV for the occupied part of the 3s band in Na(c) 
(Prob. 24.29). 

An Mg atom has the electron configuration 1s72s?2p°3s*. The 3s band in Mg(c) 
is exactly filled by the 2N electrons of the N magnesium atoms. One finds that the 
3p band (formed by unoccupied 3p AOs of the Mg atoms) overlaps the 3s band in 
Mg(c); see Fig. 24.26b. There is no energy gap between the highest occupied and 
lowest vacant electronic energy levels, and Mg is an excellent conductor. 

Consider Ne(c). The Ne electron configuration is 1s?2s?2p°. The 1s and 2s elec- 
trons give bands of very narrow widths. The interaction between the 2p AOs is not 
great (van der Waals forces are rather weak), and the 2p band is fairly narrow. Above 
the 2p band lies a fairly narrow 3s band (Fig. 24.26c). Because the 2p and 3s bands 
are fairly narrow, and because the 2p and 3s levels in an Ne atom are very widely 
separated, we get a substantial energy gap (several eV) between the top of the filled 
2p band in Ne(c) and the bottom of the vacant 3s band. It takes a great deal of energy 
to excite electrons from the 2p band to the 3s band, and Ne(c) is therefore a non- 
conductor of electricity (an insulator). 

In an ionic crystal like NaCl, the bands are formed from the energy levels of the 
ions. The ions have rare-gas electron configurations, and arguments similar to those 
for Ne(c) show ionic crystals to be insulators. This conclusion is correct as far as 
conduction by electrons (electronic conduction) is concerned. However, at elevated 
temperatures, the ions can move fairly readily through an ionic crystal, and the crystal 
is an ionic conductor. 


(a) Formation of crystal orbitals 
in sodium. (b) Crystal orbitals in 
Mga(c). (c) Crystal orbitals in Ne(c). 
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For a molecular crystal, we can construct crystal orbitals from the molecular 
orbitals of the molecules forming the crystal. Because of the weakness of the van der 
Waals interactions, the bands are rather narrow. The highest occupied band is filled, 
and there is a wide gap between this band and the lowest vacant band. As in Ne(c), 
the crystal is an insulator. 

Consider diamond. The C atomic electron configuration is 1s?2s?2p?, and one 
might think that the band structure would involve overlapping 2s and 2p bands that 
have a total capacity of 8N electrons and are half filled with 4N electrons. However, 
a detailed quantum-mechanical calculation (see Pitzer, sec 10d) shows that in dia- 
mond the 2s and 2p AOs combine to form two separate 2s-2p bands; the lower band 
holds 4N electrons and is completely filled; the upper band holds 4N electrons and 
is vacant. The separation between the two bands is several eV, so diamond is an 
insulator. 

The energy gap E, between the highest occupied band (called the valence band) 
and the lowest vacant band (the conduction band) in a solid can be found from the 
observed lowest frequency of visible or UV absorption by the solid. Results for the 
carbon-group elements are: 


Element C(diamond) | Si | Ge 


Sn(gray) | Pb 
E,/eV 7 la2 | a7 


0.08 0 

With zero E,, lead is a metal. With a large E,, diamond is an insulator. (For NaCl, 
E, is 7 eV; this gap is between the filled Cl~ 3p band and the higher-lying, vacant 
Na* 3s band.) 

Si and Ge have fairly small gaps and are classed as intrinsic semiconductors. 
Their electrical conductivity is substantially greater than that of insulators but far 
less than that of conductors. As the temperature is raised, the electrical conductivity 
of a semiconductor increases exponentially, as a result of excitation of electrons into 
the lowest vacant band. The electrons populate the bands according to the Boltzmann 
distribution law, with populations proportional to e~ 4#/*?, In contrast, the electrical 
conductivity of a metal decreases as T increases. The resistance of a metal arises 
from scattering of electrons by the positive ions. As T increases, the increase in 
thermal vibration of the ions increases the scattering. ; 

One can use light to excite electrons into the lowest vacant band of a semi- 
conductor; semiconductors therefore exhibit photoconductivity, an increase in elec- 


trical conductivity when exposed to light. 


STATISTICAL MECHANICS OF CRYSTALS 

i i le with a set of allowed quantum- 
We shall regard the crystal as a single giant molecul i n 
‘mechanical pr: having energies E;. This description is a natural one for ae 
covalent, and ionic crystals (as noted in Sec. 24.3). We rs aye regard a ve i “4 

: i i ini k “bonds” due to van der 

crystal as a single giant molecule containing weal i l 
forces and ae bonds due to ordinary chemical bonding. All the rep usta 
properties of the crystal are derivable from the crystal’s canonical partition fun 


Z=} j e~ F/R [Eq (22.16)]. 
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Consider a covalent or metallic crystal or an ionic crystal composed of mon- 
atomic ions. (Molecular crystals and ionic crystals with polyatomic ions will be dealt 
with later.) Let there be N atoms or ions present. (For 1 mole of diamond, N is 
Avogadro's number. For 1 mole of NaCl, N is twice Avogadro's number.) 

What kinds of energy does the crystal have? The crystal considered as a giant 
molecule has 3N — 6 vibrational modes of motion (degrees of freedom). There are 
also three translational and three rotational degrees of freedom of the crystal as a 
rigid body; these modes of motion can be activated by throwing the crystal around 
the laboratory. Since energy of bulk motion is not included in the thermodynamic 
internal energy U, there is no need to consider these six modes of motion. In addition 
to the 3N — 6 vibrational-mode energies, there is electronic energy. Most solids are 
insulators or semiconductors and have a significant energy gap between the highest 
occupied and lowest vacant electronic energy levels (Sec. 24.11); provided T is not 
extremely high, we can ignore electronic energy for these solids. For metals, excita- 
tion of electrons to higher levels occurs at all temperatures and must be allowed for. 
For now, we shall ignore the contribution of electronic energy to E; for metals; 
this contribution will be added on at the end of the calculation. Thus we consider 
only vibrational energy in finding the energies E j in the crystal’s canonical partition 
function Z = Ð j e7 5T, 

As we did with diatomic and polyatomic molecules in Chap. 21, we can expand 
the potential energy E, for vibrational motions of the N atoms or ions of the giant 
molecule in a Taylor series about the equilibrium configuration and neglect terms 
higher than quadratic, This gives the vibrational energy of the giant molecule as the 
sum of 3N — 6 harmonic-oscillator energies, one for each normal mode of vibration 
[Eq. (21.48)]. Since N is something like 1073, we omit the —6. In the harmonic- 
oscillator approximation, the quantum-mechanical vibrational energy levels of the 
giant molecule are 


3N 3N 
Ej= Epea t E Ci + Divi = Uo + È vighi Q415) 
=] i=1 


3N 
UV) = Epea + th ¥ v (24.16) 
i=1 


where Vig) is the vibrational quantum number of the ith normal mode when the 
crystal is in the quantum-mechanical state j and v; is the vibrational frequency of 
the ith normal mode. The quantity Ep,eq is the potential energy when all the atoms 
or ions are at their equilibrium (minimum-energy) separations. When the crystal’s 
volume V is decreased by applying pressure, the equilibrium interatomic distances 
change and hence Ep.eq Changes. Also, the vibrational frequencies depend on V. 
Hence, Ug depends on V. (Uo is the crystal’s energy at T = 0.) Because of the very 
large size of the giant molecule, we expect that many of the vibrational frequencies 
v; will be very low, 

The sum in (24.15) is not over individual atoms or ions. The atoms or ions in 
a solid interact strongly with one another, and the energy cannot be taken as the sum 
of energies of noninteracting atoms or ions. The sum in (24.15) is over the crystal’s 
normal modes (which are called lattice vibrations), In each normal mode, all the 
atoms or ions vibrate, and the energy of the ith normal mode is composed of kinetic 
and potential energies of all the atoms or ions. " 

The canonical partition function of the crystal is Z = F; e~ ET, The crystal’s 
Z will be like the vibrational partition function (22.110) for a polyatomic molecule. 


However, (22.110) takes the zero of energy at Uo = 0, whereas in this chapter (to 
allow for the change in Ug as V changes) we do not set Uo = 0. Hence, we must add 
a factor e~ VORT to (22.110). Also, the product goes from 1 to 3N. Thus, the crystal’s 
canonical partition function is 


3N 1 
Z =e UokT 


rana (24.17) 
U, 3N 
InZ= STF = 2 In (1 — eT) (24.18) 


From In Z, all thermodynamic properties are readily calculated using (22.37) to 
(22.41). The only problem is that calculation of the 3N normal vibrational frequencies 
of a giant molecule of 10? atoms ain’t easy. 


The Einstein Theory. The first application of quantum physics to the statistical 
mechanics of a material system was Einstein’s 1907 treatment of solids. Einstein 
assumed (in effect) that every normal mode of the crystal has the same frequency vp 
(where E is for Einstein). Einstein knew this assumption was false, but he felt it would 
bring out the correct qualitative behavior of the thermodynamic properties. With 
each v; equal to vg, Eq. (24.18) becomes 


In Z = —U(V)/kT — 3N In(1—e~®#/7) where Op = hvg/k (24.19) 


The use of U=kT?(@In Z/ôT)y y [Eq. (22.38)] gives (Prob. 24.30) U = Uo + 
3NkO,/(e®#'? — 1), The use of Cy = (@U/AT)y then gives for an Einstein crystal 


Or 2 eT 
C= ani(%*) Geet yt (24.20) 
which closely resembles (22.102) for a gas of diatomic molecules. 
In the high-temperature limit, e®*/7?—1=1+0,/T+-::—1*0,/T, so 


(24.20) approaches 3Nk as T goes to infinity. This result agrees with experiment. 
(Recall the classical equipartition theorem.) For diamond, 1 mole has N4 atoms, so 
the high-T limit of Cy is 3N,k = 3R ~ 25 J mol~' K~*. For NaCl, 1 mole has 2N4 
ions, so the high-T limit of Cy is 6N 4k = 6R. oe 

The theory gives Cy, but the experimentally measured quantity is Cp. From 
(4.53), Cp = Cy + TVa?/x. Since « + 0 as T > 0 (Prob. 5.45), the difference be- 
tween Cp and Cy for a solid becomes negligible at low temperatures (below 100) K). 
At room temperature, this difference is moderately significant for solids (10° * to 
10° cal mol”! K~!), At high temperatures, Cy stays essentially constant at 3Nk, but 
Cp increases essentially linearly with T, because of the TVa"/« term. ; . 

In the low-temperature limit, e®8/T > 1, so Cy in (24.20) becomes proportional 
to T~2e~£/T: as T > 0, the exponential dominates the T~? factor and Cy goes to 
zero. i is agrees with experiment. s 

5 Riser ie ete the Einstein Cy function increases as T increases, 
approaching the 3Nk limit at high T. The overall appearance of the Einstein function 
resembles Fig. 24.27 for the Debye Cy function. Substitution of T = Ox in (24.20) 
shows that Cy has reached 92 percent of its high-T limit at Of. we 

To apply the Einstein equation, one uses a single measured value of Cy to 
evaluate the Einstein vibrational frequency vg and the Einstein characteristic tem- 


perature @,. Equation (24.20) shows fairly good overall agreement with experiment. 
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However, at very low T (below about 40 K), the agreement is poor. This is because 
of the very crude assumption that all normal-mode vibrations of the crystal have the 
same frequency. ©, values are 200 to 300 K for most elements, so most elements 
have nearly reached their high-T Cy values at room temperature. Some values of 
©; are 67 K for Pb, 240 K for Al, and 1220 K for diamond. 


The Debye Theory. In 1912, Debye presented a treatment that gives much bet- 
ter agreement with low-T Cy values than the Einstein theory. The large number of 
vibrational modes (~107*) makes it possible to treat the crystal’s vibrational fre- 
quencies as continuously distributed over a range from a very low frequency (which 
can be taken as essentially zero) to a maximum frequency vm. Let g(v)dv be the 
number of vibrational frequencies in the range between v and v + dv. Changing the 
summation in (24.18) to a sum over vibrational frequencies (rather than over normal 
modes), we get In Z = —Uo/kT — Y, In (1 — e~"”*")g(y) dv. The sum over infinites- 
imal quantities is a definite integral, and 


InZ= -5 - Í In (1 — e7 *™*T)g(v)dv (24.21) 


Debye assumed that for trequencies in the range 0 to v,, the distribution function 
g(v) is the same as the distribution function of the elastic vibrations of a continuous 
solid calculated ignoring the solid’s atomic structure. This latter quantity can be 
shown to be (Kestin and Dorfman, sec. 9.3) 


gv) = 12nVo,~3v? (24.22) 


where vs is essentially the average speed of sound waves in the solid. The total num- 
ber of vibrational frequencies is 3N, so fo" g(v) dv = 3N. Substitution of (24.22) and 
integration gives 


Vm = (3Nv,3/4nV)!/3 (24.23) 
The use of (24.23) to eliminate v, from (24.22) gives 
gr) = 9Nv 392, OSV < vm (24.24) 


For v > Vm, the Debye g(v) is 0. 
Substitution of (24.24) in (24.21) gives the Debye partition function Z. The use 
of U = kT? (@ In Z/ôT)v y and Cy = (3U/ôT)y then gives (Prob. 24.35) 


3 (ODT 4px 24.25) 
cy =9Ni( S) f eaha i 


Op 0 (e - 1)? ; 
where the Debye characteristic temperature Op is defined as 
Op = hvp/k (2420) 


(The quantity x in the definite integral is a dummy variable.) Expressions for other 
thermodynamic properties (such as S) are readily found from (24.21) and (24.24). 

The integral in (24.25) cannot be expressed in terms of elementary functions but 
can be evaluated numerically by expanding the exponentials in infinite series and 
then integrating. Tabulations of the Debye Cy/3Nk as a function of ©p/T are avail- 
able. (See McQuarrie (1973), app. C; Pitzer, app. 19.) Figure 24.27 plots the Debye 
Cy as a function of temperature. 


Cy/3Nk 
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At high T, the upper limit of the integral in (24.25) is close to zero, so the inte- 
gration variable x is small. Hence, e* ~ 1, and e“ —-1=1+x+-:::—1xx. The 
integrand becomes x?, and integration gives Cy = 3Nk, as found by the Einstein 
theory. 

; At low T, the upper limit in (24.25) can be taken as infinity. A table of definite 
integrals gives | x4e*/(e* — 1)? dx = 4n*/15, so the low-T limit is 


LORENA EAN 
Cy = —] oT? lowT (24.27) 
5 \@p 


The Debye T? law (24.27) agrees well with experimental data, and is used to extrap- 
olate heat-capacity data to absolute zero to evaluate entropies (Chap. 5). 

The Debye characteristic temperature ©p can be found from (24.26) and (24.23), 
To achieve better agreement with experiment, one usually evaluates ©p empirically, 
so as to give a good fit to the heat-capacity data. The Debye theory works quite 
well at all temperatures but is far from perfect. The value of @p for a given solid 
found by fitting Cy at one temperature differs somewhat from the value obtained 
using Cy at another temperature. Some ©p values (found from low-T Cy data) in 
kelvins are: 


Na | Cu | Ag | Be | Mg | diamond | Ge | SiO, | NaCl | MgO | Ar | H,0 
=] f f | 
160 | 343 | 225 | 1440 400 | 2230 | 370 470 | 320 | 930 93 192 


Work subsequent to Debye’s has allowed g(v) to be calculated theoretically 
and measured experimentally for several solids. The Debye quadratic expres- 
sion (24.24) with a cutoff at vm turns out to be a rather crude approximation 
to the actual g(v); see Fig. 24.28. At low frequencies, the Debye g(v) coincides 
with the true g(v) curve. At T near zero, it is the low-frequency modes that are 
excited and that determine Cy, so the Debye theory gives the correct low-T 
behavior of Cy. 

So far we have considered crystals of atoms or monatomic ions. Consider now 
a molecular crystal, for example, SO3. There are N SO3 molecules. Each SO3 molecule 
has three translational degrees of freedom in which the molecule moves as a unit. 
The translational motions of one molecule are not independent of those of an adjacent 
molecule. Rather, intermolecular forces couple the 3N translational motions to form 
3N lattice vibrations, whose frequencies are nearly continuous and can be treated by 
the Debye theory. (Each lattice vibration produces no change in bond distances or 


angles within each molecule.) 


Cy for a solid according to the 
Debye theory, 
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av) 


Typical vibrational distribution 
function in a solid. The dashed 
line is the Debye expression (24,22). 


Each SO, molecule has three rotational degrees of freedom. Unlike a gas, where 
molecular rotation is unhindered, as an SO 3 molecule rotates in a crystal, inter- 
molecular interactions change its potential energy. The minimum potential energy is 
at the equilibrium position of the SO3 molecule, so what was a free rotational motion 
in the gas becomes in the solid an oscillatory motion (vibration), which is called a 
libration. The frequencies of the three librations (corresponding to the three gas-phase 
rotational degrees of freedom) are determined by the intermolecular forces in the 
crystal. Each SO3 molecule has 3(4) — 6 = 6 normal modes of intramolecular vi- 
bration, and these six vibrational frequencies will be approximately the same as in 
gas-phase SO; (since intermolecular forces are weaker than intramolecular chemical 
bonds). 

The three librational frequencies and six intramolecular vibrational frequencies 
of each SO, are not continuous. Rather, each of these nine frequencies v; has its own 
characteristic temperature hy;/k, and each frequency gives a contribution to Cy of 
the Einstein form (24.20), except that 3N in (24.20) is replaced by N, the number of 
SO} molecules. The crystal’s Cy is then the sum of the Debye Cy, (24.25) and nine 
More terms, each of these nine terms having the form of Eq. (22.102) with a different 
©, jp. At low T, the contributions of the librations and intramolecular vibrations to 
Cy are negligible compared with those of the lattice vibrations (whose frequencies 
Start at zero), so the Debye T? law holds, 

A similar treatment holds for an ionic crystal with polyatomic ions. For example, 
consider a KNO; crystal with N/2 K* ions and N/2 NO; ions. There are 3N lattice 
vibrations, which give a Debye-type contribution to Cy. Each NO5 ion has three 
librational motions (corresponding to gas-phase rotations) and has 3(4) — 6 = 6 in- 
traionic vibrations. These nine vibrations make Einstein-type contributions to Cy. 

For metals, excitation of electrons must be considered. An approximate treat- 
ment (Zemansky and Dittman, sec. 12-4) shows that (provided T is not extremely high) 
electronic excitations contribute a term linear in T [recall Eq. (5.32)]: 


Cra =bT (24.28) 


The coefficient b is typically 1074 to 1073 cal mol™ t K~?. The room-temperature 
contribution of (24.28) to C, is 0.03 to 0.3 cal mol”! K~!, which is far less than 
3R = 6 cal mol’ K`! At moderate temperatures, the electronic contribution (24.28) 
is thus only a small fraction of the total Cy. At very low T (below 4 K), the electronic 


contribution exceeds that of the lattice vibrations, since (T/@p)° goes to zero faster 
than bT. 
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So far, we have assumed crystals to be perfect, In reality, all crystals show defects. 
These defects affect the crystal’s density, heat capacity, and entropy only slightly, but 
they profoundly alter the mechanical strength, electrical conductivity, diffusion rate, 
and catalytic activity. Imperfections in solids are classified as point, line, or plane 
defects. 


Point Defects. A vacancy is the absence of an atom, ion, or molecule from a 
site that would be occupied in a perfect crystal. A substitutional impurity is an im- 
purity atom, molecule, or ion located at a place that is occupied by some other species 
in a perfect crystal; an interstitial impurity is located at a place (void) that would be 
unoccupied in a perfect crystal. A self-interstitial is a nonimpurity atom, molecule, or 
ion located at a void. As the crystal’s temperature is increased, the number of atoms, 
molecules, or ions having enough vibrational energy to break away from their perfect- 
crystal sites increases, thereby increasing the numbers of vacancies and self-interstitials. 

Catalytic sites on the surfaces of metal oxides are often due to anion or cation 
vacancies. Diffusion in solids and ionic conduction in solid salts involve vacancies and 
interstitials. Semiconductors used in transistors are generally extrinsic (or impurity) 
semiconductors (as contrasted to intrinsic semiconductors; Sec. 24.11), in which the 
electrical conductivity is due mainly to defects. For example, addition of a small 
amount of P as a substitutional impurity to Si greatly enhances the semiconductivity 
of the Si. The P atoms have five valence electrons compared with four for Si, and this 
produces extra electronic energy levels lying only slightly below the conduction band, 
allowing electrons to be more easily excited into the conduction band than in pure Si. 


Line Defects. An edge dislocation (Fig. 24.29) is an extra plane of atoms that ex- EE FIGURE 24.29 | 


tends only part way through the crystal, thereby distorting its structure in the nearby hae 
planes and Pake the crystal mechanically weak. A more complicated kind of dis- An edge dislocation, 


location is a screw dislocation; see Kittel, chap. 20. 


Plane Defects. One kind of plane defect is a stacking error. For example, a 
hexagonal close-packed crystal might contain a few planes in which the packing is 


cubic close-packed. f 7 
Most crystalline solids do not consist of a single crystal but are composed of 


many tiny crystals held together. Neighboring crystals have random orientations, 
and the boundaries between the faces of neighboring crystals are plane defects. 


LIQUIDS 


Liquids have neither the long-range structural order of solids nor the small inter- 
molecular interaction energy of gases and so are much harder to deal with theoret- 


ically than solids or gases. 


890 
CHAPTER 24 


Liquids do have a short-range order that shows up in diffraction effects when 
x-rays are scattered by liquids. The scattered X-ray intensity as a function of angle 
shows broad maxima, in contrast to the sharp maxima obtained from solids. Analysis 
of these x-ray diffraction patterns allows one to obtain the radial distribution func- 
tion (or pair-correlation function) ar) for the liquid; this function shows the varia- 
tion in the average density of molecules with distance r from a given molecule. More 
explicitly, g(r) = p(r)/Pyuix, Where Pour is the bulk molecular density (yu, = N/V, 
where N is the total number of molecules and V the total volume) and plr) is the 
local molecular density in the thin spherical shell from r to r + dr around a given 
molecule. For nonspherical molecules, P/Pyux depends on the directional angles 0 
and ¢ from the central molecule as well as on r: one obtains a radial pair-correlation 
function by averaging over the angles, 

Figure 24.30 shows g(r) calculated theoretically for a liquid of spherical molecules 
with a Lennard-Jones 6-12 intermolecular potential (22.132). The maxima at r=o, 
2a, and 3ø indicate three “shells” of molecules surrounding the central molecule, As 
r increases, the oscillations in g(r) die out and g(r) equals 1 for large r, indicating the 
lack of long-range order. For r < o. g(r) goes rapidly to zero, as a result of the inter- 
molecular Pauli repulsion. The experimentally observed g(r) for Ar agrees well with 
that calculated from the Lennard-Jones potential, 

One finds that if the attractive part of the Lennard-Jones potential is omitted, 
the calculated g(r) for a liquid of spherical molecules is virtually unchanged from that 
found with inclusion of the attractive term. This and other evidence [see D. Chandler, 
Acc. Chem. Res., 7, 246 (1974); Ann. Rev. Phys. Chem., 29, 441 (1978); D. Chandler, 
J. D. Weeks, and H. C. Anderson, Science, 220, 787 (1983)] indicates that the struc- 
ture of most liquids is determined mainly by the intermolecular repulsive forces, with 
intermolecular attractions playing only a relatively minor role in determining the 
structure. The main exceptions are associated liquids with strong attractions due to 
hydrogen bonding (H 20, HF, HCl) or ionic forces (electrolyte solutions, molten salts). 
The “structure” of a liquid refers to the spatial arrangement of molecules relative to 
one another (the static structure) and the motions of the molecules in the liquid (the 
dynamic structure). Although attractive forces usually have only a minor role in deter- 
mining liquid structure, they are important in determining thermodynamic properties 
such as internal energy and volume (recall Fig. 4.4). 

The intermolecular tepulsions are stronger, more rapidly varying, and shorter 
range than the attractions, In a nonassociated liquid, the attractive forces (which are 


Radial distribution function for a 
liquid obeying the Lennard-Jones 
potential plotted at a typical tem- 
perature and density. [Data from 
the molecular-dynamics calcula- 
tions of L. Verlet, Phys. Rev., 

165, 201 (1968).] 
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vectors) roughly cancel, since each molecule is surrounded by others on all sides. 
However, the attractive part of the potential energy (which is a scalar) does not cancel, 
but adds up. Repulsive forces don’t cancel, since they are strong only when molecules 
are in contact. 

The complexity of the intermolecular potential and the large number of degrees 
of freedom makes evaluation of the configuration integral (22.141) very difficult for 
a liquid. Many approximate statistical-mechanical theories of liquids have been de- 
veloped. Older theories such as Lennard-Jones’ cell theory and Eyring’s significant- 
structure theory that are based on the resemblance between liquids and crystals have 
fallen out of favor because an imperfect solid is a poor approximation to a liquid. 

Modern theories usually express the liquid’s thermodynamic properties in terms 
of the pair-correlation function g rather than in terms of the configuration integral. 
The most successful theories of liquids are perturbation theories, which initially cal- 
culate g with the intermolecular attractions omitted, and then take them into account 
by treating them as a perturbation on the results obtained from the repulsive forces 
only (see Rowlinson and Swinton, chaps. 7 and 8). Perturbation theories are quite 
successful for calculating thermodynamic and transport properties of simple liquids 
and give pretty good results for mixtures of simple liquids. Rowlinson and Swinton 
(op. cit., p. 312) stated that, except for flexible-chain molecules, the “theory of the 
equilibrium properties of liquid mixtures, like that of pure liquids, is now an essen- 
tially solved problem.” By this statement, they mean that if the intermolecular poten- 
tials are known, one can use present-day statistical-mechanical theories to calculate 
the thermodynamic properties with adequate accuracy. The hitch is that accurate 
intermolecular potentials are not known for most systems of interest. 

Liquids can be studied theoretically using the two computer-simulation ap- 
proaches—the molecular dynamics and Monte Carlo methods. In the molecular 
dynamics (MD) method (developed by Alder and co-workers), one does calculations 
on a system of 10? to 10° molecules (the larger the size of each molecule, the smaller 
the number of molecules that can be handled). The molecules are in a box whose 
volume is fixed to correspond to a typical liquid density. The molecules are assigned 
initial positions, orientations, and momenta; the momenta are chosen to be consis- 
tent with some desired temperature. One assumes an explicit form for the intermolec- 
ular potential energy ¥. Generally, ¥ is taken as the sum of pairwise interactions 
Vij, as in Eq. (22.128), where vij might be an empirical potential (such as the Lennard- 
Jones) or a quantum mechanically calculated potential. A computer is then used to 
solve the classical-mechanical equations of motion to find the new configurations of 
the molecules at successive small intervals of time. Typically, each time interval is 
about 10715 s, and the system is followed for 107 +* s. The MD method provides a 
“movie” of molecular motions. : ; 

Molecular dynamics calculations allow pair-correlation functions to be found 
by averaging over successive configurations and give information on structural de- 
tails not accessible to experiment. For example, the patterns of hydrogen bonds in 
liquid water have been studied; see F. H. Stillinger, Science, 209, 451 (1980). Further- 
more, by taking the time average over the MD-calculated motions, one can obtain 
thermodynamic properties. For example, the time average of the intermolecular po- 
tential energy gives the thermodynamic internal energy U relative to U of the oe, 
sponding ideal gas (no intermolecular interactions). Moreover, the MD method is 
not restricted to equilibrium properties and can be used to calculate transport prop- 


erties (for example, viscosity). 
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Besides the structure and properties of liquids, molecular dynamics is used to 
study phase transitions such as melting [D. Frenkel and J. P. McTague, Ann. Rep, 
Phys. Chem., 31, 491 (1980)], the structure of liquid—vapor interfaces, and intramo- 
lecular motions of protein molecules in solution (J. A. McCammon and M. Karplus, 
ibid., 31, 29). 

The Monte Carlo (MC) method (developed by Metropolis and co-workers and 
named after a European gambling resort, since the method involves randomness) is 
quite similar to the MD method. The main difference is that in the MC method, suc- 
cessive configurations of the system are not found by solving the equations of mo- 
tion. Instead, the computer gives one molecule (picked at random) small random 
changes in position and orientation. If the potential energy %3 of the new configu- 
ration is less than the potential energy ¥; of the original configuration, the new 
configuration is accepted. If ¥ exceeds 74, the new configuration is rejected unless 
exp [—(% — ¥;)/kT] is greater than a randomly chosen number that lies between 
O and 1. It can be shown that this recipe produces a sequence of configurations such 
that the probability that a configuration with potential energy ¥ appears in the se- 
quence is proportional to the Boltzmann factor e~” ‘KT One then averages over the 
sequence of configurations (typically, 105 to 10° configurations are used) to find the 
system’s thermodynamic properties and radial distribution function. Unlike the MD 
method, the MC method is restricted to equilibrium properties, 

In Sec. 22.2, we discussed thermodynamic properties as either time averages or 
ensemble averages over the system’s microstates. The MD method uses time averages 
and the MC method uses ensemble averages over classical-mechanical microstates. 

Beveridge and co-workers used a potential energy of interaction between two 
water molecules found from ab initio CI calculations and used quantum-mechanical 
H,O-CH, and H,O-ion potential-energy functions to do Monte Carlo calculations 
on liquid water, a dilute aqueous solution of CH4, and dilute aqueous solutions of 
anions and cations [D. L. Beveridge et al. in J. M. Haile and G. A. Mansoori (eds.), 
Molecular-Based Study of Fluids, Amer. Chem. Soc. Adv. Chem. Ser. no. 204, p. 297 
(1983); D. L. Beveridge et al. in P. Lykos (ed.), Computer Modeling of Matter, Ameri- 
can Chemical Society, 1978, p. 191; D. L. Beveridge et al., Annals N. Y. Acad. Sci, 
367, 108 (1981)]. They found an average coordination number of 6 water molecules 
around each Na* ion and found evidence for some increase in structure in the water 
molecules surrounding each CH, molecule (the h ydrophobic effect). 

Using a system of 125 water molecules at 25°C and runs of 0.5 to 4.4 million 
MC configurations, they calculated an oxygen—oxygen radial distribution function 
in good agreement with experiment. They found an internal energy of water (rela- 
tive to the ideal gas) of —8,6 kcal/mol, compared with the experimental value —9.9 
kcal/mol (Prob. 24.42) and a heat capacity of 20.1 cal/(mol K) compared with the 
true value 18.0 cal/(mol K). The error in U is probably due to neglect of three-body 
interactions (Sec, 22.10) and inaccuracies in the potential-energy function. The av- 
erage coordination number was found to be 4.1, which is quite low, because of the 
open, hydrogen-bonded structure. (The average coordination number in liquid Ar 
is 10, compared with 12 in Solid Ar. Solids have a well-defined coordination num- 
ber; in liquids, we can talk about only an average coordination number.) The Helm- 
holtz energy A of water was calculated from a 64-molecule system. [For the special 
techniques needed to calculate A, see M. Mezei, Mol. Phys., 47, 1307 (1982).] The 
result gave an entropy (relative to that of an ideal gas at the same density) of 
— 15.6 cal(mol K) compared with the experimental value — 14.0 cal/(mol K) (Prob. 


24.42). [Of course, S of H,0(g) can be found by the methods of Sec. 22.7.] Thus, a 
quantum-mechanically calculated potential-energy function for the interaction be- 
tween two water molecules has been used to calculate the macroscopic thermody- 
namic properties U and S for liquid water, a truly impressive result, 


SUMMARY 


Crystalline solids are classified as ionic, covalent, metallic, or molecular. A solid’s 
cohesive energy is AH® for sublimation of the solid to isolated atoms, molecules, or 
ions and is smallest for molecular crystals. From observed interatomic distances in 
crystals, one can estimate ionic radii and atomic van der Waals radii. 

A crystal’s structure is generated by placing an identical basis group at each 
point of the crystal’s space lattice. The space lattice is divided into unit cells chosen 
to have the maximum symmetry and minimum volume. There are 14 kinds of space 
lattices, and their unit cells are classified as primitive, body-centered, face-centered, 
or end-centered. Miller indices (hkl) are used to denote crystal planes. Crystal struc- 
tures are determined by x-ray diffraction. Structures of crystal surfaces and species 
adsorbed on surfaces can be determined by LEED. 

The Debye statistical-mechanical theory of solids uses a quadratic expression 
with a high-frequency cutoff for the distribution function of normal-mode lattice vi- 
brational frequencies of a crystal and yields expressions for the crystal’s canonical 
partition function Z and thermodynamic properties. The Debye Cy is generally in 
good agreement with experiment and is proportional to T° near T = 0. 

The structure of nonassociated liquids is determined mainly by the repulsive 
forces. Perturbation theories of liquids give good results for liquid properties, but 
their application is hampered by lack of knowledge of intermolecular forces, Com- 
puter simulation of liquids using the molecular dynamics or the Monte Carlo method 
provides valuable insights on liquid structure and allows calculation of liquid 
properties. 

Important kinds of calculations include: 


Calculation of E, of a solid from thermodynamic data. 

Estimation of E, of an ionic solid like NaCl from Eq. (24.9). 

Determination of Miller indices of crystal planes and faces. 

Calculation of the number of formula units in a unit cell from the density and unit- 
cell dimensions using (24.12). j 

* Calculation of the angles of incidence that produce a diffracted beam from a given 


set of planes using the Bragg equation. E > 
* Calculation of Cy of solids using the Einstein or Debye theories. 


FURTHER READING AND DATA SOURCES 
Kittel; Buerger; Glusker and Trueblood; Sands; Somorjai; McClelland, secs. 6.3 to 6.5; 


Denbigh, chap. 13; Kestin and Dorfman, chap. 9. 
Crystal-structure data: R. W. G. Wyckoff, Crystal Structures, 2d ed., vols. 1-6, 
Wiley-Interscience, 1963-1971; Landolt-Bornstein, 6th ed., vol. 1, pt. 4, 1955 and New 


Series, Group III, vols. 5—10b, 1971-1985. 


SECTION 24.1 


PROBLEMS 


Sec. 24.3 | 24.4 | 24.5 24.7 24.8 | 2A as 
Probs, 24.1 l 24.2-24.5 | 24.6-24.12 24.13-24.19 24.20-24.26 24.27-24.28 
Sec. 24.11 | 24.12 | 24.14 | Beneral 

Probs. 2429 | 2430-2440 | 2441-2442 | 24.43-24.45 


24.1 Classify each of the following crystals as ionic, covalent, 
metallic, or molecular: (a) Co; (b) CO3; (c) SiO}; (d) BaO; (e) 
N3; (f) CsNO3; (g) Cs. 

24.2 Use thermodynamic data in the Appendix to find E, at 
25°C for (a) graphite; (b) SiC; (c) SiO3. 


24.3 Use (24.1) to calculate E, for NaCl at 25°C. 


24.4 Which of each of the following pairs of solids has the 
greater cohesive energy: (a) Br, or 13; (b) NH; or PH; (c) SO, 
or SiO2; (d) KF or MgO? 


24.5 Use Appendix data to calculate the cohesive energy of 
liquid water at 25°C. 


24.6 Use (24.4) to calculate Ecou for NaCl at 0 K. 
24.7 Use (24.11) to calculate n for NaCl. 


24.8 (a) KBr has the NaCl-type structure. For KBr at 1 atm, 
Ro = 3.299 A at 25°C and x = 5.5 x 1076 bar~! at OK. Cal. 
culate E, of KBr at 25°C and compare with the experimental 
value 718 kJ/mol. (b) CsCl (Fig. 24.16) has W = 1.762675 and 
at latm has unit-cell length a = 4,123 A at 25°C and x= 
6 x 1076 bar~! atO K. Calculate E, of CsCl at 25°C and com- 
pare with the experimental value 668 kJ/mol. 


249 (a) Take (3/27) of (QU/AV)p = T(@P/ðT)y — P [Eq. 
(4.47)], and then take the limit of the result as T + 0 to show that 
(@U/0V?)> = 1/kV at T =0. (b) U at T = Oequals the potential 
energy E, in (24.8) plus the zero-point vibrational kinetic energy. 
Neglecting the variation of this kinetic energy with V, we have 
@U/ev? = 67E,/0V? at T =0. Vis proportional to the cube of 
the nearest-neighbor distance, so 7 = cR?, where cisa constant. 
Let V and V be the volumes corresponding to Ro and R. Show 
that (24.8) can be written as 

-E,= e? MN aR 174/377173 < n1730 -n3) 
Differentiate this equation twice with respect to V and then set 
V = Ù to show that 

—(@E,/0V)\Ip=py = 4e MN, Ro 175 2(1 —n) 

Substitute this result and the result of (a) into d?U/@V7? = 
67E,/éV? at Ro to derive (24.10) for n. 


24.10 Evaluate the Madelung constant for a hypothetical one- 
dimensional crystal consisting of alternating +1 and —1 ions 
with equal spacing between ions. Hint: Use (8.30). 


24.11 Using the Lennard-Jones intermolecular potential 
(22.132) for the interactions in Ar(c) and summing over the 
interactions between all pairs of atoms, one finds (Kittel, chap. 
3) —E, = Nae[24.264(0/R)!? — 28.908(c/R)°], where R is the 
nearest-neighbor distance. (a) Use the gas-phase Ar Lennard- 
Jones parameters £/k = 118 K (where k is Boltzmann's constant) 
and ø = 3.50 A and the experimental nearest-neighbor separa- 
tion Ry = 3.75 A at0 K to calculate E, for Ar. (The experimental 
E, is 1.85 kcal/mol at 0 K.) (b) Show that the expression for 
E, in (a) predicts that Ro/o = 1.09, Compare with the experi- 
mental value of this ratio. 


24.12 Verify the nearest-neighbors-only value of E, of Ar given 
at the end of Sec. 24.5. 


24.13 How many lattice points are there in a unit cell of (a) 
a body-centered lattice; (b) an end-centered lattice? 


24.14 How many basis groups are there in a unit cell of a 
crystal with (a) a face-centered lattice; (b) a primitive lattice? 


2415 One form of CaCO,(c) is the mineral aragonite. Its 
room-temperature density is 2.93 g/cm’. Its lattice is ortho- 
rhombic with a = 4.94 A, b = 7.94 A, and c = 5.72 A at room 
temperature. Calculate the number of Ca?* ions per unit cell 
of aragonite. 


24.16 One form of TiO, is the mineral rutile, which has a 
tetragonal lattice with a = 4.594 A and c = 2.959 A at 25°C. 
There are two formula units per unit cell. Calculate the den- 
sity of rutile at 25°C. 


24.17 Find the Miller indices of the surface s3 and the planes 
P2 in Fig. 24.10. 


24.18 Draw points of a two-dimensional lattice with square 
unit cells and then draw sets of the following lines (lines in a 
two-dimensional lattice are analogous to planes in a three- 
dimensional lattice; take the a direction as vertical): (a) (11); 
(6) (10); (c) (02); (a) (12); (e) (11). 


24.19 The lattice of crystalline COCI, is body-centered tetrag- 
onal with 16 formula units per unit cell. How many molecules 
does the basis consist of? 


24.20 Calculate the percentage of empty space in the simple 
cubic lattice of Po. 


24.21 Sketch a (111) plane of a metallic fecc structure and indi- 
cate which atoms touch an atom in the (111) plane. 


24.22 The solid KF has the NaCl-type structure. The density 
of KF at 20°C is 2.48 g/cm}, Calculate the unit-cell length and 
the nearest-neighbor distance in KF at 20°C, 


24.23 CsBr has the CsCl-type structure. The density of CsBr 
at 20°C is 4.44 g/cm, Calculate the unit-cell a value and the 
nearest-neighbor distance in CsBr. 


24.24 The density of CaF, at 20°C is 3.18 g/cm. Calculate 
the unit-cell length for CaF, at 20°C. 


24.25 The density of diamond is 3.51 g/cm? at 25°C. Calculate 
the carbon-carbon bond distance in diamond. 


24.26 Ar crystallizes in an fcc lattice with one atom at each 
lattice point. The unit-cell length is 5.311 A at 0 K. Calculate 
the nearest-neighbor distance in Ar(c) at 0 K. 


24.27 A certain crystal has a simple cubic lattice with a unit- 
cell length of 4.70 A. For x-rays with 4 = 1.54 A, calculate the 
diffraction angles from (a) the (100) planes; (b) the (110) planes. 


24.28 Visual examination of crystals of Ag shows Ag(c) to 
belong to the cubic system. Using x-rays with 2 = 1.542 A, one 
finds the first few diffraction angles for a powder of Ag(c) to be 
19.08°, 22.17°, 32.26°, 38.74°, 40,82°, 49.00°, and 55,35°, (a) Is the 
lattice P, F, or I? (b) Assign each of these diffraction angles to 
a set of planes. (c) Calculate the unit-cell edge length from each 
of these angles. 

24.29 From data in Sec. 24.11 calculate the energy range for 
the occupied part of the 3s band in Na(c). 


24.30 (a) Verify the expression for U of an Einstein crystal. 
(b) Verify (24.20) for Cy of an Einstein crystal. 


24.31 


24.32 For an Einstein crystal, find the limiting form of U at 
(a) high T; (b) low T. 


24.33 (a) Find the expression for S for an Einstein crystal. (b) 
Use the result for (a) and Oy values in Sec. 24.12 to calculate 
S for Al and diamond at 25°C; compare with the experimental 
values 6.77 and 0.568 cal/(mol K), respectively. 


Find the expression for A of an Einstein crystal. 


24.34 The Einstein temperature is 240 K for Al. What value 
of Cy for Al does the Einstein model predict at (a) 50 K; (b) 
100 K; (c) 240 K; (d) 400 K? 


24.35 (a) From (24.24), (24.21), (22.38), and the equation in 
Prob. 15.14, derive the expression for U for a Debye crystal. 
(To simplify the final result, multiply the numerator and de- 
nominator of the integrand in U by eM/ET ) (b) From the ex- 
Pression for U, find the Debye expression for Cp. Verify that 
the substitution x = hv/kT in the integrand gives (24.25). 


24.36 The 1816 law of Dulong and Petit states that the product 
of the specific heat and the atomic weight of a metallic element 
is approximately 6 cal/(g °C). What is the statistical-mechanical 
basis for this law? 


24.37 For I, one finds Cy = 0.96 cal mol! K`! at 10K. 
(a) Calculate @p for 12. (b) Calculate Cy, of I, at 12 K. 


24.38 Use Fig. 24.27 and data in Sec. 24.12 to find the Debye 
Cy at 298 K for (a) NaCl; (b) diamond. Compare the results 
with the Cp data in the Appendix. 


24.39 (a) Show that for a metal, a plot of C,/T vs. T? at low 
T should give a straight line whose slope and intercept allow 
©, and b to be calculated. (b) Use the following data for Ag to 
find @p and b from a graph: 


T/K 1.35 2.00 | 3.00 


1.57 


4.00 


10°C, /(cal mol~* K~*) | 0.254 3.03 
24.40 (a) Use Eq. (24.27) and the fact that Cy = Cp at very 
low T to show that for a nonmetallic solid at very low tem- 
peratures, Soria = 4n*NkT?/50p?. (b) At very low T, S for a 
gas has only the translational and electronic contributions 
(22.104) and (22.107). Use the relation Seas — Sotia = AHpup/T 
(where AH,,, is the enthalpy of sublimation) to obtain an ex- 
pression for the vapor pressure P of a solid at low T in terms 
of AH,,,. Show that the result has the form P = aT'5/2e7¢/T 
and that P > 0 as T > 0. 


24.41 (a) Draw the radial distribution function g(r) for a gas 
of molecules interacting with a hard-sphere potential (Fig. 
22.17b). (b) Draw a rough sketch to show the general character 
of g(r) for a solid. 


24.42 Use Appendix data to find U and Š for liquid water at 
25°C and 1 bar relative to U and $ for the corresponding ideal 
gas at the same temperature and density. 


24.43 State the contributions of each of the following scien- 
tists that were discussed in this book: (a) Einstein; (b) Born; 
(c) Debye. 


24.44 If one treats Ar atoms as hard spheres, the fcc structure 
of solid Ar (Sec. 24.7) shows that the solid has 26 percent of 
empty space. At 1 atm and the normal melting point of 84 K, 
the density of solid Ar is 1.59 g/cm? and the density of liquid 
Ar is 1.42 g/em*. Find the percentage of empty space in (a) 
liquid Ar at 84 K and 1 atm; (b) gaseous Ar at 1 atm and 87 K 
(the normal boiling point). 


24.45 True or false? (a) Each lattice point in a crystal has the 
same environment. (b) No atom need lie at a lattice point. (c) 
The basis must have the same stoichiometric composition as 
the entire crystal. (d) A crystal space lattice cannot have a posi- 
tive ion at one lattice point and a negative ion at another lattice 


point 
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APPENDIX 


STANDARD-STATE THERMODYNAMIC PROPERTIES AT 25°C AND 1 BAR® 


Substance AH} 298 AGS 298 Sios 

kJ mol ~" kJ mol ~" Jm K JmK 
Ag* (aq) 105.56 77.09 72.8 
Brig) 111.884 82.396 175,022 20.786 
Br (aq) —121.55 — 103.97 82.4 —1418 
Br,(I) 0 0 152.231 75,689 
Br2(g) 30.907 3.110 245.463 36.02 
C(graphite) 0 0 5.740 8.527 
C(diamond) 1,897 2.900 2.377 6.115 
Clg) 716.682 671.257 158.096 20.838 
CF 4g) —925, —879. 261.61 61.09 
CH4(g) —74.81 —50.72 186.264 35.309 
CO) — 110.525 — 137.168 197.674 29.116 
CO,(g) — 393.509 — 394.359 213.74 37.11 
CO} (aq) —677.14 —527.81 —56.9 
COF xg) — 634.7 —619.2 258.60 46.82 
CH) 226.73 209.20 200.94 43.93 
CH4(g) 52.26 68.15 219.56 43.56 
CH6(g) — 84.68 —32.82 229.60 52.63 
C)HsOH(I) 217.69 —174.78 160.7 111.46 
(CH3),0(g) — 184.05 —112.59 266.38 64,39 
C3Halg) —103.85 —23.37 270.02 73.51 
CoH(g) 82.93 129.7 269,31 81.67 
Cyclohexene(g) (C6H0) -5.36 107.0 310.86 105.02 
a-D-Glucose(c) (C6H 1206) —1274.4 —910.1 212.1 218.8 
Sucrose(e) (C12H22011) —2221.7 — 1543.8 360.2 425.5 
CH3(CH,),4COOH(c) — 890.8 314.5 455.2 460.7 
CaCO;(calcite) — 1206.92 — 1128.79 92.9 81.88 
CaCO, (aragonite) —1207.13 —1127.75 88.7 81.25 
CaO(c) — 635.09 — 604.03 39.75 42.80 
Clg) 121.679 105.680 165.198 21.840 
Cl (aq) —167.159 — 131.228 56.5 1364 
Cla(g) 0 0 223.066 33.907 
Cu(c) 0 0 33.150 24.435 
Cu? *(aq) 64.77 65.49 —99.6 
Fg) 0 0 202.78 31.30 
Fe(c) 0 0 27.28 25.10 
Fe? * (aq) —48.5 —47 315.9 
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AHS 298 AGS 298 Sios Cass 

kJ mol~! kJ mol~! Jmol~' K~! Jmol Ki 
Hig) 217.965 203.247 114.713 20.784 
H* (aq) 0 0 0 0 
H4(9) 0 0 130.684 28.824 
HD(g) 0.318 ~1.464 143.801 29.196 
Dalo) 0 0 144,960 29.196 
HBr(g) — 36.40 —53.45 198,695 29.142 
HC\g) ~92.307 ~95,299 186.908 29.12 
HF(g) -271.1 -273.2 173.779 29.133 
HN (9) 294.1 328.1 238.97 43.68 
H30(1) — 285.830 — 237.129 69.91 75.291 
H,O(g) — 241.818 -228.572 188.825 33.577 
H,0,(I) — 187.78 — 120.35 109.6 89.1 
H,S(g) ~20.63 ~33.56 205,79 34.23 
K *(aq) — 252.38 —283.27 102.5 21.8 
KCl(e) = 436.747 — 409.14 82.59 51.30 
Mgic) 0 0 32.68 24.89 
Mgig) 147.70 113.10 148,650 20,786 
MgO(c) — 601.70 ~ 569.44 26.94 37.15 
Nig) 472.704 455.563 153.298 20.786 
Nag) 0 0 191.61 29.125 
NH4(g) —46.11 ~16.45 192.45 35.06 
NH,CH;COOH(c) 528.10 — 368.44 103.51 99,20 
NO(g) 90.25 86.55 210.761 29,844 
NO319) 33.18 51.31 240.06 37.20 
NOs (aq) ~ 207.36 ~111.25 146.4 ~86.6 
N20,(9) 9.16 97.89 304.29 77.28 
Na(q) 107.32 76.761 153.712 20.786 
Na * (aq) —240.12 -261.905 59.0 46.4 
NaCl(c) —411.153 — 384.138 7213 50.50 
Olg) 249.170 231.731 161.055 21.912 
Olg) 0 0 205.138 29.355 
OH (aq) — 229.994 — 157.244 -10.75 — 148.5 
PCla(g) -287.0 —267.8 311.78 71.84 
PCIs(g) —3749 — 305.0 364.58 112.80 
SO2(9) — 296.830 — 300.194 248.22 39.87 
Si(g) 455.6 4113 167.97 22.251 
SiC(B, cubic) ~653 ~628 16.61 26.86 
SiO,(quartz) —910.94 ~856.64 41.84 44.43 
Sn(gray) ~2.09 0.13 44.14 25.77 
Sn(white) 0 0 51.55 26.99 


“ Data obtained maint: 


ly by conversion from values in D. D. Wagman et al., Selected Values of 


Chemical Thermodynamic Properties, Natl, Bur. Stand. Tech, Notes 270-3, 270-4, 270-5, 270-6, 270-7, 


and 270-8, Washington, 1968-1981. The molality-scale standard state is used for solutes. 


ANSWERS TO 
SELECTED PROBLEMS 


4.4 (a) Closed, nonisolated. 4.2 Three. 4.3 (a) 19300 kg/m. 4.5 Xycı = 0.0631. 4.6 (a) 
1.99 x 1072? g, 4.7 (a) 33.9 ft; (b) 0.995 atm. 4.9 (a) 2.44 atm. 4.44 1.11 g/L. 4.44 31.07. 4.45 
0.133 mol N3, 0.400 mol H3, 1.33 mol NH3. 4.49 (a) 17.5 kPa; (b) 0.857 for H3. 4.20 32.3 cm}, 
4.24 0.60 mol and 0.40 mol. 4.22 (a) 2.5 x 101°: (b) 3.2 x 101°. 4.23 0.0361 gand 0.619. 4.25 
5.3 x 10?! g. 4.26 (a) 6.4 x 1075 bar; (b) 460 K. 4.27 0.24. 4.30 (b) —30xe™ 3*°; (c) 1/x. 4.33 
(a) ax cos axy; (c) —(x?/y?)e*; (d) 0. 4.44 2.6 x 1074K- !,4.9 x 1075 atm”! 53 atm/K, 
1.45 23 atm. 4.47 (a) 2000 atm. 4.48 (a) 25, 4.50 (a) — 190/3; (b) 0.693; (c) $. 4.54 (a) 175.62; 
(b) —458.73; (c) 5.43 x 107139, 4.56 717.8 K. 4.57 (a) T; (b) F; (c) F; (d) T: (e) F; (f) T; (9) T: 
(h) T; (i) F; (j) T. 


2.4 (a) 1 kg m? s™?; (c) 107? m’, 2.4 1.00 Pa. 2.5 —456 J. 2.6 — 18.0 J. 2.9 (a) 0.107 cal/g-°C. 
2.14 0.14 K. 2.47 18.001°C. 2.24 No. 2.24 15°C. 2.25 (a) 246 J/m?. 2.27 (a) 13.7 kJ, — 13.7 kJ, 
0, 0. 2.34 (a) Process; (b) property; (c) process, 2.32 (a) 00; (b) — 00; (c) 0; (d) 0. 2.33 (a)q > 0, 
w < 0, AU > 0, AH > 0; (b) q > 0, w > 0, AU > 0, AH > 0; (c) q = 0, w < 0, AU < 0, AH <0, 
2.36 (a) q = 1447 cal, w = — 397 cal, AU = 1050 cal, AH = 1447 cal. 2.37 (a) 1436 cal, 0.039 cal, 
1436 cal, 1436 cal; (b) 1801 cal, —0.019 cal, 1801 cal, 1801 cal; (c) 9717 cal, — 741 cal, 8976 cal, 
9717 cal. 12.40 (a) w= —2.03 kJ, q= 7.09 kJ, AU = 5.06 kJ, AH = 7.09 kJ; (b) w= 0, 
q = — 5.07 kJ, AU = —5.07 kJ, AH = —7.09 kJ. 2.44 (a) Kinetic; (b) kinetic; (c) both. 2.47 
(a) 0.003637 K~ '. 2.53 Increase. 2.57 (a) F; (b) F; (c) F; (d) F; (e) F; (f) F; (g) F; (h) T; (i) F; 
C) F; (k) F; (l) T. 


3.4 (a) 74.6 percent; (b) 746 J, 254 J. 3.2 2830 K. 3.4 (c) 15 J. 3.7 (a) Positive; (b) positive; (c) 
zero; (d) positive; (e) positive. 3.9 4.16 cal/K. 3.40 38.30 cal/K. 3.44 (a) 6.66 J/K; (b) 14.1 J/K; 
(c) 8.06 J/K. 3.44 (a) 20.2 J/K; (b) — 14.4 J/K; (c) — 5.76 J/K. Zero for cycle. 3.45 — 2.73 cal/K. 
3.47 (a) 32.0°C; (b) —1.59 cal/K; (c) 1.87 cal/K; (d) 0.28 cal/K. 3.48 8.14 J/K. 3.19 
~2.03 x 1075 cal/K. 3.24 (a) 373.2°M; 199.99°M. 3.27 (b) 7. 3.29 (a) Reversible; (b) irreversible; 
(c) irreversible. 3.30 (a) The 10 g; the 10 g. 3.37 (a) 0; (c) 0.008 cal/K. 3.38 (c), (e). 3.39 (a) F; 
(b) T; (c) F; (d) F. 

4.3 (a) 2040 atm; (b) —0.0221 K/atm. 4.4 723 mol~!K~'. 4.5 (a)40 cal mol! K7 t; (b) 
0.8 cal mol ~ ! atm” t; (e) 70 cal/em?; (d) 0.13 cal mol~ * K ~ ?;(e) —0,0012 cal mol” K~ t atm”! 
4,14 (a) — 1,66 x 10~° cal mol~! K~ !atm~ !; (6) 6.64 cal mol! K~ +. 4,47 Largest for liquids. 
4.23 (a) AA < 0, AG = 0; (b) AA > 0; AG = 0, 4.24 — 3220 J, — 3220 J. 4.26 (a) 0; (b) — 28 cal. 
4.29 So J. 4.34 Tying, = 30.02°C. 4.36 (a) Gas; (b) neither. 4.38 —5 for O2. 4.40 —0.45 mol. 
4.42 (a) All are 0. 4.49 (a) F; (b) T: (c) F; (d) F; (e) T; (f) T: (g) F; (h) F; (i) T; (j) F; (k) T. 


5.2 (a) —638 kJ/mol; (b) — 1276 kJ/mol; (c) 319 kJ/mol. 5.5 (a) — 1124.03 kJ/mol; (b) — 1036.00 
kJ is () 085 Elmo. 5.9 AU3og X —29.98 kJ/mol, AH39g = — 20.06 kJ/mol. 5.42 
—558 kJ/mol, —546 kJ/mol. 5.45 (b) —4.5 J/mol. 5.46 (a) 0. 5.17 (a) —1118.7 kJ/mol; (b) 
— 1036.7 kJ/mol. 5.49 (b) 0.043 cal mol”! K~, 0.014 cal mol A K . 5.22 (a) 20.115 cal 
mol! K” 1; (b) 20.11 cal mol”! K~ '. 5.24 (a) 69.91 J mol * K~'; (b) 81.59 J mol” K~’. 


5.25 (a) —390.73J mol`! K1; (b) —152.90 J mol K~*. 5.30 (b) — 1007.53 kJ/mol, 
~ 99081 TE — 949.6 kJ/mol. 5.38 42 kJ/mol. 5.40 61.8 cal mol” t K~'. 5.46 (a) No; (b) | 904 | 


no; (c) yes; (d) no; (e) yes; (f) yes; (g) yes. 
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6.4 —6.9 KJ. 6.3 (a) 3.42, — 10.2 kJ/mol. 6.4 0.0709, 13.2 kJ/mol. 6.9 (a) AH” = 94. kJ/mol 
AG° = —3.05 kJ/mol, AS° = 183 J mol” ' K~*. 6.45 0.414 for NO,. 6.46 22.2, 6.47 1.50 
mol CO3, 0.50 mol CF4, 0.0008 mol COF,. 6.20 0.633 mol, 2.633 mol, 2.367 mol. 6.22 (c) 
157 kJ/mol. 6.29 AS” = 34.5 cal mol™' K” ', AC} = 0. 6.32 (a) Yes; (b) no. 6.39 (a) F; (b) F; 
(c) T; (d) F; (e) F; (f) T. 


7.4 (a) 3; T, P, sucrose mole fraction; (b) 4; (c) 3; (d) 2. 7.2 (a) 1; (c) 0. 7.4 (a) 3. 7.5 (a) 4; (b) 3; 
(c) 2; (d) 1. 7.40 (a) 0.130 g liquid and 0.230 g vapor; (b) 0.360 g vapor. 7.42 (a) Ar; (b) H30. 
7.48 (a) 134 atm. 7.49 (a) —38.4°C. 7.24 42.7 kJ/mol. 7.22 (a) 1481 torr; (b) 85°C. 7.23 (c) 
350°C. 7.28 (a) 15.4 torr, 200 K; (b) 7.9 kJ/mol. 7.29 0.0095 torr. 7.35 14900 atm. 7.40 (b) 
107.8 torr. 


8.5 (a) 317 atm; (b) 804 atm; (c) 172 atm. 8.8 (a) 1.34 x 10° cm® atm mol ~?, 32.0 cm?/mol; 
(b) —131 cm*/mol at 100 K. 8.44 (b) 0.375. 8.23 0.01745. 8.26 49 atm, 565 K., 260 cm?/mol, 
8.34 (a) Ne, Ne, Ne, Ne. 8.32 166 cm*/mol, experimental value 176 cm3/mol. 


9.4 (a) 0.116 mol; (c) 0,598 mol. 9.2 (a) 0.9518 g/cm; (b) 13.37 mol kg. 9.3 0.474 mol/kg, 0.00846, 
9.42 40.19 cm*/mol. 9.43 36.9 cm3/mol, 18.1 cm?/mol. 9.46 (a) 14.9 cm?/mol, 40.7 
cm?/mol; (b) 16.5 cm*/mol, 40.2 cm?/mol, 9.24 No. 9.25 —3.98 kJ, 0, 13.6 J/K, 0. 9.26 (a) 
40.4 torr, 10.2 torr; (b) 0.798, 0.202. 9.27 0.211, 0.789. 9.28 173 torr, 60.8 torr. 9.40 (a) 
6.82 x 10* atm; (b) 1.64 mg. 9.42 6.5 x 107, 5.6 x 10” °. 9.50 2.40 atm, 0.83. 9.58 (a) T; (b) 
F; (c) F; (d) T; (e) F. 


10.4 (a) No; (b) yes; (c) yes; (d) yes, 40.2 (a) 1.11, 2.04; (c) —702 J; (d) —1.28 kJ. 40.3 (c) 
—2.70 kJ, 40.4 (b) 0.843, 0.0337, 1.0036, 0.9635. 40.9 1.327, 0.0349, 1.94. 40.42 (a) 1,1, 1, =1; 
(b) 1, 2, 2, =1; (e) KCI. 40.45 (a) 1; (b) 1.587; (c) 1. 40.24 (b) 2.85, 3.16. 10.23 0.330 mol/kg. 
10.26 0.630. 10.27 (a) 0.214; (b) 0.553, 0.390. 40.30 (a) — 79.885 kJ/mol, — 55.84 kJ/mol, 
80.66 J mol~* K~!. 40.37 (a) 0.997, 0.928. (b) f; = 2.32 atm. 40.39 (a) 15.69 kJ: (b) 17.1 kJ. 
10.40 (a) 65.6 atm, 0.547; (b) —88 cm?/mol. 40.49 (a) T; (b) F; (e) T. 


44.4 1.34 x 1077 mol/kg. 44.5 1.55 x 1077 mol/kg. 44.6 1.05 x 1077 mol/kg, 44.7 
4.28 x 1074 mol/kg. 44.9 2.2 x 107° mol/kg. 44.49 (a) 8.7; (b) 0.61. 44.20 1.4 x 107%? atm. 
14.24 2.72 mol Fe3O4, etc. 44.22 2.51 x 107$ mol?/kg?. 44.23 (a) 0.039 mol CaCO}, etc; 
(b) 0 mol CaCO4, etc. 14.28 79.99 kJ/mol, —75.3 J mol ~! K~}, 57.4, kJ/mol. 44.36 (a) F; 
(b) T; (c) F; (d) F; (e) F. 


42.4 1073.4 torr. 42.4 339, 42.7 (a) 180; (b) 10.8 kcal/mol, 42.8 6.89 kcal/mol, 42.44 0.027 
mol naph., 0.014 mol anth. 42.45 736 cm. 42.46 55500, 12.49 29.0 42.24 (b) 1.95 atm. 42.27 
(2) X4.» = 0.75; (b) x4, = 0.04. 12.39 (a) 0.306; (b) 0.306; (c) 0.036. 12.49 Yes. 12.55 (a) F; (b) 
T; (c) F. 


43.4 (a) 4,8 cm?; (b) 1.0 x 10° cm?. 43.2 220 ergs. 43.3 20.2 mN/m. 43.4 6.0 percent. 13.5 
49 x Or atm. 13.8 22.6 dyn/cm. 43.9 3.22 cm. 43.42 53.0 dyn/cm. 13.46 —3.0 x 10 
mol/cm*, 43.20 25 A. 13.22 (a) 179 cm3/g, 0.36 atm™ '. 43.33 (b) 17.726 torr. 


14.1 4.6 x 10° N. 44.2 (a) 3.6 x 10° V/m: (b) 0.90 x 10!° V/m. 44.3 —3.60 V. 14.4 (a) 
5.79 x 10° C; (b) —5.79 x 10* C. 44.5 1 x 10° J/mol, 44.7 (a) 2; (b) 1: (c) 2; (d) 6: (e) 2. 4445 
(a) 0.355 V; (b) 0.38 V. 44.47 (a) 2.1 x 104}; (b) 5.0 x 10-27. 44.49 (b) —0.163 V. 14.20 (b) 
0.354 V; (c) 0.273 V. 44.28 (b) 0.0459 V; (c) 0.0459 V: (d) —8.86 kJ/mol, 10.6 kJ/mol, 65.2 
Jmol” K—!. 44.29 2. 44.33 (a) —56.5 kJ/mol, 8 x 10°: (b) —28.3 kJ/mol, 9 x 10*. 14.35 
~0.152 V. 44.37 — 131.0 kJ/mol, —131.0 kJ/mol. 44.39 (b) 1.75 x 1075, 44.44 4.68. 14.42 
-0.0104 V. 414.46 1.25 x 10799 C? N~! m, 1.12 x 1072? m°, 44.55 (a) C; (b) m: (h) J/mol. 


15.4 (a) 3720 J. 45.2 (a) 1.18 x 107?° J. 45.3 1.366. 45.4 $. 15.6 18.5 K. 45.40 (a) 4.50 x 10*. 
18.46 (a 522 x 10* cm/s; (b) 4.90 x 10 cm/s; (c) 4.35 x Tot cm/s. 45.25 0.0152 torr. 15.27 
8.9 x 1017, 5.8 x 1074 g. 45.34 (b) 5.1 x 105A. 45.33 0.80 torr, 45.44 3.5, 15.17. 15.48 
(a) F; (b) T; (f) T; (g) F. 


46.4 (a) 288 J; (b) 0.161 J/K. 46.2 1.4 x 1073 JK! cm~! s~! 46.46.05 mJ K7! mts h 
16.6 (a) 5.66 cP; (b) 187. 16.43 1.20 x 107° P. 46.44 (a) 400 kg/mol, 500 kg/mol; (b) 300 


kg/mol; 400 kg/mol: 46.47 (a) 0.025 em; (b) 0.19.cm; (c) 0.95 cm, 46.20 — 0.083 um, 2.5 

16.24 (a) 0.16 cm?/s; (b) 0016 cm?/s; 16.28 2.4 x 10 cm?/s, 16.25 (b) 040. cm2/s. 46.30 
6.3 x 10%, 46.34 62 x 10'S, 46.32 0.0104 Q. 16.33 0.25 A. 16.35 1.19 g. 46.37 (a) 248.4 
Q`’ cm? mol” t; (b) 124.297! cm? equiv™!. 16.38 4.668 x 1074 cm? V~! s7}, 0.3894. 
14a pos o`! my mol~';(b)391 Q` ' cm? mol-!. 46.43 (a) 699 x 10-4 cm? Vis}, 
b) 0.017 cm/s; (c) 1.37 À. 46.44 (b) 307 Q~ * cm? mol” '. 46.45 0.426, 0.574. 4 1) 89.9 
Q`! cm? mol”, 46.53 9.9, x 10715 mol?/dm®, eat bee? 


47.4 (a) 7.1 x 107° mol dm~? s7}, 8.5 x 1077 mol/s; (b) —1.4 x 1077 mol dm™? s7}; (¢) 
1.0 x 10'8; (d) 3.46 x 1075s", 14x 1078 moldm~3s~!, 17x 1077 mol/s. 47.2 (c) 
6.09 x 1076 atm™! s7}. 47.6 (a) 0.00066 s~ ', 0.00133 s~ }; (b) 905 s, 1731 s. 47.7 (a) 2.00 x 104 
s; (b) 5.0 x 1074 mol/dm?. 47.9 (a) 0.030 mol NOg, etc. 47.44 n < 1. 17.49 (a) 3: (b) 0.008 
dm}? mol~!/2 57}, 47.22 (b) 0.0071 dm? mol~! s~, 47.23 0.33dm® mol™? s™', 47.24 
0,036 dm® mol~? s~ +. 47.27 8.0 x 10° dm? mol”! s~'. 47.39 0.018 dm? mol”! s~'. 47.44 
45.5 kcal/mol, 1.9 x 101! dm? mol”! s~}. 47.44 (b) 3.87 x 1077 s7}; (e) 2.36 x 10'° s, 
8.95 x 10° s, 795 s. 47.46 342 kJ/mol, 47.55 k, = 0.256 dm? mol! s™', k- ,/k3 = 250 
dm3/mol. 47.65 1.3 x 10'° dm? mol”! s~!. 47.69 0. 47.77 1.62 x 10° yr. 47.79 (a) 
1.08 x 107 10%; (b) 0.0296 min~! (g C)~!. 47.84 (a) T; (b) T; (c) T; (d) T; (e) T; (f) F; (9) T; 
(h) F; (i) T; (j) T; (k) F. 


48.4 (c) 1.76 x 101° 57}, 1.76 x 10! s7}; (d) 5800 K. 48.2 (b) 4.0 x 107° J/s; (c) 1.4 x 10'7 
kg. 48.3 (a) 5.3 x 1014571, 1.2, x 101587 },5.7 x 1075 cm, 2.5 x 107“ cm. 18.4 2.8 x 1052 
J. 48.7 (a) 6.6 x 107}? cm. 48.8 (a) 2.2 x 107°? g. 48.44 (b) 1317, 48.46 1.4 x 10° ° cm. 
48.47 (b) 0.0908, 0.2500, 0.3031. 48.48 (a) 3.45 x 10 *; (b) 9.05 x 1075. 48.24 1.2 nm. 18.24 
(a) 17; (b) 6. 48.36 (a) 0; (b) (22) *. 48.38 (a) 1.02 x 10° dyn/cm; (b) 5.1 x 10°°, 48.43 (a) 22%. 
48.49 (a) T; (b) T; (c) T; (d) T; (e) T; (f) F; (g) F; (h) T; (i) F. 


49.4 (a) 7.7 x 1071? J, 7.7 x 107+? erg, 4.8 cV. 49.2 1.23 A. 49.3 7.5 x 107? g. 19.9 (a) 
54.4 V; (b) 122.4 V. 49.42 6.8 V. 19.44 45°, 90°, 135°. 49.46 (a) 0; (b) h/27. 49.22 (a) 1.41 A. 
19.23 (b) 5a/Z. 19.25 0.981. 419.29 54.7°, 125.3°, 49.35 3, 3. 19.44 4406 V. 19.56 (a) F; (b) 
T; (c) F; (d) F; (e) F; (f) F; (g) F; (h) F; () F; U) F; (k) T; (1) F. 


20.4 (a) 1.07 A, 1.43 Å, 0.96 A; (b) 1.07 A, 1.15 Å. 20.4 1.45 D, 1.2 D. 20.6 4.3 D. 20.7 (a) 0.5; 
(b) 1.1; (c) 0.6. 20.44 (a) 5.70 eV; (b) 10.4 D. 20.43 (a) 8.7 x 1077. 20.46 (a) }; (b) 1; (c) 0; (d) 2. 
20.24 (a) 241 kJ/mol. 20.27 (a) Bent with angle a bit less than 1094°; (c) linear; (d) bent with 
angle a bit less than 120°. 20.34 (a) T; (b) F; (c) F; (d) F; (e) F; (f) F; (g) T; (h) T. 


24.4 2.42 x 10!4 57}, 1.24 x 1074 cm, 8060 cm~". 24.2 2.25 x 10'° cm/s, 4430 A. 24.6 107 
GHz. 24.9 (a) 4.2 x 107°; (b) 1.6 x 10754. 24.43 20.6%, 24.44 (a) 9.757 eV. 24.48 (a) 7470 
MHz; (b) 7689 MHz. 24.24 1.176 x 10° dyn/cm. 24.23 The ratios to the J = 0 population 
are 1, 2.714, 3.703, 3.839, 3.307, 2.450, 1,588. 24.30 (a) Spherical; (b) symmetric; (c) asymmetric, 
24.34 (a) 0, 3.046 x 10° s~!, 7.249 x 10° s™'; (b) 3046 MHz, 6093 MHz. 24.38 2050 cm 1 
24.44 364.7 nm. 24.43 13.50 nm. 24.45 5.0 x 10720 J/T. 24.47 (a) 20.49 MHz; (b) 27.32 MHz. 
24.48 (a) 1.41 T; (b) 7.05 T. 24.49 (a) 0.9999903. 24.54 (a) One singlet peak; (b) a doublet of 
relative intensity 3 and a quartet of relative intensity 1. 24.58 25. 21.59 14.6°. 21.65 13.8. 
24.68 (a) HBr, HS, CH3Cl. 24.69 (a) T; (b) F; (c) F; (d) F; (e) F; (f) T; (9) F; (h) T. 


22.2 2.50. 22.9 (a) 3628810; (b) 9.332621569 x 10157, 22.42 1.8 x 107°. 22.44 (a) 1.3 x 107$; 
(b) 0.044. 22.46 (b) 480 K: (c) 0.0393. 22.20 (b) z = 1.163, U = 844 J, S = 3.36 J/K. 22.24 (a) 
0.999955; (b) 0.950; (c) 0.865. 22.25 (a) 3.935; (b) 1.53 x 1023, 2.78 x 1023, 1.71 x 107%; (c) 

3-501 x 1023, 3.35 x 1073, 22.32 126.15 J mol! K~ ' for He. 22.34 3718 J/mol. 


0.669 x 1073, 3:3 3 
22.37 (a) 173.75 Jmol! K~ '; (b) 20.79 J mol~! K~!; (c) 29.10 J mol”! K~? 22,38 (a) 


13404 J/mol. 22.39 186.7 J mol`! K~!, 22.46 (a) 93.9%; (b) 93.2%. 22.56 (a) 6; (b) 2; Ol; 
(d) 12.22.57 205.73 J mol~! K~!, 22.64 (a) 6;(b) 27. 22.68 (c) Clz. 22.74 (a) —7.1 x 10 
dyn. 22.74 (a) 4.86 x 107 +5 erg. 22.82 (b) — 163, —4, 17 cm3/mol. 22.87 (a). 

23.2 (a) 3 x 10" cm? mol! s™':; (b) 0.003, 23.43 k is multiplied by 0.122. 23.46 (a) 74 
kcal/mol, 1.43 kcal/mol, — 22.1 cal mol~! K~ !. 23.47 (a) 0.65, 0.29, 0.052. 23.49 15.1 kcal/mol, 


— 18.0 cal mol! K~ t, 20.5 kcal/mol. 23.22 (b) 1.66 x 10° *! cm?/s. 


— a 


ANSWERS TO SELECTED PROBLEMS 


ANSWERS TO SELECTED, PROBLEMS 


24.4 (a) Metallic; (b) molecular; (c) covalent; (d) ionic: (e) molecular. 24.2 (a) 716.7 kJ/mol; (b) 
1237.6 kJ/mol. 24.5 44.0 kJ/mol. 24.40 2 In 2. 24.44 (a) 8.33 kJ/mol. 24.43 (a) 2: (b) 2. 24.16 
4.249 gem*. 24.49 8.24.22 5.38 A, 2.69 A. 24.25 1.54s A. 24.27 (a)9.4°,19.1°, 29.4°, ange 
55.0°, 79.4°; (b) 13.4°. 27.6 -44.0°, 67.9°. 24.28 (c) 4.085 and 4. 086 A. 24.34 (a) 4.8 J mol”! K~1. 


(b) 15.8 J mol”! K~". 24.37 (a) 78 K; (b) 1,66 cal mol~' K~!, 24.38 (a) 47 J mol~! K`! 
24.45 (a) T; (b) T; (c) T; (d) T. : 
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electronic spectrum of, 735 
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Berthelot’s equation, 212, 224 
Beryllium hydride, MO treatment of, 
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Bohr, Niels, 586-587, 644 
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Bohr radius, 625 
Bohr theory of H atom, 586-587 
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Boiling point, 197 
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Boltzmann distribution law, 460-461, 713, 
718, 779-783, 800, 813 
Boltzmann's constant, 98-99, 439, 770, 789, 
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Boltzmann's principle, 801 


Bomb calorimeter, 146-147 
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double, 669, 680, 681 

hydrogen, 730-731, 806, 857 

ionic, 659-660 

pi, 680, 681 
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quadruple, 680 

sigma, 680 

single, 680 
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triple, 672, 680, 681 
Bond dipole moments, 654-655 
Bond energies, 163-164, 653-654 
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Bond moments, 654-655 
Bond orbitals, 677-681 
Bond order, 669 
Bond radii, 653 
Bond vibrational frequencies, 730 
Born, Max, 591, 592, 593, 656, 860, 861 
Born-Haber cycle, 860 
Born-Oppenheimer approximation, 656-659 
Born postulate, 593 
Bose-Einstein statistics, 783 
Boson, 635, 642, 775, 776, 777, 783 
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Boyle’s law, 11 
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Bragg equation, 875-876, 878 
Branching chain reaction, 550 
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Bravais lattices, 866, 867 

Break in cooling curve, 344, 346 
Bronsted-Bjerrum equation, 850 
Brownian motion, 101, 484-485 
Brunauer-Emmett-Teller isotherm, 375 
Buffer solution, 302 

Bulk flow, 454, 473-480 

Bulk phase, 357-358 

Buoyant force, 477-478 

Butadiene, pi MOs of, 690 
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Caloric theory, 47-48 
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Cathode, 397, 399 
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Cep structure, 871 
Cell constant, 492 
Cell diagram, 397-398 
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in ideal gas mixture, 170-172 
in ideal solution, 241 
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in nonideal gas mixture, 289-290 
in nonideal solution, 261, 265 
and phase equilibrium, 131-133, 326 
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of pure substance, 131 
statistical-mechanical expression for, 772 
summary of, 309 
T and P dependence of, 232 
Chemical shift: 
ESCA, 751 
NMR, 742-743 
Chemically controlled reactions, 560-561, 
849, 853 
Chemiluminescence, 752 
infrared, 833-834 
Chemisorption, 372-376, 566-571, 682, 729, 
731, 868, 880 
kinetics of, 569-570 
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Chlorofluorocarbons, 563, 725, 728 
Chromophores, 736 
Circular dichroism, 749 
Circularly polarized light, 749 
Clapeyron equation, 200-204 
Classical barrier height, 827, 828, 829, 836, 
842 
Classical mechanics, 36-41, 591, 592-593 
of rotation, 721-722 
of vibration, 608-609, 726-727 
Classical partition function (see 
Semiclassical partition function) 
Classical physics, 581 
Clausius, Rudolph, 77, 85 
Clausius~Clapeyron equation, 201-203 
Clausius~Mossotti equation, 426 
Clausius statement of second law, 78 
Closed system, 3-4 
CNDO method, 690-691 
Coherent radiation, 707 
Cohesive energy of solids, 859-863 
Colligative properties, 316-326 
Collision theory of reaction rates, 819-822, 
833 
and ACT, 841-842 
Collisions: 
in a gas, 455-458, 820, 822 
in a liquid, 558-559 
with a wall, 453-454 
Colloid(s), 376-379 
lyophilic, 377-378 
lyophobic, 378 
Colloidal suspension, 377 
Colloidal system, 376-377 
Color, 735-736 
Combination band, 727, 728 
Combustion, heat of, 146, 655 
Common-ion effect, 302, 306 
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Common logarithm, 29 
Competing reactions, 523-524 
Complete set, 646 
Complex conjugate, 593 
Complex ions, 285, 306 
Complex reaction, 515 
Component, independent, 194, 195 
Composites, 327 
Composition, 5 
Compound formation in solid-liquid 
equilibrium, 342-344 
Compressibility, 25, 117 
Compressibility factor, 211, 214 
critical, 218, 219, 220 
Compression factor, 211, 214 
Concentration, 175, 226-227 
mass, 227 
Concentration cell, 411 
Concentration equilibrium constant, 175, 
299, 529-530 
Concentration-scale activity coefficients, 272 
Condensation, 214-216 
Condenser, 424 
Conduction, thermal (see Thermal 
conductivity) 
Conduction band, 883 
Conductivity, 489, 490-494, 504-505 
molar [see Molar conductivity(ies)] 
Conductivity, electrical (see Electrical 
conductivity) 
Configuration function, 648 
Configuration integral, 811-812 
Configuration interaction, 647-648, 673, 824 
Configurational partition function, 811 
Congruent melting, 344 
Conjugated molecule, 682, 688-690, 735-736 
Consecutive reactions, 522 
Conservation of energy, 40, 46-51 
Conservative force, 39 
Constants, table of (see inside back cover) 
Contact angle, 362, 363 
Continuous function, 19, 597 
Continuous phase, 376 
Continuous spectrum, 702 
Convection, 469 
Convention I, 262, 264-267 
Convention II, 262-263, 267-268 
Conventional enthalpies, 150-151 
Conventional entropies, 153-157 
Conventional Gibbs energies, 160 
Conversion rate, 513, 568 
Cooling curves, 344-345 
Coordination number, 498, 859, 871 
Correlation energy, 647, 685 
Corresponding states, law of, 219-220 
Cosmology, 102-103 
Coulomb, 384, 489, 620 
Coulomb's law, 384, 426-427, 620-621 
Coulometer, 491 
Coupled reactions, 310 
Covalent bond, 660 
Covalent radii, 653 
Covalent solids, 858 
cohesive energy of, 860, 861 
interatomic distances in, 865 
structures of, 873-874 


Critical dividing surface, 835, 838, 847-848 
Critical micelle concentration, 377 
Critical point, 198, 215-216 
and equations of state, 217-218 
isothermal, 351 
Critical pressure, 198, 216, 221 
Critical solution temperature, 335-336 
Critical temperature, 198, 216, 221 
Critical volume, 216 
Cross-linked polymer, 858 
Crystal(s) [see Solid(s)] 
Crystal orbitals, 881-882 
Crystal structures, 865-879 
Crystal systems, 867 
Cubic close-packed structure, 871 
Cubic crystal, 866 
Cubic decimeter, 12 
Cubic expansion coefficient, 25-26 
Current density, 489, 494-495 
Cycle, 701 
Cyclic process, 49, 62, 65, 86 


Dalton’s law, 17 
Daniell cell, 395-397, 400 
Davies equation, 283-284 
de Broglie, Louis, 587-588 
de Broglie wavelength, 588 
Debye, Peter, 155, 280, 559 
Debye (unit), 654 
Debye characteristic temperature, 886- 
887 
Debye-Hiickel theory, 280-284 
and ionic association, 285 
Debye-Langevin equation, 425-426 
Debye T’ law, 155, 887 
Debye theory of solids, 886-889 
Decay constant, 571 
Defects in solids, 889 
Definite integral, 27-29 
Degeneracy, 603-604, 627 
and Boltzmann distribution law, 718, 780 
electronic, 788 
and entropy, 800-803 
for H atom, 625 
for two-particle rigid rotor, 612, 718 
Degradation of energy, 103 
Degree of degeneracy, 604 
Degree of dissociation, 303 
Degree of polymerization, 552-553 
Degree superscript, 141 
Degrees of freedom, 191-195, 330, 335, 
345-346, 726, 884 
vibrational, 726, 884 
Delta bond, 680 
Denaturation of proteins, 177 
Density, 6 
of a crystal, 870 
of a gas, 16, 17 
Dependent variable, 18 
Derivative, 18-19 
chain rule for, 20 
formulas for, 19 
partial, 20-22 
Desalination of seawater, 325 
Desorption, rate of, 570 
Detergent, 369, 379 
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Determinant, 641-642 
Dewar, Michael, 691 
Diagram of galvanic cell, 397-398, 407 
Diamond, 860, 861, 865, 883 
structure of, 873 
Diamond anvil cell, 205 
Diatomic molecules; 
electronic structure of, 660-672 
energy of, 710, 712 
rotation and vibration of, 707-718 
statistical mechanics of gas of, 783-792 
table of constants of, 719 
Diborane, 682 
Dielectric, 424 
Dielectric constant, 280, 425-427 
Dieterici equation, 212 
Differential(s), 19, 20 
exact, 65 $ 
inexact, 65 
total, 21 
Differential calculus, 18-22 
Differential heat of solution, 237-238 
Diffraction, 589-590 
of electrons, 588-590, 879-880 
Diffusion, 481-487 
of adsorbed species, 570-571 
in biological cells, 484 
definition of, 481 
displacement of molecules in, 483-484 
kinetic theory of, 485-486 
in liquids, 483, 484, 486-487 
in solids, 341, 483, 484 
and viscosity, 486-487 
Diffusion coefficient, 482-487 
of adsorbed species, 570 
of gases, 482, 483, 485-486 
of liquids, 483, 484, 486-487 
mutual, 482-483, 486 
self-, 483, 485, 487 
of solids, 483, 484 
temperature dependence of, 486 
tracer, 483 
Diffusion-controlled reactions, 559-561, 849, 
852-853 
Dilatometer, 516-517 
Dipole-dipole interaction, 804 
Dipole-induced-dipole interaction, 804-805 
Dipole moment (see Electric dipole moment; 
Magnetic dipole moment) 
Dirac, Paul, 632, 636, 656 
Direct method, 877 
Discontinuous function, 19 
Disorder, 99 
Dispersed phase, 376 
Dispersion, 702 
Dispersion energy, 805 
Dispersion medium, 376 
Disproportionation, 551 
Dissociation energy: 
equilibrium, 657, 684 
ground-vibrational-state, 711, 797 
of Hz, 711 
of NaCl molecule, 659-660 
Dissociative adsorption, 373, 375, 731 
Distribution function, 441 
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for molecular speeds, 440-453, 461, 813 

for molecular kinetic energy, 452-453 
Dividing surface: 

critical, 835, 838, 847-848 

Gibbs, 364-368 
Donnan membrane equilibrium, 421 
Double bond, 669, 680, 681 
Double layer, electrical, 421-422, 428 
Double resonance, 746 
Drift speed, 494, 495, 497, 499, 503 
Duality, wave-particle, 585, 587, 588 
Dummy variable, 28 
Dyne, 37 


Edge dislocation, 889 
EELS, 729, 731 
Effective nuclear charge, 642, 643, 645 
Efficiency of heat engine, 79-83 
Effusion, 454 
Ehrenfest, Paul, $93 
Eigen, Manfred, 554 
Eigenfunction, 606 
Eigenvalue, 606 
Einstein, Albert, 165, 435, 485, 584-586, 
594-595, 702, 762, 885 
Einstein characteristic temperature, 885-886 
Einstein-Smoluchowski equation, 484 
Einstein theory of solids, 885-886 
Electric charge, 384 
Electric current, 489 
Electric current density, 489, 494-495 
Electric dipole, 423 
Electric dipole moment, 423-424 
and bond moments, 654-655 
calculation of, 683-684 
definition of, 423 
of the heart, 428 
of hydrocarbons, 725 
induced, 424 
measurement of, 425-426, 725 
of NaCl, 659-660 
and symmetry, 721 
Electric field, 384-385, 386, 387 
in a conductor, 387 
of a dipole, 423 
Electric field strength, 384-385 
Electric generator, 394 
Electric mobility of ions, 495-498 
Electric polarizability, 424, 806 
Electric potential, 385-387 
of a dipole, 423 
Electric potential difference(s), 385, 490 
across cell membranes, 421, 427-429 
interphase, 387-390, 392, 394-396, 420-421 
measurement of, 389-390, 398-399 
Electrical conductivity, 489-491 
of electrolyte solutions, 491-505 
measurement of, 491-492 
of solids, 882-883 
Electrical double layer, 421-422, 428 
Electrical neutrality condition, 194 
Electrical noise, 101 
Electrocardiogram, 428 
Electrochemical cell, 400 
[See also Galvanic cell(s)] 


Electrochemical potential, 391-392, 773 
Electrochemical reaction, 403 
Electrochemical systems, 387-390 
definition of, 389 
thermodynamics of, 390-393, 403-406, 
413-415 
Electrode(s), 394-395, 397 
Ag-AgCl, 401, 402 
amalgam, 400-401 
calomel, 401 
glass, 418-420 
hydrogen, 401-402 
membrane, 418-420 
redox, 401 
reversible, 400-402 
types of, 400-402 
Electrode potentials, standard, 408-410 
Electroencephalogram, 428 
Electrolysis, 491 
Electrolyte, 272-273 
potential, 273 
strong, 272 
true, 272 
weak, 272 
(See also Electrolyte solutions) 
Electrolyte solutions, 272-285 
activity coefficients in, 275-284 
chemical potentials in, 274-277 
conventions for single-ion properties in, 
287-288 
electrical conductivity of, 491-505 
freezing point of, 321, 353 
Gibbs energy of, 277 
measurement of activity coefficients in, 
278-279 
reaction equilibrium in, 299-304 
thermodynamic properties of components 
of, 287-289 
vapor pressure of, 278 
Electrolytic cell, 399-400 
Electromagnetic radiation, 582, 699-702 
Electromagnetic spectrum, 701 
Electromagnetic waves, 582, 699-702 
Electromotive force (emf), 393, 398-399 
[See also Galvanic cell(s)] 
Electron, 588, 621 
charge of, 621-622 
g factor of, 748 
hydrated, 560 
magnetic dipole moment of, 748 
mass of, 622 
spin of, 632-633 
Electron affinity, 645 
Electron diffraction, 588-590 
by gases, 880 
by solids, 879-880 
Electron-energy-loss spectroscopy, 729 
Electron microscopy, 881 
Electron probability density, 629-630, 662, 
685-686, 877, 878 
Electron spin, 632-633, 635, 636, 638-640 
Electron-spin-resonance spectroscopy, 
747-748 
Electron volt, 621 
Electronegativity, 655-656 
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Electronic energy, 66-67, 657 
equilibrium, 709 
Electronic Hamiltonian, 657, 660, 666 
Electronic partition function, 787-788, 795 
Electronic spectroscopy, 733-736 
Electronic wave function, 657 
Electrophoresis, 378, 499 
Electrophoretic effect, 503 
Electrostatics, 384-387 
Elementary reaction, 515 
rate law of, 528-529 
Emf (electromotive force), 393, 398-399 
Emission of radiation, 702-703 
Empirical force field method, 692 
Emulsifying agent, 379 
Emulsion, 376, 379 
Encounter, 558 
End-centered unit cell, 867 
Endothermic reaction, 149, 177 
Energy: 
bond, 163-164, 653-654 
conservation of, 40, 46-51 
degradation of, 103 
of a diatomic molecule, 710, 712 
distribution of, 66, 99 
(See also Boltzmann distribution law; 
Maxwell distribution law) 
intermolecular, 68, 803-809 
internal (see Internal energy) 
kinetic, 39-41 
mechanical, 40 
potential, 39-41, 621 
quantization of, 583-587, 599, 600 
quantum-mechanical, 595-596, 597, 600 
rotational (see Rotational energy) 
total, 47 
translational (see Translational energy) 
vibrational (see Vibrational energy) 
Energy level vs. state, 604, 718, 765-766 
Energy-localized MOs, 679 
Ensemble, 764 
(See also Canonical ensemble) 
Enskog, David, 469 
Enthalpy(ies), 51-52 
change in (see Enthalpy change) 
of combustion, 146, 655 
conventional, 150-151 
of formation, 143-145, 288, 797 
of ideal gas, 58 
of mixing, 233, 236-238, 240, 242-243, 253, 
264 
of nonideal gas, 149-150, 221 
partial molar [see Partial molar 
enthalpy(ies)) 
of phase change, 62, 199-200 
pressure dependence of, 119, 120 
of reaction, 142-149, 151-152, 176-177, 
178-180 
temperature dependence of, 119, 161 
Enthalpy change, 52 
for activation, 845, 846, 851 
for adsorption, 372, 375-376 
calculation of, 62-64, 125-126 
for combustion, 146, 655 
estimation of, 162-164 
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of formation, 143-145 
for forming ideal solution, 240, 242 
for mixing, 232-234, 236-238, 264 
for phase change, 62, 199-200 
for a reaction, 142-149, 151-152, 176-177, 
178-180 
for real gas to ideal gas, 149-150, 221, 224 
relation to AUP, 147-148 
standard, 142-149 
T dependence of a reaction’s, 151-152 
for vaporization, 199 
Entropy(ies), 84-94 
absolute, 157, 802 
calculation of from heat-capacity data, 
154-157 
change in (see Entropy change) 
of CO, 802-803 
conventional, 153-157 
and cosmology, 101-103 
and Debye T°? law, 155 
and degeneracy, 800-803 
and degradation of energy, 103 
and disorder, 99 
and energy distribution, 99, 793 
and equilibrium, 94, 109-111, 113-114 
estimation of, 163 
of ideal gas, 791-792, 796, 798 
interpretation of, 96-101, 793 
of isotope mixing, 802 
and life, 136-137 
of mixing, 89-90, 98, 233-234, 264, 267 
molar, 85 
of nonideal gas, 155, 221, 818 
partial molar [see Partial molar 
entropy(ies)) 
and phase equilibrium, 199 
pressure dependence of, 119, 120 
and probability, 96-101, 801 
of reaction, 157-158 
spectroscopic, 802-803 
statistical-mechanical expressions for, 
771-772, 778, 791, 793, 796, 798, 800-803 
statistical-mechanical vs. thermodynamic, 
801-803 
temperature dependence of, 119, 120, 
157-158 
and third law, 153-154, 800-803 
and time, 101-103 
translational, 778, 791 
units of, 85 
of universe, 93, 102-103 
volume dependence of, 120 
Entropy change 
for activation, 845, 846, 851 
for adsorption, 372 
calculation of, 86-90, 124-125 
for cyclic process, 86 
for forming ideal solution, 240, 242 
for heating, 88 
for ideal-gas change of state, 87 
in irreversible process, 91-93 
for mixing, 232-234, 240, 267 
for mixing ideal gases, 89-90 
in open systems, 136-137 
for phase change, 86, 88-89, 159-200 


for a reaction, 152, 157-158, 164-165 
for real gas to ideal gas, 155, 221, 224, 818 
for reversible adiabatic process, 86 
for reversible isothermal process, 87 
standard, 152, 157-158, 164-165, 413 
of universe, 91-93 
Enzyme-substrate complex, 563 
Enzymes, 563-565 
Equation of state, 22-23 
of gas mixture, 214 
of liquids and solids, 24 
of real gas, 23-24, 212-214, 218-219 
from statistical mechanics, 789, 811-812 
Equilibrium, 4-5 
chemical (see Reaction equilibrium) 
electrochemical, 403-404 
and entropy, 94, 109-111, 113-114 
in isolated system, 94, 109 
liquid-liquid, 334-336, 350-351 
liquid-vapor, 201-203, 292, 327-334 
local, 469 
material, 5, 107, 111-114, 129-130 
mechanical, 5 
membrane, 420-421 
phase (see Phase equilibrium) 
reaction (see Reaction equilibrium) 
shifts in reaction, 184-186 
solid-liquid, 203-204, 336-345 
thermal, 5, 7 
in three-component systems, 349-351 
Equilibrium approximation in kinetics, 
530-532, 533-535 
Equilibrium calculations; 
for ideal-gas reactions, 180-184 
for ionic reactions in solution, 299-304, 
305-307 
Equilibrium constant; 
for acid ionization, 300-301 
activity, 298 
and catalysts, 561 
and cell emfs, 405, 414-415 
concentration-scale, 175, 299, 529-530 
and electrical conductivity, 504-505 
for ideal-gas reactions, 173-184, 798-800 
involving pure solids or liquids, 304-307 
for isotope exchange, 799-800 
kinetic vs. thermodynamic, 530 
molality-scale, 298-299 
molar concentration scale, 175, 299, 
529-530 
mole-fraction, 175-176, 254, 298 
for nonideal gas reaction, 307 
for nonideal system, 298 
pressure dependence of, 254, 308 
and rate constants, 529-530, 542-543 
solubility product, 305-307 
standard, 298 
statistical-mechanical expression for, 
798-800. 
temperature dependence of, 177-180, 184, 
258, 307-309 
for water ionization, 300 
Equilibrium electronic energy, 709 
Equilibrium moment of inertia, 708 
Equilibrium rotational constant, 708 


Equilibrium vibrational frequency, 710 
Equipartition of energy principle, 462-463, 
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Equivalent conductivity, 494 
of ions, 501 
Equivalent orbitals, 678 
Erg, 38 
ESCA, 751 
ESR spectroscopy, 747-748 
Estimation of thermodynamic properties, 
162-165, 796 
Ethane, 684-685 
chemisorption of, 372 
Ethanol NMR spectrum, 742, 744-745 
Ethylene: 
chemisorption of, 682, 731 
electronic structure of, 681 
geometry of, 687, 730 
hydrogenation of, 566 
Ethylidyne, 731 
Euler-Maclaurin summation formula, 816 
Euler reciprocity relation, 117-118 
Eutectic halt, 345, 346 
Eutectic mixture, 338, 348 
Eutectic point, 337 
Eutectic temperature, 338 
Evaporation, rate of, 454-455 
Exact differential, 65 
Excess functions, 264, 267 
Exchange current, 388 
Excited state, 600 
Exothermic reaction, 149, 177, 184 
Explosion, 550 
Extended Hiickel method, 690 
Extensive property, 5 
Extent of reaction, 134, 311 
Extinctions, 876 
Eyring, Henry, 823, 830, 834, 891 


Face-centered cubic (fcc) lattice, 870-871 
Face-centered unit cell, 867 
Factorial, 444, 777 
Faraday constant, 388, 491, 622 
Faraday’s laws of electrolysis, 491 
Fast reactions, 517, 553-556, 559-560 
Fee lattice, 870, 871 
FE MO method, 688-689 
Fermi-Dirac statistics, 783 
Fermion, 635, 642, 775, 776, 777, 783 
Feuer, Lewis, 434-435 
Fick’s first law of diffusion, 482 
Field, 39 
Field ion microscopy, 880-881 
First law of thermodynamics, 46-51, 57-61 
First-order analysis, 743-745 
First-order phase transition, 206 
First-order reactions: 
competing, 523-524 
consecutive, 522 
integration of rate law, 518-519 
reversible, 521-522 
Flame temperature, 169 
Flash desorption, 570 
Flash photolysis, 555 
Fletcher, Harvey, 621-622 


Flow methods in kinetics, $17, 553-554 
Flow rate of fluids, 476-477 
Fluctuations, 99-101, 184, 572, 764, 771 
Fluid, 216 
Fluid mechanics, 467, 473-480 
Fluorescence, 703, 733, 736, 753 
Fluorescence spectroscopy, 736 
Fluorite structure, 872-873 
Flux, 490 
Foam, 377 
Fock, Vladimir, 646 
Forbidden transition, 704 
Force constant, 608, 710, 718 
Fourier-transform IR spectroscopy, 729 
Fourier-transform NMR spectroscopy, 746 
Fourier's law, 468 
Fractional distillation, 332 
Fractional life, 525 
Franklin, Benjamin, 369 
Free-electron MO method, 688-689 
Free energy [see Gibbs energy(ies); 
Helmholtz energy) 

Free radical, $17, 536, 539, $50, 747, 748 
Free-radical polymerization, 550-553 
Freezing point, 197 

depression of, 317-321, 346-349 

effect of pressure on, 203-204 

of electrolyte solution, 321 

elevation of, 339-340 

of a solution, 317, 320 

Frequency, 582, 609, 701 

Freundlich isotherm, 375 

Friction coefficient, 485 

Fuel cells, 417-418 

Fugacity, 289-292 

Fugacity coefficients, 289-292 
Function, 18 

continuous, 19, 597 

discontinuous, 19, 597 

Fundamental bands, 717, 727-728 
Fundamental vibration frequencies, 717, 

728, 787 

Fuoss theory of ionic association, 285, 314 
Fusion, heat of, 199 


Galvani potential, 389 
Galvanic cell(s), 394-399 
classification of, 411 
diagram of, 397-398, 407 
emf of, 393, 396, 398-399, 404-407, 
410-411 
and equilibrium constants, 405, 414-415 
irreversible, 407 
measurement of emf of, 398-399 
and pH, 416-417 
reversible, 400, 402 
standard emf of, 404-406, 408-410 
thermodynamics of, 402-408, 413-415 
with transference, 411 
Gas(es) (see Ideal gases; Kinetic-molecular 
theory of gases; Nonideal gases; Perfect 
gas) 
Gas adsorption on solids (see 
Chemisorption; Physical adsorption) 
Gas constant, 16, 99, 240 


Gas solubility in liquids, 251-252 
Gauss (unit), 738 
Gauss error integral, 452 
Gaussian distribution, 100, 105, 447 
Gaussian units, 620-621, 738 
Gay-Lussac’s law of combining volumes, 16 
Gel, 379 
Geometric series, 213-214, 786 
Geometry of molecules: 
calculation of, 683 
experimental determination of, 715-718, 
724, 730, 732, 735, 876, 878, 880 
VSEPR method for, 686-687 
Gerade, 664 
Gibbs, Josiah Willard, 107-108, 142, 364, 
762 
Gibbs adsorption isotherm, 367-369 
Gibbs dividing surface, 364-368 
Gibbs-Duhem equation, 269-270, 277, 278, 
279, 367 
Gibbs energy(ies), 113-115 
change in (see Gibbs energy change) 
conventional, 160 
of electrolyte solution, 277 
excess, 264 
and extent of reaction, 135-136, 184, 311 
of ideal gas, 798 
of formation, 159, 288, 798 
of mixing, 232-234, 239-240, 264, 266, 267 
of nonideal gas, 818 
partial molar, 230 
[See also Chemical potential(s)] 
and phase equilibrium, 198, 200 
pressure dependence of, 119, 120 
for reaction, 158-160 
of a solution, 231 
temperature dependence of, 119, 120 
Gibbs energy change: 
for activation, 845, 846, 851 
calculation of, 113, 126 
for forming ideal solution, 239-240, 242 
for mixing, 232-234, 242, 264, 266, 267 
for a phase change, 113, 126 
for a reaction, 158-160, 176-177, 311-312 
standard, 158-160, 298, 299, 311-312, 413 
and work, 114-115 
Gibbs equations, 116-117, 126-129, 195, 
391 
Gibbs free energy [see Gibbs energy(ies)] 
Gibbs function [see Gibbs energy(ies)] 
Gibbs-Helmholtz equation, 138 
Glass, 418, 419, 856 
Glass electrode, 417, 418-420 
Glass-transition temperature, 857 
Glycine microwave spectrum, 725 
Goldman-Hodgkin-Katz equation, 428 
Gradient, 468 
Graham's law of effusion, 454 
Graphite, 858 
Gravitational acceleration (g), 12, 37 
Greenhouse effect, 728 
Ground state, 600 
Ground-vibrational-state dissociation 
energy, 711 
Guggenheim, Edward, 364 


Half-cell, 397 
Half-life, 518-519, 521, 571 
Half-life method, 524-525 
Half-reaction, 397 
Halt in cooling curve, 345, 346 
Hamiltonian, 605 
Hamiltonian operator, 605-606 
electronic, 657, 660, 666 
molecular, 656 
for nuclear motion, 658 
Hammond postulate, 828 
Hard-sphere collision theory of reaction 
rates, 819-822, 841-842 
Hard-sphere potential, 807, 819 
Harmonic oscillator, 608-610 
and Boltzmann distribution law, 781-782 
selection rule for, 704 
Hartree, Douglas, 646 
Hartree (unit), 625 
Hartree-Fock operator, 646 
Hartree-Fock wave function, 646-647 
for molecules, 667, 672-673, 683-685 
Hep structure, 871 
Heat, 45-46, 48-50 
of adsorption, 372, 375-376 
calculation of, 62-64 
of combustion, 146, 655 
conduction of (see Thermal conductivity) 
of formation, 143-145, 288, 797 
of fusion, 199 
of reaction, 142-149, 151-152 
of solution, 237-238 
of sublimation, 199 
of vaporization, 199 
Heat bath, 77 
Heat capacity, 52-54, 115 
constant-pressure, 46, 52-54, 115, 151-152 
constant-volume, 53-54, 115 
of ideal gas, 58, 790, 795 
of ideal monatomic gas, 68, 440, 790 
of ideal polyatomic gas, 69, 461-463, 795 
measurement of, 53 
molar, 53 
for phase transition, 206 
of solids, 155, 586, 885-889 
statistical-mechanical expressions for, 790, 
795, 886 
temperature dependence of, 69, 120, 
151-152, 161 
(See also Heat-capacity difference) 
Heat-capacity difference, 53-54, 58, 
121-122, 885 
for ideal gas, 58 
Heat-capacity ratio, 61 
Heat death of universe, 103 
Heat engine, 78-83 
Heat pump, 104 
Heat reservoir, 77 
Heisenberg, Werner, 590, 591, 592, 636 
Heitler-London treatment of Hz, 693 
Helium atom, 633-639 
excited states of, 637-639 
ground state of, 634, 636-637, 647 
Helium molecule, 668 
Helmholtz, Hermann, 48 
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Helmholtz energy, 112-114 
Statistical-mechanical equation for, 772 
Helmholtz energy change, 113, 114, 126 
Helmholtz function (see Helmholtz energy) 
Henderson equation, 505 
Henry's law, 249-252 
Henry's law constant, 249, 251, 252 
Herschbach, Dudley, 833, 843 
Hertz (unit), 701 
Hess's law, 148-149 
Heterogeneous catalysis, 561, 566-571 
Heterogeneous system, 6 
Heteronuclear diatomics, MOs of, 670-672 
Hexagonal close-packed structure, 871 
Hexagonal crystal, 866 
Higher-order phase transitions, 206-207 
Hittorf method, 499-500 
Homogeneous system, 5 
Homonuclear diatomics, MOs of, 663-670 
Horiuti, J., 543 
Hot band, 717 
Hiickel MO method, 689-690 
Hund’s rule, 640, 643 
Hybridization, 673, 678-679, 681, 694 
Hydrated electron, 560 
Hydration, 273, 283 
Hydration number, 498 
Hydrogen, combustion of, 550 
Hydrogen atom: 
Bohr theory of, 586-587 
energy levels of, 624, 625 
quantum mechanics of, 622-632 
spectrum of, 733-734 
wave functions of, 623-626, 628 
Hydrogen bonding, 730-731, 806, 857 
Hydrogen-bromine chain reaction, 547-550 
Hydrogen electrode, 401-402 
Hydrogen fluoride electronic structure, 
670-671, 673 
Hydrogen-iodine reaction, 537 
Hydrogen molecule: 
chemisorption of, 372, 731 
electronic structure of, 666-668 
Heitler-London treatment, 693 
AU of, 711 
VB treatment of, 693-694 
vibrational levels of, 710-711 
Hydrogen molecule ion, 660-665 
Hydrogenlike atom, 623 
Hydrophilic group, 371 
Hydrophobic effect, 892 
Hydrophobic group, 371 
Hylleraas, Egil, 622 
Hyperfine splitting, 748 
Hypertonic fluid, 326 


Ice, forms of, 205 

Ice point, 8, 15 

Ideal-dilute solutions [see Ideally dilute 

solution(s)] 

Ideal gases, 10-11, 13-17, 57-61, 63-64, 122 
adiabatic reversible process for, 60-61, 64 
a and « for, 25 
chemical potential of, 170-172 
definition of, 16, 57-58, 122 


density of, 16, 17 
enthalpy of, 58 
entropy of, 791-792, 796, 798 
entropy change for a process in, 87 
entropy of mixing of, 89-90 
equilibrium calculations for, 180-184 
equilibrium constants for, 173-184, 798-800 
and the first law, 57-61, 63-64 
heat capacities of, 58, 790, 795 
internal energy of, 58, 68, 789, 795 
internal pressure of, 122 
isothermal reversible process for, 59-60, 64 
kinetic-molecular theory of, 434-464 
mixtures of, 17-18, 171-172, 245 
molecular weight of, 16 
monatomic, 68, 440, 790 
and perfect gas, 122 
P-V-T behavior of, 10-17 
reaction equilibrium in, 172-186 
standard state of, 171 
statistical mechanics of, 774-778, 783-800 
thermodynamic properties of, 58-61, 
63-64, 790, 795, 796-798 
Ideal solution(s), 238-245 
chemical potentials in, 241-242 
definition of, 239, 241 
enthalpy change for forming, 240, 242-243 
entropy change for forming, 240, 242 
Gibbs energy change for forming, 239-240, 
242 


internal energy change for forming, 243 
liquid-vapor equilibrium for, 327-333 
partial molar properties of, 245 
standard state for components of, 241-242 
vapor pressure of, 243-245 
volume change for forming, 242 
Ideally dilute solution(s), 245-254 
chemical potentials in, 246-249 
definition of, 245, 247 
freezing-point depression for, 319-320 
mixing quantities for, 253 
osmotic pressure of, 322 
partial molar quantities in, 252-253 
reaction equilibrium in, 253-254 
standard states of components of, 248-249 
vapor pressure of, 249-251 
Identity operation, 721 
Improper axis of symmetry, 720, 749 
Incongruent melting, 344 
Indefinite integral, 26-27, 29 
Independent component, 194, 195 
Independent variable, 18 
Index of refraction, 701-702 
INDO method, 690-691 
Induced dipole moment, 424 
Induction period, 532 
Infinity superscript, 234, 254 
Infrared chemiluminescence, 833-834 
Infrared spectroscopy, 728-731 
(See also Vibration-rotation spectra) 
Inhibition step, 548, 550 
Inhibitor, 550, 562, 563 
Initial-rate method, 527 
Initiation step, 548, 550, 551 
Initiator, 550 


Inner potential, 389 
Insulator, 491 
Integral(s) 
definite, 27-29 
indefinite, 26-27, 29 
in kinetic theory, 444 
line, 43-44, 64-65 
multiple, 593-594 
tables of, 27, 444 
Integral calculus, 26-29 
Integral heat of solution, 237-238 
Integration, numerical, 167-168, 524 
Integration of rate laws, 518-524 
Intensity, 705 
Intensive property, 5 
Intensive state, 191-192 
Intercept, 18 
Intercept method, 235-236 
Interface, 357 
curved, 361-362, 364 
pressure difference across, 361-362 
Interfacial layer, 357-358 
Interfacial tension, 359 
(See also Surface tension) 
Interference, 589 
Intermolecular forces, 67-68, 123-124, 
803-809 
experimental determination of, 808-809 
Internal conversion, 753 
Internal coordinates, 610-611 
Internal energy, 47-51 
change in (see Internal-energy change) 
of a diatomic molecule, 708, 710, 712 
of ideal gas, 58, 68, 789, 795 
molar, 50 
molecular nature of, 66-69 
of monatomic gas, 68, 440 
of monatomic liquid, 124 
partial molar, 230 
statistical-mechanical equations for, 765, 
768, 770-771, 778, 789, 795, 812, S18 
surface excess, 365 
temperature dependence of, 119, 120 
volume dependence of, 54, 55, 57-58, 
118-119, 120, 122-124 
Internal-energy change: 
calculation of, 62-64, 126, 797 
for forming an ideal solution, 240, 243 
for a reaction, 147-148 
Internal pressure, 54, 55, 118-119, 122-124 


Internal rotation and partition function, 795 


International System of Units (see SI units) 
Interphase region, 357-358 
pressure in, 360-361 
Interstitial impurity, 889 
Interstitial solid solution, 339 
Intersystem crossing, 753 
Intrinsic viscosity, 480 
Inversion, 720, 749 
lon(s): 
activity coefficients of, in solution, 275, 
280, 281 
electric mobility of, 495-498 
molar conductivities of, 501-504 
thermodynamic properties of, in solution, 
287-289 


transport numbers of, 499-501, 502 

lon-constituent, 501 

lon cyclotron resonance, 557-558 

Ion pairs, 274, 276-277, 284-285, 306 

lon-selective membrane electrodes, 418- 
420 

Tonic association, 274, 276-277, 284-285, 
306 


Ionic bond, 659-660 
lonic-covalent resonance, 694 
Tonic diameter, 282 
Tonic equilibria, 299-304, 305-306 
systematic procedure for, 313-314 
Tonic radii, 863-864 
Ionic reactions, 557-558 
Ionic solids, 858 
cohesive energies of, 860, 861-863 
heat capacity of, 888 
interionic distances in, 863-864 
statistical mechanics of, 888 
structures of, 872-873 
lonic strength, 281, 283, 851 
lonization: 
of water, 300, 308 
of weak acids, 300-303 
Ionization energy, 625, 645, 684 
Ionization potential, 625, 645 
IR-active vibration, 727 
IRAS, 729 
Irreversible process, 44-45, 46, 86, 91-93 
(See also Reaction kinetics; Transport 
Processes) 
Irreversible thermodynamics, 3 
Isenthalpic curve, 57 
Isentrop, 92 
Isobar, 24 
Isobaric process, 51, 62, 63 
Isochore, 24 
Isochoric process, 52, 62, 63 
Isolated system, 3-4 
Isolation method, 527 
Isomers, relative energies of, 685 
Isopleth, 330 
Isosteric heat of adsorption, 376 
Isotherm, 24 
adsorption, 373-375 
Isothermal compressibility, 25, 117 
Isothermal critical point, 351 
Isothermal process, 24, 62 
in ideal gas, 59-60 
Isotonic fluid, 326 
Isotope effects on reaction rates, 843 
Isotope-exchange equilibrium constant, 
799-800 
Isotopes, table of properties of, 738 
Isotopic species, statistical mechanics of, 
796, 799-800, 802 
Isotropic substance, 869 
IUPAC, 18 
ge ere electrochemical conventions, 398, 


Joule, James, 48, 55 
Joule (unit), 38, 50 
Joule coefficient, 55, 57 
Joule experiment, 55 


Joule-Thomson coefficient, 56-57, 121, 214 
Joule-Thomson experiment, 55-57 


Kelvin, Lord, 55, 77, 94 
Kelvin (unit), 14 
Kelvin-Planck statement of second law, 77 
Kinetic control of products, 524 
Kinetic energy, 39-41 
Kinetic isotope effect, 843 
Kinetic-molecular theory of gases, 434-464 
and diffusion, 485-486 
and thermal conductivity, 469-473 
and viscosity, 478-479 
Kinetic salt effect, 851 
Kinetics, 2, 467 
chemical (see Reaction kinetics) 
physical, 467 
reaction (see Reaction kinetics) 
Kirchhoffs law, 151 
Klystron, 723 
Knudsen flow, 454 
Koopmans, Tjalling, 684 
Koopmans’ theorem, 684, 751 


Lambda transition, 206 

Laminar flow, 474-477 
Landolt-Bérnstein tables, 26 
Langmuir, Irving, 371, 373 
Langmuir adsorption isotherm, 373-375, 

567-569 

Langmuir-Hinshelwood mechanism, 567 
Laplace, Pierre, 362 

Laplacian operator, 605 

Lasers, 706-707, 732, 752, 834 
Latent heat, 199 

Lattice(s), 865-867 

Bravais, 866, 867 

Lattice vibrations, 884 

Law of corresponding states, 219-220 
LCAO MO, 663 

Lead storage battery, 417 
Least-squares method, 179, 189, 528 
Le Chatelier’s principle, 185, 186, 201 
LEED, 879-880 

Lenard, Philipp, 584 

Lennard-Jones potential, 807, 808, 812, 

863, 890 

Lever rule, 331, 351 

Lewis, Gilbert N., 263 
Lewis-Randall rule, 291, 307 
Li-Chang equation, 487 
Libration, 888 

Ligand-field theory, 682 
Light, 582, 585, 588, 700 

speed of, 700, 701, 737 

Light scattering, 731 
Limit, 18 

Limiting viscosity number, 480 
Lindemann, Frederick, 544 

Line defects, 889 

Line integrals, 43-44, 64-65 
Line spectrum, 702 
Linear combination, 627 
Linear operator, 651 

Linear variation function, 614-615 
Lineweaver-Burk equation, 564 
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Liquid(s), 216, 856-857, 889-893 
cage in, 558-559 
compressibility of, 25 
computer simulation of, 891-893 
diffusion in, 483, 484, 486-487 
effect of Tand P on thermodynamic 
properties of, 120-121 
equation of state of, 24 
heat-capacity difference for, 121-122 
intermolecular energy in, 123-124 
internal pressure of, 122-124 
MC and MD calculations for, 891-893 
perturbation theory of, 891 
reactions in, 556-561 
statistical mechanics of, 890-893 
Structure of, 890-891 
surface tension of, 359-360, 369 
thermal expansivity of, 25 
Liquid crystals, 869 
Liquid junction, 400 
Liquid-junction potential, 407, 412-413, 505 
Liquid-liquid equilibrium, 334-336, 350-35] 
Liquid-solid equilibrium, 203-204, 336-345 
Liquid-vapor equilibrium, two-component, 
327-334 
(See also Vapor pressure) 
Liter, 12 
Lithium atom, 640-642 
Local equilibrium, 469 
Local state, 469 
Localized MOs, 676-683 
Logarithms, 29-30 
London energy, 805 
Lone pairs, 654, 677, 679, 686-687 
Low-energy electron diffraction, 879-880 
Lyman series, 734 
Lyophilic colloids, 377-378 
Lyophobic colloids, 378 


Mach, Ernst, 434-435 

McLeod gauge, 12 

McMillan-Mayer theory, 323 

Macromolecules [see Polymer(s)] 

Macroscopic viewpoint, 1 

Macrostate, 763 

Madelung constant, 861, 862 

Magnetic dipole, 737 

Magnetic dipole moment, 737, 739, 748 

Magnetic field, 736-737 

Magnetic flux density, 736 

Magnetic induction, 736 

Magnetic quantum number, 624 

Manometer, 12 

Mass concentration, 227 

Mass number, 571 

Material equilibrium, $, 107, 111-114, 
129-130 i 

(See also Phase equilibrium; Reaction 

equilibrium) 

Materials science, 327 

Matrix mechanics, 592 

Maximum point, 20 

Maxwell, James Clerk, 118, 441, 450, 469, 
479, 699-700, 762 

Maxwell distribution law, 447, 450, 813 

applications of, 450-453 


INDEX 


departures from, 450, 819-820 
for translational energy, 452-453 
verification of, 449-450 
Maxwell relations, 118, 120 
Maxwell's equations, 700 
Mayer, Julius, 48 
Mean free path, 457-458, 469-470 
Mean rotational constant, 714 
Mechanical energy, 40 
Mechanical equilibrium, 5 
Mechanics (see Classical mechanics; 
Quantum mechanics) 
Mechanism [see Reaction mechanism(s)} 
Melting point, 197 
effect of pressure on, 203-204 
normal, 197 
Membrane, cell, 325, 427-429 
Membrane electrode, 418-420 
Membrane equilibrium, 420-421 
Membrane potential, 420-421, 427-429 
Metallic radius, 865 
Metals, 858 
band theory of, 881-882 
cohesive energy of, 859, 863 
heat capacity of, 888-889 
interatomic distances in, 865 
structures of, 870-871 
Metastable state, 94, 204-205, 856 
Methane: 
electronic structure of, 680-681, 694 
S4 axis in, 720 
Mho, 490 
Micelle, 377-378 
Michaelis constant, 564 
Michaelis~Menten equation, 564 
Micrometer, 701 
Microscopie viewpoint, 1 
Microstate, 763 
Microwave spectroscopy, 723-725 
(See also Rotational spectra) 
Milk, 379 
Miller indices, 868-869 
Millikan, Robert, 585, 621-622 
MINDO method, 691, 692-693, 796, 829 
Minimal basis set, 672, 673 
Minimum-energy path, 825, 831 
Minimum point, 20 
Miscibility gap, 336, 345 
gas-gas, 336 
intersection with phase transition loop, 341 
Mixing quantities, 230, 232-234, 264, 267 
for ideal gases, 89-90, 98 
for ideal solution, 239-240, 242-243 
Mks units, 37 
mmHg, 12 
MNDO method, 691, 692, 796, 829 
Mobility, electric, 495-498 
Molal freezing-point-depression constant, 
319-320 
Molality, 227 
stoichiometric, 276 
Molality-scale activity coefficients, 271-272, 
275, 405 
Molar absorption coefficient, 706 
Molar absorptivity, 706 
Molar concentration, 175, 226-227 


Molar conductivity(ies), 492 494, 501-504 
of ions, 501-504 
Molar internal energy, 50 
Molar mass, 9, 23 
Molar volume, 23 
Molarity, 227 
Mole, 9-10 
Mole fraction, 10, 191, 226 
Mole-fraction equilibrium constant: 
for gas-phase reactions, 175-176 
for solutions, 254, 298 
T and P dependence of, 254 
Molecular adsorption, 373 
Molecular beams, 833 
Molecular crystals (see Molecular solids) 
Molecular dynamics calculations for liquids, 
891-892 
Molecular flow, 454, 474 
Molecular geometry (see Geometry of 
molecules) 
Molecular mechanics method, 692 
Molecular orbital(s), 663 
antibonding, 664, 675 
for BeHo, 673-679 
canonical, 677, 682-683 
delta, 665, 672 
energy-localized, 679 
equivalent, 678 
for heteronuclear diatomics, 670-672 
for homonuclear diatomics, 663-670 
localized, 676-683 
nonbonding, 670, 675 
notations for, 664, 670 
Pi, 664-665, 672, 674, 688 
for polyatomic molecules, 673-683 
sigma, 664-665, 672, 674 
Molecular partition function, 774-777 
of activated complex, 836, 838-840 
of ideal gas, 778, 783-788, 793-795 
physical interpretation of, 792-793 
Molecular reaction dynamics, 830-834 
Molecular solids, 859 
cohesive energies of, 860-861, 863 
heat capacity of, 887-888 
interatomic distances in, 864 
structures of, 874 
Molecular speeds, distribution of, 440-453, 
461, 813 
Molecular structure (see Geometry of 
molecules) 
Molecular weight, 9 
determination of (see Molecular-weight 
determination) 
number average, 325, 459, 480 
of polymers, 324-325, 480-481, 488 
viscosity average, 481 
weight average, 481 
Molecular-weight determination: 
from freezing-point depression, 320 
for gases, 16 
from mass spectrometry, 321 
from osmotic pressure, 324-325 
for polymers, 324-325, 480-481, 488 
Molecularity, 528-529 
Moments of inertia, 612, 708, 721 


from sedimentation speed, 488 


Momentum: 
angular (see Angular momentum) 
linear, 437, 626 
transport of, 475-476 
Monoclinic crystal, 866 
Monolayer, 370-371 
Monte Carlo calculations, 892-893 
Motif, 865 
Moving boundary method, 495-496 
Multiplicity, 640 


N205 decomposition, 515, 536 
Nanometer (nm), 701 
Natural logarithm, 29 
Nernst, Walther, 153, 165 
Nernst distribution law, 258 
Nernst-Einstein equation, 486 
Nernst equation, 404-407, 410-411 
Nernst-Simon statement of third law, 154 
Nerve cells, 427-429 
Nerve impulse, 429 
Neutrino, 571 
Neutron, 571 
Neutron diffraction, 879 
Newton (unit) 37 
Newtonian fluid, 474 
Newton's law of viscosity, 474, 475 
Newton's second law, 37, 101, 591 
NMR spectroscopy, 739-747 
of biological molecules, 747 
and cancer, 747 
carbon-13, 746 
chemical shifts in, 741-743 
double resonance in, 746 
of ethanol, 742, 744-745 
experimental setup, 741, 746 
first-order analysis in, 743-745 
Fourier-transform, 746 
and imaging, 747 
intensities in, 742, 744-745 
proton, 742-746 
selection rule in, 740 
of solids, 747 
spin-spin coupling in, 743-746 
No-slip condition, 473 
Node, 601, 663, 672, 680 
Nondissociative adsorption, 373, 731 
Nonequilibrium system, thermodynamic 
properties of, 108-109 
Nonideal gases: 
chemical potential of, 289-290 
enthalpy of, 149-150, 221 
entropy of, 155, 221, 818 
equation of state of, 23-24, 212-214, 
218-219 
internal energy of, 818 
internal pressure of, 122-123 y 
mixtures of, 214, 289-292 
reaction equilibrium for, 307 — 
thermodynamic properties of, 149-150, 
155, 221 
Nonideal solution(s), 261-292 
activities in, 261-262 
activity coefficients in (see Activity 
coefficients) 
chemical potentials in, 261, 264 


liquid-vapor equilibrium for, 333-334 
reaction equilibrium in, 297-304 
reaction rates in, 543-544, 849-851 
standard states for components of, 262-263 
vapor pressure of, 264-268 
Noninteracting particles in quantum 
mechanics, 608 
Non-Newtonian fluid, 474 
Nonpolar molecule, 423 
Normal boiling point, 197 
Normal distribution, 100, 105, 447 
Normal melting point, 197 
Normal modes, 726-727, 884 
Normalization, 593-594 
Normalization constant, 594, 599 
nth-order reaction, 521 
Nuclear decay, 571-572 
Nuclear g factor, 739 
table of, 738 
Nuclear-magnetic-resonance spectroscopy, 
(see NMR spectroscopy) 
Nuclear magneton, 739 
Nuclear reactions, 571-572 
Nuclear spin(s), 738-741 
and entropy, 801-802 
table of, 738 
Nuclear wave function, 658, 708-709, 726 
Nucleus, 622 
Number average molecular weight, 325, 
459, 480 
Numerical integration, 167-168, 524 


Ohm, 490 
Ohm’s law, 490, 491 
Onsager conductivity equation, 504-505 
Open system, 3-4, 46, 128 
Operator(s), 604-607 
electric dipole moment, 703-704 
Hamiltonian, 605-606 
Hartree-Fock, 646 
Laplacian, 605 
linear, 651 
momentum, 605 
position, 605 
product of, 604 
square of, 604 
sum of, 604 
Optical activity, 748-749 
Optical rotatory dispersion, 749 
Orbital(s), 628-629 
antibonding, 664, 675 
atomic, 628-629, 634-635, 639, 646-647, 
663 
crystal, 881-882 
molecular [see Molecular orbital(s)] 
pi, 664-665, 672, 688 
shape of, 628-629 
sigma, 664-665, 672, 688 
Slater-type, 646-647 
Orbital angular momentum, 626-627, 632, 
639 
Orbital exponent, 637, 647 
Order-disorder transitions, 206-207 
Order of a reaction, 514, 516 
determination of, 524-528 
half-integral, 535 


pseudo, 516 
Ortho H2, 823 
Orthogonal functions, 601 
Orthorhombic crystal, 866 
Osmosis, 325-326 
Osmotic coefficient, practical, 279-280 
Osmotic pressure, 321-326, 363 
Ostwald, Wilhelm, 2, 434 
Ostwald viscometer, 477 
Overall order, 514 
Overlap integral, 662 
Overtone bands, 717, 727, 728 
Oxidation, 397 
Oxygen molecule, 669 
Ozone in stratosphere, 562-563, 725, 728 


P branch, 717-718 
Pacemakers, 394 
Pair-correlation function, 890, 891 
Paired electrons, 643 
Para H2, 823 
Parallel spins, 640 
Paramagnetism, 645 
Parameter, 657 
Partial derivative(s), 20 
identities for, 21-22 
second, 22 
Partial miscibility: 
between gases, 336 
between liquids, 335-336 
Partial molar enthalpy(ies), 230, 236-238 
in ideal solution, 245 
in ideally dilute solution, 252, 253 
Partial molar entropy(ies), 230, 232 
in ideal solution, 245 
in ideally dilute solution, 252, 253 
of ions, 288-289 
in nonideal solution, 286-289 
Partial molar Gibbs energy, 230 
[See also Chemical potential(s)] 
Partial molar internal energy, 230 
Partial molar quantities, 228-232 
in ideal solution, 245 
in ideally dilute solution, 252-253 
measurement of, 234-238 
in nonideal solution, 287, 288-289 
relations between, 231-232 
Partial molar volume(s), 228-230, 234-236 
in ideal gas mixture, 229, 232 
in ideal solution, 245 
in ideally dilute solution, 252-253 
measurement of, 234-236 
Partial orders, 514 
Partial pressure, 17-18, 181 
Partial specific volume, 487 
Particle in a box: 
one-dimensional case, 597-601 
selection rule for, 704 
three-dimensional case, 602-604 
Partition coefficient, 258 a 
Partition function (see Canonical partition 
function; Electronic partition function; 
Molecular partition function; Rotational 
partition function; Semiclassical partition 
function; Translational partition function; 
Vibrational partition function) 
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Pascal (unit), 11-12 
Path of a process, 44, 61 
Pauli, Wolfgang, 636, 642 
Pauli exclusion principle, 642 
Pauli principle, 635-636, 641-642, 668-669 
Pauli repulsion, 669, 685, 686, 687, 823, 862 
Pauling, Linus, 655, 693, 863 
Pauling electronegativity, 655 
Penetration effect, 638 
Peng-Robinson equation, 218 
Perfect gas, 57-61, 122 
(See also Ideal gases) 
Period, 609 
Periodic table, 642-644 
Peritectic phase transition, 342 
Peritectic point, 344 
Peritectic temperature, 342 
Permeability of vacuum, 737 
Permeable wall, 4 
Permittivity, 426 
relative, 425-427 
of vacuum, 384 
Perpetual motion, 77 
Perrin, Jean, 435, 485 
Perturbation theory, 615 
of liquids, 891 
pH, 416-417, 418 
Phase, 5-6 
Phase change: 
enthalpy change for, 62, 199-200 
entropy change for, 86, 88-89 
first-order, 206 
higher-order, 206-207 
lambda, 206 
order-disorder, 206-207 
in polymers, 857 
second-order, 206 
work in, 62 
Phase diagram(s): 
for CO2, 198 
one-component, 196-198, 204 
structure of, 345-346 
for sulfur, 204 
three-component, 349-351 
two-component, 327-349 
for water, 196-198, 205 
Phase equilibrium, 107, 131-133, 326 
in electrochemical systems, 392 
multicomponent, 316-351 
one-component, 195-207 
solid-solid, 204-206 
three-component, 349-351 
two-component, 327-349 
Phase rule, 191-195 
Phase transition (see Phase change) 
Phase-transition loop, 341, 345 
Phenol-aniline phase diagram, 342-343 
Phosphorescence, 753 
Photochemical reactions, 751-752, 753-754 
Photochemistry, 751-756 
Photoconductivity, 883 
Photoelectric effect, 584-585 
Photoelectron spectroscopy, 750-751 
Photon, 585, 587-588, 633, 702, 751-752 
Photophysical processes, 753 
Photosensitization, 754 
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Photostationary state, 756 
Photosynthesis, 752 
Physical adsorption, 372, 373 
Physical chemistry, 1-2 
Physical constants, table of (see inside back 
cover) 
Physical kinetics, 467 
Physisorption, 372, 373 
Pi bond, 680, 681 
Pi complex, 682 
Pi orbitals, 664, 665, 672, 674, 688 
Pineal gland, 752 
Pirani gauge, 473 
Plait point, 351 
Planck, Max, 77, 583-584 
Planck's constant, 583 
Plane defects, 889 
Plane-polarized wave, 700 
Plane of symmetry, 719-720 
Pockels, Agnes, 371 
Pockels point, 371 
Point defects, 889 
Poise, 474 
Poiseuille’s law, 476 
Poison, 563, 567, 569 
Polanyi, John, 833 
Polanyi, Michael, 823, 830, 834 
Polar covalent bond, 660 
Polar molecule, 423 
Polarizability, electric, 424, 806 
Polarization, 424-425 
distortion, 425 
orientation, 424 
Polarized wave, 700, 749 
Polyatomic molecules: 
MO theory of, 673-683 
rotation of, 721-725 
statistical mechanics of ideal gas of, 
793-796 
vibration of, 726-731 
Polyethylene, 878 
Polymer(s), 857-858 
formation of, 550-553 
molecular weights of (see Polymer 
molecular-weight determination) 
solid, 856, 857, 878 
solutions of (see Polymer solutions) 
Polymer molecular-weight determination: 
from osmotic pressure, 324-325 
from sedimentation speed, 488 
from solution viscosity, 480 
Polymer solutions, 377 
sedimentation in, 487-488 
viscosity of, 474, 479-480 
Polymerization kinetics, 550-553 
Polymorphism, 204 
Pople, John, 690 
Population inversion, 706-707 
Population of vibrational and rotational 
levels, 713, 718 
Positron, 571-572 
Potential difference [see Electric 
potential difference(s)] 
Potential energy, 39-41 
electrostatic, 621 
gravitational, 41 


intermolecular, 803-809 
Potential-energy surfaces for reactions, 691, 
822-830 
calculation of rate constants from, 
830-832, 834 
for F + H32, 827-828 
for H + H2, 823-827 
semiempirical calculation of, 829 
for unimolecular reactions, 846-847 
Potentiometer, 398-399 
Potentiometric titrations, 417 
Powder x-ray diffraction method, 878-879 
Powell plot, 526-527 
Power, 38 
Practical osmotic coefficient, 279-280, 353 
Pre-exponential factor, 537-539 
ACT expression for, 842, 846 
collision-theory expression for, 821 
estimation of, 829 
Pressure, 5 
difference of across curved interface, 
361-362 
of earth’s atmosphere, 459-460 
effect of surface tension on, 360 
and equilibrium constant, 254, 308 
high, 205-206 
kinetic-theory derivation of, 435-438 
measurement of, 12, 473 
partial, 17-18, 181 
standard-state, 160 
statistical-mechanical expression for, 
768-769, 811 
surface, 370-37! 
units of, 11-12 
Pressure equilibrium constant, 174 
Pressure-jump method, 554 
Primary kinetic salt effect, 851 
Primary quantum yield, 756 
Primitive unit cell, 867 
Principal axes of inertia, 721-722 
Principal moments of inertia, 721-722 
Principal quantum number, 624 
Probability(ies): 
in canonical ensemble, 765-768, 770 
of chemical reaction, 833 
and entropy, 96-101, 801 
of independent events, 97, 442 
in quantum mechanics, 593, 594 
(See also Probability density) 
Probability density, 441, 593, 596, 629-630, 
662, 685-686 
Problem solving, 69-71 
Process, 61 
adiabatic, 60, 62 
cyclic, 49, 62, 65 
irreversible, 44-45, 46, 86, 91-93 
isobaric, 51, 62 
isochoric, 52, 62 
isothermal, 24, 59-60, 62 
reversible, 43, 46, 62, 86, 91, 116 
Product notation, 173 
Products of inertia, 721 
Promoter, 566-567 
Propagation steps, 548, 551 
Proteins, 857-858 
denaturation of, 177, 309 


electronic absorption spectra of, 736 
ORD and CD spectra of, 749 
structures of, 857-858, 878 
Pseudo order, 516 
Purcell, Edward, 740 
Pure-rotation spectra (see Rotational 
spectra) 


Q branch, 728 

Quadratic formula, 181 

Quadratic integrability, 597 
Quadruple bond, 680 

Quantization of energy, 583-587, 597 
Quantum, 583 

Quantum chemistry, 2, 581 

Quantum mechanics, 581-615 
Quantum number, 600, 603 
Quantum yield, 755-756 


R branch, 717-718 
Radial distribution function, 630-631 
in liquids, 890 
Radiation: 
electromagnetic, 582, 699-702 
of heat, 46, 469 
Radiationless deactivation, 753 
Radioactive decay, 571-572 
RAIS, 729 
Raman shift, 732 
Raman spectroscopy, 731-733 
Random coil, 177, 479-480 
Raoult’s law, 243-244, 250, 265 
deviations from, 250-251, 333-334 
Rate coefficients [see Rate constant(s)] 
Rate constant(s), 514 
ACT expression for, 839, 844-845, 851 
and activity coefficients, 543-544, 849-851 
apparent, 543-544 
calculated from potential-energy surface, 
830-832, 834 
calculated from trajectory calculations, 
830-832, 834 
collision theory expression for, 820-821 
determination of, 528 
and equilibrium constants, 529-530, 
542-543 
estimation of, 517 
for ionic reactions, 850-851 
and isotopic substitution, 843 
in nonideal systems, 543-544, 849-851 
range of values of, 528 
solvent effects on, 557 
temperature dependence of, 537-542, 842 
theories of, 819-853 
unimolecular, 545-546 
units of, 514 
Rate of conversion, 513, 568 
Rate-determining-step approximation, 
530-532, 533-535 
Rate law, 514 
for catalyzed reaction, 562 
determination of, 524-528 
for elementary reaction, 528-529 
integration of, 518-524 


in nonideal systems, 543-544, 849-851 
and reaction mechanism, 530-537 
Rate-limiting-step approximation, 530-532, 
533-535 
Rate of reaction, 513-514 
in heterogeneous catalysis, 568 
isotope effects on, 843 
measurement of, 516-517, 553-555 
theories of, 819-853 
[See also Rate constant(s)] 
Rayleigh, Lord, 583 
Rayleigh scattering, 731 
Reaction(s): 
autocatalytic, 562 
bimolecular, 529, 539 
catalyzed, 561-563 
chain, 547-553 
chemically controlled, 560-561, 849, 853 
competing, 523-524 
complex, 515 
composite, 515 
consecutive, 522 
coupled, 310 
diffusion-controlled, 559-561, 849, 852-853 
elementary, 515, 528-529 
equilibrium for a (see Reaction 
equilibrium) 
fast, 517, 553-556, 559-560 
first-order, 518-519 
half-life of, 518-519, 521, 524-525 
heterogeneous, 513, 566-571 
homogeneous, 513 
ionic, 557-558 
mechanisms of [see Reaction 
mechanism(s)] 
molecular dynamics of, 830-834 
nth order, 521 
nuclear, 571-572 
photochemical, 751-756 
polymerization, 550-553 
rate of (see Rate of reaction) 
recombination, 539, 546-547, 559 
reversible, 521-522 
second-order, 519-520 
simple, 515 
in solutions, 556-561, 849-853 
slow, 528 
third-order, 520 
trimolecular, 529, 546-547, 848-849 
unimolecular, $29, 539, 544-546, 846-848 
Reaction coordinate, 825, 837-840 
Reaction dynamics, molecular, 830-834 
Reaction equilibrium, 107, 133-136 
in electrochemical systems, 392 
in electrolyte solutions, 299-304 
in ideal gases, 172-186 
in ideally dilute solutions, 253-254 
involving pure solids or liquids, 304-307 
in nonideal gas mixture, 307 
in nonideal solutions, 297-304 
in nonideal systems, 297-312 
shifts in, 184-186 
Reaction intermediate, 515, 536, 685 
Reaction kinetics, 512-571 
in photochemistry, 754-756 


theories of, 819-853 
[See also Reaction(s); Rate constant(s)] 
Reaction mechanism(s), 515, 528, 530-537, 
691 
compilation of, 537 
of reverse reaction, 536 
rules for, 533-535 
Reaction order (see Order of a reaction) 
Reaction path, 825 
Reaction quotient, 185, 311-312, 405 
Reaction rate (see Rate of reaction) 
Real gas (see Nonideal gases) 
Recombination reactions, 539, 546-547, 559, 
848-849 
Redlich-Kwong equation, 212, 214, 218 
Reduced mass, 611, 623, 712, 718 
Reduced pressure, volume, and temperature, 
219-220 
Reduction, 397 
Reference form, 143-144, 160 
Reference phase, 143-144, 160 
Refraction, 702 
Refractive index, 701-702 
Relative adsorption, 368-369 
Relative coordinates, 610-611 
Relative molecular mass, 9 
(See also Molecular weight) 
Relative permittivity, 425-427 
Relative viscosity, 480 
Relativity, theory of, 36, 51, 143, 581-582, 
659 
Relaxation, 554 
Relaxation methods in kinetics, 554-556 
Relaxation time, 556 
Resistance, 490 
Resistance thermometer, 8 
Resistivity, 489 
Resonance Raman spectroscopy, 733 
Resonance structures, 694 
Reverse osmosis, 325 
Reversible electrodes, 400-402 
Reversible process, 43, 46, 62, 86, 91, 116 
Reynolds number, 507 
Rhombohedral crystal, 866 
Richards, Theodore W., 153 
Rideal-Eley mechanism, 567, 569 
Rigid rotor, two-particle, 612-613, 708 
selection rule for, 704-705 
Rigid wall, 4 
Root-mean-square distance in diffusion, 


Root-mean-square speed, 440, 450 
Roothaan, Clemens, 646 

Rotation, 66 

of diatomic molecules, 708-709, 712, 

714-715 

of polyatomic molecules, 721-725 
Rotational barriers, 684-685, 725 
Rotational constants, 708, 714, 722 
Rotational energy, 66 

classical, 722 

of diatomic molecule, 708, 712 

of linear molecule, 723 

of polyatomic molecule, 722-723 
Rotational partition function, 784-786, 794 
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Rotational spectra: 
of diatomic molecules, 714-715 
of polyatomic molecules, 723, 724-725, 732 
Rotor, two-particle, rigid, 612-613, 708 
selection rule for, 704-705 
RRKM theory, 848 
Rumford, Count, 47 
Rutherford, Ernest, 622 
Rydberg constant, 586, 734 


Saddle point, 826 
Salt bridge, 407, 412-413 
Salt effect, 306 
kinetic, 851 
Saturated liquid and vapor, 215 
Scalar, 37 
Scanning tunneling microscope, 880 
Scattering of light, 731, 874 
SCF wave function, 672 
(See also Hartree-Fock wave function) 
Schrödinger, Erwin, 592, 594, 622 
Schrédinger equation: 
electronic, 657 
for nuclear motion, 658-659, 708-710 
time-dependent, 591-592, 606, 830 
time-independent, 595-596, 606 
Screening, 637, 643 
Screening constant, 643 
in NMR, 742 
Seat of emf, 393 
Second law of thermodynamics, 76-78, 93, 
99-102 
and life, 136-137 
Second-order phase transition, 206 
Second-order reaction, integration of rate 
law, 519-520 
Second virial coefficient, 213, 214, 220, 812 
Sedimentation, 378-379 
of polymer molecules, 487-488 
Sedimentation coefficient, 488 
Selection rules, 703-705, 
for NMR transitions, 740 
for rotational transitions, 714, 723, 732 
for spin, 735 
for vibrational and rotational transitions, 
713-714, 727 
Self-consistent-field wave function, 672 
(See also Hartree-Fock wave function) 
Self-diffusion coefficient, 483, 485, 487 
Self-interstitial, 889 
Semiclassical partition function, 809-811 
Semiconductor, 491, 883, 889 
Semiempirical methods, 688-693 
Semipermeable membrane, 89, 321 
Separation of variables, 602-603, 607-608 
Shielding, 637 
Shielding constant, NMR, 742 
Shock tube, 555 
SI units, 10, 38 
electrical, 384, 620-621 
magnetic, 737 
Siemens, 490 
Sigma bond, 680 
Sigma orbitals, 664-665, 672, 688 
Silver-silver chloride electrode, 401, 402 
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Simple eutectic system, 336-338 
Simple reaction, 515 
Simpson's rule, 168 
Single-valuedness, 597 
Singlet term, 735 
Singularity, 222 
Slater determinant, 641 
Slater-type orbitals, 646-647 
Slope, 18 
Slope method, 234 
Sy2 reaction, 828 
Sodium chloride: 
cohesive energy of, 861-863 
dipole moment of, 659-660 
dissociation energy of molecule, 659-660 
structure of solid, 872 
Sol, 376-377, 422 
Solid(s), 856-889 
amorphous, 856 
band theory of, 881-883 
cohesive energies of, 859-863 
covalent (see Covalent solids) 
crystalline, 856 
Debye theory of, 886-889 
defects in, 889 
density of, 870 
diffusion in, 341, 483, 484 
heat capacity of, 155, 586, 885-889 
hydrogen-bonded, 859 
interatomic distances in, 863-865 
ionic (see lonic solids) 
metallic (see Metals) 
molecular (see Molecular solids) 
polymers, 856, 857, 878 
statistical mechanics of, 883-889 
structures of, 865-879 
(See also Structures of solids) 
surfaces of, 879-880 
van der Waals, 859, 863 
vapor pressure of, 454, 895 
vibrations of, 884-888 
Solid-liquid equilibrium, two-component, 
336-345 


3 
solid-phase partial miscibility in, 340-342 
Solid polymers, 856, 857, 878 
Solid-solid phase transitions, 204-206 
Solid solutions, 339 
Solubility: 
of gases in liquids, 251-252 
of solids in liquids, 305-306, 346-349 
Solubility product, 305-307 
Solute, 227 
Solutions, 226-289 
of electrolytes (see Electrolyte solutions) 
freezing-point depression of, 317-321, 
346-349 
Gibbs energy of, 231 
ideal [see Ideal solution(s)} t 
ideally dilute [see Ideally dilute solution(s)} 
measurement of partial molar quantities 
in, 234-238, 286-288 
nonideal [see Nonideal solution(s)] 


reaction rates in, 556-561, 849-853 
solid, 339 
surface tension of, 369 
volume of, 229-230 
Solvation, 273, 557 
Solvent, 227, 262-263 
effect of on rate constants, 557 
Sound, speed of, 451 
Space lattice, 865-867 
Specific conductance, 489 
Specific heat (capacity), 45 
(See also Heat capacity) 
Specific rotation, 749 
Spectroscopy, 702-751 
(See also Electronic spectroscopy; ESR 
spectroscopy; Infrared spectroscopy; 
Microwave spectroscopy; NMR 
spectroscopy; Photoelectron spectroscopy) 
Speed(s), 37, 435 
average, 450, 451 
distribution of, 440-453, 461, 813 
of light, 700, 701, 737 
most probable, 449, 450-451 
root-mean-square, 440, 450 
of sound, 451 
Spherical polar coordinates, 623, 629 
Spherical top, 722 
Spherically symmetric function, 626 
Spin, 632-633, 635, 636, 638, 639 
nuclear, 738-741 
Spin-orbit interaction, 640 
Spin-orbital, 633 
Spin-spin coupling, 743-746 
Spontancous emission, 703 
Spread monolayer, 370-371 
Square-well potential, 818 
Stacking error, 889 
Standard concentration equilibrium 
constant, 175 
Standard deviation, 100, 105, 466 
Standard electrode potentials, 408-410 
table of, 409 
Standard emf, 404-406, 408-410 
and equilibrium constants, 414-415 
temperature dependence of, 413 
Standard enthalpy: 
of activation, 845, 846, 851 
of combustion, 146 
of formation, 143-145, 797 
of reaction, 142-149 
Standard entropy change, 152, 157-158, 
164-165 
of activation, 845, 846, 851 
and cell emf, 413 
Standard equilibrium constant, 173-184 
pressure dependence of, 308 
temperature dependence of, 177-180 
Standard Gibbs energy change, 158-160, 298 
of activation, 845, 846, 851 
and cell emf, 413, 414 
for formation, 159 
relation to equilibrium constant, 173, 
176-177, 184, 298 
Standard potential, 404-406, 408-411 
Standard pressure, 160, 183, 197, 249 
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Standard pressure equilibrium constant, 
173-184 
Standard state(s): 
for an electrolyte solute, 277 
for ideal gas in mixture, 171 
for ideal-solution component, 241-242 
for ideally dilute solution components, 
248-249, 253 
for molality scale, 271, 298 
for nonideal gas in mixture, 289 
for nonideal-solution components, 262-263 
pressure of, 160, 183, 197, 249 
for pure gas, 141-142 
for pure liquid or solid, 141-142 
summary of, 309 
Standard-state thermodynamic properties, 
table of, 899-900 
Star superscript, 228 
Stark effect, 725 
Stark-Einstein law, 752 
Statcoulombs, 620 
State; 
in classical mechanics, 460-461, 591 
molecular, 763 
in quantum mechanics, 591, 592, 763 
thermodynamic, 6, 763 
versus energy level, 604, 718, 765-766 
State function, quantum-mechanical, 
591-595 
State function(s), thermodynamic, 6 
dependences on T, P, V, 118-121 
and line integrals, 64-65 
for nonequilibrium systems, 108-109 
Stationary state, quantum-mechanical, 586, 
596, 597, 604 
Statistical mechanics, 762-813 
of fluids, 809-813 
of ideal gases, 775-778, 783-800 
of liquids, 890-893 
postulates of, 764, 766 
of solids, 883-889 
Statistical thermodynamics, 762 
(See also Statistical mechanics) 
Statistical weight, 780 
Steady state, 5, 756 
Steady-state approximation, 532-533, 535, 
549 
Steam point, 8, 15 
Steric factor, 821-822, 833 
Stern model, 422 
Sticking coefficient, 570 
Stimulated emission, 703, 706-707 
Stirling’s formula, 777 
Stockmayer potential, 808 
Stoichiometric coefficients, 134 
Stoichiometric molality, 276 
Stoichiometric number, 515, 543 
Stokes-Einstein equation, 486-487 
Stokes" law, 477, 486 
Stopped-flow method, 554 
Stratosphere, 459, 562-563, 725 
Structures of molecules (see Geometry of 
molecules) 
Structures of solids, 865-879 
determination of, 874-879 


examples of, 870-874 
general discussion of, 865-870 
Study suggestions, 30-31 
Sublimation, 199 
Subshell, 643 
Substitutional impurity, 889 
Substitutional solid solution, 339 
Substrate, 371, 563 
Sulfur: 
phase diagram of, 204 
viscosity of, 475 
Sum, 26 
replacement by integral, 783-784 
Superconductivity, 206 
Supercooled liquid, 205 
Superheated liquid, 205 
Supermolecule, 822-823 
Support, 566 
Surface-active agent, 369 
Surface balance, 370 
Surface chemistry, 357-380 
Surface excess amount, 365-367 
Surface excess concentration, 367-369 
Surface excess internal energy, 365 
Surface films on liquids, 369-371 
Surface melting, 205 
Surface migration, 570-571 
Surface pressure, 370-371 
Surface reconstruction, 880 
Surface relaxation, 865, 880 
Surface structures of solids, 879-880 
Surface tension, 359-364 
of liquids, 359-360 
measurement of, 362-364 
of solutions, 369 
temperature dependence of, 360 
Surfaces, thermodynamics of, 364-369 
Surfactant, 369 
Surroundings, 3 
Svedberg, 488 
Symmetric function, 635 
Symmetric top, 722, 723, 724 
Symmetry elements, 719-720 
Symmetry of molecules, 719-721, 749 
Symmetry number, 785, 794, 799 
Symmetry operations, 720-721 
System, 3 
closed, 3-4 
heterogeneous, 6 
homogeneous, § 
isolated, 3-4 
open, 3-4 
Systematic absences, 876 


T-jump method, 554 
Tables of thermodynamic data, 160-162, 
899-900 
Taylor series, 221-223 
Temkin isotherm, 382 
Temperature, 7-9 
absolute ideal-gas scale, 13-14, 95, 439 
Celsius, 14-15 
ideal-gas scale, 13-14, 95, 439 
IPTS scale, 14 
measurement of, 7-8 


and molecular translational energy, 
438-439 
thermodynamic scale of, 94-96 
Temperature-jump method, 554 
Term, atomic, 638, 640 
Terminal speed of ions, 494, 495, 497, 499, 
503 
Terminals, 393, 394 
Termination step, 548, 551 
Termolecular reactions (see Trimolecular 
reactions) 
Ternary system, 349 
Tesla, 737 
Tetragonal crystal, 866 
Tetramethylsilane, 742 
Theoretical plate, 332 
Thermal analysis, 344 
Thermal conductivity, 468-473 
kinetic theory of, 469-473 
of liquids, 473 
pressure dependence of, 472-473 
temperature dependence of, 469, 472 
Thermal desorption, 376, 570 
Thermal equilibrium, 5, 7 
Thermal expansivity, 25-26, 117 
Thermal reaction, 751 
Thermochemical calorie, 160 
Thermocouple, 8, 389 
Thermocouple gauge, 12, 473 
Thermodynamic control of products, $24 
Thermodynamic data tables, 160-162, 
899-900 
Thermodynamic properties, 5-6 
dependences of on 7, P, V, 118-121 
estimation of, 162-165, 796 
of ideal gas mixture, 172, 256 
of ions in solution, 287-289 
of nonequilibrium system, 108-109, 
468-469 
of real gases, 149-150, 155, 221, 818 
of solution components, 285-289 
tables of, 160-162, 899-900 
Thermodynamic state, 6, 763 
local, 109, 469 
Thermodynamic temperature scale, 94-96 
Thermodynamics, 1, 3 
of electrochemical systems, 390-393 
equilibrium, 3 
first law of, 46-51, 57-61 
of galvanic cells, 402-408, 413-415 
irreversible, 3 
and living organisms, 136-137, 310-311 
second law of, 76-78, 93, 99-102 
of surfaces, 364-369 
third law of, 153-154, 165, 801-802 
zeroth law of, 7 
Thermometer, 7-8 
resistance, 8 
Third law of thermodynamics, 153-154, 165, 
801-802 
Third-order reactions, integration of rate 
law, 520 
Thompson, Benjamin, 47 
Thomson, George, 588, 621 
Thomson, Joseph J., 621 
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Thomson, William, 55, 77 
Three-body forces, 803 
Three-center bond, 682 
Three-component phase equilibrium, 
349-351 
Threshold energy, 819-821, 833 
Threshold frequency, 584 
Tie line, 330, 350 
Tilde, 715 
Time, direction of, 101-103 
Time reversal, 101-102 
Titrations, 417, 504 
Torr, 11 
Total differential, 21 
Tracer diffusion coefficient, 483 
Trajectory calculations, 830-833 
for H + Hz, 832 
Transference, 411 
Transference numbers, 499-501 
Transition (dipole) moment, 704 
Transition state, 827-830, 836 
Transition-state theory (TST) [see 
Activated-complex theory (ACT)] 
Translation, 66 
Translational energy, molecular, 66, 435, 
438, 439, 708, 712 
distribution of, 452-453 
in a fluid, 812-813 
level spacings of, 712 
Translational partition function, 778, 
783-784, 793, 794 
Translational states, number of, 776 
Transmembrane potential, 420-421, 427-429 
Transmission coefficient, 839 
Transmittance, 706 
Transport numbers, 499-501, 502 
Transport processes, 467-506 
Trapezoidal rule, 167 
Triangular coordinates, 349-350 
Triclinic crystal, 866 
Trigonal crystal, 866 
Trimolecular reactions, 529, 546-547, 
848-849 
Triple bond, 672, 680, 681 
Triple point, 14, 15, 197, 204 
Triplet term, 640, 735, 753 
Trouton’s rule, 199 
Trouton-Hildebrand-Everett rule, 199 
Tunneling, 610, 831, 840, 843 
Turbulent flow, 474, 476 
Turnover number, 565 
Two-component phase equilibrium, 327-349 
Two-particle system in quantum mechanics, 
610-612 


Ultracentrifuge, 488 
Unattainability of absolute zero, 165 
Uncertainty principle, 589-590, 591, 600 
Ungerade, 664 
Unimolecular reaction(s), 529, 544-546, 
846-848 

A factor of, 539 

and ACT, 846-848 

activation energy of, 539 

falloff of kuni of, 546 
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Lindemann mechanism of, 544-546 
potential-energy surfaces for, 846-847 
RRKM theory of, 848 
Unit cell, 867 
body-centered, 867 
coordinates of a point in, 867 
end-centered, 867 
face-centered, 867 
number of formula units in, 869 
primitive, 867 
simple, 867 
Units (see Gaussian units; SI units) 
Unpolarized light, 700-701 


Vacancy, 889 
Valence band, 883 
Valence-bond method, 693-694 
van der Waals equation, 23-24, 212, 
213-214, 217-218, 219 
van der Waals force, 805 
van der Waals molecules, 808 
van der Waals radii, 864 
van der Waals solid, 859, 863 
van't Hoff, J. H., 2 
van't Hoff equation, 178 
van't Hoff i factor, 353 
van't Hoffs law, 322 
Vapor pressure, 197, 202 
effect of pressure on, 210 
of electrolyte solution, 278 
of ideal solution, 243-245 
of ideally dilute solution, 249-251 
lowering of, 316-317 
of nonideal solution, 264-268 
of small drop, 362, 383 
of a solid, 454, 895 
Vaporization, heat of, 199 
Variance, 191 
Variation method, 613-615 
Variational integral, 613 
Vector, 37 
Velocity(ies), 37, 435 
distribution of (see Distribution function) 
Velocity space, 442 
Vibration, 66 
of diatomic molecules, 709-713 
of polyatomic molecules, 726-731 
of solids, 884-888 
Vibration-rotation coupling constant, 712 
Vibration-rotation spectra: 
of diatomic molecules, 716-718 
of polyatomic molecules, 729-731, 732-733 
Vibrational energy, 66 
of diatomic molecules, 710-711 
of polyatomic molecules, 727 
of solids, 884 
Vibrational frequencies: 
bond, 730 
of diatomic molecules, 710 
fundamental, 717, 728, 787 
Vibrational partition function, 786-787, 
794-195 
Vibrational relaxation, 753 > 
Vibrational spectra (see Vibration-rotation 
spectra) 


Virial coefficients, 213, 214, 220, 812 
Virial equation, 213, 221, 291, 292, 812 
Viscosity, 473-481 
definition of, 474 
and diffusion, 486-487 
intrinsic, 480 
kinetic-molecular theory of, 478-479 
measurement of, 477-478 
Newton's law of, 474 
of polymer solutions, 474, 479-480 
pressure dependence of, 475, 479 
relative, 480 
temperature dependence of, 474-475, 479 
Viscosity-average molecular weight, 481 
Viscosity ratio, 480 
Viscous flow, 454, 474-477 
Vision, 752 
Volt, 386 
Voltage, 394, 490 
Voltaic cell [see Galvanic cell(s)} 
Volume: 
molar, 23 
partial molar [see Partial molar volume(s)] 
partial specific, 487 
of a solution, 229-230 
units of, 12 
Volume change: 
for forming an ideal solution, 242 
irreversible, 44-45 
for mixing, 230, 233, 242 
reversible, 41-43 
VSEPR method, 686-687 


Wi 
adiabatic, 4 
impermeable, 4 
nonadiabatic, 4 
nonrigid, 4 
permeable, 4 
rigid, 4 
thermally conducting, 4 
Wall collisions, 453-454 
Water: 
geometry of, 686 
ionization of, 300, 308 
localized MOs for, 679 
normal modes of, 727 
phase diagram of, 196-198, 205 
structure of liquid, 891, 892-893 
Watt, 38 
Wave function, 596 
electronic, 657 
nuclear, 658, 708-709, 726 
spin, 633, 635 
time-dependent, 591-595 
time-independent, 596-597 
well-behaved, 597 
(See also Harmonic oscillator; Hydrogen 
atom; etc.) 
Wave mechanics, 592 
Wave number, 701 
Wave-particle duality, 585, 587, 588 
Waveguide, 723-724 
Wavelength, 582, 701 
Weight, 37 


Weight average molecular weight, 481 
Weight percent, 227 
Well-behaved function, 597 
Wheatstone bridge, 492 
Woodward-Hoffman rules, 690, 829 
Work, 38, 41, 48-51 

calculation of, 62-64 

irreversible, 44-45 


non-P-V, 114-115, 280 
P-V, 41-45 

surface, 359 
Work-energy theorem, 38-39 
Work function, 112-114, 585 
(See also Helmholtz energy) 


X-ray diffraction of solids, 874-879 


X-ray emission, 734 
Young, Thomas, 362, 699 


Zero-point energy, 600, 609, 711, 727 
Zeroth law of thermodynamics, 7 
Zinc sulfide structure, 873-874 
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